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Abstract 
In this paper, motivated in part by the role of discrete groups of dilations in 

wavelet theory, we introduce and investigate the anisotropic Hardy spaces associ­
ated with very general discrete groups of dilations. This formulation includes the 
classical isotropic Hardy space theory of Fefferman and Stein and parabolic Hardy 
space theory of Calderon and Torchinsky. 

Given a dilation A, that is an n x n matrix all of whose eigenvalues A satisfy 
|A| > 1, define the radial maximal function 

A/£/(x) := s u p | ( / * ^ ) ( x ) | , where ipk(x) = | det A\~k <p{A-k x). 

Here (p is any test function in the Schwartz class with J <p ^ 0. For 0 < p < oo we 
introduce the corresponding anisotropic Hardy space HA as a space of tempered 
distributions / such that M ° / belongs to Lp(Rn). 

Anisotropic Hardy spaces enjoy the basic properties of the classical Hardy 
spaces. For example, it turns out that this definition does not depend on the 
choice of the test function (p as long as j (p ^ 0. These spaces can be equivalent ly 
introduced in terms of grand, tangential, or nontangential maximal functions. We 
prove the Calderon-Zygmund decomposition which enables us to show the atomic 
decomposition of HA. As a consequence of atomic decomposition we obtain the 
description of the dual to HA in terms of Campanato spaces. We provide a de­
scription of the natural class of operators acting on HA, i.e., Calderon-Zygmund 
singular integral operators. We also give a full classification of dilations generating 
the same space HA in terms of spectral properties of A. 

In the second part of this paper we show that for every dilation A preserving 
some lattice and satisfying a particular expansiveness property there is a multi-
wavelet in the Schwartz class. We also show that for a large class of dilations 
(lacking this property) all multiwavelets must be combined minimally supported in 
frequency, and thus far from being regular. We show that r-regular (tight frame) 
multiwavelets form an unconditional basis (tight frame) for the anisotropic Hardy 
space HA. We also describe the sequence space characterizing wavelet coefficients 
of elements of the anisotropic Hardy space. 

Received by the editor May 15, 2000. 
2000 Mathematics Subject Classification. Primary 42B30, 42C40; Secondary 42B20, 42B25. 
Key words and phrases. Anisotropic Hardy space, radial maximal function, nontangential 

maximal function, grand maximal function, Calderon-Zygmund decomposition, atomic decompo­
sition, Calderon-Zygmund operator, Campanato space, wavelets, frame, unconditional basis. 
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C H A P T E R 1 

Anisotropic Hardy spaces 

1. I n t r o d u c t i o n 

In the first chapter of this monograph we develop the real variable theory of 
Hardy spaces Hp (0 < p < oo) on W1 in what we believe is greater generality than 
has ever been done. 

Histor ica l B a c k g r o u n d . The theory of Hardy spaces is very rich with many 
highly developed branches. A recent inquiry in MathSciNet® (the database of 
Mathematical Reviews since 1940) revealed a fast growing collection of more than 
2800 papers related to some extent to various Hardy spaces. Therefore, we can 
sketch only the most significant highlights of this theory. 

Initially, Hardy spaces originated in the context of complex function theory and 
Fourier analysis in the beginning of twentieth century. The classical Hardy space 
Hp, where 0 < p < oo, consists of holomorphic functions / defined on the unit disc 
such tha t 

HP sup 
0 < r < l 

I \f(re2 
Jo 

i9)\pd6 
1/p 

< OO, 

or on the upper half plane such tha t 

HP := sup 
0<y<oo f 

J —( 

\f{x + iy)\pdx 
I V P 

< oo. 

If p = oo we replace the above integrals by the suprema. For a systematic exposition 
of the subject see books by Duren [Du], Garnet t [Ga], and Koosis [Ko]. 

The possible generalizations of these spaces to higher dimensions include Hardy 
spaces on the unit ball in C n , on the polydisc or on the tube domains over cones, see 
books of Rudin [Rul, Ru2], and Stein and Weiss [SW2]. Another possibility is to 
consider spaces of conjugate harmonic functions / = (WQ, • • • ,un) on R n x (0, oo), 
satisfying certain natural generalizations of the Cauchy-Riemann equations and the 
size condition 

HP := sup 
0<y<oo 

| / ( x i , . . . ,xn,y)\pdxi ...dxn 

- | i / p 
< oo, 

see Stein and Weiss [SW1, SW2], In this development the at tent ion is focused on 
the boundary values of the harmonic functions, which are distributions on W1. The 
harmonic functions can be then recovered from the boundary values by Poisson 
integral formula. The resulting spaces Hp(Rn) are equivalent to Lp(Rn) for p > 1. 
However, for p < 1 these spaces differ from Lp(Rn) and are bet ter suited for the 
purposes of harmonic analysis than Lp(M.n). Indeed, singular integral operators and 
multiplier operators turn out to be bounded on Hp, see Stein [Stl]. 

l 

This document generated prior to electronic offprints.  
Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



2 1. ANISOTROPIC HARDY SPACES 

The beginning of the 1970's marked the birth of real-variable theory of Hardy 
spaces as we know it today. First, Burkholder, Gundy, and Silverstein in [BGS] 
using Brownian motion methods showed that / belongs to the classical Hardy space 
Hp if and only if the nontangential maximal function of R e / belongs to Lp. The 
real breakthrough came in the work of C. Fefferman and Stein [FS2]. They showed 
that Hp in n dimensions can be defined as the space of tempered distributions / 
on Rn whose radial maximal function M® or nontangential maximal function M^ 
belong to Lp(Rn), where 

M%f(x):= sup | ( / * ^ ) ( a : ) | , 
0<£<0 

M<pf(x):= sup sup \{f * <ft)(y)\, 
0<t<oo \x-y\<t 

and (ft(x) := t~n(p(x/t). Here cp is any test function in the Schwartz class with 
J (p ^ 0 or the Poisson kernel <p(x) = (1 + |x | 2) _ (^ n + 1^ 2 (in this case / is restricted 
to bounded distribution) and the definition of Hp does not depend on this choice. 
To prove this impressive result C. Fefferman and Stein introduced a very important 
tool, the grand maximal function, which can also be used to define Hardy spaces Hp. 
The real analysis methods also played a decisive role in the well-known C. Fefferman 
duality theorem between H1 and BMO—the space of functions of bounded mean 
oscillation. 

Further insight into the theory of Hardy spaces came from the works of Coifman 
[Co] (n — 1) and Latter [La] (n > 1) where the atomic decomposition of elements in 
i7p(Rn) (p < 1) was exhibited. Atoms are compactly supported functions satisfying 
certain boundedness properties and some number of vanishing moments. The Hardy 
space Hp(Rn) can be thought of in terms of atoms and many important theorems 
can be reduced to easy verifications of statements for atoms. 

Other developments followed. Coifman and Weiss in [CW2] introduced Hardy 
spaces Hp for the general class of spaces of homogeneous type using as a definition 
atomic decompositions. Since there is no natural substitute for polynomials, the 
Hardy spaces Hp on spaces of homogeneous type can be defined only for p < 1 
sufficiently close to 1. Another approach started in the work of Calderon and 
Torchinsky [CTl, CT2] who developed theory of Hardy spaces Hp (0 < p < oo) on 
Rn for nonisotropic dilations. The theory of Hardy spaces was also established on 
more general groups than Rn . For the Heisenberg group it was done by Geller [Ge] 
and for general homogeneous groups by Folland and Stein [FoS]. We also mention 
the development of Hardy space on subsets of Rn by Jonsson and Wallin [JW] and 
weighted Hardy spaces on Rn by Stromberg and Torchinsky in [ST1, ST2]. 

Parabolic Hardy spaces. Calderon and Torchinsky initiated the study of 
Hardy spaces on Rn with nonisotropic dilations in [CTl, CT2]. They start with a 
one parameter continuous subgroup of GL(Rn ,n) of the form {At : 0 < t < oo} 
satisfying AtAs — Ats and 

r\x\ < \Atx\ < tP\x\ for all x G R n , t > 1, 

for some 1 < a < (3 < oo. The infinitesimal generator P of At = tp := exp(Flnt) 
satisfies (Px,x) > (x,x), where (•, •) is the standard scalar product in Rn. The 
induced nonisotropic norm p on Rn satisfies p(Atx) = tp(x). The parabolic Hardy 
space Hp (0 < p < oo) is defined as a space of tempered distributions / whose 
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1. INTRODUCTION 3 

nontangential function M^f belongs to L p (M n ) , where 

M^f(x) := sup | ( / * <pt)(x)\, ipt{x) = t-tTPip(A^x), 
p(x-y)<t 

(f is any test function with J p ^ 0. Calderon and Torchinsky also obtain equivalent 
formulations of parabolic Hardy spaces using the grand maximal functions, Luzin 
functions, and Littlewood-Paley functions. The atomic decomposition for theses 
spaces was done by Calderon [Ca, Ga] and Latter and Uchiyama [LU]. 

