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INTRODUCTION

One of the most beautiful and important results concerning finite projec-
tive planes is the Ostrom-Wagner Theorem [26]: such a plane admitting a
2-transitive collineation group must be desarguesian. It has long been con-
jectured that the same conclusion must hold if it is only assumed that there
is a collineation group transitive on incident point-line pairs [11,
pp- 208-214; 17]. The starting point for this paper was a proof of this con-
jecture, modulo a degenerate situation:

THEOREM A. Let © be a projective plane of order n, and let F be a
collineation group transitive on incident point-line pairs. Then either

(i) = is desarguesian and F>= PSL(3, n), or

(ii) F is a Frobenius group of odd order (n*+n+1)(n+1), and
n*+n+1 is prime.

It is well known that the group F in Theorem A must act primitively on
the points of = [17; 11, p. 79]. It turns out that this weaker condition is
more useful than the transitivity assumed in Theorem A:

THEOREM B. Let n be a projective plane of order n, and let F be a
collineation group permuting the points primitively. Then either

(1) = is desarguesian and F > PSL(3, n), or

(ii) F is a vregular or Frobenius group of order dividing
(> +n+1)n+1)or (n*+n+1)n, and n* + n+ 1 is prime.
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Theorems A and B, part (i1), involve possibilities that have been studied
with only limited success for 35 years. These are arithmetic situations,
rather than group-theoretic ones (cf. [ 11, pp. 87-90; 208-213 7).

The proof of the Ostrom-Wagner Theorem is both elegant and infor-
mative. By contrast, our proof of Theorem B uses a sledgehammer
approach, involving detailed properties of all finite simple groups. In fact,
the proof uses relatively little concerning projective planes. The plane in
Theorem B has #” + n + | points, and this number is odd. The classification
of finite simple groups' provides fairly good insight into the structure of
primitive permutation groups of odd degree, as can be seen from (2.1) and
the following result.

THEOREM C. Let F be a primitive permutation group on a set of odd size,
and let x be a point. If F has a nonabelian simple normal subgroup G, then
one of the following holds.

(C.1) Fis A,or S,;, and F_ is the stabilizer of a subset of the relevant
d-set Y, or F_ is the stabilizer of a partition of Y into [ subsets of size k,
where d=kl; or G is A, and G is PSL(3,2).

(C.2) G is a group of Lie type of characteristic 2, and G, is a
parabolic subgroup.

(C3) G is a group of Lie type of odd characteristic, and
G .= N {C;l0)) for a field automorphism o of prime order.

(C4) G is PSL(d, q) with q odd and G is either the stabilizer of a
subspace or the stabilizer of a pair of incident subspaces interchanged by a
graph automorphism lying in F.— G ; or G is Eg¢(q) with q odd and G is a
parabolic subgroup of type PQ™* (10, q).

(C.5) G is a classical group of odd characteristic and G, is the
stabilizer of a direct sum decomposition into two subspaces, which are per-
pendicular to one another if G is not of the form PSL(d, q) and are
interchanged by a graph automorphism lying in F.— G if G is of the form
PSL(d, q).

(C.6) G is a classical group of odd characteristic, and G, is the
stabilizer of a direct sum decomposition into subspaces of equal dimension,

which are all isometric and pairwise orthogonal if G is not of the form
PSL(d, q).

(C.7) G is G,(q), *Dalq), or E;(q) with q odd, and G , is the normalizer
of a fundamental subgroup; or G is E,(q) or Eg(q) with q odd, and G is the

"' At the time of this writing (January, 1984), this classification is not quite complete: the
uniqueness of the Monster has not been proved. However, this does not cause any difficulties
with our use of the classification.
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stabilizer of a family of k pairwise commuting fundamental subgroups, where
k=3 or 7 when G is E;(q) and k =8 when G is E4(q).

(C8) G is *Dy(q) and G, = G,(q); or G is G5(q) or *D,(q), and G, is
the normalizer of a subgroup SL(3,q) 2 or SU(3,q) 2 depending on
whether g=1 or —1 (mod 4).

(C9) (1) G is Fu(q), *E4(q), or E¢(q) with q odd, and F, is the nor-
malizer of a subgroup 2>+ PQ(8, q); or (ii) G is Fy(q), *E¢(q), E<(q), Eq(q),
or Egx(q) with q odd, and G, is the normalizer of a subgroup 2- PQ(9, q),
4, g+ 1) - PR (10, q), (4, g — 1) PQ*(10, ¢), 2 - PQ*(16, q) or
22-(PRQ7(8, q) x PQ*(8, q)), respectively.

(C.10) G is Gyq), G,(q), PQ(T,q), PQ*(8,q), or PR (8, q) for a
prime g= +3 (mod 8), and G, is 2*PSL(3, 2), G,5(2), 2(7,2), 27%(8,2), or
20-2°PSL(3,2), respectively; and in the latter case F_— G, contains a
triality automorphism.

(C.11) G is E4(q), E+(q), Es(q), 2Eq(q), or G5(q), q is odd, and F. is
the normalizer of an abelian subgroup of order (g+1)%, (g+1)7/2,
(g—1)%/d, (g+1)%d, or (q+1)?, respectively, where de{1,3} and
g+ 1=0(mod 4); and, if G=G>(q), then q is a power of 3 and F.— G, con-
tains a graph automorphism. (See (3.6) for an explicit construction of these
abelian groups.)

(C.12) G is PSU(3,5) and G, is Ag- 2.

(C.13) G is PSL(2, q) or °G,(q) with q odd, q >3, and either G _ is the
centralizer of an involution or G is PSL(2, q) and G is A4, S,, or As.

(C.14) G is sporadic.

We have not been precise in (C.1) and (C.3)-(C.6): the exact conditions
on dimensions are purely arithmetic and do not seem interesting. In (C.5)
and (C.6) we have dealt with the groups PQ(5, q) and P2* (6, g) but have
not described G, in the case of their isomorphic copies PSp(4, q),
PSL(4,q) and PSU(4, ¢q). The “fundamental subgroups” in (C.7) are
isomorphic to SL(2, g), and will be defined in Section 3. For further infor-
maton concerning (C.7), (C.9), and (C.11), see TableIl, [18] and [2,
Theorem 3], respectively. In each case appearing in (C.7)-(C.13), the
group G, is uniquely determined up to comjugacy in AutG but not
necessarily in G. (See [21] for discussions and applications of the examples
in (C.10), and especially of the PQ* (8, ¢q)-classes of subgroups 2% (8, 2).)
Finally, the possibilities in (C.14) are mostly known, and obviously involve
a case-by-case analysis.

Theorem C is almost implicit in Aschbacher’s papers [1] and [2]. In
effect, our proof is just a fairly straightforward exercise in the use of his
classical involution theorem and other results in [1], with some assistance
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from the work in [8, 10] and [19] on groups generated by long root
elements. Theorem C constains as a special case Theorem A of [2], which
was proved using [ 1] but not [8, 10, 19]. Theorem C should also be com-
pared to the classification of all primitive permutation representations of
prime power degree of simple groups [23, 20, 16].

This paper has been divided into two parts. Part 1 contains a proof of
Theorem C. Part II contains the deduction of Theorem B from Theorem C.
Since we are proving Theorem B instead of Theorem A, none of the known
results concerning flag-transitive collineation groups are relevant. Instead,
we require the result of Wagner [31] stating that a finite projective plane is
desarguesian if its collineation group is transitive on points and contains a
nontrivial perspectivity. Beyond this, the proof involves the tedious
elimination of each of the various possibilities in Theorem C using proper-
ties of G, elementary counting arguments, and properties of integers of the
form m*+m+1. It does not seem as if the stronger hypothesis of
Theorem A would have significantly simplified or shortened this obnoxious
case analysis.

Our group theoretic and geometric notation is standard. For the
required background concerning root groups and fundamental subgroups,
see [8, 10, 19] and, of course, [7]. If k is an integer and p is a prime then
k, denotes the largest power of p dividing k.

If G is a group then n- G denotes an extension of a group of order n by
G, while G- n denotes an extension of G by a group of order n. If X' is a
family of subsets of G, and H <G, then Hn X denotes {SeZ|S< H}.

PART I. THEOREM C
1. NOTES ON ASCHBACHER’S CLASSICAL INVOLUTION THEOREM

In [1], Aschbacher considered a group X, and an X-invariant collection
Q of subgroups of X, such that the foliowing hold for all 4, BeQ, A +# B:

{£2.1) A has a unique involution z(4) and nonabelian Sylow 2-sub-
groups;

(2.2) Either A =0%(A) or A/O(A)=SL(2,3);

(Q2.3) A/O(A)= B/O(B),

(R4) |AnB|,<2,and [A4,B]=1if |AnB|,=2;

(£2.5) If vis any 2-element in B— Z(B) centralizing z(A) then v nor-
malizes A4.

Throughout this section we will assume that (Q.1)-(£.5) hold. The
following result is an easy consequence of the results in [1].
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THEOREM 1.1.  Assume that X = (2> and O(X)= 0,(X)= 1. Then there
are subgroups Y,,.., Y, of X such thai, for each B,

(1) Yp=(YnQ2);

(it) If Y, is simple it is M|\, M,,, Sp(6,2), 2% (8, 2), or a Chevalley
group over a field of odd characteristic (and, in the latter case, each A in
Yy Q is normal either in a fundamental subgroup of Y, or, for Y= G,(q)
or *D,(q), possibly in a short fundamental subgroup of Y 2);

(iii) If Yy is not simple then Y, is PSL(2,s*)-2, PSL(3,5)2 or
PSU(3, 5)-2 for some odd prime power s,

(iv) X=Y,x - xY,; and

(v) Q:U,,(Yﬁm!)).

