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Abstract

Very long period (VLP) seismic events (with dominant periods of 15 to 40 s), observed from
2007 to 2018 at the summit of Kı̄lauea Volcano, Hawai‘i, arise from resonant oscillations in the shallow
magma plumbing system. Utilizing an oscillation model developed in the companion paper (Liang et al.,
2020), we perform Bayesian inversions on seismic data from four representative VLP events separately for
the parameters of the shallow conduit-reservoir system, exploring both sphere and crack reservoir
geometries. Both sphere and crack geometries are preferentially located ∼1–2 km beneath the northeast
edge of Halema‘uma‘u crater and produce similar fits to the data. Considering a reasonable range for
reservoir storativity, magma density, and density contrast between the top and bottom of the conduit, we
favor a spherical reservoir with a radius of 0.8 to 1.2 km and a short conduit of less than a few hundred
meters. For this geometry, buoyancy from density stratification in the conduit provides the dominant
restoring force for the VLP oscillation. Viscosity is constrained within an order of magnitude for each
event (e.g., approximately 2 to 23 Pa s for one event versus 27 to 513 Pa s for another). Changes in VLP
period T and quality factor Q can be explained by changes in viscosity, density stratification, and/or
conduit/reservoir geometry. In particular, observed fluctuations in Q over short time intervals (e.g., hours)
with minimal changes in T apparently require rapid changes of magma viscosity by over an order of
magnitude, assuming geometry remains unchanged, possibly reflecting changes in volatile content, bubble
concentration, or conduit flow regime.

1. Introduction
In active basaltic volcanoes, very long period (VLP, generally considered 2–100 s) oscillations triggered
by perturbations in magma pressure offer valuable insights into magma properties and plumbing system
geometry (Aster et al., 2003, 2008; Chouet & Dawson, 2011; Carey et al., 2012; Chouet & Dawson, 2013;
Dawson et al., 2010; Dawson & Chouet, 2014; Mah, 2003; Patrick et al., 2011; Orr et al., 2013; Patrick
et al., 2013; Rowe et al., 2000). Frequently occurring VLP events recorded by broadband seismic stations provide more opportunities for observation than rare explosive events and are particularly useful in
understanding the dynamic evolution of the magmatic system. This study is the second of the two-part
companion series. The first part (Liang et al., 2020), hereinafter referred to as Part 1, investigates various
resonance modes of magma in a coupled conduit-reservoir system. One mode that we term the
conduit-reservoir mode has many features in common with the largest amplitude and most common VLP
events at Kı̄lauea Volcano. In Part 1 we derive a reduced oscillation model for this mode, which we apply in
the current study to interpret the VLP seismic signals at Kı̄lauea Volcano.
VLP seismicity has been recorded at the summit region of Kı̄lauea Volcano, Hawai‘i, since the installation of broadband seismeters in 1994 (Almendros et al., 2002; Chouet & Dawson, 1997; Dawson &
Chouet, 2014; Dawson et al., 2004; Ohminato et al., 1998; Orr et al., 2013; Patrick et al., 2011, 2013). Since
the middle of 2007, highly oscillatory VLP events started to occur and became more frequent after the
Overlook crater and associated lava lake were formed on 19 March 2008 (Dawson and Chouet, 2014; Orr
et al., 2013; Patrick et al., 2011; Patrick et al., 2013; Wilson et al., 2008). These oscillations have distinct
onsets, clearly stand out above the background noise, have dominant periods ranging from 15 to 40 s, and
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Figure 1. (a) Map of Kı̄lauea summit caldera showing locations of the broadband stations used in this study. Circles filled with gray are the current network.
Stations NPB and SRM (unfilled circles) were replaced by NPT and RIMD, respectively, in June 2011. The red asterisk marks the location of the vent in
Halema‘uma‘u crater. The red and blue dots labeled VLP indicate the epicenters of the VLP source by Chouet et al. (2010) and Chouet and Dawson (2013).
(b) Vertical displacement waveforms of a VLP event at UTC 8:57:04 a.m., 29 August 2012, after removing the instrument response. (c) Spectral amplitude of the
displacement waveforms shown in (b). Note the sharp spectral peaks around 0.0275 Hz.

last for as long as 10 to 20 min. Figure 1 shows a representative VLP event. The current study focuses on
the longest period mode that dominates surface displacements (i.e., the conduit-reservoir mode), although
shorter-period (2 to 20 s) oscillations are also observed in the seismic data (e.g., Chouet and Dawson (2011),
Dawson and Chouet (2014)). The temporal alignment (i.e., lack of phase shift) and similarity of waveform
shapes at all stations indicate that the solid Earth response is effectively quasi-static for the dominant VLP
period, as is expected for these periods given the source-station separation distances (∼3 km or less) in the
summit broadband network.
The oscillatory VLPs are thought to be triggered by multiple mechanisms, including the final expansion and
bursting of rising gas slugs (Chouet et al., 2010), pressure changes induced by rock falls onto the lava lake
surface (Carey et al., 2012, 2013; Orr et al., 2013; Patrick et al., 2011), and perturbations at depth that occur
without visual manifestation on the lava lake surface (Dawson & Chouet, 2014). Highly impulsive triggers
with duration less than the VLP period, such as rockfalls or bubble bursts, excite the eigenmodes or free
oscillations of the shallow magma plumbing system, such that the observed period and decay rate are independent of the forcing and are instead determined by the geometry and fluid properties of shallow magma
plumbing system. Commonly suggested mechanisms of VLP oscillations, in general, include resonance of
waves in magma-filled conduits (e.g., (Garces, 2000; Karlstrom & Dunham, 2016)), cracks (e.g., (Chouet,
1986; Ferrazzini & Aki, 1987)), large equidimensional chambers (Shima, 1958), or a coupled system of multiple components (e.g., (Chouet & Dawson, 2013)). However, resonances of acoustic waves in the conduit
(e.g., (Garces, 2000; Karlstrom & Dunham, 2016)) are not viable mechanisms for the ∼30 s oscillations at
Kı̄lauea (see Appendix). In particular for Kı̄lauea, Chouet and Dawson (2013) proposed a lumped parameter
model to capture the VLP oscillation triggered by rock falls and estimated the conduit geometry and fluid
viscosity. In Part 1, we showed that this model corresponds to the conduit-reservoir mode, and we extended
this model to account for buoyancy and viscous boundary layers in the conduit to provide a more rigorously
justified model for forward and inverse modeling.
Central to the conduit-reservoir mode is a shallow magmatic reservoir connected through a conduit to the
surface. Point source inversions of seismic data in the 10–50 s band consistently locate a shallow reservoir
around 1 km beneath the northeast edge of the Halema‘uma‘u Crater, where pressure changes couple to the
solid Earth to generate observable signals on Earth’s surface (e.g., (Ohminato et al., 1998; Almendros et al.,
2002; Chouet et al., 2010)). The VLP source has been interpreted as a dual-dike system (Chouet et al., 2010;
Chouet & Dawson, 2011, 2013), one trending to the east (2.9×2.9 km) and the other to the north (0.7×0.7 km
to 2.6 × 2.6 km), considering fluid dynamic arguments and additional waveform inversions in 1–10 s band.
On the other hand, a spherical reservoir at 1–2 km depth beneath the eastern edge of Halema‘uma‘u Crater
is able to explain the geodetically measured surface deformation from longer timescale deflation-inflation
LIANG ET AL.
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Figure 2. Schematic of the conduit-reservoir system. The conduit, filled with incompressible and viscous magma, is
cylindrical with constant radius and connects the lava lake to the reservoir. The system is perturbed by external forcing
pressure pex (t) at the top of the conduit. Fluid displacement in the conduit induces changes in the weight of fluid in
the conduit due to the density contrast (𝜌0 − 𝜌L ) between the bottom and top of the conduit, hydrostatic pressure
change at the bottom of the lava lake due to fluctuation of lava lake level, change in reservoir pressure from the
reservoir stiffness, and viscous drag along the conduit. The colors in the schematics are for illustration purposes and
do not imply any particular density profile.