It is worth noting tha t the general setup for defining Hardy spaces on homo­
geneous groups developed by Folland and Stein [FoS] presupposes tha t the dilation 
group {At : 0 < t < oo} is of the form At = e x p ( P l n t ) , where P is a diagonaliz-
able element of G L ( R n , n ) with positive eigenvalues. In general, such a matr ix P 
need not satisfy (Px,x) > (x,x). Conversely, generators P allowed in [CT1, CT2] 
need not even be diagonalizable. Therefore, on the formal level, dilations structures 
considered in [CT1, CT2, FoS] do not in general overlap. As a consequence some 
Hardy spaces procured in one theory do not appear in the other, and vice versa. 

The optimal solution would be to relax even further the assumptions on the 
group of dilations {At : 0 < t < oo} by merely assuming tha t lim^_,0+ \\At\\ = 0. 
This is the approach we adapt in our work with the exception tha t we allow even 
more general discrete dilation structures which have originated in the theory of 
wavelets. 

D e s c r i p t i o n of t h e chapter . The scope of this chapter is an introduction 
and investigation of the real variable theory of Hardy spaces associated with a 
general group of dilations. By a group of dilations we mean a one parameter , 
discrete subgroup of GL(1R, n ) , i.e., {Ak : k G Z } , where A is a generating n x n 
matrix whose all eigenvalues A satisfy |A| > 1. We investigate the properties of 
the space of homogeneous type induced by this group of dilations in Section 2. 
In the next section we define the anisotropic Hardy space H^(Rn) as a space of 
tempered distributions / whose grand maximal function belongs to Lp(Rn). The 
most straightforward definition of these spaces is obtained using the radial maximal 
function. Tha t is, for a dilation A and 0 < p < oo we introduce the corresponding 
anisotropic Hardy space H^ as a space of tempered distributions / whose radial 
maximal function M®f given by 

M°f(x) = sup | ( / * tpk)(x)\, where pk{x) = \ del A\~k p{A~k x), 

belongs to Lp. Here (p is any test function in the Schwartz class with J (f ^ 0. 
By virtue of the main theorem in Section 7 this definition does not depend on 
the choice of p> as long as J Lp ^ 0. In Section 4 we introduce anisotropic Hardy 
spaces by means of atomic decompositions. In Section 5, one of the longest and 
most technical sections, we carefully derive the Calderon-Zygmund decomposition. 
In Sections 6 and 7 we prove tha t various definitions of Hardy spaces in terms 
of grand, radial, tangential, and nontangential maximal functions and in terms 
of atomic decompositions are all equivalent. In the next section we describe the 
duals of anisotropic Hardy spaces. In Section 9 we develop the theory of Calderon-
Zygmund operators acting on anisotropic HP

A spaces. Finally, in the last section we 
classify dilations which yield equivalent anisotropic Hardy spaces. 
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4 1. ANISOTROPIC HARDY SPACES 

We want to emphasize that the presentation of Sections 3-7 is greatly influenced 
by the excellent exposition of Hardy spaces on homogeneous groups in the book of 
Folland and Stein [FoS]. 
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2. T H E SPACE OF H O M O G E N E O U S T Y P E 5 

2. The space of homogeneous type associated 
with the discrete group of dilations 

The concept of a dilation is a fundamental one in our work. 

DEFINITION 2.1. A dilation is n x n real matrix A, such that all eigenvalues A 
of A satisfy |A| > 1. 

It is clear that A is a dilation if and only if | |A_ J | | —» 0 as j —> oo. We could 
alternatively define a dilation as a matrix whose all eigenvalues A satisfy 0 ^ |A| < 1. 
The inverse of this matrix becomes then a dilation in the sense of Definition 2.1. 

For any dilation A we consider the corresponding discrete group of linear trans­
formations {A3' : j G Z} which induces a natural structure of a space of homoge­
neous type on W1. For general facts about spaces of homogeneous type we refer the 
reader to [Ch, CW2, HS, MS1-MS3]. Unless the dilation A is very special (to be 
made precise later) this structure is different than the usual isotropic structure of 
W1. In this section we present the underlying ideas. 

To start we suppose Ai , . . . , An are eigenvalues of A (taken according to the 
multiplicity) so that 1 < |Ai| < . . . < |An|. Let A_, A+ be any numbers so that 
1 < A_ < | Ai| < |An| < A+. Then we can find a constant c > 0 so that for all 
x G W1 we have 

(2.1) l/c\3_\x\ < \Ajx\ < cAJ
+|x| for j > 0, 

(2.2) l/cAJ
+|x| < \AJx\ < c\3_\x\ for j < 0, 

where | • | is a standard norm in Rn. Note that (2.2) is a consequence of (2.1) 
and vice versa. Furthermore, if for any eigenvalue A of A with |A| = |Ai| (or 
\M = |An|) the matrix A does not have Jordan blocks corresponding to A, i.e., 
ker(A - XI) = ker(A - XI)2 then we can set A_ = |Ai| (A+ = |An|). 

A set A C W1 is said to be an ellipsoid if 

(2.3) A = { x G R n : \Px\ < 1}, 

for some nondegenerate n x n matrix P , where | • | denotes the standard norm in 
Rn. 

In general, we can not expect that the dilation A is expansive in the standard 
norm, i.e., \Ax\ > \x\ for all x G W1. Nevertheless, by [Sz, Lemma 1.5.1], there 
exists a scalar product with the induced norm | • |* and r > 1 so that 

(2.4) \Ax\*>r\x\* for x G l n . 

We present the proof of this result for the sake of completeness. 

LEMMA 2.2. Suppose A is a dilation. Then there exists an ellipsoid A and 
r > 1 such that 

(2.5) A c r A c AA. 

PROOF. Define the inner product (*,*)* by 

(x, y)* = (x, y) + {A-Xx, A^y) + . . . + (A~kx, A~ky), 
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6 1. ANISOTROPIC HARDY SPACES 

where k is an integer satisfying k > 21nc/lnA_, and c, A_ are as in (2.1). We 
1 /2 

claim that the norm |x|* = {x,x)J satisfies (2.4). Indeed, by (2.1) and (2.2) 

\Ax\l = \Ax\2 + \x\2 + ... + \A~k+1x\2 

>\x\l + l/c2\x\2-c2\-_2k\x\2 = 
c-2 _ c2A-2fc \x\2 1 + \x\2 + ... + \A-k3 

= \x\l + \Ax\2-\A~kx\2 

\x\l{l + {c-2-c2\Z2k)\x\2/\x\l) 

, |2 >\x\l 
r c - 4 _ A - 2 f c 1 

1 _| ~ 
l + . . . + Al2fc. 

r2\r\2 

r \x\* 

where r is the square root of the last bracket. By a simple application of the Riesz 
Lemma there is a matrix Q so that (Qx, y) = (x, y)*. Clearly, Q is self-adjoint and 
positive definite. If we take P = Q1//2 then \Px\2 — (Qx,x) = |x|*. Define A by 
(2.3), i.e., A = {x eRn : \x\* < 1}. Since l^" 1 ^* < \x\*/r then A'1 A C r _ 1 A 
and hence (2.5) holds. • 

By a scaling we can additionally assume that ellipsoid A in Lemma 2.2 satisfies 
|A| = 1. We define a family of balls around the origin as the sets 

(2.6) Bk := AkA for keZ. 

By (2.5) we have 

(2.7) BkCrBkC Bk+1, \Bk\=bk, where b := | det A\ > 1. 

Even though the choice of the expansive ellipsoid A is not unique, from this point 
we fix one choice of A, and consequently the B/c's, for a given dilation A. 

Next we introduce the natural concept of a quasi-norm which generalizes the 
usual norm on IRn. A quasi-norm satisfies a discrete homogeneity property with 
respect to A and a triangle inequality up to a constant. 

DEFINITION 2.3. A homogeneous quasi-norm associated with a dilation A is a 
measurable mapping p : MJ1 —>• [0, oo), so that 
(i) p[x) = 0 ^ ^ x = 0, 

(ii) p(Ax) = bp(x) for all x G l n , 
(hi) there is c > 0 so that p(x + y) < c(p(x) + p{y)) for all x,y eW1. 