Proof. In [, pp. 356-357], Aschbacher defined sets 4(K)= A*(K)<= Q
for each Ke Q so that [1, Theorems 3 and 4]

(1.2) (a) fA(K)# J for some KeQ then [A*(K), Q- A*K)]=1
and {A¥(K))=M,, or G,(g) with ¢=2 or g odd, and
(b) If A(K)=F for all Ke Q2 then distinct orbits of X on £ com-
mute.

It follows that (i) and (v) hold for suitable groups Y, and either Y, is
M, or G,(q) as in (1.2)(a), or Y is transitive on Y, N Q. In the latter case
[1, Theorem !] states that (ii) or (iii) holds. Now (iv) is clear. |

Remark. We have not defined A(K). However, we note that, if
Yy=<A*(K)) is as in (1.2)(a), then Y; has two orbits on Y;n Q and
Y, Q contains two members sharing an involution.

LEMMA 1.3. If X=4(2), O(X)=1, A€ Q, QeSyl,(4) and Z(Q) £
O,(X), then O,(X) centralizes Q.

Proof. Since QN 0,(X)=1, Q centralizes O,(X) by [1, (6.13}]. 1|

2. PRELIMINARY REDUCTIONS

Let F be a primitive permutation group on a set X, where | X|=n is odd.
Let x e X. According to the O’Nan-Scott Theorem [28, 3], there are three
possible situations:

(2.1) (i) F has a regular normal elementary abelian p-subgroup V, and
F_1s an irreducible subgroup of Aut V.
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(i) Fo~T,x--xT, with T, simple, k>1, F transitive on
{T,,.., Ti}, and F<F,wrS, for a primitive group F, of degree n,, where
Fi=T, and n=nf}.

(ili) Frc=G with G simple and nonabelian, and C(G)=1.

Clearly, (2.1)(i) is impossible to classify, while (2.1)(ii) more or less
reduces to (2.1)(iii}—except, of course, that any transitive group of
degree k may be induced on {T,.., T,}. Therefore, we will focus on
(2.1)(ii1), which is the situaton in Theorem C.

The remainder of Part I is concerned with the proof of Theorem C. First,
we will introduce slightly more convenient notation:

M*=F_ and M=G,,
T* e Syl,(M*) and T=T*nM.

ProOPOSITION 2.2. If G=A,,, m#6, then (C.1) holds.

Proof. Here, F=A4,, or S,,, and T contains the product of two disjoint
transpositions. If M* is intransitive on the relevant m-set then it is the
stabilizer of a subset. Otherwise, since M* contains a product of two dis-
joint 2-cycles it is imprimitive for m > 8. Finally, the possibilities for m <7
are easy to enumerate, and show that (C.1) holds in all cases. |}

LEmMMA 2.3. If G is of Lie type and characteristic p, and if either M con-
tains a Sylow p-subgroup of G or if O,(M)#1, then M is a parabolic sub-
group of G. Moreover, if p is odd then (C.4) holds, while if p=2 then (C.2)
holds.

Proof. Let UeSyl,(G). If U< M then, by [29, (1.6)], (UMY is con-
tained in a uniquely determined parabolic subgroup P of G. Then M* nor-
malizes P, so that M* =N {(P). Thus, M=M*nG=P.

Similarly, if O,(M)#1 then, by [4], M is in a canonically defined
parabolic subgroup P. As above, M = P.

If p is odd it is straightforward to check that only the possibilities in
(C.4) can occur. This is especially easy when G is a classical group. When G
is exceptional, it follows from Table 1 in Section 3 in view of the fact that G
and M/O,(M) do not have the same rank. [

LemMma 24. If G=PSL(2, q) or *G,(q) with q odd and q> 3, then (C.3)
or (C.1)(3) holds.

Proof. This follows readily from [12, Chap. 12; 32;33]. |
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LEMMA 2.5. If G=PSL(3, gq) or PSU(3, q) with q odd then one of (C.3),
(C4), (C.6), or (C.12) holds.

Proof. This follows from an examination of the lists in [25]. ||

3. FUNDAMENTAL SUBGROUPS

In Sections 3-6, G will be a group of Lie type over GF(g), where ¢ is odd
(cf. (2.3)) and G is not as in (2.4) or (2.5). Let p be the prime dividing q.

Pairs of opposite long root groups generate subgroups SL(2, q), called
fundamental subgroups. Let & be the set of all fundamental subgroups.
Then G is transitive on &, and @ satisfies (Q.1)-(2.5).

Let T be as in Section 2 and let Q < T be a Sylow 2-subgroup of a mem-
ber of 3. We will be concerned with the conjugacy class Q¢ of subgroups
of G.

Let 4=Tn QY The members of 4 commute in pairs [I, (6.2); 2, (1.3)].

If H<G and Tn HeSyl,(H), writt m(H)=|TnHnNQ%. In
[2, Theorem 27, both m(G) and N;(4)“ are determined. These are listed in
Table I (where k = m(G)/2).

If Re Q€ then R is in a unique member R of Q. Note that

(3.1) If[Q,R]=1 then [Q,R]=1.
In general, if H=(Hn Q%) write H=(R|Re Hn Q).

In the next two results we will not assume the hypotheses of Theorem C.
For the first one, cf. [9, (3.4)].

TABLE 1

G m(G) Ng(4)
PSL(", ‘l) [n/z] Smi(ib
PSp(2n, q) n S,
PSU(n, q) [n/2] S G
PQ*(2n, q) 2[n/2] 2k+l-@m. g
PQ(2n+1,q) 2[n/2] 2k 8§,
PQ~(2n,q) 2[(n—1)/2] 268,
G,lq) 1 1
*Dy(q) 1 1
Filq) 4 Sy
256(‘1) 4 S
Eq(q) 4 S,
Es(q) 7 PSL(3,2)
Ey(q) 8 2%- PSL(3,2)
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PrRoOPOSITION 3.2. Let A, Be( and J={A, B). Then J has a
homomorphic image PSL(3,q), PSU(3, q), G,(q), *D4(q), or PQ*(d, q),
d <8, such that A and B project onto fundamental subgroups.

Proof. 1f G is an orthogonal group acting projectively on its natural d-
dimensional module ¥ then dim C,(4)=d—4. When d<8 use [19]. If
d> 8 then C(J)#0, and the result follows easily by induction. The case of
the remaining classical groups is handled in exactly the same manner
(recalling that PSp(4, q), PSL(4, q) and PSU(4, q) can all be viewed as
orthogonal groups). If G is G,(¢) or *D,(q) then [19] again applies.

In the case of the remaining exceptional groups of Lie type a similar
approach works using the following triples (G, d, /), where d is the dimen-
sion of a suitable basic module ¥ for G and f=dim C,(4):

(Eg(q), 248, 133);  (E5(g), 56,32);  (Eq(q), 27, 15);
(PEs(q), 27, 15);  (Fa(q), 26, 14).

In each of these cases, the weights for V' easily produce the indicated value
of f.

Since /> d/2, in each case C(J)#0. f 0#ve C (J) then G,/O,(G,) is a
group of Lie type by [4, 8]. Thus, by successively replacing G by smaller
groups we eventually embed a homomorphic image of J into a classical
group, thereby reverting to the first paragraph of the proof. |

The only interesting parts of the proof of Theorem C are the following
curious fact and its subsequent use in (3.7).

PROPOSITION 3.3. Let Y be an elementary abelian r-subgroup of G nor-
malized by some element f'e Q of order 4, where r is a prime other than 2 and
p. Then one of the following holds (where t =f?):

(1) 1 centralizes Y, or

(ity |Y|=9, G=PSL(3, q) or PSU(3, q), and the preimage of Y in
SL(3, q) or SU(3, q) is extraspecial of order 27.

Proof. Let Y and G produce a counterexample with |G| + | Y| minimal.
Let 1 #ye Y with y'=yp~ "

We claim that Y = { y</?>. For otherwise, since (i) does not hold for the
pair G, {(y¢/>>, we must have G=PSL(3,q) or PSU(3,q) as in (ii).
However, it is easy to check that the only abelian 3-group normalized by f
but not centralized by ¢ has order 9 (cf. [25, pp.240-241]). Thus,
Y=/ y<_/'> S,

Set J= (0, 0*>. Then {y)>=(tt*) isin J, so that Y < J.

First, suppose that O,(J)# 1. By [4] there is a parabolic subgroup P of
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G such that J<P and O,(J)<O,(P). Let ¢ denote the natural
homomorphism P — P/O,(P). Then J?=J/O,(J) is contained in
P?=(T]; X,) H, where the X, are pairwise commuting groups of Lie type
and H is a torus. Moreover, J¢ is a fundamental subgroup of P®, and
hence lies in some X,. Since [0, 0?1 #1, also (J*)® < X,. Thus, J*< X..
In view of the minimality of |G|+|Y|, X,/Z(X,) is PSL(3,q) or
PSU(3, ¢q). By [8,19], G has a unique class of subgroups S generated by
long root groups such that S/Z(S)x= X,/Z(X,). Since Y* is elementary
abelian it can lie in PSL(3, q) or PSU(3, ¢) but not in SL(3, q) or SU(3, ¢).
Thus, Z(X,)= 1. However, since G # X, a glance at the groups G shows
that S= SL(3, q) or SU(3, q). This contradicts the fact that X, SL(3, g),
SU(3, q).