(DI) events (Cervelli & Miklius, 2003; Anderson et al., 2015). A recent work (Liang C. and Dunham E.M.,
2019. Lava lake sloshing modes during the 2018 Kı̄lauea Volcano eruption probe magma reservoir storativity.
Manuscript submitted to Earth and Planetary Science Letters, referred to hereafter as Liang and Dunham
2019), using the very long period lava lake sloshing modes (10–20 s) during the 2018 Kı̄lauea eruption, show
that the reservoir storativity (volume change per unit pressure change) during the 10–20 s oscillations is
bounded to be higher than 0.4 m3 /Pa, consistent with the estimates (0.21–0.46 m3 /Pa) from the DI events
by Anderson et al. (2015). Therefore, it is highly likely that the ∼30 s VLP oscillations activate the same
reservoir as the DI events and thus share similar reservoir storativity.
In this work, we estimate the geometry and fluid properties of a coupled conduit-reservoir system by joint
inversions of the surface displacement patterns, oscillation periods, and decay rates of VLP oscillations in a
Bayesian framework. We assume that the shallow magma plumbing system is represented by a cylindrical
conduit extending from the bottom of the lava lake to a reservoir and test two reservoir shapes: a tabular
square-shaped crack and a sphere. An examination of the dual-dike reservoir system proposed by Chouet
and Dawson (2011), Chouet and Dawson (2013) is beyond the scope of the current study. We model the
periods and decay rates of the VLP oscillations with the reduced conduit-reservoir model developed in Part
1, capturing the dominant balance between inertia of magma oscillating in conduit and restoring forces
from buoyancy and reservoir stiffness. We invert the seismic data of four representative VLP events for the
conduit and reservoir properties using the Markov Chain Monte Carlo (MCMC) method, quantifying estimation uncertainty. The reservoir storativity, defined as the volume change of magma in the reservoir per unit
pressure change, is required to be consistent with the inverted reservoir geometry. We identify parameter
combinations that can be constrained from the data and discuss the trade-offs among different parameters.
Finally, we discuss limitations of VLP seismic data in constraining the properties of the plumbing system
and suggest possible observations that might reduce certain ambiguities left unresolved in our study.
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2. Forward Model
2.1. Oscillation Model
We model the VLP oscillation using the conduit-reservoir model developed in Part 1, considering fluid inertia, buoyancy, and viscosity in the conduit, and reservoir storativity, while neglecting fluid inertia and viscous
dissipation in the reservoir and fluid compressibility in the conduit. This model is an extension of the lumped
parameter model proposed by Chouet and Dawson (2013) by including gravity (buoyancy) and a rigorous
treatment of viscous boundary layers along the conduit walls. We refer the readers to Part 1 for a detailed
derivation of the oscillation model and justification of model assumptions. Here, we briefly summarize key
governing equations for this paper to be self-contained.
Consider a rigid cylindrical conduit of length L and radius R connected to a reservoir at the bottom and to a
lava lake (with cross-sectional area Alake ) at the top, as shown in Figure 2. Magma in the conduit has density
𝜌0 at the bottom, 𝜌L at the top, 𝜌 on average, and a constant viscosity 𝜇. The system is set into oscillation by
an impulsive external excitation pex (t) at the top of the conduit, which is the pressure change induced by a
complex set of reaction forces inside the lava lake such as the rock fall impact, bubble bursting, and viscous
drag as the rock sinks in the lake. The equations governing motion of magma in the conduit are
𝜌L

(
)
𝜕v
𝜕v
1 𝜕
= −Δ𝜌gh sin 𝛽 − Ct−1 Ah − 𝜇L
r
− pex (t),
𝜕t
r 𝜕r 𝜕r

dh
= u,
dt

(1)

(2)

R

u=

1
v2𝜋rdr,
A ∫0

(3)

where v = v(r, t) is magma velocity along the conduit (positive vertical up) with v(R, t) = 0 (no slip condition at the conduit walls), u = u(t) is cross-sectionally averaged velocity, h = h(t) is magma displacement,
A = 𝜋 R2 is conduit cross-sectional area, g is gravitational acceleration, and 𝛽 is the dip angle of the conduit
(𝛽 = 𝜋∕2 is vertical). In addition, Δ𝜌 = (𝜌0 − 𝜌L ) + 𝜖 sin (𝛽)−1 𝜌L , 𝜖 = A∕Alake , and Ct is the total reservoir
storativity. The storativity quantifies the injected magma volume, −Ah, required to produce unit reservoir
pressure change, pr . At Kı̄lauea, given a lava lake of dimension ∼160 × 200 m (Chouet & Dawson, 2013) and
a subvertical conduit of radius ∼5 m (Fee et al., 2010; Chouet & Dawson, 2013), 𝜖 ≈ 0.0007 ≪ 1. Therefore,
we assume 𝜖 = 0 so Δ𝜌 = 𝜌0 − 𝜌L .
As shown in Part 1, the total reservoir storativity Ct depends on both the magma compressibility 𝛽 m and
elastic compliance of the reservoir or chamber 𝛽 c as Ct = (𝛽 m + 𝛽 c )V, where V is the reservoir volume
(e.g., (Rivalta & Segall, 2008)). However, since Ct is the only parameter that describes the reservoir in
the oscillation model, the relative contributions of 𝛽 m and 𝛽 c cannot be discriminated. In this work, we
neglect magma compressibility. This assumption is well justified for a crack but not necessarily for a sphere
(see Part 1). In the case of a spherical reservoir, neglecting magma compressibility in our inversion will
result in an overestimate of reservoir compliance. Therefore, the reported size of a spherical chamber in this
study should be viewed as an upper bound estimate. For a sphere with radius a embedded in a solid with
shear modulus G and Poisson ratio 𝜈 s , Ct = 8a3 ∕(3G* ) (Mogi, 1958) where G* = G∕(1 − 𝜈 s ). For a tabular
crack with length D and aspect ratio of order unity, a similar scaling relation exists: Ct ∼ D3 ∕G* , although
the nondimensional prefactor must be calculated numerically using, for example, the displacement discontinuity method for dislocations in an elastic half-space (Crouch et al., 1983; Okada, 1985, 1992) as we have
done in Part 1. For simplicity, we assume a square crack in this study. The total storativity Ct is independent of crack width w0 , so the current method cannot be used to determine w0 . We assume G = 10 GPa and
𝜈 s = 0.25, consistent with the average values of the Kı̄lauea summit 3-D structure by Dawson et al. (1999) and
typical for shear moduli (1-30 GPa) in volcanic areas (e.g., (Ryan, 1987; Rivalta & Segall, 2008)). Although
not modeled in this study, uncertainty in G adds additional uncertainty in estimated reservoir geometry. For
instance, if G is increased by a factor of 3 to 30 GPa, then the estimated sphere radius or crack length will
increase by a factor of 31/3 ≈ 1.4.
LIANG ET AL.
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As shown in (1), during the oscillation, fluid inertia in the conduit is balanced by buoyancy (−Δ𝜌gh sin 𝛽 ),
reservoir stiffness (−Ct−1 Ah), viscous drag, and external forcing. Without viscosity, v = u, so that (1), in the
absence of external forcing, is
𝜌L

)
(
𝜕2 h
= − Δ𝜌g sin 𝛽 + ACt−1 h,
𝜕t2

which is an undamped harmonic oscillator with natural period
√
L𝜌
T0 = 2𝜋
.
Δ𝜌g sin 𝛽 + ACt−1

(4)

(5)