It turns out that all quasi-norms associated to a fixed dilation A are equivalent. 

LEMMA 2.4. Any two homogeneous quasi-norms p\, pi associated with a dila­
tion A are equivalent, i.e., there exists a constant c > 0 so that 

(2.8) 1/cpiOc) < p2{x) < cpi(x) for x G Rn. 

PROOF. It suffices to show that for every quasi-norm p we have 

(2.9) 0 < inf p(x) < sup p(x) < oo. 
xeB^Bo xeB^Bo 

Suppose on the contrary that supa.G_B\_Bo p(x) = oo. Then we can find a sequence 
(xi) C W1 such that \xi\ —• 0, p{xi) —> oo as i —• oo. Choose M > 0 so that the set 

Q = {xeB1\B0 :p{x) < M } , 

has measure strictly bigger than (b — l ) /2 . Choose N, so that p{xi) > 2cM for 
i > N. Since 

p(x) > l/cp(xi) - p{xi - x), 
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2. THE SPACE OF HOMOGENEOUS TYPE 7 

F I G U R E 1. T H E FAMILY O F DILATED BALLS {Bk : k e Z } . 

we have p(:r) > M for x G a^ — ft, i.e., 

(^ - ft) n ft = 0. 

Since - D C 5 i \ BQ and xi —> 0 we have 

|(xi - ft) H ( 5 i \ B 0 ) | - • | 0 | > (b - l ) / 2 as i -> oo. 

Hence, 
6 - 1 < \{xi - ft) n (Bi \ J50)| + |ft| < | # i \ Bo I - b - 1, 

for sufficiently large i, which is a contradiction. 
Finally, suppose on the contrary tha t i n f x G 5 1 \ ^ 0 p(x) — 0. Then we can find a 

sequence (xi) C Bi \ B Q such tha t p(xi) —• 0 as z —» oo. By selecting a subsequence 
we can assume (xi) converges to some point x ^ 0. Since 

p(x) < c(p(x — Xi) + p{xi)) —̂  0 as i —> oo, 

we have p(x) = 0 which is a contradiction. Therefore (2.9) holds. • 

The natural question is whether for two distinct dilations A\ and A^ the corre­
sponding quasi-norms p\ and p2 are equivalent, i.e., (2.8) holds for some c > 0. One 
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8 1. ANISOTROPIC HARDY SPACES 

may wish to state the classification theorem in terms of eigenvalues and eigenspaces 
corresponding to Jordan blocks, which we postpone until Section 10, see Theorem 
10.3. Instead, we consider the simplest situation. 

EXAMPLE. Suppose A = did for some real \d\ > 1. It is clear that p(x) = \x\n 

satisfies properties of the quasi-norm. Therefore all matrices of this form induce 
equivalent quasi-norms. Here it becomes clear why we impose p(Ax) — bp(x) with 
b = |detA|. It is not hard to see that any matrix A without Jordan blocks and 
whose all of eigenvalues A satisfy | A| = d for some fixed d > 1 has the corresponding 
quasi-norm p which is equivalent to | • |n . And vice versa, any other matrix whose 
all of eigenvalues are not equal in absolute value or with Jordan block(s) has a 
quasi-norm which is not equivalent to | • |n . Equivalently, a quasi-norm induced 
by a dilation A is equivalent to | • |n if and only if A is diagonalizable over C 
with all eigenvalues equal in the absolute value. This provides the classification of 
dilations inducing the usual isotropic homogeneous structure on W1 announced in 
the beginning of this section. 

For a fixed dilation A we define the "canonical" quasi-norm used throughout 
this chapter. 

DEFINITION 2.5. Define the step homogeneous quasi-norm p on W1 induced by 
the dilation A as 

, x ( V tixG BJ+l \ Bj (2-10) p(x) = n 
I 0 if x = 0. 

Here Bk = AkA, where A is an ellipsoid from Lemma 2.2 and |A| = 1. 

Indeed, p clearly satisfies (i) and (ii) of Definition 2.2. Let UJ be the smallest 
integer so that 2B$ C A^BQ = B^. The existence of UJ is guaranteed by (2.5). 
Suppose x, y G Rn, p(x) = bl, p(y) = W for some i,j G Z. Thus, x + y G Bi + Bj C 
2£max(;,j) C i4wBmax(i,j). Therefore 

p(x + y)< 6^6max(i ' j ) < ^(W + V) = b"(p(x) + p(y)), 

and (iii) holds with the constant c — b^. 
Therefore, we can summarize that for each i G Z we have 

x G Bi and yeBi=^x + ye Bi+(jj, 
x 0 Bi+UJ and y G Bi = > x + y & Bi. 

We also record two useful inequalities 

(2.12) 
max(l, p(x + y)) < b^ max(l, p(x)) max(l, p(y)) for all x, y, G Mn, 

(2.13) max(l, p(AJx)) < V max(l, p{x)) for j > 0, x G Mn. 

REMARK. The notion of a quasi-norm put forth in Definition 2.3 seems to be 
missing in the literature. Lemarie-Rieusset in [LR] considered a closely related 
quasi-norm satisfying (i) and (ii) of Definition 2.3 which is C°° on Rn except at 
the origin. He also gives a construction of such a quasi-norm for an arbitrary 
dilation A, see [LR]. Quasi-norms of Lemarie-Rieusset automatically satisfy the 
triangle inequality up to a constant. In our definition, which was motivated by 
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2. THE SPACE OF HOMOGENEOUS TYPE 9 

[LR], we give up the smoothness of quasi-norms to include the important class of 
step homogeneous quasi-norms used throughout this chapter. 

We need two covering lemmas which hold in arbitrary spaces of homogeneous 
type, see [CW1, CW2]. However, we present them in a form adapted to our setting. 

LEMMA 2.6 ( W I E N E R ) . Suppose ft d W1, and r : ft —• Z is an arbitrary 
function. Assume that either (a) ft is bounded, or (b) ft is open, \ft\ < oo, and 
x+Br(x) C ft for allx G ft. Then there exists a sequence (XJ) C ft (finite or infinite) 
so that the balls Xj + Br^x.^ are mutually disjoint and ft C \JJ(XJ + Br^Xj^+UJ). 

PROOF. In case (a), if supx^^ r(x) — oo then we can find x G ft so that 
Q c x + Br(x^ and we are done. Thus, we can assume s u p ^ ^ r(x) < oo. In case 
(b), since \ft\ < oo we also must have supxG^ r(x) < °°- Pick x\ € ft such that 
r{x\) = supxG^ r(x). If ft C #i + -Br(a;i)+u; then we are done. Otherwise, we proceed 
inductively. Assume we have picked x\,... ,Xj, set ft' — ft \ Ui=i(xi + Br^x.^+UJ). 
If ft — 0 we are done. If not, pick Xj+\ G ft' such that r(xj+{) = sup^^ / r(x). 
Suppose i < j and (xi + Br^x.^) n (XJ -f Br^x.^) ^ 0 then Xj — Xi G Br^x.^ — 
Br{Xj) C 2Br{Xi) C Br(Xi)+UJ, since r(xi) > r(xj). Thus, Xj G Br 

(xi)+oji which is a 
contradiction. Therefore, balls Xj + Br(x.^ are mutually disjoint. 

If the sequence (XJ) is finite then clearly ft C \JJ(XJ + Br(x•)+&)• H n ° t w e 

have r(xj) —> —oo as j —» oo since SI has finite measure and balls Xj + Br(x.^ 
are mutually disjoint. Suppose on the contrary that there exists x G l ] such that 
x 0 U7(x j + Br(xj)+u)- For sufficiently large j we have r(x) > r(xj), which is a 
contradiction of the choice of Xj's. D 

LEMMA 2.7 (WHITNEY) . Suppose ft c Rn is open, and \ft\ < oo. For every 
integer d > 0 there exists a sequence of points (£j)jeN C ft, and a sequence of 
integers (Ij)jeN C Z , so that 
(i) n = \j(xj + Bh), 

(ii) Xj + B\.-u are pairwise disjoint for j G N7 

(Hi) for every j G N, (Xj + Bij+d) n ftc - 0, im* ( ^ + Bij+d+1) n ftc ^ 0, 
^ 2/ (X2 + B^+d^cu) H ( ^ + S i j . + d _2a ; ) 7^ 0 ^ 7 1 |Z* - /j | < CJ; 

^ /or eacA j G N, t/ie cardinality of{ieN: {xi + Bi.+d-2w)n(xj + Bij+d-2uj) ¥" $} 
25 Zess £/zan L, where L is a constant depending only on d. 