Consequently, O,(J)=1. By (3.2) and [19], J/Z(J) is PSL(3, q),
PSU(3, q), G,(q), *D4(q), or PQ*(d, q) for some d<8.

Let V be the natural projective module for J/Z(J) over the algebraic
closure K of GF(gq). Then dim V'<8. Assume that the Frobenius
group Y{f> acts linearly on V—which is certainly the case when
dim V> 4. Then V contains a copy of the regular representation of {f ).
But then C,(f) # C,(f?), which contradicts the fact that Q is contained in
a fundamental subgroup of J.

Thus, Y{ /> pulls back to a subgroup D{f ) of GL(V'), where we may
assume that D=[D, f], D is an r-group, and Z(D)# 1 consists of scalars.

Let dim V' =3. Then J/Z(J)= PSL(3, q) or PSU(3, q), and D{f) has
the form 3' *2{ f> by [25]. Moreover, J only acts projectively on V, since
Z(D)#1. Thus, Z(J)=1 and J# SL(3, q), SU(3, q). Consequently, G=J
(using S as above) and (ii) holds.

This leaves the case dim V'=4. However, r{|Z(SL(4, K)| so that this
case cannot occur. [

Now consider the groups F, M* M and T* of Section2, so that
Q< T< M. From now on we will assume that G is not as in (2.4) or (2.5).
Write A=0nM, Z(A)={z(4)) and

Q=AM X={2>.

Then A contains a Sylow 2-subgroup Q of @, and is known by [12,
Ch. 12]. A staightforward check yields:

LEMMA 34. (i) Q satisfies (2.1)-(82.5), and
(i) X =<,
Note that the case G = G,(3°) is different from all others: there, Aut G

does not act on @. In other words, in that case some members B of 2 may
not be contained in members of . Nevertheless, B continues to be well
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defined: B is a short fundamental subgroup (generated by short root
groups).

Lemma 3.5, (i) X=X or G.

(i1) If X=G then Q is not the union of two nonempty commuting sub-
sels.

Proof. (i) Since M* normalizes X it acts on (R|ReQ™">, which
equals X by Sylow’s theorem. If M*X = M* then ¥ < M* G = M, so that
X = X. The only other possibility is that M*X = F, in which case X cannot
be proper in G.

(i1) Assume that Q=0Q,0Q, with 0Q,#0 and [Q,,2,]=1. If
Qe then [Q,, Q,]=1. Thus, X={Q,0,)=<Q2,5{2,>#G. 1

EXAMPLE 3.6. Let n be a set of subgroups of 7" such that (i) each Rey
is a maximal cyclic subgroup of some member of Q¢ (ii)y" =1,
(ill) W= {n) is abelian, and (iv) |7} is maximal subject to (i)-(iii). Then 7
and W are uniquely determined up to conjugacy [2, (1.4)]. Moreover,
N,/O(N,) W is described in [2, Theorem 37, where N, = {Q,|Q, € Q¢ and
0, <Ny(W)).

If G is a classical group then N (W) is either reducible or imprimitive on
the natural projective module for G.

If G is F,g) then N W) lies in the normalizer of a
subgroup 2- PQ*(8, q). If G is E¢(q) with g= — 1 (mod 4), or 2E(q) with
g=1(mod4), then N (W) is again contained in the normalizer of a
subgroup 2*- PQ* (8, g) [2, Theorem 6]. In all remaining situations in
which G is Eq(q), E¢(q), E,(q) or Eg(q), [1, Theorem 3] and the remain-
der of the list in Theorem C show that the group Ngi(W) in (C.11) is
maximal in G. When G is E¢(q), E;(q), or Eg(q) and g=1 (mod 4), N (W)
is just the group “N” of BN-fame. The orders given in (C.11) follow easily.
(N.B. When G=E,(q), m=7 or 8, let A be a family of m pairwise com-
muting fundamental subgroups. Then W < {4 ), which makes it very easy
10 handle Ng(W) both in these cases and in the closely related cases E¢(q)
and *Eq(q).)

If G is G,(q) or *D,(q) then N;(W) normalizes a subgroup S= SL(3, q)
or SU(3, q) generated by long root groups. However, if G is G,(g) and ¢ is
a power of 3 then there is a graph automorphism interchanging Q ~ W and
C,(Q) but not normalizing S, as required in (C.11).

LEMMA 3.7. If M contains no fundamental subgroups, and if O(M*)+# 1,
then (C.6) or (C.11) holds.
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Proof. Let Y be a minimal normal elementary abelian r-subgroup of
M* contained in M, where r#2, p (recall that we are assuming that
O0,(M)=1). Define n as in (3.6), let Ren, and let ¢ be the involution in R.
Since (3.3)(ii) does not hold for G, ¢ centralizes Y. Then Y acts on the set
of 1, 2, or 4 subnormal fundamental subgroups of C;(¢). There are 4 such
subgroups only when G is PQ 7" (8, ¢), in which case G has no 3-element
permuting them nontrivially (although Aut G does). Consequently, Y nor-
malizes R~ M (where R is the fundamental subgroup containing R).

Write R* =RA M. Clearly, [R*, Y]J<SR*NY. If [R*,Y]=1 then
M*=N,(Y)> R, contrary to our hypothesis.

Thus, 1#R*nY<aR*, and R* has a unique maximal cyclic
subgroup R,. Since N.(R) does not induce nontrivial field automorphisms
on R, it follows that ¥ and R*NY act the same on R*. Thus,
Ro=Cpr:(Y).

Similarly, if D is in some member of #*" we can define D* and D, as
above. Then D, Y centralizes R, so that R, acts on the only fundamen-
tal subgroup D containing D, n Y. It follows that R, acts on D* and hence
on D,. Write R,=0,(R,) and D,=0,(D,). Then [R,,D,]<R,nD,,
and consequently [R,, D,]=1. (For, by (2.4) the only other possibility is
that R, n D, = (1), in which case R and D commute since R, # D,.)

This shows that the set n, of all the groups D, generates an abelian nor-
mal subgroup W, of M*. Moreover, [n,|>|n|. Then n,en[2, (1.4)],
and (3.6) applies. |

The preceding proof depended upon (3.3) and Aschbacher’s results con-
cerning #°. The case O,(M)#1 is even easier, since it is implicit in [1]:

Lemva 38. If ¥=G, O(M)=1, and O,(M)#1 then (C.5), (C6),
(C.10), or (C.11) holds.

Proof. Let Y be a minimal normal 2-subgroup of M* contained in M.
Then z(A4) € Y (since otherwise by (1.3) Q centralizes ¥ and M*=N{(Y) >
(O™ y =X, which is not the case). Consequently, Y= {z(4)" > < X.

In view of (3.5)(ii), [1, Theorems D and 3] provide an O(X)=1%#
0,(X) version of (1.2), stating that one of the following holds: (i) W< X
(cf. (3.6)); (i)X=x=Z2“xA, for some n=S5 where d=(2,n)
(iii) X = Z$ x PSL(3,2); (iv) X is isomorphic to a parabolic subgroup of
Q+(8,2) of the form Z§ X (Z3 X PSL(3,2)); or (v) X is a nonsplit exten-
sion 2*PSL(3, 2).

If (i) holds we are finished (by (3.6)).

In (ii)—(iv) there are two conjugate members of £ having the same center
(cf. [1, (11.5) and p. 413]), so that G is orthogonal. Let ¥ be the natural
projective module for G, and assume for the moment that G # PQ* (8, q). If
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Y pulls back to an abelian subgroup of Q(V') then either M* is reducible
on V or (C.6) holds. If Y pulls back to an extraspecial group then, since
M=Ng(Y), M/Y must be an orthogonal group over GF(2), and (as
|G: Ng(X)| is odd) the only possibility for X is Z$ X A,. In that case X has
four members with the same center, whereas G # PQ ™" (8, ¢q).

This leaves the case G =PQ*(8, q). The preceding paragraph applies
almost verbatim, unless M* — M contains a triality automorphism. In view
of | T|, X=2%4, or 2°-2°PSL(3, 2). By conjugating within Aut PQ *(8, ¢)
we can replace M by another group in order to guarantee that the normal
subgroup of X of order 2° pulls back to an elementary abelian subgroup of
Q7(8, q). Then M is monomial with respect to an orthogonal basis and is
invariant under a triality automorphism. It follows easily that
X=29-2°PSL(3,2) and that X is uniquely determined up to conjugacy in
Aut PQ*(8, ¢) (cf. [21]). Thus, (C.10) holds.