The relative importance of the two restoring forces (buoyancy and reservoir stiffness) is quantified by the
dimensionless stiffness ratio
𝛾=

A
.
Ct Δ𝜌g sin 𝛽

(6)

When 𝛾 ≫ 1 (the stiff reservoir limit), reservoir stiffness dominates over buoyancy, and vice versa for 𝛾 ≪ 1
(the buoyancy-dominated limit). For a viscous magma (𝜇 > 0), the natural period T of the damped system
is longer than T0 and the decay rate is quantified by a finite quality factor Q, defined as the number of
oscillations required for a free oscillating system’s energy to fall off to e−2𝜋 or about 0.2% of its original energy
(Green, 1955). As shown in Part 1, the ratio T* = T∕T0 and quality factor Q are determined by the single
dimensionless parameter
𝜒=

T0 ∕2𝜋
,
𝜏vis

(7)

which can be regarded as the ratio between the undamped oscillation period T0 and the momentum
diffusion time across the conduit radius,
𝜏vis = R2 ∕𝜈,

(8)

where 𝜈 = 𝜇∕𝜌 is the kinematic viscosity. As shown in Part 1, T0 does not differ much from T unless Q is
small (less than 5), so except in this special case T is a good indicator of T0 while Q is directly linked to 𝜏 vis .
More discussion of the physical interpretation of 𝜒 and its quantitative relations with T* and Q are given in
Part 1.
2.2. Surface Displacement
The observable surface displacements are caused by pressure changes within the reservoir. Displacements
contributed by pressure and shear traction changes in the conduit are negligible in comparison. Because
the response of both the conduit-reservoir system and solid are effectively linear, the surface displacement
spectrum û(𝛚) is proportional to the spectrum Pex (𝜔) of the external excitation pex (t), where 𝜔 is angular frequency. As shown in Part 1, the transfer function between Pex (𝜔) and û(𝛚) scales as the product of AT02 ∕(𝜌L)
and another function that can be calculated given the reservoir location, reservoir shape, relative magma
and reservoir compressibilities, the elastic properties of the solid, and parameter 𝜒 . The system's response
is amplified near the resonant frequency 𝜔r = 2𝜋∕T but remains finite due to the presence of viscosity.
While any pex (t) can be used in our model, in this study we assume an impulsive excitation in which pex (t)
is nonzero only over a duration much shorter than the VLP period, such that
pex (t) ≈ Pex 𝛿(t − tc ),

(9)

where tc is the center time of the impulse and Pex is the amplitude (and frequency-independent spectrum) of
the impulse. Solving (1)-(3) in the frequency domain, we obtain the reservoir pressure change at the resonant
frequency 𝜔r , which is then related to surface displacements through quasi-static elasticity. The quasi-static
elasticity assumption is appropriate given the long timescale and relatively short source-station distances
at the Kı̄lauea summit network. The quasi-static assumption is also justified by the observation of minimal
wave propagation effects (e.g., phase differences) in the VLP data (see appendix). For a spherical reservoir,
we include the finite source corrections in McTigue (1987). For a tabular crack, we discretize the crack
LIANG ET AL.
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Figure 3. (a) Vertical displacement waveforms (after removing instrument response) and (b) normalized spectral
amplitudes at NPT/NPB station for four selected VLP events. The two events in 2008 are band-pass filtered to 10–50 s
and two events after 2011 are filtered to 10–100 s. The signal start times (UTC), dominant periods, and quality factors
are indicated in the labels. The black dots in (b) mark the modeled VLP modes.

into an 8 × 8 grid of square elements and calculate the opening for each element under uniform pressure
(e.g., (Segall, 2010)). We then sum the displacement contributions of all elements (Okada, 1985). Topography
is neglected and the surface of the elastic half-space is set at the height of the instruments.
We account for the additional contribution of tilt to the surface displacement recorded by seismometers,
which can be substantial in horizontal displacements at very long periods (Maeda et al., 2011; Chouet &
Dawson, 2013). The predicted displacement spectrum at 𝜔 = 𝜔r is
[
]
g
trans
tilt
û= G
+G
(10)
P ,
(i𝜔r )2 ex
where Gtrans and Gtilt are the Green's functions for ground translation and tilt given unit external excitation
at the top of the conduit.

3. Data
The broadband seismic network at the summit of Kı̄lauea at the time of the studied VLP events features 11
three-component stations covering an aperture of ∼5 km (Chouet & Dawson, 2013), as shown in Figure 1a.
Station UWE was added to the network in 2010 and stations NPB and SRM were replaced by NPT and RIMD
in June 2011 (Chouet et al., 2010). In this study, we select four representative VLP events over multiple
years with various periods and decay rates from the catalog compiled by Dawson and Chouet (2014) for
analysis, shown in Figure 3a. Events 1 and 2 in 2008 are associated with vigorous degassing (Type 1) while
Events 3 and 4 are triggered by rockfalls (Type 2) (Dawson & Chouet, 2014). Both event types excite the VLP
oscillation in a relatively impulsive manner, as assumed in our model.
To prepare the data for inversion, some processing steps need to be carried out (see appendix) to extract
the resonant period T, quality factor Q, and real parts of spectral values of surface displacements ûRi at the
resonant period, with i indicating the channel index. Instead of following Chouet et al. (2010) and Chouet
and Dawson (2013), who invert the full spectrum of the seismic data at 10–50 s band, we only invert the
system's response at the resonant period T. The spectra ûRi , complemented by T and Q, are sufficient to characterize the mode. This approach not only reduces the number of evaluations of the forward model, which
improves the computational efficiency but also excludes the interference from higher-resonant modes, such
as the 10–20 s lava lake sloshing modes identified by Dawson and Chouet (2014), that may have different
oscillation mechanisms and surface displacement patterns from the longest period mode.
The surface displacements ûRi are plotted in Figure 4. Note that due to the change in the monitoring network in 2011, stations NPB and SRM only recorded Events 1 and 2 and stations UWE, RIMD, and UWE
LIANG ET AL.
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Figure 4. (a) Spatial pattern of normalized surface displacement and (b) horizontal-to-vertical displacement ratio
of four selected VLP events calculated using ûRi . Diameters of circles in (a) are vertical up displacements and
arrows indicate horizontal displacements. Displacements are normalized by the vertical component of KKO.
Diameters of circles in (b) indicate horizontal-to-vertical displacement ratios. All events are characterized by vertical
uplift/depression and horizontal expansion/contraction and by greater horizontal-to-vertical displacement ratios
at stations farther away from the lava lake. Events 3 and 4 have higher horizontal-to-vertical displacement ratio
than Events 1 and 2.

only recorded Events 3 and 4. Therefore, we normalize ûRi with the vertical component of KKO, one of the
stations that recorded all four events. All events are characterized by vertical uplift/depression and horizontal expansion/contraction and by greater horizontal-to-vertical displacement ratios at stations farther
away from the center, implying a deformation source that has a significant volumetric component. The vertical displacement patterns of all events are remarkably similar, despite the events having different periods
and quality factors. The orientations of the horizontal components are also very similar among all events
except that Events 3 and 4 have significant westward motion at station NPT. Events 3 and 4 exhibit considerably higher horizontal-to-vertical displacement ratios at nearly all stations compared to Events 1 and 2. The
inward motion at station SDH for Events 3 and 4 seems incompatible with the overall deformation pattern
and thus this station is discarded in our inversions.