PROOF. For every x G £1 define function 

r(x) := sup{r G Z : x + Br+d+u C fi}. 

Since f£ is open and has finite measure the supremum is always finite. By the 
Wiener Lemma applied to the function r(x) we can find a sequence of (XJ) C ft so 
that (XJ + Br(x.}) are mutually disjoint, and (XJ + Br(x.)+UJ) ^ ^ cover the set Q. 
Therefore, if we define lj := r(xj) —uo then (i) and (ii) hold. Clearly (iii) also holds 
by the choice of r(x). If d > 1 then we have 

ft = \J(x3 + B,.) = \J(Xj + £z .+1) D \J(x0 + r£z.), 
j i j 

where r is the same as in Lemma 2.2, and therefore the sequence (XJ) is necessarily 
infinite. 
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10 1. ANISOTROPIC HARDY SPACES 

To show (iv), suppose?/ e (xi + Bi.+d-2u)n(xj+Bi.+d-2u) and lj > U+u + l. 
Then 

Xi - Xj e y - Bii+d-2uj — y + Bij^d-2uj C B^+d-uj-
Since 

Xi + Bi%+d+i = (xi - Xj) + Xj + £ j .+ d +i C Xj + Bi.+d-co + 5/,+d+i C x^ + 5 / J + d, 

we have by (iii) 

M f e + #z,+d+i) n f f c (x, + sz.+d) n Qc
7 

which is a contradiction of (iii). Therefore lj <U+UJ, and by symmetry we obtain 
(iv). 

Fix j G N and consider 

/ = {i E N : (xi + BiiJrd-2uj) H (XJ + Bi.jf.d-2u)) 

Hi e I then by (iv) 

Xi + #^ -u , C (X2 - X^) + Xj + B^u C Xj + Bi^d-2^ + BX.+d-2u + ^Zi-o; 

C Xj + Bij+d-uj + B\.+d-2uj + i ^ C Xj + B^+d+uj-

Since for i E I, Xi + B\j-2uj C x ? + Bh-u w e conclude by (ii) tha t the cardinality 
of / is less than 

|BZ j + d + w | / |B,,_2 a ; | = 6d+3w = L. D 
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3. T H E GRAND MAXIMAL DEFINITION O F ANISOTROPIC HARDY SPACES 11 

3. The grand maximal definition of anisotropic Hardy spaces 

DEFINITION 3.1. We say that a C°° complex valued function p on Rn belongs 
to the Schwartz class 5 , if for every multi-index a and integer m > 0 w e have 

(3.1) |M| Q , m := sup p(x)m\da<p(x)\ < oo. 
xemn 

The space S endowed with pseudonorms || • ||a,m becomes a (locally convex) topo­
logical vector space. The dual space of bounded functionals on <S, i.e., the space of 
tempered distributions on Rn, is denoted by 5 ' . 

If / G <S' and p G S we denote the evaluation of / on p by (/, <p). Sometimes 
we will pretend that distributions are functions by writing (f,p) = j f(x)p(x)dx. 
Convergence in S' will always mean weak convergence, i.e., fj —» / in S' if and 
only if (/ j , p) —-> (/, p) for all p G S. For fundamentals on distributions, see [Ru3]. 

The Schwartz class S given in the above definition overlaps with the usual one 
by virtue of the lemma essentially due to Lemarie-Rieusset, see [LR]. 

LEMMA 3.2. Suppose p is a homogeneous quasi-norm associated with dilation 
A. Then 

(3.2) l / cV(x) l n A - / l n 6 < \x\ < cfp(x)lnX+^nb forp(x) > 1, 

(3.3) l /cV(x) l n A+ / l n 6 < |x| < c'p(x)lnX-/lrib for p{x) < 1, 

where d is some constant, and A_, A+ satisfy (2.1) and (2.2). 

PROOF. By Lemma 2.4, without loss of generality we can assume p is the step 
homogeneous quasi-norm. For every integer j > 0 we have by (2.1) 

sup \x\ = sup \AjA~jx\ < c sup \x\X\ = c sup \x\ ^ ' l n A + / l n 6 , 
x£BJ + 1\Bj xeBj + 1\Bj XEB^BQ xeB^Bo 

and analogously 

inf \x\>l/c inf \x\\3_ = l/c inf \x\VXnX~/lrib. 
xeBj + 1\Bj x£B!\B0 xeB^Bo 

Therefore, (3.2) holds for x G Bj+i \ Bj, where j > 0, so for all x G (#o)c. 
Considering x G -Bj+i \ Bj, where j < 0 and using (2.2) we obtain (3.3) for 

xeB^ D 

An important role in our investigation is played by the unit ball with respect 
to a particular finite family of pseudonorms of S. It is critical that we use (3.1) to 
alter the standard definition of the pseudonorms in S. Otherwise the grand maximal 
function introduced below would not behave nicely with respect to dilations and 
many results in Section 5 could not hold. A posteriori, we see that this is only a 
technical issue by virtue of Lemma 3.2. 

DEFINITION 3.3. For an integer N > 0 consider family 

(3.4) SN := {p G S : ||y>||a>m < 1 for \a\ < TV, m < N). 

Equivalent ly 

(3.5) peSN ^ I M k r : = sup sup mzx(l,p(x)N)\dap(x)\ < 1. 
xeMn \cx\<N 
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12 1. ANISOTROPIC HARDY SPACES 

For </? G <S, k G Z define the dilate of <p to the scale k by 

(3.6) <pk(x) = b-k<p(A-kx). 

DEFINITION 3.4. Suppose p G <S, and f e S'. The nontangential maximal 
function of / with respect to (/? is defined as 

(3.7) M^/Or) := sup{|/ * <pk(y)\ : x - y G Bk,k G Z}. 

The radial maximal function of / with respect to (/? is defined as 

(3.8) M ° / ( x ) : = s u p | / * ^ ( x ) | . 
fcez 

For given N € N we define the nontangential grand maximal function of / as 

(3.9) Mjv/(a;) := sup Mvf{x). 

The radial grand maximal function of / is 

(3.10) M%f(x) := sup M°f{x). 

Finally, given TV > 0 we define the tangential maximal function of / with respect 
to if as 

T*f(x) = sup{| / * ^k(y)\/m&x(l,p(A-k(x - y)))N :yeRn,ke Z}. 

REMARK. It is immediate that we have the following pointwise estimates be­
tween radial, nontangential, and tangential maximal functions 

M°f(x) < My f(x) < T?f(x) for all x G Rn. 

Moreover, radial and nontangential grand maximal functions are pointwise equiva­
lent by virtue of Proposition 3.10. In Section 7, we will also see that for sufficiently 
large N (depending on N) and ip G S with J p ^ 0, the tangential maximal function 
Ty f(x) dominates pointwise the grand maximal function Mxfix), see Lemma 7.5. 

PROPOSITION 3.5. For f e S', let Mf denote any of the maximal functions 
introduced in Definition 3.4- Then Mf : Rn —• [0, oo] is lower semicontinuous, 
function, i.e., for all A > 0, {x G Rn : Mf{x) > A} is open. 

PROOF. If p G S and / G S' then / * p is a continuous (even C°°) function on 
Rn. Note that 

M^fix) = sup{| / * pk(y)\ :x-yeBknQn
1keZ}. 

Furthermore, since the Schwartz class S is separable with respect to pseudonorms 
II • ||a,m> w e c a n substitute SN by a countable, dense subset in the definition of 
the grand maximal function. Therefore, in each case Mf can be computed as a 
supremum of a countable family of continuous functions. Therefore, Mf is lower 
semicontinuous. • 

We start the investigation of maximal functions with the fundamental Maximal 
Theorem 3.6. This and the following results are relatively mechanical conversions of 
the well-known classical results which also hold for homogeneous groups, see [FoS]. 
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3. THE GRAND MAXIMAL DEFINITION OF ANISOTROPIC HARDY SPACES 13 

FIGURE 2. T H E NONTANGENTIAL MAXIMAL FUNCTION M^f(x) 
IS COMPUTED BY TAKING SUPREMA OF \f*(fk(y)\ OVER ELLIPSES 
X + Bk AT ALL SCALES k G Z . 

The biggest novelty is the use of discrete (instead of continuous) dilations of fairly 
general form. 