Finally, consider case (v). Here, X has two classes of quaternion groups
either or both of which might be in €; moreover, there is a unique member
of each class lying in 7, and these have the same center. Since Aut X~ X
we have X' = N (X), and then the structure of T forces G to be G,(q) or
*D,4(q). It is easy to see that G,(¢q) has a unique conjugacy class of sub-
groups (v) (e.g., argue as in [21, Sect. 8]). If G is *D,(q) let V be its natural
8-dimensional module over GF(q®) [30]. Then it is straightforward to see
that X must fix a nonzero vector in V; and then Ng(X) lies in a group
G,(q) by [30]. (N.B. See the proof of (3.11) for a further discussion of
*D,(q) that makes this inclusion in G,(g) apparent.) ||

In view of (2.3), (3.5), (3.7) and (3.8), throughout the remainder of the
proof of Theorem C we may assume that O (M) =1, and that either X=X
or else O(M)=0,(M)=1.

LemMA 3.9. If G#Gyq), *Dyq), and if X contains no nontrivial long
root elements, then (C.10) holds.

Proof. Since A has no nontrivial long root element, while 4 = SL(2, g),
pl1A|. Thus, either 4 is metacyclic or is SL(2,r) or SL(2,r)-2, where
r=3or Sand r#p [12, Chap. 12].

By (3.5)(ii) and (1.1), X is one of the following (where s is an odd prime
power): (i) M,,, (i) M, (i) PSL(2,s*)-2, (iv) PSL(3,s)-2 or
PSU(3,5)-2, (v) Sp(6,2), (vi)Q27*(8,2), or (vii}a group of Lie type over
GF(r).

In (i) there are Frobenius groups of order 9-4 and 5-4 whose Sylow 2-
subgroups fix 3 of the 11 points and hence lie in conjugates of Q. By (3.3)
this eliminates (i). Similarly, groups of order 9-4 and 5-4 eliminate (i1) as
well.
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Note that M* acts on X, and C=C,p.(X) is 1: otherwise, M* =
NAC)=X. A further restriction is provided by the fact that X contains
m(X)=m(G) pairwise commuting members of Q.

Case (ii1). Since m(G)> 1 by Table I, this case cannot occur.

Case (iv). By Tablel, m(G)=m(X)=2 and T is transitive on A.
However, only one member of A lies in X".

Case (v). Since m(G)=m(X)=2, Table ! shows that G is PSL(4, g),
PSL(5, q), PSp(4,q), PSU(4, q), PSU(5, q), PQ(7,q), or P2 (8, ¢). By
[22], G=PQ(7, q) or PQ (8, q). Moreover, Sp(6, 2)= W(E;) < PQ(7, q)
for each ¢, and Sp(6,2) contains a Sylow 2-subgroup of G when
g = +3(mod 8). Thus, X = Sp(6, 2) < PQ(7, q) occurs in (C.10). It remains
to show that X' = Sp(6, 2) < PR~ (8, q) does not.

Assume that G=PQ (8, ¢q). Then G=Q (8, q), and G acts on an 8-
space V. Let P, and P, be the parabolic subgroups of X containing 7" and
having the form 2°- (5, 2) and 2°- SL(3, 2), respectively. It is easy to see
that P, acts monomially with respect to an orthogonal basis of V, and
dim C,(P;)=dim C,(T)=1. Also, P, =2°- 4, and dim C,(P})=2. Con-
sequently, C (T)=C,(P,), and X=<P,, P;) fixes C(T). This con-
tradicts the fact that N(X) is maximal in F.

Case (vi). This time, m(G)=m(X)=4. Also, C=1. Thus, | T| divides
[Aut X|, so that |T|<2'*-2% Only G=P§R7(8,q) is allowed by these
conditions, and W(Eg) < Q7 (8, q) shows that Q7 (8, 2} lies in PQ™* (8, q).
Once again this case occurs in (C.10).

Case (vii). Recall that r#p. Since O,(X)=1, X #SL(2,r), SL(2,r) 2.
If X has a subgroup PSL(3, r) or SL(3, r) containing @, then X has a sub-
group of order r? normalized by Q and inverted by z(Q), contradic-
ting (3.3). Consequently, X cannot be an exceptional group of Lie type,
PSL(k. r) or an orthogonal group of dimension >7.

Also note that m(X), as defined for the group X of Lie type, must coin-
cide with m(G). Moreover, N,(4)? must lie in N;(4)?. By TableI, and
[22], X is not an exceptional group of Lie type.

Consequently, G and X are both classical groups. By Table I, G acts pro-
jectively on a 2m(G) + 4-dimensional GF(q)-space V. Then X also acts pro-
jectively on the 2m(X) + 4-dimensional space V. By [22], X is PQ(5, 3) or
PQ~ (6, 3). Moreover, by Table I, dim V< 8.

If- X =PQ(5,3) then |M|,=2° or 27. This can only happen when
G = PQ(5, q) or PQ*(6,q). Since X= W(E,), it is easy to deduce that
|G: Ng(X)| is even.

Finally, if X = PQ (6, 3) then by [22, (4, 4a), (5.7)] we have dim V=6
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and a perfect subgroup of SL(V) projecting onto X has a center of order
divisible by 3. Thus, G is not orthogonal or symplectic. Now dim V=6
shows that m(G) =3, whereas m(X)=2. |

The method used at the end of Case (v) can be used in a situation
excluded in (3.9) (cf. (3.10)), and also to give an elementary proof of the
uniqueness in Aut G of the conjugacy classes of subgroups Q(7,2)<
Q(7,q)or Q%(8,2)< PQ*(8, q). For example, suppose that X is 27*(8, 2).
By [22], X pulls back to a nonsplit extension 2Q*(8,2)<Q2*(8, ¢q). Let
Y=27,xQ(7,2)<2Q7%(8,2). Then Y fixes a 1-space, just as in the proof in
Case (v). Now X has an orbit of 120 nonsingular 1-spaces. Also, 2027 (8, 2)
has a subgroup 27 4, and this group leaves invariant exactly two sets of
120 nonsingular 1-spaces. The stabilizer of either set in O * (8, g) is just the
Weyl group W(E;) embedded in the natural way. Thus, X is uniquely
determined up to conjugacy in Aut G. Incidentally, it then follows that g is
a prime (since M* is a maximal subgroup of F).

LemMA 3.10. If G = G,(q) or *D,(q), and if X contains no nontrivial long
root elements, then (C.8) or (C.10) holds.

Proof. The first five paragraphs of the proof of (3.9) are valid without
change.

This time, m(G) = 1, while T contains the central product of two quater-
nion groups. This leaves the following cases: (iv) PSL(3,s):2 or
PSU(3,5)-2, and (vii) PSL(3,r), PSU(3,r), G,(r) and *D,(r) with r#p
and r=3 or 5. By [22], X is PSL(3,s)-2 or PSU(3,s5) 2 with p|s,
PSU(3,3) 2= G,(2), or PSU(3, 3).

Let Z(Q)= {t>. Then Cy(t)=(SQ)- 2, where the first product is a cen-
tral product and S=SL(2,¢q'), ¢ =g or ¢°, is a short fundamental sub-
group. On the other hand, C,(¢) has the form (SL(2, s) D)-2, where the
first product is again central, s=r=23 in (vii), and D is metacyclic except
when X = PSU(3, 3) and D is cyclic of order 4. Then the SL(2, s) lies in S
or in (0, and the former occurs if p|s (since X contains no nontrivial long
root elements).

Assume that G =G,(q). If p=3 we can apply a graph automorphism to
M* to obtain a new group “X” containing nontrivial long root elements, so
that [19] applies and (C.8) holds. If p# 3 and p|s then the proof of [14,
(4B)] shows that X fixes a 1-space {(w) in the standard 7-dimensional
module V for G; then (w) is uniquely determined, and M* normalizes a
group SL(3, g) or SU(3, q) generated by long root elements (by [30] or
(3.11)). Thus, X must be G,(2) or PSU(3, 3), and p # 3. We must eliminate
the latter case. There, the SL(2,3) in C,(t) contains @, so that
A=0M=CyD)=SL(2,3). Let Be A¥~ {A} with {(Z(A4), Z(B)><T.
Then dim C,(—z(4))=4 and dim C (—z(4))n C, (—z(B))=2, so that
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(A, B) acts on the 6-space {C,(z(4)), ¢, {z(B)))>, and X = { A4, B) fixes its
orthogonal complement. By [30] (or (3.11)), M* normalizes a group
SL(3, q) or SU(3, q) generated by long root groups, and this contradicts
one of our hypotheses.

This leaves the case G = >D,(q). Here, we will show that M* normalizes
a nontrivial subgroup of a suitable G,(q). We begin by studying the action
of T on the natural Q7 (8, ¢°) module V for G.

Since T lies in some subgroup G,(q), T fixes some vector v # 0. We claim
that

(3.11) C(T)=<(v), and T fixes a unique 1-space {w> # {v>.

For, T> (Z(Q), Z(R)) for some Re Q¢— {Q}. Extending the ground
field shows that (0, R) lies in the monomial group of a subgroup
SL(3,4%) of G,(¢*), acting on v'®gr,, GF(¢?) by fixing two totally
singular 3-spaces [30, pp. 23, 38]. Moreover, T lies in SL(3, g%)-2, and
hence interchanges these 3-spaces. Since G,(q%)< 2(7, ¢%) it follows that
{Q, R) T fixes a nonsingular 6-space of v* and induces +1 on its
orthogonal complement (w) in v*. This proves (3.11).

In particular, we see that T lies in a uniquely determined subgroup G,(q)
of G—namely, G,—and a uniquely determined subgroup SL(3,¢)-2 or
SU(3, q)- 2—namely, G .