4. Inversion Method
The extracted features (T, Q, and ûi ) are matched by predictions from the forward model by adjusting the
model parameters shown in Table 1 using a Bayesian inversion approach that accounts for the data uncertainty. We assume that the conduit directly connects the bottom of the lava lake (at depth Z0 ) to the reservoir
and do not treat the conduit length L and dip 𝛽 as independent parameters. For a crack-shaped reservoir,
the conduit is connected to the crack centroid. For a spherical reservoir,
the conduit is pointed toward
√
the centroid but only reaches the sphere's surface. Therefore, L = Xc2 + Yc2 + (Zc − Z0 )2 for a crack and
√
√
(
)
L = Xc2 + Yc2 + (Zc − Z0 )2 −a for a sphere. The conduit dip 𝛽 = arcsin (Zc − Z0 )∕ Xc2 + Yc2 + (Zc − Z0 )2 .
We require Zc > Z0 in the inversion, which forces the top of the reservoir to be deeper than the bottom of
the lava lake.
In a Bayesian framework, model parameters m are treated as random variables. According to Bayes'
theorem, the posterior probability density function of m conditioned on the data d is
P(m|d) ∝ P(d|m)P(m),

(11)

where P(d|m) is the data likelihood function and P(m) is the prior distribution. The prior distribution
reflects the information we know about the model parameters before collecting any data. The data likelihood function is a measure of the misfit between the predicted and observed data, and its distribution
reflects the data uncertainty due to the presence of noise. After observing the data, our knowledge about
LIANG ET AL.
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Table 1
Model Parameters and Bounds Used in the Prior
Parameter

Symbol

Bound or value

Unit

Type

R

[1, 10]

m

model
model

Conduit
Conduit radius
Magma density contrast

Δ𝜌

[100, 3,000]

kg/m3

Average magma density

𝜌

[650, 3,000]

kg/m3

model

Magma viscosity

𝜇

[1, 1,000]

Pa s

model

Pex

[103 , 108 ]

Pa s

model

Conduit length

L

-

m

calculated

Conduit dip angle

𝛽

-

radian

calculated

Crack length (square crack)

D

[0.1, 5]

km

model

Centroid east

Xc

[−1, 2]

km

model

Centroid north

Yc

[−1, 2]

km

model

Top edge depth

Zt

[0.2, 3]

km

model

Strike

𝜙

[0, 359]

◦

model

Dip

𝜃

[0, 90]

◦

model

Centroid depth

Zc

-

km

calculated

Sphere radius

a

[0.1, 2]

km

model

Centroid east

Xc

[−1, 2]

km

model

Centroid north

Yc

[−1, 2]

km

model

Top depth

Zt

[0.2, 3]

km

model

Centroid depth

Zc

-

km

calculated

Gravitational acceleration

g

9.8

m2 /s

constant

Solid shear modulus

G

10

GPa

constant

Spectral amplitude of external forcing

Crack

Sphere

Constants

Solid Poisson's ratio

𝜈s

0.25

–

constant

Lava lake bottom depth

Z0

0.2

km

constant

Lava lake east

X0

0

km

constant

Lava lake north

Y0

0

km

constant

Note. Unit “–” means nondimensional. Bound or value “-” means that the bound or value are calculated from
other model parameters. Parameters are categorized into three types: “model” (independent parameters), “calculated”
(dependent parameters), and “constant” (fixed parameters).

the model parameters is updated to P(m|d) from P(m) because some parameter combinations are unlikely
to produce the observed data. We assume uniform prior distributions with specified bounds and a Gaussian likelihood function (see appendix). Finally, posterior PDFs are then sampled using an MCMC approach
(e.g., (Mosegaard & Tarantola, 1995)). We use the software GWMCMC developed by Grinsted (2014), which
implements the affine invariant ensemble MCMC sampler (Goodman & Weare, 2010).
To compare two reservoir geometries (crack and sphere) and test the significance of adding more model
parameters, we use the Bayesian Information Criterion (BIC) (Schwarz et al., 1978) defined as
BIC = ln(N)k − 2 ln(L∗ ),

(12)

where N is the number of observations, k is the number of model parameters, and L* is the maximum value
of the likelihood function (C1). Since we use a uniform prior, the maximum likelihood estimate (MLE) is
the same as the maximum a posteriori probability estimate. A source model with a lower BIC is preferred,
which favors a lower misfit but penalizes the number of model parameters. A BIC difference larger than
10 is considered statistically very strong evidence against the model with a higher BIC (Kass & Raftery,
1995). However, due to numerous assumptions made in the forward model, we also consider the physical
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Figure 5. Distributions (solid lines) of T0 , 𝜏 vis , T, and Q for the conduit-sphere model (a–d) and conduit-crack model (e-h), calculated from the posterior
samples obtained from MCMC inversions. The vertical dashed lines indicate the MLE. In (c, d) and (e–h), the dots indicate the observed T and Q.

interpretability of the MLE solution. We use misfit functions similar to Chouet and Dawson (2013) to aid
the evaluation of the MLE (see appendix).

5. Results
Here we present results from our inversions. For both the conduit-sphere and conduit-crack models, the
best constrained parameters are the reservoir location and the parameter combinations (T0 and 𝜏 vis ) that
determine the observable oscillation period T and quality factor Q (Figure 5), as anticipated from the forward
model (see Part 1). Below we discuss solutions for the conduit-sphere and conduit-crack models separately,
highlighting key findings and parameter trade-offs. Some figures contain results for all four VLP events,
whereas others exclusively focus on Event 4 as a representative example, with similar figures for the other
events appearing in the supporting information.
5.1. Conduit-Sphere Model
For the conduit-sphere model, the sphere centroid location is well constrained and consistent over the four
studied VLP events, as shown in Figure 6f–h. For example, the sphere centroid for Event 4 (Figure 7a) is
located at the northeastern edge of the Halema‘uma‘u crater (0.41 km east and 0.37 km north from the lava
lake) and at a depth of about 1.27 km. The centroid locations for Events 1 and 2 are close to each other and
are about 0.2 km deeper than Events 3 and 4.
As seen in Figure 6i, two solutions for sphere radius a exist, one larger (0.8–1.25 km) and the other smaller
(0.2–0.4 km) for Events 1 and 2. The separation between the two solutions are less distinct for Events 3 and
4. The large sphere (a > 0.5 km) solution corresponds to the buoyancy-dominated limit (𝛾 ≪ 1), as seen in
Figures 7a and 8b. In the small sphere (a < 0.5 km) solution, 𝛾 can be comparable to or even much larger
than unity, corresponding to the reservoir stiffness limit (Figures 7a and 9b). Both the small and large sphere
solutions fit the data equally well for Event 4 as shown in Figure 7a, as is also the case for the other events
(see supporting information). As shown in Figure 7b, a sphere radius smaller than 0.5 km implies a storativity Ct smaller than ∼0.03 m3 /Pa. In contrast, the large sphere solution has a larger storativity that is far
more consistent with previous estimates, 0.21–0.46 m3 /Pa, from geodetic analysis of DI events by Anderson
et al. (2015).
The observed period and quality factor constrain two parameter combinations (T0 and 𝜏 vis ), as shown in
Figure 5. The differences in T and Q of the four events intrinsically reflect fluctuations of T0 and 𝜏 vis in the
plumbing system. Well-constrained T0 and 𝜏 vis are then the basis for understanding the complex trade-offs
among other individual parameters, as shown in Figures 8 and 9 for the large and small sphere limits, respectively. Despite some parameter trade-offs, magma viscosity is constrained within an order of magnitude. For
Events 1 and 4, the MLE viscosities are 154.9 Pa s with 90% credible intervals [27, 513] Pa s and 5.2 Pa s with
LIANG ET AL.
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Figure 6. (a–j) Posterior distributions (solid lines) of model parameters of the conduit-sphere model for four VLP events with 4 million samples. The conduit
length L is calculated from the posterior PDFs of the sphere radius and centroid location, while all other parameters are directly estimated in the MCMC
inversion. The vertical dashed lines indicate the maximum likelihood estimate (MLE).