THEOREM 3.6 (The Maximal Theorem). For a fixed s > 1 consider family 

(3.11) T := W G L°°(Rn) : |^(a:)| < (1 + pOr))"*}-

For 1 < p < oo and / G Lp(Rn) define the maximal function 

(3.12) M/(x) = Mjr/(a;) := sup Mvf{x). 
•per 

Then there exists a constant C = C(s) so that 

(3.13) 
\{x : Mf(x) > A}| < C| | / | | i /A /or oH / G L1 A > 0 , 

(3.14) | | M / | | p < C p / ( p - l ) | | / | | p forallfeLP(Rn), 1 < p < oo. 

PROOF. For A,i? > 0 consider fif = {a: : Mf(x) > X,\x\ < R}. For every 
x G fif take y = y(x) G Kra, k = k(x) G Z, and ip € J7 such that x — y € Bf- and 
|/*¥>fc(y)| > A. 

A < | / * ¥>*(!/)| < / | / ( * ) I K ( z - y)\dz = b~k f \f(z)MA-k(z - y))\dz 
JRn Jv+Bh 

OO r. 

+ b~kJ2 \f(z)MA-k(z-y))\dz 
j=i ^y+Bk+j\Bk+j-1 

<b~k sup \<p(z)\[ \f(z)\dz + Yl sup \^(z)\ [ 
zeB0 Jy+Bk j = 1z£BJ + 1\B3 Jy 

\f(z)\dz 
y+Bk+j 
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14 1. ANISOTROPIC HARDY SPACES 

< 
00 1 r 

1 + y V sup \p(z)\-8 \supb-k-i / \f(z)\dz 
j = 1 z£BJ + 1\Bj J j>0 Jy+Bh.±i j>0 Jy+Bk+J 

CO r. 

< J^V1"') sup ft-*"'' / \f(z)\dz. 
j=o J^° Jy+Bk+J 

Thus, there is jo > 0 so that 

^ - / \f(z)\dz > A/C, 
J y+Bk 1 ,-„ " Jy+Bk+JQ 

where C = £ £ 1 0 fr^1"*). Since x - y G Bk, 

y + B fc+J0 C x + 5 fc + Bk+jo C x + 2Bk+jo C x + 5fc+j0+^. 

So for each x G fi,^ there is r = r(x) = fc + jo + ^1 such that 

By the Wiener Lemma there is sequence (XJ) in Q^ so that Xj +Br(x.} are mutually 
disjoint and Xj + ^r(x7)+u; cover ftj*. Therefore, 

1̂ 1 < E I ^ + J < X > M W ^ —ii/iii-

By letting R —>• 00 we obtain (3.13). 
Since C = / R n ( l + p(x))- scb < 00, we have \\MfWn < C||/||oo for / G L°°. 

By the Marcinkiewicz Interpolation Theorem we obtain (3.14). • 

As a consequence of Theorem 3.6 we conclude that the Hardy-Littlewood max­
imal function M = MHL given by 

(3.15) MHLf(x) := sup sup — / \f(z)\dz 
ke1y£x+Bk \&k\ Jy+Bk 

satisfies (3.13) and (3.14). Naturally, this is also a consequence of general results 
for spaces of homogeneous type, see [St2, Theorem 1 in Chapter 1]. 

THEOREM 3.7. Suppose tp G L°°(IRn) satisfies \<p(x)\ < C(l + p(x))~s for some 
s>l, and letc = J (p. Then for f G LP(Rn), l<p<oc, 

(3.16) lim / * (pk(y) = cf(x) for a.e. x G Rn. 
k—>-oo 

yex+Bk 

PROOF. Suppose p = 1 and / G L^R71). By the Luzin (JIy3ira) Theorem 
given e > 0 we can find a continuous function g with compact support such that 
H/-0II1 < e. Clearly 

lim g * (pk(y) — cg(x) for all x G l n . 
k—>-oc 

y£x+Bk 
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3. T H E GRAND MAXIMAL DEFINITION O F ANISOTROPIC HARDY SPACES 15 

Since 

limsup | / * ipk{y) - cf(x)\ = limsup | / * (pk(y) -g* yk(x) + g * ipk(x) - cf(x)\ 
k—* — oo k—>-oo 

yex+Bk yex+Bk 

< sup sup | / * cpk(y) - g* ipk{x)\ + \c\\g(x) - f(x)\ 
k£Zyex+Bk 

< M^{f - g){x) + \c\\f{x) - g{x% 

by Theorem 3.6 and the Chebyshev (HeGtinieB) inequality we have for any A > 0 

\{x : limsup \f * ipk(y) - cf(x)\ > A}| 
yex+Bk 

< \{x : Mv(f - g){x) > A/2}| + \{x : \c\\f(x) - g(x)\ > A/2}| 
< C | | / - 5 | | i / A < C e / A . 

Since A > 0 is arbitrary we have (3.16). 
Suppose p > 1 and / G Lp(Rn). Given j G Z let g = flBj. Since g G L^R71), 

lim g * (fk(y) = cg(x) = c/(x) for a.e. x £ Bj. 
k^ — oo 

yex+Bk 

If x G Bj we can choose K G Z so that x + BK+U C -BJ . If ?/ G x + i ^ for some 
/c < K and z G ( ^ ) c C x + (BK+UJ)C then y - z G (£ K ) C by (2.11). Hence by 
Holder's inequality, 1/p + 1/q = 1, 

/ /(z)^fc(y - *)<fe| <\\f\\p( [ \<pk(y - z)\qdz) \(f - g) * Vk(y)\ = 

<\\f\\P( [ \Mz)\qdz) * <\\f\\pb-k+k^( [ \<p{z)\*dl) 

< b-k+klq\\f\\J j \p{z)\-qsdz] < Cb-k+k/qb^K-k^-s+l/q) 

= c f t ^ - ^ 1 W ( * - i ) _^ o as k -> -oo. 

Therefore, (3.16) holds for a.e. x G Bj and since j is arbitrary it holds for a.e. x G 
Rn. • 

The next lemma is a basic approximation of identity result for the space of 
tempered distributions Sf. Since it is a more general variant of the result common 
in the literature we include its proof. 

LEMMA 3.8. Suppose (f G S and J Lp = 1. Then for any 0 G S and f G Sf we 
have 

(3.17) i\) * (fk —» -0 in S as k ^ —oo, 
(3.18) / * </?fc —* / in S' as k ^ —oo. 

In Lemma 3.8 we can relax the condition that c^ '̂s are given by (3.6). Instead, 
we only need to assume that <pk{x) = | det Ak\ip(Akx) for some nondegenerate 
matrices Ak such that H-A^H —» 0 as k —» —oo. 
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16 1. ANISOTROPIC HARDY SPACES 

P R O O F . It is clear tha t ip * (fk(x) —> ^{x) pointwise as k —> —oo. Since 
da(ip * (fk)(x) — (<9aV0 * ¥k{x) —• da^p(x) pointwise as k —* — oo for every multi-
index a, it suffices to show 

(3.19) sup \X\N\X/J * tpk(x)— ip(x)\ ^ 0 as k —> — oo, 

for every integer N > 0. 
Given e > 0 find S > 0 so tha t ^ ^ ^ ( T / - x) - ip(x)\ < e for all \y\ < 5. Let K 

be such tha t 

{l + \y\)N\<pk{y)\dy<e for k < K. 
\y\>& 

lfk<K 

I 
J\y\ 

x\ \i/; * <pk(x) - i/;(x)\ x\ (i/j(y - x) - ip(x))(pk(y)dy 

< / \x\NW(y-x)-il>(x)\\<pk(y)\dy + / \x\NMy-x)-ilj(x)\\<pk(y)\dy 
J\y\<5 J\y\>6 

<e f \My)\dy+sup\x\N\i;(x)\N [ \<pk(y)\dy 

+ / C\x\N(l + \x - y\)-N(l + | y | ) - " ( l + | y | ) " b * ( y ) | d i / 

< C'e + C [ (1 + |2/ |)N |^(2/) |d2/ < 2C'e. 
J\y\>6 

This shows (3.19) and thus (3.17). (3.18) follows from (3.17) since ( / * ipk,tp) = 
(f,il>*<Pk), where (pk(x) = <pk{-x). D 

The next theorem can be thought as a converse to the Maximal Theorem 3.6 
for p > 1. 

T H E O R E M 3.9. Suppose f e S', (p e S, f (p ^ 0, and 1 < p < oo. If M*f G 
Lp(Rn) then f eLP(Rn). 

P R O O F . Without loss of generality we can assume tha t f <p = 1. Suppose 
p > 1. Since the set {/ * (pk : & G Z} is bounded in L p , by the Alaoglu Theorem 
there is a sequence kj —> —oo such tha t / * (pk. converges weak-* in L p , and hence 
in S'. By Lemma 3.8 this limit is / and thus / G Lp. 