Now consider X 2 PSL(3,5)-2, PSU(3, 5)- 2, G,(2), or PSU(3, 3). In the
last two cases C,,(¢) lies in a group (SL(2, q) SL(2, g))-2 which in turn
lies in some G,(q); by (3.11), C,,(¢) fixes {v). Also, R fixes {v)>. Thus,
XT = (Cylt), R) fixes (v}, so that C(X) is (v} or {v, w). In the first
case M* normalizes our G,(q), while in the second M* normalizes G,, =
SL(3, q) or SU(3, q).

Finally, if X~ PSL(3,s)-2 or PSU(3, s)-2 then C,(t)=(SL(2,s) D)2
where SL(2, 5) < S = SL(2, ¢*), so that GF(s) = GF(q*). Also, s> + 1 divides
|G| and hence divides (¢'*— 1)(g® — 1)(¢*> — 1). Thus, by [34], both ¢* and
g’ are powers of s, and hence GF(s) = GF(q). Now C () lies in some
(SL(2, q) SL(2, q)) - 2. As before it follows that M* fixes (v)> or (v, w),
and hence contains long root groups, which is not the case. ||

Once again, the only case X = G,(2) <G =G,(q) occurring in (3.10) is
uniquely determined up to conjugacy in Aut G—and hence, g is prime since
M* is maximal. To see this, note that the case p=3 was handled in the
above proof (in view of [19]), so let p # 3. Let E be a Sylow 3-subgroup of
Cq(1). Then [Ny(E)|=27-8. It follows that Cg4(E)=SL(3,q9)-2 or
SU(3, q)- 2 (depending on whether g=1 or —1 (mod 3)), and C(E) is a
I-space {(v). Thus, |(v)*|=28. Let J be a Sylow 2-subgroup of N,(E).
Then J induces +1 on (v), and fixes a unique second member {u) of
{v>*, inducing +1 on {u) as well. This uniquely determines <{u), and
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hence also the orbit of {(u) under N {E). Consequently, N,(FE) uniquely
determines (v)*, so that X is determined up to conjugacy in G, as asser-
ted.

4. CLassicAL GROUPS

In this section G will be a classical group defined by a vector space V
equipped either with no form or with an alternating, quadratic or her-
mitian form.

LEMMA 4.1. If M is reducible then (C.4) or (C.5) holds.

Proof. Let W be a minimal M-invariant subspace. Assume that
G # PSL(V). Then W is either nonsingular or else totally isotropic or
totally singular. In view of (C.5), we may assume that W is totally isotropic
or totally singular. However, |G: Ny(W)| is never odd for such a W.

Now let G=PSL(V). If M* = N (W) then (C.4) holds, so assume that F
contains a graph automorphism. Then M has a second invariant subspace
W' of codimension dim W, and M* fixes {W, W’}. Since Wn W’ and
(W, W'> are M*-invariant, it follows that (C.4) or (C.5) holds. |

Let X be as in Section 3.

LemMa 4.2. If M is irreducible but X is reducible then (C.6) holds.

Proof. By [19], M preserves a decomposition V=V, @ - @V, of V
into X-irreducible subspaces V; permuted transitively by M. In view of
(C.6), we may assume that G # PSL(V). Then all V, are nonsingular, or all
are totally isotropic or totally singular. In the latter case |G: M| would be
even. Thus, all V; are nonsingular, and (C.6) follows easily. ||

LEMMA 4.3, If X is irreducible then (C.3) or (C.10) holds.

Proof. If X contains no nontrivial long root elements then (3.9) states
that (C.10) holds. Assume that X contains a nontrivial long root element.
Theorems I and II and Section 11 of [19] list all of the candidates for X. If
¥ = X then nothing on those lists has | G: N4(X)| odd. If X # X, those lists
imply that (C.3) holds. |

5. ExceptioNAL GROUPS OF LIE TYPE

In this section we will complete the proof of Theorem C by settling the
case of exceptional groups of Lie type. Let F, G, M*, M, T, 4, X, X, m(G),
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and m(X) be as in Section 3. Since 4 is contained in X, m(X)=m(G). As in
the proof of (3.9) this greatly restricts the possibilities for X.

Lemma S.1. If X=G then (C.3) or (C.10) holds.

Proof. By (3.9) and (3.10) we may assume that X contains a nontrivial
long root element. By (1.1), (3.5)(ii) and [10], X=Cg;(o) for a field
automorphism o, unless X is 2E¢(q’') in G = E4(q), ¢=q'*, e odd, embed-
ded naturally. In the first case (C.3) holds. In the second case |G: Ng(X)| is
even. ||

In view of (3.4) we may now assume that X = X. Recall that 0,(X)=1.

LEMMA 5.2. One of (C.7)}-(C.9) holds.

Proof. The possibilities for X are more or less listed in [10]. After
correcting a few statements concerning centralizers in that paper, and then
using Table I (in Sect. 3) and the fact that m(G)=m(X), we obtain the list
of candidates in Table Il. (For brevity we have omitted ¢ throughout the
table, and used Lie notation.)

If G is G,(q) or *D,(q) then all possibilities in the table can occur, and
appear in (C.7) and (C.8).

Now consider G = F,(q), 2E4(q) or E4(q). By Table 1, T is transitive on
4. However, T acts on X. This leaves only the possibilities X/Z(X)= A9,
c,xC,, D, B, Ds, *D;, C,, or F,. Note that G has a
subgroup X=2?-PQ7%(8,q) such that |G:NgxX)) is odd and
No(X)= Ng(4) (cf. [2, Theorem 6]). Also, 2E4(q) and E4(q) have sub-
groups X = Ng(X)= F,(q) with |G: X| even.

If G=F,(q) then there is a subgroup 2-Q(9, q) whose center is Z(T).

TABLE 11
G X/Z(X)
G, Ay, 42°4,
3D4 A]y AZsZAZ’ GZ
Fy A x Cy, A% Cy, A, Dy, B,y
2E A|XC3, A%XCZ, A?sD‘tv B47
¢ Ay x2A5, A2x24,,2D5, C3x Cy, Cy, Fy
P A x As, A\ x Cs, A2x A3, A3 x Cs, A3,
¢ C,xC,,Cy, Dy, By, Ds, F,y
E, A, x Dg, A3x Dy, A]
Eq A X E;, A} x Dg, A*x D, A%, D3, Dy

481/106/1-3
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Similar statements hold for all the remaining cases in (C. 9)(ii) (cf. [18] for
Z(X)). Moreover, this takes care of all possibilities for F,(q).

If G=2E,q) then we must still eliminate the cases X/Z(X)=B,,
C,x C,, or C,. By [8] there is just one class of subgroups of type B,, all
of the form 2-Q(9, q) < (4, g+ 1) PQ7(10, g), so that their normalizers
are not maximal. If X/Z(X)=C,xC, or C, then a simple calculation
shows that |?E(q)|/| X/Z(X)| is divisible by 32 or 8, respectively. Thus,
Cs(X) has even order and hence meets Z(7) nontrivially. Since
CiZ(T))=z(4,q+ 1) PQ (10, 9), X/Z(X)# C,. Moreover, if X/Z(X)=
C,x C, then Ng(X) < Cg(Z(T)).

The case G = E.(g) is handled similarly.

Next, let G = E4(q). Again T is transitive on 4. This time, Table II leaves
only three possibilities: A%, Dg, and DZ. The first two of these are included
in (C.7) and (C.9). If X/Z(X)= D3 then X lies in 2- PQ™* (16, q), so that
| Z(X) =4. Since 2°-PQ*(8,q) S, is contained in E(g), Ns(Z(X))
induces S; on Z(X) and hence does not lie in 2- PQ* (16, ¢). This case is
also in (C.9).

Finally, let G = E,(g). This time, T has orbit lengths 1, 2, and 4 on 4.
Each candidate in Table IT has |G: Ng(X)| odd, and appears in (C.7) or
(C9). 1

This completes the proof of Theorem C.

PARTII. THEOREM B
6. PRELIMINARIES

Let n be a projective plane of order n. If Q is any nonempty set of
collineations of # then n(Q) will denote the set of points fixed by Q. When
Q is planar, we will identify n(Q) with the fixed point plane of Q.

If ¢ is an involutory collineation other than a perspectivity then |z(¢)| =
m®+m+ 1 where n=m? [11, p. 172]. Consequently, we will be especially
interested in properties of integers of the form u?+u+ 1, where u is an
integer.

LeMMa 6.1, Ifn=m? then i’ + n+1=(m>+m+ 1)(m?> —m+ 1), where
(m*4+m+1,m —m+1)=1.