90% credible interval of [2.1, 22.9] Pa s, respectively (see supporting information). Due to higher Q, lower
viscosities are estimated for Events 2 and 4 as compared to Events 1 and 3.
We now use Event 4 as an example to discuss parameter trade-offs in the large and small sphere limits.
Similar trade-offs are found for other events (see the supporting information). When a is larger than 0.5 km,
the restoring force is dominated by buoyancy (𝛾 ≪ 1), as shown in Figure 8b, and hence
√
L𝜌
.
T0 ≈ 2𝜋
(13)
Δ𝜌g sin 𝛽
This explains the trade-offs among Δ𝜌, 𝜌, and L that are evident in Figure 8a. To explain the observed period,
Δ𝜌 is required to approximately scale with 𝜌 and the Δ𝜌∕𝜌 ratio is determined by T0 and L. A shorter period
(as in Events 3 and 4, see supporting information) or a longer conduit requires higher Δ𝜌∕𝜌. The estimated
L ranges from 200 to 700 m, with shorter conduits corresponding to larger spheres. The reduction of conduit
length at large a is the key to keep Δ𝜌∕𝜌 within a reasonable range. For Event 4, the 90% credible intervals
for Δ𝜌 and 𝜌 are 740–2,900 kg/m3 and 770–2,600 kg/m3 .
Parameter trade-off becomes more complex in the small sphere limit because the restoring force from reservoir stiffness then dominates. The presence of ACt−1 in (5) explains the trade-off between R and a shown in
the small sphere results (Figure 9a), which is not observed in the large sphere results (Figure 8a). The average
density 𝜌 is 820–2,700 kg/m3 with 90% confidence, as in the large sphere case. However, since less buoyancy is required for smaller spheres, the density contrast Δ𝜌 is permitted to take on lower values (320–2,900
kg/m3 with 90% confidence) as compared to the large sphere case.
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Figure 7. Event 4. (a) Correlation plots of model parameters for the sphere, stiffness ratio 𝛾 , and misfit. The large sphere (a > 0.5 km) solutions correspond to
the buoyancy limit (𝛾 ≪ 1). (b) Correlation plots between reservoir storativity (Ct ) and sphere radius. Two dashed lines mark the range 0.1–1 m3 /Pa.

For both small and large spheres, the conduit radius R is positively correlated with the magma viscosity 𝜇
as it is the parameter combination 𝜏 vis that is well constrained. The lower bound for 𝜇 in the prior leads to a
lower bound for R (∼3 m). This is because when R is too narrow, the oscillation becomes overdamped and
cannot match the observed quality factor. However, the data has no sensitivity to the upper bound of R.
5.2. Conduit-Crack Model
For the conduit-crack model, two possible crack solutions are found for each event as revealed by the
bimodal distributions of centroid depth (Zc ), crack length (D), and strike (𝜙) shown in Figure 10. One
solution is shallower (centered about 0.8–1 km) but longer (crack length of about 2–3 km) with strike
around 250–270◦ from north (approximately east-west trending). The other solution is deeper (centered
about 1.5–2 km) but much shorter (crack length of about 0.1–0.4 km) with a strike around 280–320◦ from
north. Both cracks have dips less than 40◦ and the cracks inferred for Events 1 and 2 tend to have lower dips
(with 95% percentile value less than 30.2◦ ). The east and north locations of the centroid are also reasonably
constrained, although about 100–200 m further east from the sphere centroid.
As for the sphere case, we focus on Event 4 with results for other events provided in the supporting information. Similar to the large sphere, the large crack (D > 1 km) solution corresponds to the buoyancy limit
(𝛾 ≪ 1) with similar storativity (Ct > 0.03 m3 /Pa), as shown in Figure 11. This is anticipated because a crack
with length D has a storativity similar to a sphere with a ∼ D∕2 (see Part 1). The stiffness ratio 𝛾 becomes
more comparable to unity or even much larger than unity for smaller crack sizes, as then the reservoir stiffness provides a larger contribution to the restoring force. Both small and large cracks can explain the data
LIANG ET AL.
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Figure 8. Event 4. (a) Correlation plots of model parameters in the conduit in the large sphere limit (a > 0.5 km). (b) Correlation plots between sphere radius a
and stiffness ratio 𝛾 , highlighting the region with a > 0.5 km.

similarly well. Similar to a small sphere (a < 0.5 km), a crack with D < 1 km seems incompatible with the
range of reservoir storativity inferred from the DI events (Anderson et al., 2015).
The two parameter combinations, T0 and 𝜏 vis , are also well constrained with ranges similar to the
conduit-sphere model (Figure 5). The distributions of predicted period and quality factor from the posterior
samples are centered around the observed value, with the MLEs matching the observed values. The order of
magnitude of viscosity 𝜇 and external forcing Pex are reasonably constrained, similar to the conduit-sphere
model. For example, the 90% credible interval of viscosity 𝜇 for the conduit-crack model is [1.4, 20.9] Pa s
for Event 4, comparable to [2.1, 22.9] Pa s for the conduit-sphere model. And as before, a lower bound is
obtained for the conduit radius (∼3 m) but the upper bound is not constrained.
In both the large and small crack solutions (Figures 12 and 13), parameters trade-off in a similar ways as
in the conduit-sphere model except that here the crack length D replaces the sphere radius a in characterizing the reservoir stiffness. However, there is a key difference in our assumed conduit-reservoir geometry.
Because we assume that the conduit connects to the crack centroid, the conduit length is entirely determined by the crack centroid location and is not affected by the crack size D. (Contrast this to the conduit
connecting to the upper edge of the sphere, which mandates an additional constraint between L and a in
the sphere model that is not present between L and D in the crack model.) As a result, the estimated conduit
LIANG ET AL.

12 of 24

Journal of Geophysical Research: Solid Earth

10.1029/2019JB017456

Figure 9. Event 4. (a) Correlation plots of model parameters in the conduit in the small sphere limit (a < 0.5 km). (b) Correlation plots between sphere radius a
and stiffness ratio 𝛾 , highlighting the region with a < 0.5 km.

length L in the conduit-crack model is generally longer than that in the conduit-sphere model. For Event
4, L in the conduit-crack model is 0.93–1.45 km and 1.35–1.71 km for the large and small crack solutions,
respectively. At the large crack limit, a much longer conduit in the conduit-crack model thus requires a
much higher Δ𝜌∕𝜌 ratio to match the observed oscillation period, resulting in extremely low magma density 𝜌 (650–900 kg/m3 ) and high-density contrast Δ𝜌 (2,300–2,900 kg/m3 ), as shown in Figure 12. To achieve
such low average density and high density contrast, magma density must remain close to the lower bound
over most of the conduit and then sharply increase to the upper bound near the reservoir, which seems
unrealistic. In contrast, the large sphere solution offers a much more reasonable range for both density and
density contrast because a large sphere requires a much shorter conduit.
5.3. Model Comparison
Since both small sphere and small crack solutions are less appealing due to the small storativities, we compute the BICs using the MLEs of large sphere (a > 0.5 km) and large crack (D > 1 km) solutions. Based
solely on BIC reduction (Table 2), the data seem to favor a conduit-sphere model for Events 1 and 2 in 2008
but a conduit-crack model for Events 3 and 4 in 2012 and 2013, respectively. However, no notable dike or
sill intrusions have been reported around the Kı̄lauea summit region during the time between Events 2 and
3. Thus, the explanation of an originally spherical reservoir evolving into a crack-shaped reservoir over the
course of 3 yr lacks independent constraints.
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Figure 10. (a–l) Posterior distributions (solid lines) of model parameters of the conduit-crack model for four VLP events with 4 million samples. The conduit
length L is calculated from the PDFs of the crack centroid location while all other parameters are directly estimated in the MCMC inversion. The vertical
dashed lines indicate the MLE.