Suppose now p = 1. By [Wol, Theorem III.C.12] the set {/ * cpk : k G Z} is 
relatively weakly compact in L1 and by the Eberlein-Smulian (IHMyjiim) Theorem 
there is a sequence kj —> —oo such tha t / * (/?&. converges weakly in L 1 , and hence 
in S'. By Lemma 3.8 this limit is / and thus / G L 1 . Alternatively, we could think 
of the set {/ * ipk : k G Z} as a bounded set in the space of finite complex Borel 
measures on R n and use Alaoglu Theorem to find a sequence kj —>• — oo such tha t 
/ * (fkj converges weak-* to an absolutely continuous measure. This measure is 
f{x)dx by Lemma 3.8. • 

R E M A R K . Theorems 3.6 and 3.9 together assert tha t for p > 1 the subclass 
of regular Lp integrable distributions in S' is invariant with respect to maximal 
functions introduced in Definition 3.4. Indeed, it follows from Theorems 3.6 and 
3.9 tha t for 1 < p < oo the following are equivalent for a distribution / G <S', 
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3. T H E GRAND MAXIMAL DEFINITION O F ANISOTROPIC HARDY SPACES 17 

• / is regular and belongs to L p , 
• M £ / G L P (or My,/ G 17) for every <p E S, 
• M ° / G Lp (or M ^ / G Lp) for some y> with / y / 0, 
• M & / G L p for some (or every) N > 2. 

The next result asserts tha t radial and nontangential grand maximal functions 
are pointwise equivalent. 

PROPOSITION 3.10. For every N > 0 there is a constant C = C(N) so that 
for all f G S ' , 

(3.20) M%f(x) < MNf(x) < CM%f(x) for x G R n . 

P R O O F . The first inequality is obvious. To see the second inequality, note tha t 

MNf(x) = s u p { | ( / * ipk)(x + Aky)\ : k G Z,y G S 0 , if G <S;v} 

(3.21) = sup{ | ( / * 0fc)(x)| : fc G Z, 0(;z) = ^(2; + 2/) for some 7/ G B0,(f G 5AT} 

= sup{M^(x) : (p(z) — tp(z + 2/) for some 1/ G BQ, <p G <SJV}. 

By (2.12) if </>(#) = (/?(x -f 2/) for some y £ BQ then 

IMtav = SUP SUP max( l ,p (x) i V ) |5 a (p (x + 2/)| 
x£Rn \a\<N 

(322) = S UP S UP m a x ( l , p ( x - 2 / ) A r ) | 5 a ( ^ ( x ) | 
V ; a r G R n | a | < N 

< 6 w N s u p sup m a x ( l , p ( x ) i Y ) | 5 a ^ ( x ) | - 6 w A r | | ^ | | 5 i V . 
xGK™ |a |< iV 

Combining (3.21) and (3.22) we have 

MNf(x) < sup{M°/(a ; ) : 0 G 5 , \\4>\\sN < b"N} < b"NM°Nf(x), 

which shows (3.20). • 

We are now ready to state the definition of anisotropic Hardy spaces. 

D E F I N I T I O N 3 .11 . For a given dilation A and 0 < p < 00 we denote 

f L( l /p- l ) ln6/ lnA_J+2 0 < p < 1, 
W p 

P>i. 

For every N > Np we define the anisotropic Hardy space associated with the 
dilation A as 

(3.23) Hp(Rn) = H^(Rn) = {/ G S' : M N / G I / } , 

with the quasi-norm | | / | | # P = | | M J V / | | P . 

Since the dimension n and the dilation A remain constant throughout this 
chapter (except Section 10) we are going to denote the anisotropic Hardy space by 
Hp or H?Ns. Even though quasi-norms on Hp depend on the choice of iV, it follows 
from Theorems 4.2 and 6.4 tha t the above definition of Hp does not depend on 
the choice of N as long as N > Np. To escape possible ambiguity and to fix the 
attention the reader can think tha t N = Np in (3.23). 

By the above Remark we have Hp = Lp for p > 1 irrespective of the dilation 
A. Moreover, by Theorem 3.9 we have H1 C L1. Therefore, only for 0 < p < 1 do 
anisotropic Hardy spaces Hp merit further investigation. 
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18 1. ANISOTROPIC HARDY SPACES 

P R O P O S I T I O N 3.12. The space Hp is complete. 

P R O O F . Since Hp = Lp for p > 1 we only need to consider p < 1. 
For every (p G S and every sequence (fi)i^N m S' such tha t Y2i fi converges in 

S' to the tempered distribution / , the series ^ fi * <p(x) converges pointwise to 
/ * (p(x) for each x eRn. Thus, 

MNf(x)p < ^MNfi(x)\ < Y^(MNfi(x))*> for all x G R n , 

and we have | | / | | ^ P < ]T\ \\N\P
Hp-

To prove tha t Hp is complete, it suffices to show tha t for every sequence (fi) 
such tha t | |/i | |ifp < 2~z for i G N, the series ^2{ fi converges in Hp. Since partial 
sums ]T^ fi are Cauchy in Hp, hence they are Cauchy in Sf, and ^ i /^ converges 
in <S' to some / , because S' is complete. Therefore, 

j oo oo oo 

l l / - £ / i l l ^ = ll E /*llff^ E H / X P < E 2 ~ ^ ° a s j ^ o o . 
i= l i=j-{-\ i—j-\-\ i=j-\-l 

This finishes the proof. D 
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4. THE ATOMIC DEFINITION OF ANISOTROPIC HARDY SPACES 19 

4. T h e a t o m i c def ini t ion of an isotropic H a r d y spaces 

DEFINITION 4 . 1 . We say a triplet (p,q,s) is admissible (with respect to the 
dilation A) if 0 < p < 1, 1 < q < oo, p < q, s e N, and s > |_(l/p - 1) In bj In A_J. 
A (p, q, s)-atom (associated with the dilation A) is a function a such tha t 

(4.1) supp a C Bj + ^o f ° r some j £ Z, XQ G R n , 

(4.2) I H I 9 < | B i l 1 / 9 - 1 / p , 

(4.3) / a(x)xadx = 0 for | a | < s. 

The rationale behind the conditions imposed on atoms is revealed in the next 
theorem. 

T H E O R E M 4.2. Suppose (p,q,s) is admissible and N > Np. Then there is a 
constant C depending only on p and q such that for all (p,q,s)-atoms a we have 
\\MNa\\p<C. 

P R O O F . Since SN C SNPI we have Mjsra(x) < MNpa(x), and we can assume 
tha t TV = Np. By Proposition 3.10 it suffices to show \\Ma\\p < C, where M = M% 
is the radial grand maximal function. It also suffices to consider only (p, q, s)-atoms 
a with minimal value of s = [(1/p — 1) In b/ In A_J. 

Suppose an a tom a is associated with the ball XQ -f Bj for some XQ G R n , j G Z. 
We estimate separately on xo + Bj+u and (xo + Bj+^Y. 
Case I. On Bj+U we use the Maximal Theorem 3.6 for q > 1 and Holder's inequality 

Ma(x)pdx <( j Ma(x)qdx) \Bj+u 
\ Jx+Bj+UJ J 

If q = 1, take A > 0, and consider Q,\ = {x : Ma(x) > A}. Then 

\nx n B i + u ; | < min(|fiA|, \Bj+„\) < min(C | | a | | i /A , \Bj+UJ\) 

= mm(C\BJ\1-1/p/\,b"\BJ\) < C m i n d ^ f - ^ ^ / A , | ^ | ) . 

We have equality between the two terms in the last minimum if A = \Bj\~l^p. 
Therefore, 

/ Ma(x)pdx= [ pXP-^nxHBj+^dX 
JB3+UJ JO 

r\Bor1/p roc 
< C / {BjlpXP^dX + / \B3\l-1/ppXp-2dX = C. 

Case II. Take x G (XQ + Bj+UJ)c, V9 £ <5iv? and k G Z. Suppose P is a polynomial 
of degree < 5 to be specified later. Then we have 

\(a*ipk)(x)\ = 6 fc 

= b~k 

/ a(y)<p(A k{x-y))dy 

a(y)(<p(A-k(x - y)) - P(A~k(x - y)))dy 
xo+Bj 

This document generated prior to electronic offprints.  
Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



20 1. ANISOTROPIC HARDY SPACES 

<b-k\\a\\q( [ \rtA-k(x-y))-P(A-k(x-y))\«'dy) 
\Jxo+Bj J 

Kb-W^Wf [ \<P(V)-P(v)\q'dy) 
(4.4) \JA-"(x-xo) + Bj-k / 

<b-kbj{l/q-l!p)bk/q'b^-k)/q' sup \<p(v) - P{y)\ 
yeA-k(x-x0) + Bj-k 

= b-H*V~k sup \<p(y) - P(y)\, 
yeA-k(x-xQ)+Bj- k 

where q' denotes the conjugate power to q, 1/q + 1/q' = 1. Even though the above 
calculation holds for q > 1 it can be easily adjusted for the case q — 1 to yield the 
same estimate. 