LEMMA 6.2. If u? +u+1=p® for a prime p, then either p* =p or p°=T7>.
Proof. [24,p.11]. 1

LEMMA 6.3. If n=m’ and n*> + n+ 1=q°b for a power q° > p of a prime
p, then either b>8q° or ¢ =m*+m+1=7>
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Proof. By (6.1), m*+m+1=q% and m>*Fm+1=>/c for some odd
integer ¢ and some choice of signs. If c=1 then m*+m+1 =7 by (6.2). If
¢>23 then b/g°c* = (m*—m+1)/(m*+ m+1)>§, since m*+m+1 is not
square-free (as ¢“>p?) and hence m>16 (as is seen by checking all
m<16). |

LEMMA 6.4. If p is a prime divisor of n®> +n+ 1 then either

(i) p=3and9fn*+n+1, or
(i1) p=1(mod 3).
Proof. 1If p=3 then (i) is easy to check. Let p#3. Clearly,

n*—1=0(mod p) and pf(n*+n+1,n—1), so that n has order3 in
GHF(p)*. 1

LEMMA 6.5. Assume that G is a collineation group having a proper nor-
mal elementary abelian subgroup of order n>+n+1. Then n*+n+1 is a
prime and G is a Frobenius group of odd order dividing (n*>+n+ 1)(n+ 1) or
(n*+n+1)n

Proof. 1f n? + n+1 is not prime then it is 7* by (6.2). This possibility is
eliminated in [5, p. 470;27]. Thus, n> +n + 1 is prime, G acts on points as
a Frobenius group, and G, is cyclic for each point x. Clearly, G, =G, for
some line L, and this group acts semiregularly on L or L — {x}. Moreover,
|G| is odd, since an involution would fix more than one point. ||

LEMMA 6.6. Assume that G is a point-transitive collineation group of =.
Let Q € G with n(Q) a subplane of order u, and let x € n(Q). Then
(i) (PP +n+1)Q°N G| = +u+1)|Q;
(i) If G, is transitive on Q° " G then Ng({Q)) is transitive on n(Q)
and | (@)l =|Ng({Q>): No({Q)),|; and
(i) IfQ={t}, [1|=2and u#2 then 2|G: G| >|Cqx(t): Ci(t),|*
Proof. (i) Count the pairs (y, Q%) with ge G and y e n(Q%).
(ii) G is transitive on the above pairs.
(il]) [Co(t): Ce(D)* < (WP +u+ 12 <2(n*+n+ 1) since n=u?

here. |
7. START OF PROOF

Let m be the plane in Theorem B. We may assume that conclusion (ii)
does not hold. By the result of Wagner [31] stated in the Introduction, we
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may also assume that all involutions in F fix m*+m+ 1 points, where
n=m? Thus, the remainder of this paper will be directed towards obtain-
ing a contradiction.

Lemma 7.1. Fo=G with G simple and nonabelian.

Proof. By (6.5), F has no nontrivial elementary abelian normal sub-
group. Thus, if (7.1) fails then, by (2.1), Fe T, x---x T, for k> 1 simple
groups T, permuted transitively by F, and F< F,wrS, with the natural
action on Y* for some Y, where F, acts primitively on Y and F,=T,. In
particular, n*> +n+ 1 = b* where b=|Y].

Let ¢ be an involution in T,. Let f be the number of points of Y fixed by
t. Then ¢ fixes fb* ' points of n. Thus, m* +m+1=fb*" ">~ Mf k>3
then m> 4+ m+ 1> (n* + n+ 1)*3, whereas n=m?* Consequently, k =2 and
m?+m+ 1 =fb while m*+m?+ 1 =52 In particular, m*> < b, so that f=1
and b=m>+m+ 1, which is impossible. ||

Now we are in the situation of Theorem C. Of course, G is transitive on
points (and hence also on lines). Moreover, G, is known by Theorem C.
This allows us to ignore F most of the time.

The various possibilities in Theorem C are dealt with in the following
places:

w
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\-/"
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(C.11) (9.2)
(C.12) (8.3)
) (8.1), (8.2)
(C.14) (11.1).

Note that each possibility produces a diophantine equation |G: G| =
n?+n+ 1. While we do not handle all of these equations simultaneously,
many are dealt with in large batches, using (6.1), (6.3), and (6.4) (see
(9.2)-(9.4) and (10.6) for examples of this). There are many alternative
approaches. For example, one could estimate the number of fixed points of
a carefully chosen involution in order to contradict (6.6)(iii), but the
calculations involved seem worse than those we have used.
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However, it seems likely that anyone reading this paper will find better
arguments for several of the cases (C.1)-(C.14).

8. MISCELLANEOUS CASES
This section eliminates some of the possibilites in Theorem C.

LemMma 8.1. G #2G,(q), ¢>3.

Proof. If G=2G,(q) let UeSyl;(G). By (6.4i), |U:U,|=1 or 3 for
some point x. Then |G: G, | cannot be odd by (C.3) and (C.13). |

LemMa 8.2. G # PSL(2, q), q odd, 4> 3.

Proof. Assume that G is PSL(2, g). By (C.3) and (C.13) one of the
following holds: (i) G, is dihedral of order ¢ + 1; (ii) G, is PSL(2, ¢’) or
PGL(2, q'), where GF(q')= GF(q); or (iii) G, is A,, S, or As. Let t be an
involution in G.

Case (1). By (6.6)(1),
(R +n+D{1+(@x1)2}=m*+m+1)1°],
where [t¢|=n’+n+1. Now m*+m?’+1=q(qF1)2 and m*+m+1=
1 + (g £ 1)/2. It follows first that m> +m+1=(g+1)/2 and m* +m*+ 1=

g(g+1)/2, and then that m*—m+1=¢g>m?+m+ 1. Thus, (i) cannot
hold.

Case (i1). U G.= PSL(2, q') then g = ¢’ with ¢ odd, and (by (6.61) with
Q an involution)

(M +n+1)qg' (¢ £ 1)2=(m*+m+1)q(g £ 1)2
n*+n+1=q(g>—1)/q'(q” —1).

Then m*+m+1=(gF1)/(¢F1) and m>—m+1=¢g(g+1)/q'(¢g' £1),
which is impossible.

Thus, G, = PGL(2, ¢'), and then g=q'? since F, is maximal in F. Now

(MP+n+1)g*=m*+m+1)q(g+1)/2
n+n+1=q(g"—1)2¢'(¢> —1)=¢q'(g+1)/2,

so that m>4+m+1=gq" and m*> —m+ 1 =(g'* + 1)/2, which is impossible.



36 WILLIAM M. KANTOR

Case (iil). Since G, contains a Sylow 2-subgroup of G it must be self-
normalizing. There are three subcases, which yield the conditions

(a) q(qz—l)/24=n,2+n+1=(m2+m+1){q(qi1)/2}/3,
(b) q(g>—1)/48=n*+n+1=(m>+m+ 1){q(qg+1)/2}/9, or
() q(@*—1)/120=n>+n+1=(m>+m+1){q(g+1)/2}/15.

Simple calculations eliminate all three possibilities. ||

LEmMMa 8.3. Neither (C.12) nor the last case in (C.1) can occur.

Proof. Since |G:G .| =175 or 15, (6.4) applies. ||

LEMMA 84. G #A,.

Proof. Assume that G=A,. By (8.2),d>7,sothat F=A4,0r S,. Let Y
be the corresponding d-set. By (C.1) and (8.3), F, is either (i) the stabilizer
of a k-set, 1 <k <d/2, or (ii) the stabilizer of a partition of Y into / sets of
size k, where d=kl In each case we will show F, also fixes a line.
(N.B. Although F is certainly line-transitive, we do not know that F is line-
primitive. )

(i) Since G is not 3-transitive, k> 1. Consider D=(S,_,x
S; «_1%XS,)nG. There 1s a line L fixed by D. Since F, contains D and a
Sylow 2-subgroup of F, while | F: F, | = | F: F.}, this is impossible.

(ii) Since F, contains a 5-cycle by (6.4), k= 5. Let D be the pointwise
stabilizer or a partition of Y into /— 2 sets of size k, 2 of size k — 1 and 2 of
size 1. Then D fixes exactly 2 points, and these are interchanged by N D).
Thus, N.(D) fixes a line L.

Let D, be the subgroup of D inducing the identity on one of the
k —1—sets. Then D, fixes exactly k+ 1 points on which N{D,) induces
Ay, . Thus, D, cannot be planar and 4, x D, must fix a line, which can
only be L. Then G, contains (S, x (S, wrS,_,))nG. Since |G, | =G|, it
follows that /(/—1) > (¥), so that />3.

Let E be a subgroup A, _,wrS, of G,. Then E fixes exactly /! points, per-
muted by an A4, in Ng(E). It follows that N,(E) fixes some line. Now G,
must also contain Ng(E)® for some ge G. It follows readily that |G| >
Gl §

Lemma 8.5. Case (C.4) cannot occur.

Proof. Assume that (C4) holds with G=PSL(d, q). Let V be the
relevant vector space. Then either (i) G, is the stabilizer of a k-space, where
we may assume that £ <d/2, or (ii) G, 1s the stabilizer of a flag V, < V,_,
with dim V, =i (where k <d/2).
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(i) Certainly k#1. Choose k-spaces X and Y such that
dim X Y=0. Then Gy ,, fixes no proper subspace of dimension #2k.
Next choose X" and Y’ so that dim X'~ Y'=k — 1, and note that G . y,
fixes no subspace of dimension 2k. Since Gy, and G, -, are both con-
jugate to subgroups of G, for a line L, it follows that G, is irreducible.
However, |G:G,|=|G: G| =1 (mod p), so that G, contains a Sylow p-
subgroup of G. By (2.3), G, = G, which is not the case.

(ii) Use V,VicV,_, with dim V,nV,=k—1 as above in order
to see that G, is reducible and can fix no subspace of dimension #d -k,
k—1, k+1. Since |G,|=|G,| (or since F—(G contains a graph
automorphism), this is impossible.