Misfits are dominated by those from fitting the surface displacements while the periods and quality factors
are well matched by both models. Despite having two fewer free parameters than a crack reservoir, the
spherical reservoir fits the surface displacements better than a single crack for Events 1 and 2. For Events 3
and 4, the computed misfits by the MLEs are slightly lower for a crack compared to a sphere. However, both
models explain the surface displacement pattern quite well, as shown in Figure 14 for Event 4 (see supporting
information for other events). Due to the way we define the standard deviation of the displacements, the
crack might be able to better fit the displacements for these large amplitude channels than the sphere but
visually the overall fits of both models are reasonably close. Therefore, we conclude that the fitting powers
of both models (crack and sphere) to the VLP seismic data are not appreciably different.

Table 2
Model Comparison With BICs
Event
1
2
3
4

LIANG ET AL.

Model

BIC

misfitu

misfitTQ

large sphere

−284.07

0.056795

0.000209

large crack

−232.60

0.125542

0.022385

large sphere

−292.01

0.037354

0.000167

large crack

−262.51

0.089517

0.005389

large sphere

−180.76

0.131207

0.000491

large crack

−197.77

0.091491

0.001303

large sphere

−226.40

0.151143

0.000075

large crack

−249.41

0.096008

0.000020
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Figure 11. Event 4. Correlation plots of model parameters for the crack, stiffness ratio (𝛾 ), and misfit. Similar the large sphere case, the large crack (D > 1 km)
solution corresponds the buoyancy limit (𝛾 ≪ 1). (b) Correlation plots between reservoir storativity (Ct ) and crack length D. Two dashed lines mark the range
0.1–1 m3 /Pa.

6. Discussion
6.1. Kı̄lauea Summit Shallow Reservoir
As mentioned in the previous section, both a sphere and crack can explain the VLP seismic data at Kı̄lauea.
Our inversions suggest a stable sphere centroid consistent with the shallow Halema‘uma‘u reservoir inferred
geodetically from long timescale DI events by Anderson et al. (2015) and generally 0.2–0.5 km deeper than
the centroids of the best fitting point moment tensor (at ∼1 km) found in VLP seismic inversions by Chouet
et al. (2010) and Chouet and Dawson (2013). Both a large and small sphere can explain the VLP seismic data.
However, for the reservoir storativity to be compatible with previous estimates from the DI events (Anderson
et al., 2015) as suggested by Liang and Dunham (2019), we reject the small sphere solution (radius less than
0.5 km).
Our inversion also reveals two possible single sill-like solutions: One is larger and shallower and the other
is smaller and deeper. By a similar logic with the small sphere solution, we reject the small/deep crack
solution due to the inconsistency with independent estimates of reservoir storativity. The larger crack solution (0.8–1 km deep, 2–3 km long, and trending approximately east-westward) seems compatible with the
east-west trending dike in the dual system obtained by Chouet et al. (2010) and Chouet and Dawson (2013)
at similar depth. However, our inversion obtains a dip less than 40◦ as opposed to a subvertical dike. The
storativity of the large crack solution is similar to that of the large sphere solution. However, the assumption
that the conduit connects to the crack centroid results in a much longer conduit for the large crack solution
than for the large sphere solution. The long conduit puts highly restrictive constraints on the magma density (close to the lower bound of ∼650 kg/m3 ) and density contrast (close to ∼3,000 kg/m3 ), a combination
that seems unrealistic.
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Figure 12. Event 4. (a) Correlation plots of model parameters in the conduit in the large crack limit (D > 1 m). (b) Correlation plots between crack length D
and stiffness ratio 𝛾 , highlighting the region with D > 1 km.

We thus favor a spherical reservoir with radius of 0.8–1.2 km centered around 1.2–1.5 km depth, which is
consistent with the previous estimates of reservoir storativity from the DI events and also explains the VLP
seismic data with reasonable ranges of magma density and density contrast. The large reservoir size puts the
VLP oscillation in the buoyancy-dominated limit where the contribution of reservoir stiffness to the overall
restoring force is negligible. Stratification of magma within the conduit is therefore required to provide the
necessary buoyancy to create VLP oscillations.
Note that rejecting a single crack connected by a conduit at the crack centroid does not necessarily rule
out the dual-dike geometry proposed by Chouet et al. (2010) and Chouet and Dawson (2013). Since subvertical dikes are more effective at reaching shallow depths, this dual-dike geometry may also explain the
VLP periods with a shallow and short conduit similar to that in the conduit-sphere model. However, contrary to Chouet and Dawson (2013) who assume reservoir stiffness to be the primary restoring force, we find
buoyancy is more likely to dominate at large crack size (∼2.9 km).
In the buoyancy-dominated limit, T0 , a good approximation to T, is well described by (13). Assuming
sin 𝛽 ≈ 1, we obtain an estimate of conduit length L ≈ (T0 ∕2𝜋)2 Δ𝜌g∕𝜌. Assuming Δ𝜌 ∼2,000 kg/m2 and
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Figure 13. Event 4. (a) Correlation plots of model parameters in the conduit in the small crack limit (D < 1 km). (b) Correlation plots between crack length D
and stiffness ratio 𝛾 , highlighting the region with D < 1 km.

𝜌 ∼2,500 kg/m2 , the range of T0 (22–40 s) constrains L to be 100–320 m. Thus, unless there is evidence for
an even higher value of Δ𝜌∕𝜌, a short conduit is necessary for the buoyancy limit to be a viable solution,
regardless of reservoir shape (as long as the reservoir size is large enough). To obtain Δ𝜌 ∼2,000 kg/m2
over a conduit length of a few hundred meters, the density of the lava lake would need to be very low
(600–800 kg/m3 ) and magma density must increase rapidly within the conduit if we assume the magma
density at the bottom of the conduit is near 2600–2800 kg/m3 . A low magma density in the lava lake is consistent with estimates from gravity measurements: 100–200 kg/m3 at the lava lake surface (Poland & Carbone,
2018) and 650–1,250 kg/m3 inside the lava lake (Carbone et al., 2013).

To further improve constraints on the reservoir geometry, additional data should be incorporated. Higher
modes in the seismic data (e.g., (Chouet & Dawson, 2011; Dawson & Chouet, 2014)) may provide evidence
for resonance of crack waves (e.g., (Chouet, 1986; Ferrazzini & Aki, 1987; Lipovsky & Dunham, 2015)), which
are sensitive to crack geometry. Infrasound data (e.g., (Fee et al., 2010)), together with webcam imagery and
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Figure 14. Predicted displacements from the MLE of large crack (D > 1 km) model (a) and large sphere (a >
0.5 km) model (b) for Event 4. The diameters of circles indicate the vertical uplifts and arrows indicate horizontal
displacements. The thick black horizontal bar marks the scale for KKO vertical displacement. The blue dot marks the
horizontal location of the reservoir centroid with red error bars indicating the extent of 90% credible interval. Plots
for Events 1–3 are given in the supporting information.