Suppose x G XQ + £?j+ u ; + m + i \ Bj+uj+m for some integer m > 0. Then A~k(x — 
xo) + Bj-k C A~k(Bj+u+m+i\Bj+u+m) + Bj-k = A J _ / c ( (5 u ; + m + i \ J B a ; + m ) + JBo) C 
A^~k(Brn)c by virtue of (2.11). We consider two cases. If j > k then we choose 
polynomial P = 0, and 

(4.5) sup \if(y)\ < sup mm(l,p(y)-N)<b-N(j-k+m). 
yeA-k{x-xQ)+Bj_k yeA-k(x-xo)+Bj_k 

If j < k then we choose polynomial P to be the Taylor expansion of <p at the point 
A~k(x — XQ) of order 5. By the Taylor Remainder Theorem and (2.2) we have 

sup \(p(y)-P{y)\ 
yeA-k{x-xo)+Bj_k 

<C sup sup \da(p(A-k(x-x0) + z)\\z\s+1 

zeBj-k | a | = s + l (4.6) 
< cx(s+DU-k) g u p ndn(l, p(y)-N) 

yeA-k(x-x0) + Bj.k 

< C\(l+l){j-k] min(l, b-W-k+m)^ 

Combining (4.4), (4.5) and (4.6) we have for x G XQ -f- Bj+^+m+i \ Bj+cj+m, vn 

Ma{x)p = sup sup |(a * ¥k){x)\p < b~J max ( sup ^-k)b-NP(j-k+m) 
<peSN keZ \k<EZ,k<j 

+C sup ftP(i-fe)A^(a+1)(j"-fc) min(l, 6-^p(i-^+^)) 
kez,k>j 

Note that the supremum over k < j has the largest value for k = j . Since N > 5 + 2 
we have frA!_+1 < 6^, and the supremum over k > j is attained when j — k + m = 0. 
Indeed, it suffices to check for the maximum value in the range j < k < j + m and 
k > j + m. Therefore, 

Ma(x)p < b~J m<ix(b-Nprn,C(b\s_+l)-prn) < C6-'(fcAL+1)-pm, 
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4. T H E ATOMIC DEFINITION O F A N I S O T R O P I C HARDY SPACES 21 

again by bX^b'1* < 1. Since s = [{1/p - l ) l n 6 / l n A _ J , we have s > (1/p -
l ) l n & / l n A _ - 1, and thus X^b1'1^ > 1. Therefore, 

« oo 

/ Ma(x)pdx = Y^ 
| J 5 j + a ; + m + i \ Bj+u+ml sup Ma(x)p 

J(xo+Bj)c
 rn=Q xexo + Bj+UJ+rn+1\BJ+UJ+rn 

oo oo 
< C J2 bj+u'+m+1b-j(b\s_+1)~pm = Cb"+l J2(bp-1\{°+l)p)-m = C < oo. 

ra=0 ra=0 

Combining case I and II and we see tha t | | M a | | p < C for some constant C 
independent of the choice of a (p, q, s)-atom a. • 

The proof of this result could be simplified by virtue of Theorem 7.1, since it is 
easier to estimate M®f than Mpjf. We are now ready to introduce the anisotropic 
Hardy spaces in terms of atomic decompositions. 

D E F I N I T I O N 4 .3 . For a given dilation A and an admissible triplet (p,q,s) we 
define the atomic anisotropic Hardy space Hp

s associated with dilation A as the 
set of all tempered distributions / G S' of the form J ^ i Kiai with convergence in 
Sf, where X ^ i \Ki\P < °°> a n d &i is a (p, g, s)-atom for each i G N. The quasi-norm 
of / G # £ s is defined as 

• • OO x 1/p OO N 

^ P S — inf < I \_] \Ki\P ) : f ~ z2 K*a*> ai 1S a (P> #> 5 ) -atoni for i G N >. 
^ M = I ' i=i J 

It follows from Theorem 4.5 tha t the series X ^ i ^ a * converges in S' for every 
choice of Ki and (p, g, «s)-atoms a2 with X ^ i l ^ l P < °°- The representation of / G 
5 ' in this form ^ i = i 

KjiCL-i IS referred as an atomic decomposition of / . Furthermore, 
if l l / H # P S = 0 then necessarily / = 0. 

P R O P O S I T I O N 4.4. Suppose the triplet (p,q,s) is admissible. Then the space 
Hp' is complete. 

The proof of Proposition 4.4 is a routine, see Proposition 3.12. 

T H E O R E M 4.5 . / / the triplet (p,q,s) is admissible and N > Np then Hp
s C 

Hp C Sf, where Hp is defined using maximal function MAT. Moreover, the inclusion 
maps are continuous. 

P R O O F . Suppose / G Hp
s has an atomic decomposition / = YliLi Kiai- Then 

,> OO OO r. OO 

P
HP= (MN(52Kiai)(x))pdx < X > * I P / MNat(x)pdx < C^2\Ki\p, 

JRn 2 = 1 2 = 1 ^ R n 2 = 1 

where C is the constant in Theorem 4.2. Since we can choose ( X ^ i l ^ l P ) 1 / / p 

to be arbitrarily close to | | / | | # P S thus | | / | | #p < C ^ ^ H / H / / ^ , and the inclusion 
Hp. <—+ i 7 p is continuous. 

Suppose next / € ifp, and ip e S. 

\(f, <p)\ = \f* ^ (0 ) | < M ^ / ( x ) for x G S 0 , 

This document generated prior to electronic offprints.  
Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



22 1. A N I S O T R O P I C HARDY SPACES 

where (f(x) — ip(—x). Therefore, 

\(f,ip)\P = \B0\\{f^)\p< f M^(xfdx< [ Mtf{x)*dx 
JB0 JRn 

<M\P
SN f MNf(xrdx = mrSN\\f\\p

HP. 
JRn 

If a sequence (fi) converges to / in Hp, then (fi,(f) —• (/, tp) as i —* oo, and the 
inclusion Hp ^ Sf is continuous. • 

This document generated prior to electronic offprints.  
Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



5. T H E CALDERON-ZYGMUND D E C O M P O S I T I O N 23 

5. T h e C a l d e r o n - Z y g m u n d d e c o m p o s i t i o n 
for t h e grand m a x i m a l funct ion 

In this section we define and investigate extensively the Calderon-Zygmund 
decomposition. The excellent exposition of this decomposition in the setting of 
homogeneous groups is in [FoS]. Even though we work only in W1 we allow much 
more general dilation structures than in [FoS] and therefore we need to build the 
machinery from scratch. We try to follow as closely as possible the skeleton of the 
construction in [FoS] to give the reader familiar with this book a comfortable pa th 
through numerous technical nuances. 

Throughout this section we consider a tempered distribution / so tha t 

\{x : Mf(x) > A}| < oo for all A > 0, 

where M — M^ for some fixed integer N > 2. Later with regard to the Hardy 
space Hp (0 < p < 1) we restrict at tention to N > Np := [(l/p - 1) In bj In A_J + 2. 
For a fixed A > 0 we set ft = {x : Mf(x) > A}. The Whitney Lemma applied to ft 
with d = 4 J yields a sequence (xj)je^ C fl, and a sequence of integers ( / j ) j G^, so 
tha t 

(5.1) tl=\J{xj + Blj), 
jGN 

(5.2) (Xi + Bh-U) n (x3 + Bz ._„) = 0 for i ^ j , 

(5.3) (xj + B j ,+ 7 _ i ) H Qc = 0, (Xj + Blj+1) H nc + 0 for j G N, 

(5.4) (Xi + Bh+2uj) H (XJ + Blj+2uj) + 0 =*• \h-lj\< u, 

(5.5) #{j G N : (Xi + BZ i+2 w) fl ( ^ + Sz,+2o,) 7̂  0} < L for i G N, 

where 7 : = d + l = 4 c j - f l , and L is some constant independent of ft. 
Fix 0 G C°°(lRn) such tha t supp0 c £ „ , 0 < 0 < 1, and 0 = 1 on B0. For 

every j G N define 

(5.6) 0j(x) = 0(A-lJ(x-x3)). 