Finally, assume that G = E,(g) in (C.4). Then G acts on the points of
as a rank 3 permutation group of degree n*+n+1=(g°—1)g'*—1)/
(g—1)g*—1)>4¢" and subdegrees 1, q(q’+1)(¢g*—1)/(g—1),
q*(g* + 1)(g° — 1)(¢° — 1)/(g — 1). Bach line L through x meets each sub-
orbit of G, (as otherwise G, would be 2-transitive on L). Thus, G is flag-
transitive on 7, and the lines through x determine partitions of each sub-
orbit of G, into n+ 1 sets of equal size. It follows that n+ 1 divides both
nontrivial subdegrees, and hence divides g(q*+1). Since n>q’, this is
impossible. §

9. OpD CHARACTERISTIC

In this section G will be a group of Lie type over GF(q), where ¢ is a
power of an odd prime p. We will show that none of the cases (C.3),
(C.5)(C.11) can occur. (Recall that (C.4), (C.12), and (C.13) were dealt
with in (8.5), (8.3), (8.1), and (8.2).) Most of these cases will be eliminated
using simple calculations (cf. (9.2)-(9.4)). However, some situations
involving orthogonal groups seem to require more care.

Most of the cases can be eliminated in several different ways, although
we have not indicated more than a few instances of this (compare the
remarks at the end of Sect. 7).

LemMMA 9.1. If G is orthogonal then G, is not the stabilizer of a non-
singular subspace.

Proof. Assume that (C.5) holds with G, the stabilizer of a nonsingular
k-space U of the underlying vector space V, where 2k < d=dim V. Write
U=U, 1U, for a l-space U,. Let U,eUSnUi_,, where either
(x) Uy < Ui or (B)(U,, U, has a radical R #0. In either case, U,_, + U,



38 WILLIAM M. KANTOR

and U,_ + U} produce points of n interchanged by an element of G, _,.
Thus, we get two lines L, and L;, say, whose stabilizers contain the
stabilizers in G of {U, ,, {U,, U{}}. Clearly, G, can fix at most two non-
zero subspaces of dimension <d/2, and both are nonsingular (of dimension
k—1 and 2). On the other hand, G,, can fix at most one nonsingular sub-
space of dimension <d/2, namely U,_,. Since G,, and G, are conjugate
in G, it follows that either both are irreducible or both fix a nonsingular
k — 1-space. (If k=1 then both must be irreducible.)

Since |G,|=1G,|, while |G, ,|<|{Gy| when k>1, G, must be
irreducible for any line L. By [19], G, cannot contain any long root
groups. Using G, we see that d —k + 1< 4, so that k <d—k <3 and hence
d=5or 6 and k=d—3 (since d>4 by (8.2)). However, in either case we
can choose U, _, so that U}, is of type Q% (4, ¢), and then G L, Will con-
tain a long root group. ||

LEMMA 9.2.  The following cases cannot occur: (C.10), (C.11), (C.6) with
G orthogonal, and (C.8) with G, = G,(q).

Proof. Let Q be as in Section 3. In each case, Q°nG,=Q%. (For
(C.11) this follows from Sylow’s theorem and the description in (3.6)
and [2, Theorem3].) We claim that, in general, (x) |G:G.|,>
ING(Q): Ne(Q).|,>1, and (B) [N(Q)l,> |G|, In view of (6.6)(ii) and
(6.1), (o) asserts that Q cannot be planar; while (8) implies that N;(Q)
cannot fix a line L (since |G .| =|G, |). Since n(Q) cannot be a triangle by
(2) and (6.4)(i), it follows that («) and (f) are sufficient to eliminate each
of the cases of the lemma for which they hold.

Case G=G,(q), G,=2°PSL(3,2) or G,(2). Note that ¢*||G:G,|, so
that p#3 by (6.4)(i). Also, p#7 since g= +3 (mod 8) in (C.10). Thus,
|Gl,=¢% |G,l,=1=[Ns(Q).l,, and |N(Q)|,=¢, so that (x) and (f)
hold.

Case G=P(7,q),G,=2(7,2). This time |G|,=4°, |G,.|,=1 and
ING(Q)l, =4

Case G=PQ*(8,9),G,=27%(8,2). Here |G|,=q" |G,,=1 and
ING(Q),=¢"

Case G = PQ7(d, q) and G, preserves a decomposition of the underlying
vector space V as V=V,L---LV, with all V, isometric of dimension
k =d/l. We will distinguish several subcases, depending upon the parity of d
and k as well as the size of k. Note that 4= 35 by (8.2).

Subcase d=2r+1, k=2s+125 |G|,=q", [Ng(Q)l,=¢'*""?,
|G|, =g, INg(Q).],=q"* = 2¢"t=V(—1)! . Note that p#3, 5 by
(6.4), so that log,(!1,)=3>7 [l/p"1<l/(p—1)< /6. Then («) holds since
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|G:Ng(Q)l,=¢" *>q¢*°*'>¢%°,=|G,: Ns(Q).|,, and (B) holds
since

L4+ (r=2)221+(s1—1)2> 145U+ 2sl(s — 1) > s + 1/6.

Subcased=2r+1, k=2s+1<3. Then |G|,, |Ns(Q)|, and |G|, are as
above, and g% 3> ¢’ @+ V185 4% while | No(Q)],>q >+ V'8 > |G, ],

Subcase d=2r, k=2526. |G|, =q"""", |NGQ)l,=¢' 2",
G lp=q" M ING(Q)l, ="+~ D Iget= 00D 1)1, and (a)
and (f) are easy to check.

Subcase d=2r,k=25<4, G#PQ"(8,q). |G|,, INs(Q)|, and |G, ]|, are
as above, and |G: Ng(Q)|,=¢* "> ¢*C~ '+ |G |, while | Ng(Q)|, >
qs(sf D+ 1/6 > | G\,lp.

Subcase G=PQ*(8,9), k=2s. |Gl,=q" |INs(Q),=¢> 1G.l,=
g, =¢**~ " and () and (B) hold.

(N.B. When k = 2s, (6.3) also yields a contradiction.)

Subcase d=2r, k=1. |G|,=¢"""", INg(Q)|=¢'*"=2=3 |G |,=
d!p’ q4r77>qd/6>d!p and q1+(r72)(r—3)>qd/6>d!p'

Subcased=2r, k=2s+1>=3. Since |G:G,] is odd, a calculation yields
T?HIZZ g.zlld r=2s+1.Now |G|, =q¢""" ", |Ns(Q)l,=¢" """, and

xlp= qA .

Assume that > 5. Then |NG(Q)X|,,=q‘““z’z“”2 and («) holds. Also,
(B) holds except when r=25. So let r=35. Then n(Q) cannot be a subplane
or a triangle (as («) holds), so that N (Q) fixes a line L. Now | Ng(Q)l
divides |G,|=|G.|. However, |27%(6, q)| divides |Ng(Q)| but cannot
divide 2 | O(5, 9)|

Thus, r=3 and G = PQ (6, q). Once again (o) holds but (f) does not.
Let No(Q)<G,, and let X be a long root group in Ng(Q). Since
INg(X)|,= q°, Ng(X) moves L. Thus, X fixes at least two lines, whereas G,
contains no conjugate of X.

Case (C.11). The description (3.6), together with [2, Theorem 3], show
first that ¢*||G: G |—so that p#3 by (6.4)—and then that |G, |, <p.
Consequently, (a) and (f) hold trivially.

Case G =G(q) <>D4(q)=G. Here |G|,=q", |G,|,=4° INg(Q),=
¢’ and | Ng(Q).|,=gq. Then () holds but (8) does not. By (a), Ns(Q) fixes
a line L. However, by Theorem C there is no subgroup G, of G containing
N4(Q) and having order divisible by |G, |,=¢° |

PROPOSITION 9.3.  None of (C.5)-(C.9) can occur.

Proof. 1In each case (6.3) applies. Instead of going through all of the
possible cases, we will list the cases, write |G : G| = ¢°b with (g, b)=1, and
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TABLE III
G Case a [7/({“<
e ()()()
\“/ \*/ \</
d k i
PSU(d, q) (CS).d=k+1 (2)w<2)_<2> 8
PSp(2r, q) (C.5), k=2s, 2o2p 4
=21,
r=s+1t

PSL{d, g) (C6),d=ki

d k
PSU(d, q) (C.6), d=ki <2> _1(2

N
!
~.
o0

PSp(2r, q) (C.6), k=2s rP—Is*— 1 4
2r = 2sl

G.(g) (C.7) 4 ,
Dulq) (C7) 8 2
EAq) (C7),k=1,3,7 32,48, 56 8,6,1
Ey(q) (C.7) 112 1
G,(q) (C8) 3 1
*Dylq) (C8) 9 2
Fu(q) (C9)1) 12 2
E¢lq) (C.9)(1) 24 4
*Elq) (C9)() 24 4
Fulq) (C9)(i) 12 1
Eq(q) (C9)(it) 16 4
2Eq(q) (C9)ii) 16 4
Eq(q) (CI)ii) 64, 96 4,4

give both a and an upper bound on b/¢* (Table III). (Note that to use (6.3)
we do not need a precise value for b/¢“: a rough estimate suffices, namely,
b/qg“<8. Also note that we have to consider the possibility ¢°=
m>+m+1=7 each time; but this presents no serious difficulty.)
Moreover, we will give some examples of these calculations.

