The Entire Theory in the Case of the Sphere

Consider the sphere with spherical coordinates (6, ¢) — (sin ¢ cos 6, sin ¢ sin 0, cos ¢). Spher-
ical coordinates differ from standard longitude and latitude conventions in one small way:
increasing ¢ moves down toward the equator rather than up toward the north pole.

Standard Formulas
e1 = (1,0) = % — % = (—sin¢sinf,sin ¢ cosh,0)
ea = (0,1) = % — % = (cos ¢ cos B, cos ¢ sin 6, — sin @)

n = (sin ¢ cos 0, sin ¢ sin 6, cos ¢)

g11 = sin? ¢
g12=10
g2 =1

Derivatives of Basis Vector Fields

ei(er) = % (—sin¢gsind,sin¢cosh,0) = (—sin¢pcosf, —sin¢psiné, 0)

e1(eo cos ¢sin b, cos ¢ cos 6,0)

cos¢sin b, cos ¢ cos 6, 0)

(e2) = (
ez(e1) = (
ea(e2) = (—sin ¢ cos @, — sin ¢ sin 6, — cos @)

Decomposition: Now we decompose these derivatives into normal and tangential compo-
nents. Notice that the basic equation below implies that b(X,Y) = X(Y) - n.

X(Y) =b(X,Y)n+ VY.

— sin ¢ cos 6, —sin ¢ sin 6, 0) - (sin ¢ cos , sin ¢ sin @, cos @) = —sin? ¢

(e1, 1) = (

bler,e2) =0
(e2,€1) =0
(€2, €2)



B Matriz: Recall that b(X,Y) = — < B(X),Y > The dot product of B(X) with respect
to the basis vectors completely determines B(X), so these formulas can be used to read off
B(e1) and B(ez).

< B(e1),e1 >=sin?¢

< B(e1),ea >=10

< B(ez),e1 >=10

< B(eg,ea >=1

Principal Curvatures: It follows that B(e;) = e; and B(ez) = ea. (Notice that the term
sin? ¢ comes from the fancy inner product.) So x; = k2 = —1. This sign arises because the

normal points outward but the principal curvatures are both inward toward the center of
the sphere.

Tangential Components: We can read off the tangential components of derivatives using

the formula
VxY =X(Y)-bX,Y)n

Ve, e1 = (—sin¢cosf, —sin ¢sin f, 0) + sin? ¢(sin ¢ cos 6, sin ¢ sin ), cos ¢)
= (—sin ¢ cos @ cos? ¢, — sin ¢ sin 6 cos? ¢, sin? ¢ cos @) = — sin ¢ cos ¢(cos ¢ cos §, cos ¢ sin , — sin @) =

= —sin¢cos ¢ ey

COs
Ve, €2 = singj e1

__ cos¢
ve261 ~ sing €1
V€262 =0



Christoffel Symbols: Only derivatives with respect to the second of (0, ¢) are nonzero, and
only when differentiating g1; = sin? ¢. So the only nonzero terms are

2 = gé (——%;) = —sin¢cos ¢

1‘\1 _ 11 (0g11\ _ cos¢
127 2911 \ 96 | 7 sing

Geodesic Fquations: In general these equations are

N[ =

Ay, , dyi dyj
reZ2t29
dt? +Z Yodt dt 0

1)

In the case of the sphere these equations become

d?0 | 2cos¢dfdo _
dt? + sing dt dt =0

2 . 2
% —smqbcosqb(%) =0

Notice that when 6 is constant, the equations are solved by ¢(t) = at + b, but if ¢ is
constant, the equations are solved by 0(t) = at 4+ b only when sin ¢ cos ¢ = 0, and thus only
at the equator and the north and south poles.

Intrinsic Tangential Calculation: We can also compute V xY intrinsically using the Christof-
fel symbols. In this calculation,

0 oY, 0Y:
g (1.72) = (G G2 ) 4 (Thyi 4 Thya T + T3Y)

(2
When we use this formula to differentiate e; = (1,0) and eg = (0, 1), the partial derivative
portion vanishes and only the Christoffel portion remains:
Ve, €1 = —sin¢gcos ¢ es

COS
V@1€2 = ﬁ €1

COSs
Ve,e1 = Sing e1
v6262 =0