high-resolution lava lake height (e.g., Patrick et al. (2015)) could help to provide better constraints on the
impact force generated by impulsive excitations, such as rockfalls and bubble bursts. Future modeling of the
detailed excitation process in the lava lake is also necessary to relate the processes on the lava lake surface
to the forcing applied to the underlying conduit-reservoir system, thus helping to discriminate different
reservoir models.
6.2. What Can Be Constrained From VLP Seismic Data?
Two parameter combinations T0 and 𝜏 vis are well constrained from the observed period T and quality factor
Q. These explain the trade-offs among individual parameters, such as those between magma viscosity and
conduit radius and those between density and density contrast. Fluctuations in T and Q over daily to yearly
timescales (Dawson & Chouet, 2014) thus reflect fluctuations of T0 and 𝜏 vis in the magma plumbing system.
In the buoyancy-dominated limit, changes in T0 , as shown in (13), reflect changes in average magma density 𝜌 or density contrast Δ𝜌 in the conduit assuming that the conduit length L and dip 𝛽 remain unchanged.
According to Dawson and Chouet (2014), T generally evolves slowly over timescales of months (except during rapid lake drainage events) while fluctuations in Q can occur over much smaller timescales of hours
or even minutes. Rapid fluctuations of Q, with R and T relatively unchanged (implying no changes to 𝜌 or
Δ𝜌), therefore indicate a rapid change in viscosity according to (8). These observations therefore provide
evidence for the highly dynamic nature of properties such as volatile content and/or magma flow regimes
within the shallow magma plumbing system. Large variations in viscosity could have effects on the conduit
flow state that may be visible at the lava lake surface as changes in circulation pattern, spattering, or gas
pistoning (Patrick et al., 2016).
From our inversions, the order of magnitude of viscosity is reasonably constrained despite the trade-offs
with other parameters, and differs across events. Events with large Q put tighter constraints on viscosity.
In particular, the viscosity estimated for Event 4 (T = 39.2 s and Q = 25.5) is 2–23 Pa s and is lower than
the range (30–400 Pa s) for basaltic melt inclusions collected by Edmonds et al. (2013) but still within the
wider range of basaltic melt at Kı̄lauea reported by Shaw et al. (1968). Both a hotter temperature or a higher
volatile content can decrease melt viscosity (Shaw et al., 1968). At high strain rates, elongated bubbles and
bubble coalitions can also substantially decrease the bulk viscosity (e.g., (Manga et al., 1998; Llewellin &
Manga, 2005; Mader et al., 2013)).
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One possible way to reduce the degree of nonuniqueness is to recognize that magma density, density contrast, and viscosity are related and strongly dependent on the pressure, temperature, and volatile content
(e.g., (Mysen, 1977; Persikov et al., 1990; Newman & Lowenstern, 2002; Burgisser et al., 2015; Wallace et al.,
2015)). A well-constrained equation of state (e.g., solubility model) and flow model can help define the
depth-dependent properties of the background state. In this study, we neglected some possibly important
processes, such as nonequilibrium bubble growth, and resorption (Karlstrom & Dunham, 2016), a more
complex background state involving background flow and relative flow between phases (Huppert & Hallworth, 2007; Fowler & Robinson, 2018; Suckale et al., 2018), depth-dependent viscosity, and others. We
also neglected complex geometries, such as depth-dependent conduit radius and the possibility of multiple
reservoirs.

7. Conclusion
Our inversions can fit the seismic data with a consistent spherical source about 1.2–1.5 km beneath
the northeast edge of Halema‘uma‘u crater, consistent with the source region of geodetically observed
deflation-inflation events, although both a large and a small sphere can explain the seismic data. Our inversions can also fit the seismic data similarly well with two possible crack configurations, which are similar
in the east, north positions, and dips but different in depths, lengths, and strikes.
Considering the reasonable range of reservoir storativity, magma density, and density contrast, we favor the
conduit-sphere model with a sphere radius of 0.8–1.2 km and thus a short conduit of less than a few hundred
meters long, which then requires buoyancy to be the dominant restoring force. In the buoyancy-dominated
limit, changes in T and Q directly reflect changes of magma density, density contrast, and magma viscosity
if the geometry of the plumbing system remained unchanged. Future studies could utilize VLP catalogs of
T and Q to study evolution of these magma properties during the decade or so of VLP activity at Kı̄lauea.
In addition, future studies should also combine observations of the conduit-reservoir mode studied here
with analysis of higher resonant modes of the system. This requires modeling the fluid dynamics in the lava
lake so that the entire plumbing system (lava lake, conduit, and reservoir) can be treated in a fully coupled
manner. More rigorous modeling of the lava lake will also provide insight into how different reaction forces
induced by rockfalls and bubble bursts are transformed into pressure excitation at the top of the conduit,
which in this study is treated as a free parameter with minimal prior knowledge. In addition, independent
observations such as gravity measurements, gas measurements, volcano-tectonic seismicity locations, and
camera images of lake convection and rockfall sizes could place narrower bounds on the prior distributions
of some model parameters.

Appendix A: Evidence for Neglecting Acoustic Resonance in the Conduit
One may be tempted to use resonances of slow acoustic waves in the conduit to explain the ∼30 s VLP
oscillations at Kı̄lauea. However, the observations of the timing of a rock fall event and the onset of VLP
oscillation shown in Figure A1 refute this hypothesis. The logic is as follows. Since it takes time for the
acoustic wave to propagate from the surface to VLP deformation centroids, a time lag must exist between
the timing of the rockfall impact and the onset of the VLP deformation. If conduit acoustic resonance were
to explain the ∼30 s oscillation period, this time lag must be at least a quarter to half of the period (7–15 s)
depending on the boundary conditions at two ends of the conduit. However, from Figure A1, we observe
that the onset of the VLP starts almost immediately (less than 1 s) after the rock fall impact. In Figure A1,
the time delay caused by the propagation of seismic waves from the VLP source centroid to the NPT station
is neglected. If this time delay is accounted for, the time difference between the rockfall impact and the
VLP onset would be even shorter. The alignment between the unfiltered waveform and the waveform of
the VLP band shown in Figure A1a indicates minimal phase shift induced by the band-pass filter. Given
the VLP source centroid depth of ∼1 km, the acoustic wave speed in the magma is thus at least 1,000 m/s.
If the acoustic wave speed is so high, then the predicted conduit resonance frequencies are vastly higher
than the VLP frequency given a conduit length of 1–2 km. Conduit acoustic resonances (e.g., Garces, 2000;
Karlstrom and Dunham, 2016)) may explain VLP oscillations in other volcanic settings. However, we reject
this candidate for the ∼30 s VLP oscillations at Kı̄lauea.
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Figure A1. Comparison between webcam images (HVO, 2016) and seismicity for a rock fall event at Kı̄lauea volcano at 03:50:56 (HST) on 8 January 2016. (a)
The vertical velocity seismogram at station NPT in raw counts (gray line) and in the VLP band (dark line, band-passed to 0.002–0.1 Hz) for 10 min since 3:49:50
(HST) on 8 January 2016. Note the different scale for raw waveform (left axis) and the waveform in the VLP band (right axis). (b) Vertical velocity seismograms
at NPT station in raw counts (gray line) and VLP band (dark line) in a 40 s window marked by the shaded area in (a), enclosing the rockfall impact and initial
eruptive activity. The black arrows labeled show the times of rockfall impact the lake surface and the VLP onset. The vertical black lines labeled from (c)–(h)
correspond to six time-stamped webcam images, showing the lake surface prior to rock fall (c), rockfall impacting the lake surface (d), beginning of eruption
(e), and subsequent eruptive activities (f, g, h). (c)–(h) Time-stamped webcam images.

Appendix B: Data Processing
In this section, we present the detailed data processing steps to extract features necessary for the inversions.
The VLP period T is calculated by
T=

1
𝑓r

(B1)

where fr is the frequency of the dominant spectral peak. The quality factor Q is extracted from the spectral
amplitude of the seismograms by
Q=

𝑓r
Δ𝑓

(B2)

√
where Δf is the width, in frequency units, of the spectral peak at the level of 1∕ 2 of the maximum amplitude
(Green, 1955).