In (C.5) let k and / be the dimensions of the two subspaces, where & < /.
In (C.6) let / be the number of subspaces, let each subspace have dimension
k, and write p*=11,.

EXAMPLE. G = Gs(q), (C8). |(G:G,|=¢*(¢>+ 1)/2. By (63), =T,
but then m=18 and (G: G| #18*+ 18 + 1.

EXAMPLE. G =E(q), (C9)(i). The group X=22-PQ*(8,q) is
generated by root groups corresponding to a subroot system, and hence is
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normalized by a Cartan subgroup. Thus, G, = N4(X) has order divisible by
| X|(g—1)*/(g—1,3). Then a=36—12 and |G: G, |, is at most
(47 =)@ —1)(¢* = 1)(¢° - 1)(¢°~1)(¢°’ —1)/(3, 9 — 1)
(¢* = 1)(g° - D(g*~D(g*~1)-(¢-1)/3,9—1)

Similarly, if G=2E¢q) in (C9i) then |G,| is divisible by
| X1(g+1)*/(g+1,3).

<4g*.

EXaMPLE. G = PSU(d, q), (C.5). Here a=(4)— (£)— (}) and
M=) 2
IT5 (¢ = (= D) TTig' — (= 1)) (1/2)-(172)

since [ (1 + 1/¢g") <2 and TT% (1 —1/g') > 4. (These are proved by noting
that (1 +1/¢'y< 1/q" and In(1 —1/¢'}> —1/q".)

|G: G|, =

EXaMPLE. G = PSU(d, q), (C.6). This time a=(4)—I(%5)—2 and
1G:G.|,/q°< 21!,,/(%)’ I',. Thus, Table 111 asserts that 20+ l(l!p)2 < 8/!. This
is certainly true if /1, = 1. Since /!, < p”» =", we cannot have ¢“=1 or 3, so
that p =7 by (6.4). If /<12 then we may assume that p=7, in which case
2!+ 17 < 81! holds. Finally, if /> 13 then

21+ l(np)z <2l+ 1p21/(p— l)g 2l+ 1721/6 < 81’

The remainder of Table III is checked in a similar manner. ||

We note that there are other simple ways to eliminate various cases. For
exaple, when G = E,(g) or E4(g) in (C.9), |G: G| =0 (mod 9) and (6.4)(i)
applies.

Lemma 94. (C.3) cannot occur.

Proof. Let A be as in Section 3, and let t =z(A). Then t N G, is a con-
jugacy class of G, (e.g., by [6]).

By (6.6)(ii), | n(¢t)| = | Cql(2): Cg(t),|. However, it is very easy to check
that |G: G, |,>|Calt): Cu(1),],>1 in each case. This contradicts (6.1). |

Note that the argument in (9.2) also works.

10. CHARACTERISTIC 2

In this section we will show that (C.2) cannot occur. Here G, will be a
parabolic subgroup. It would be nice to handle this situation by using the
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geometry of groups of Lie type, or by showing that root involutions cannot
fix the required numbers of points. Unfortunately, there scem to be too
many different cases for such uniform approaches. Instead, we will use
elementary properties of the classical groups (10.4), (10.5) and numerical
methods (10.1) in order to obtain contradictions.

LemMma 10.1. (i) If ¢'+ 1||G: G| for some i>0, then i is odd and
g+ 1=0(mod 3).

(ii) Foralli,j>0, (¢ +1)g'+ 1) |G:G,|.

Proof. (i)1f ¢' +1=2 (mod 3) then some prime divisor of |G: G| con-
tradicts (6.4)(ii). Thus, i is odd and ¢ = 2¢ is not a square, so that e is odd.
Then 3| g+ 1.

(ii) Use (i) and (6.4)(i). 1

LemMMA 10.2. (i) The Dynkin diagram of G is obtained from that of G
by removing an orbit of graph automorphisms (namely, automorphisms lying
in F).

(i1) There is a line L such that G, is contained in a proper parabolic
subgroup of G. (In particular, if G is a classical group then G, acts reducibly
on the underlying vector space.)

Proof. (1) F is a maximal subgroup of F.

(i) [29,(1.6)]. 1

LemMa 10.3. (i) G has BN-rank 1= 2.
(i) G # PSp(4, q).
(i) G, is obtained by removing at most 2 nodes from the Dynkin
diagram of G.
(iv) G #Gaq), ’Dy(q).
Proof. (1) Since G is not 2-transitive on points, /> 1.
(i) Since g*+ 1 divides the index of every parabolic subgroup of
PSp(4, q), (10.1)(i) applies.
(iii) Otherwise ¢*+1||G:G,|.
(iv) By (102i), if G=G,(q) or *Du(q) then |n|=(g°—1)/(g~1),
(@ + 1)(g*+ g%+ 1), or (g + 1)(¢® +¢* + 1). In the first case, G = G,(q), the
points of 7 can be identified with the points or the lines of the generalized
hexagon for G, and it is easy to check that a long root involution fixes
g+1+(g+1)-q-qor 1+ (g+1)q points of 7. The remaining possibilities

can be eliminated in the same manner, or by noting that ¢+ 1 =0 (mod 3)
by (10.1)(i), and hence that |n| =0 (mod 9), contradicting (6.4)(i). |
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Lemma 104. G # PSL(d4, q).
Proof. See the proof of (8.5). |

LemMma 10.5. G is not a classical group.

Proof. By (10.3)(11) and (10.4), we must consider the case in which G
acts projectively on a vector space V as a symplectic, orthogonal or unitary
group, and G, is the stabilizer of a totally isotropic or totally singular
k-space X. Let YeX® with XnY'=0. Then G, is contained in
a parabolic subgroup by (10.2)(ii)). However, it is easy to check that
G x.y, fixes a totally isotropic or totally singular subspace only if one
of the following holds: (i) G=PSp(2r,2) or PSU(,2), k=1, or
(ii) G=PQR*(2r,2), k=2, and G, fixes a totally singular 2-space but no
1-space.

In (i), a transvection fixes too many points of 7. In (ii), choose X" and Y’
in X so that dim X'~ Y'=1and Y’ ¢ X'*. Then the only totally singular
subspace fixed by Gy, is X'nY’, of dimension 1. |

PrROPOSITION 10.6. Case (C.2) cannot occur.

Proof. We must eliminate the possibilities G= F,(q), *E¢(q), E(q),
E.(q) and Eg(q). By (10.1)(i), ¢* +1/|G: G,|. However, a glance at |G|
and the possibilities for the orders of parabolics quickly shows that there
only five cases to consider: (i) G = E,(q), G, of type Eg; (ii)) G=E(q), G,
of type Dg; (iii) G = E;(q), G, of type Dsx A,; (iv) G=2Eq(q), G, of type
’D,; and (v) G= Eq(q), G, of type Ds.

In (ii) and (iii), ¢*+1||G: G,|, and this is impossible as above. In (i)
and (iv), (¢° + 1)(¢° + 1)| |G: G, |, which contradicts (10.1)(ii).

In (v), G induces a rank 3 permutation group on the points of x, and this
produces the same contradiction as in (8.5). |

11. SporaDIC GROUPS

The following Lemma will complete the proof of Theorem B.

LemMa 11.1. G is not sporadic.

There are several approaches to this lemma. For many sporadic groups,
all maximal subgroups are known, and hence (6.4) can be applied.
However, this method fails for the largest groups.

Alternatively, the method on p.44 of [13] can be applied, almost ver-
batim, because |G,| is divisible by so many prime divisors of |G| (by
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(6.4)). However, we will use the most mindless approach, based primarily
on elementary arithmetic.

Proof. By (6.4), |G: G| is a factor of the product of 3 and all powers p’
of primes p=1 (mod3) such that p’||G|. Moreover, |G:G,|=
(m*+m+1)(m*—m+1) by (6.1). These two conditions produce a very
small number of possibilities for m, in view of the possible orders |G|
(cf. [15]).

For example, suppose that G is a section of the Monster. Then
(m*+m+1)(m*—m+1)|3-7%-13%-19-31, Since m>2, arithmetic
produces a unique possibility: n=m?= 5% Then Cg;(¢)™" is isomorphic to
a subgroup of PGL(3, 5), for each involution ¢ of G; while the pointwise
stabilizer of =(¢) has order dividing n—m=20. When ¢ is a 2-central
involution, inspection of the various cases produces a contradiction. (Alter-
natively, no group G here has a subgroup of index 31-21.)

Similarly, when G=J,, J5, J4, LyS, Ru, or ON, |G: G| divides 3-7- 19,
3-19, 3-7-31-37-43, 3-7-31-37-67, 3-7-13, or 3-7°-19-31, respec-
tively. As above, only n=35% is numerically feasible, and this again
produces a contradiction. [

Note added June 4, 1985. Since this manuscript was submitted, two relevant preprints have
circulated. (i) M. Aschbacher, “Overgroups of Sylow subgroups in sporadic groups.” This
paper contains, among many other things, the completion of the list in Theorem C for the
case of all sporadic groups. (ii) M. Liebeck and J. Saxl, “The primitive permutation groups of
odd degree.” This paper consists of Theorem C and a slightly different proof of it. While
Aschbacher’s main theorem in [ 1] still plays a central role in that proof, algebraic group and
modular representation theoretic properties of groups of Lie type are used instead of the many
subsidiary results in [1] employed in the present approach.
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