Solutions #8, May 23, 2005

1. If we pull U back to coordinates, then U = (Ul(u, v), Ua(u,v), Ug(U,’U)).
Write y(t) = (u(t),v(t)). Then ' = (%> %) =dud 4 dvd g
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It suffices to prove that the last term is given by the formula in the exercise set.

In general we have
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In our particular case
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In this last expression
So
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and this is the formula in the exercise.

3. The kth component of dtl can be obtained by replacing Yy by < 7’“ in the previous equation.
Thus it is
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and this is exactly the expression which equals zero by the geodesic equation.



4. Since ~(t) has constant speed one, it is parameterized by arc length. So T =+ and

AT dy . ;o 'yt iy o DY
kN = T da T (by exercise two) b(y',7 )n + Vv = by, v )n + dt
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Since v is a geodesic, =~ = 0 by exercise three. So
kN = b(y,9)n

Since N and n are both unit vectors, k = b(7/,7') and N = n. Incidentally, b(y',~") can be
negative, as we saw in the previous exercise set, so to make this formula hold we must allow
K to be negative.

5. Suppose (1) is a geodesic, not necessarily with speed one. Certainly v has constant speed; call
this speed A. Then 7(t) = v (%) is a parametrization by arc length/because 17l =1Vl = 1.
By the previous exercise, the curvature of 7 is b(7/,7') = b (77, 77) = 12b(7',7). Curvature
is a geometric notion independent of parametrization, so this expression is also the curvature
of 7. To repeat for emphasis, the curvature of ~ is
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The exercise immediately follows from this formula.