We then extract the spectral value of the displacement waveform ûi of each channel (with i as the channel
index) at VLP resonant frequency. The total number of channels Nc is equal to 3Ns , where Ns is the number
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Figure B1. Imaginery part in spectral value over amplitude Ii ∕ai (blue solid line, left axis) and signal-to-noise ratio SNRi (gray solid line, right axis, capped at
20) of each channel for four selected VLP events. The dots on the curve for Ii ∕ai are colored by component (E for East, N for North, and Z for vertical up). The
black dashed lines indicate the bound of −0.1 to 0.1 for Ii ∕ai . The dots on the curve for SNR are colored in gray scale by ai ∕a0 . For all the VLP events, most
channels have |Ii ∕ai | smaller than 0.1 and SNR greater than 10 except for one or two channels, which are associated with small amplitudes ai compared to that
of the reference channel a0 .

of stations and the number of components is 3 (east, north, and vertical up). The ûi are complemented by
the extracted period T and quality factor Q, which altogether are sufficient to characterize the VLP mode.
As a spectral value, ûi is a complex number:
ûi = ai eiΦi ,

(B3)

where ai is the amplitude and 𝛷i is the phase. After removing the phase of a reference channel (index 0, the
Z component of NPT or NPB) from U ûi , we have the corrected spectral value of displacement
û′i =

ûi
= ai ei(Φi −Φ0 ) = ûRi + iIi ,
eiΦ0

(B4)

where 𝛷0 is phase of the reference channel, ûRi is the real part of û′i , and Ii is the imaginary part of û′i . Nonzero
Ii ∕ai indicate the presence of phase shifts due to seismic wave propagation through different source-station
distances and noise in the data. To evaluate the data quality, we compute the noise spectrum using a window
of 500 s prior to the start times of the selected VLP events and extract the spectral value of the noise ni at
resonant frequency fr . We then define the signal-to-noise ratio (SNR) of each channel as
SNRi =

abs(ûi )
.
abs(ni )

(B5)

Figure B1 shows the SNRi and Ii ∕ai of each channel for the four VLP events analyzed. For all the four events,
Ii ∕ai of most channels are within the bound of −0.1 to 0.1. The one or two channels exceeding the bound
either are due to small SNR or have small amplitudes ai (approximately tenfold smaller) compared to that
of the reference channel a0 . The SNR of most channels are also above 10 with one or two exceptions, which
are associated with small amplitudes ai ∕a0 . Thus, in this work, we assume quasi-static elasticity for the solid
Earth’s response and only model the real parts ûRi . Nonzero Ii ∕ai and low SNRi are lumped into the noise
model for MCMC inversion. In particular, the factor of 10, reflecting both the bounds of Ii ∕ai and SNR are
used to set the data standard deviation.

Appendix C: Prior Distribution and Data Likelihood Function
We assume relatively broad priors with a uniform distribution and large bounds for all model parameters
(Table 1). We require the depth of the reservoir top Zt to be greater than the depth of the lava lake bottom
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Z0 . Since the bottom of lava lake is about 0.2 km below the Halema‘uma‘u Crater floor (Fee et al., 2010;
Patrick et al., 2013), we set Z0 = 0.2 km, which sets the lower bound for Zt . Since the centroids of VLPs
are consistently located at depths of ∼1 km, we bound Zt to be less than 3 km. The east and north of the
reservoir centroid must be bounded within the extent of Halema‘uma‘u Crater as suggested by the surface
deformation pattern shown in Figure 4. Since Chouet and Dawson (2011) estimate the crack length as long
as 2.9 km, we assume crack length D to vary from 0.1 to 5 km. We also assume the radius of the sphere is
bounded from 0.1 to 2 km.
Putting bounds on the parameters in the conduit is more challenging. Even though the conduit radius is
∼5 m at the bottom of the lava lake as observed by forward looking infrared imagery in late 2008 to early
2009 (Fee et al., 2010), direct observation of conduit radius at depth is not possible. We assume conduit
radius R is bounded between 1 and 10 m. The density of shallow magma can have large variation due to
bubble exsolution (Carey et al., 2012; Edmonds et al., 2013; Orr et al., 2013). At Kı̄lauea Volcano, the ejected
pyroclasts from the 12 October 2008 eruption triggered by rockfalls exhibit a bulk density of 310–1,000 kg/m3
(a volume fraction of 89–62%) (Carey et al., 2012). The density of volatile-free melt is thus ∼2,900 kg/m3 ,
comparable to ∼2,700 kg/m3 estimated by Edmonds et al. (2013) from melt inclusions. Poland and Carbone
(2018) found, from gravity data, very low density (100–200 kg/m3 ) foam near the surface of the lava lake
during gas pistons. However, the gas pistons only involve fluctuation of the top ∼20 m of the lava lake and
may not be representative of the deeper lake. Gravity measurements during 120 m of lava lake retreat in 2011
suggest the lava lake is gas-rich and has a magma density of 950±300 kg/m3 (Carbone et al., 2013). We expect
the magma density in the conduit to be higher than that in the lava lake, so we bound average magma density
in the conduit 𝜌 between 650 and 3,000 kg/m3 . We expect the magma density in the reservoir to be higher
than that at the top of the conduit. However, we do not have enough information to put narrower bounds
on the density contrast Δ𝜌 between the bottom and the top of the conduit. Thus, we assume a wide bound
for Δ𝜌, 100–3,000 kg/m3 . We assume that the viscosity 𝜇 is bounded between 1 and 1,000 Pa s, appropriate
for basaltic magma at Kı̄lauea (Shaw et al., 1968; Carey et al., 2012).
An accurate estimate of Pex requires detailed modeling of complex physical process in the lava lake during
rockfall or degassing, which is beyond the scope of this study. We thus decide to choose a large bound for
this parameter. Although the excitation is not limited to rockfall, we use the impact generated by rockfalls
as a reference. Carey et al. (2012) concludes rockfalls onto the magma surface can generate impact pressure
on the order of a few to tens of MPa immediately below the impact site. Although this overpressure might
have decayed when the pressure wave reaches the top of the conduit at the lava lake floor, we conservatively
choose 108 Pa s as the upper bound for Pex , which is equivalent to a pressure pulse with amplitude of 100 MPa
and duration of 1 s. The lower bound for Pex is set to 103 Pa s, which corresponds to a pressure pulse with
amplitude of 1 kPa and duration of 1 s. Since Pex can vary over many orders of magnitude, we use the
logarithm of Pex as the model parameter. The same bounds are used for all four events.
We assume that the data likelihood function follows independent Gaussian distributions
)
(
Nc (ûR − ûR
)2
(T − Tpred )2 (Q − Qpred )2 ∑
i
i,pred
,
P(d|m) ∝ exp −
−
−
2𝜎u2
2𝜎T2
2𝜎Q2
i

(C1)

i

where Tpred , Qpred , and ûRi,pred are the predicted period, quality factor, and displacement, and 𝜎 T , 𝜎 Q , and 𝜎ui
are the standard deviation of period, quality factor and displacement of each channel. The measurements
of period and quality factor are quite accurate and we assume 𝜎 T = 1 s and 𝜎 Q = 1. According to Figure B1,
even though the signal-to-noise ratios for most channels are higher than 10, we observe up to 10% imaginary
parts in û′i and also notice that channels with smaller amplitudes tend to have smaller SNR and larger Ii ∕ai .
Therefore, we assume 𝜎ui to be 10% of a0 (the amplitude of vertical displacement of station NPT or NPB).
Since a0 is the maximum of all ai , this choice for 𝜎ui assigns more importance to channels with larger displacement amplitudes. To discard the horizontal displacements of SDH for Events 3 and 4 (unexplainable
opposite polarity), we simply set the its standard deviation to a large value (1000a0 ).
To aid the evaluation of MLE, we also define a misfit function similar to Chouet and Dawson (2013):
misfit = misfitTQ + misfitu ,

(C2)

misfitTQ = (T − Tpred )2 ∕T 2 + (Q − Qpred )2 ∕Q2 ,

(C3)

where
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Nc
∑
(ûRi − ûRi,pred )2

misfitu =

i
Nc
∑

,

(C4)

(ûRi )2

i

are the misfits due to fitting period and quality factor and the misfit due to fitting the displacements.
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