One should think of 0j as the localized version of 0 to the scale lj centered at Xj, 
and corresponding to the ball Xj + B\. in the Whitney decomposition. Clearly 
supp0j C Xj + Bij+UJ, 0j = 1 on Xj + JB^ , and by (5.1) and (5.5) 

(5.7) l<^20j{x)<L for x eft. 
JEN 

For every i G N define 

We have & € C°° (R n ) , suppCi C x* + B j i + a ; , 0 < & < 1, Q = 1 on xt + Bu.u by 
(5.2), and ~^2ieNCi = In- Therefore, the family {£«} forms a smooth part i t ion of 
unity which is subordinate to the covering of ft by the balls {x, + Bii+W}. 
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24 1. A N I S O T R O P I C HARDY SPACES 

Let Vs denote the linear space of polynomials in n variables of degree < s, 
where s > 0 is a fixed integer. For each i G N we introduce the norm in the space 
Vs by setting 

(5.9) | |P | | = I-±- I \P{x)\2a*)dx\ for P G VS1 
VJ Si JRn J 

which makes Vs a finite dimensional Hilbert space. The distribution / G S' induces 
a linear functional on Vs by 

Q^^-(f^QQ) for Q G P S , 
J Si 

which is represented by the Riesz Lemma by the unique polynomial Pi G Vs such 
that 

i ( / , O G ) = -^-(PuQCi) = TF f Pi(x)Q(x)&(x)dx for all Q G Vs. 
J Si J Si J Si JR™ 

For every i G N define distributions bi := ( / — P{)(i-
We will show that for a suitable choice of s and N the series ^2i bi converges 

in S'. Then we can define g := /' — ^2i bi. 

DEFINITION 5.1. The representation / = g + ^ 6 ^ , where g and bi are as 
above is a Calder on-Zygmund decomposition of degree s and height A associated 
with MNf. 

Intuitively, one should think of g as the good part of / and of b^s as the bad 
parts of / . For a suitable choice of s and TV, the good part g behaves very nicely. 
In particular, g is in L1 and, in addition, it is in L°° whenever / is in L1, see 
Lemma 5.10. On the other hand, the bad parts 6 '̂s are well-localized on the balls 
coming from the Whitney decomposition; they have a certain number of vanishing 
moments, and thus they can be nicely controlled in terms of the grand maximal 
function of / , see Lemma 5.7. 

The rest of this section consists of a series of lemmas. In Lemmas 5.2 and 5.3 
we show properties of the smooth partition of unity {d}. In Lemmas 5.4, 5.6, 5.7, 
and 5.8 we derive the estimates for the bad parts b^s using Lemma 5.5, which is a 
result about Taylor polynomials of independent interest. Lemmas 5.9 and 5.10 give 
controls for the good part g. Finally, the culmination of this section is Corollary 
5.11 showing the density of Ll fi Hp functions in Hp spaces. 

LEMMA 5.2. There exists a constant A\ > 0 depending only on N, so that for 
all i G N and I < U 

(5.10) sup sup |<9aC(x)| < Au where ((x) := (t(Alx). 
\a\<N xeRn 

PROOF. For a given i e N consider J = {j G N : (xi + Bit+UJ) n (XJ + Bij+UJ) ^ 
0}. Since supp(i C Xi + 5/ z + a ; , thus supp£ C A~lXi -\- B^-i^.^. Therefore, we need 
to consider only x G A^Xi + B^-i+u in the supremum in (5.10). If Alx G Xi + B^+u 
then 6j(Alx) = 0 for j G N \ J and we have 

~({x) = UAlx)- 0i{A'x) - 0t{Alx) - e(Al-lix-A~lixi) 
£ i e N W * ) ZjeJ0M1*) Zj€Jo(Ai-hx-A-hXjy 
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5. T H E CALDERON-ZYGMUND D E C O M P O S I T I O N 25 

By (5.7) the denominator is > 1 and has at most L terms by (5.5). Furthermore, 
for j E J we have I — lj < h — lj < UJ by (5.4). The estimate (5.10) follows now 
from the iterative application of the quotient rule combined with 

(5.11) sup sup sup \da(6{AJ-))(x)\ = C < oo. 
x G t n J<UJ \a\<N 

To finish the proof we must show (5.11). 
For a given C°° function © on Rn and an integer k > 0, 1)kO(x) denotes the 

derivative of © of order k at the point x thought of as a symmetric, multilinear 
functional, i.e., 5)kG(x) : (Rn)k = R n x . . . x R n - ^ R . The norm is given by 

\\®kG(x)\\= sup | D f c © ( x ) ( ^ , . . . , ^ ) | . 
^ £ R n , |t>il = l , 

i = l , . . . ,k 

Suppose {e i , . . . ,en} is the standard basis of Mn, and a is any mapping from 
{ 1 , . . . ,/c} to { 1 , . . . , n} . Then 

G(x)(ef f (1 ) , . . . , eff(fc)) = ^ r • • • £ ^ e W = a ( a i " - ' ^ © ( ^ 

where otj = #{z : cr(i) = j}. If 0(x) = O(A^x) then by the chain rule for any 
integer k > 1 

S l G ( I ) ( ) ) l , . . . , t > t ) = D V ' i ) ( ^ i - . . , ^ ) , 

for any vectors v\,... , ̂  G Mn. 
For an integer j < UJ denote Q(x) = 6{A^x). Then 

sup sup |<9a©(x)| < sup sup | |D w ©(x) | | < sup sup | | D | a ^ ( ^ x ) | | | | ^ | | t a | 

xEWLn \a\<N xeRn \a\<N x£Rn \a\<N 

< (supH^'H)^ sup sup \\®k0(x)\\ = C <oo . 
j<u xeRn fc=o,... ,iv 

Indeed, the above suprema are finite since for j < UJ we have \\AJ\\ < c(A+)a; by 
(2.1) and (2.2), and 0 is C°° with compact support. Thus, (5.11) holds and hence 
(5.10). • 

LEMMA 5.3. There exists a constant A^ > 0 independent of f E Sf, i G N, and 
A > 0 so that 

(5.12) sup \Pi(y)b{y)\ < A2\. 

PROOF. Let 7Ti,... , 7rm (m = dim 7^) be an orthonormal basis of Vs with 
respect to the norm (5.9). We have 

(5.13) Pt = J2 (jT J f(x)nk(x)ti{x)dx\wk, 

where the integral is understood as (f,TTkCi)- Hence 
1 

= b~" f \nk{x)\2dx 

1 = ~^y I \7Tk(x)\2Ci(x)dx > — / \7Tk(x)\2Ci(x)dx 
i+oj\ JXi-
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26 1. ANISOTROPIC HARDY SPACES 

where nk{x) = 7rk{xi + Alix). Since Ps is finite dimensional all norms on Vs are 
equivalent, there exists C\ > 0 such that 

sup sup \daP(z)\ < d ( [ \P{z)\2dz) for all P ePs 

1/2 
p sup \daP{z)\<C1[ / \P(z)\2dz) 

\a\<_ 

Therefore by (5.14), 

(5.15) sup sup \dank{z)\ < C i ^ / 2 for k = 1 , . . . , m. 
\a\KszeBu 

For fc = 1 , . . . , m define 

*fcG/) = Y^TT^Z - Aliy)d(z - Ahy), 
J Si 

where z is some point in {pa + Bii+1) D £lc by (5.3). 
We claim there exists a constant C<i > 0 such that l /C^fc G <SJV for all A: = 

1 , . . . , m. Indeed, if ?/ G supp$j , then z — A^2/ G #i + Bit+LU, —Al%y £ Xi — z -\-
Bi t+uj C — 5 / . + 7 + Bii+UJ, so t/ G 5 7 - Z? .̂ Hence s u p p ^ is bounded. 

We can write 

$*(?/) = -F-r-Tr/cOr, + z - AS)Ci(zi + z - Ar?/) = -j-^A^z - y)Ci{A~hz - y), 

J Si J Si 

where ixk{x) = 71̂ (0̂  -f A^x), C,i{x) = Ci{xi + -A^x) and z = Xi + z. Consider 

0i(xi + Alix) 6{x) Q{x) = ti(xi + Alix) 
Zj Oj{xt + Al*x) Z3 0(A-h(Xi - Xj) + Ali~hx)' 

Clearly supp^ C B^ and by Lemma 5.2 

sup sup \daO{z)\ <AL 

\a\<N zeR71 

By the product rule, (5.15) and suppCi C Bu we can find a constant C% so that 

sup sup Id^Tf /^z )^ ) ) ! < C3. 
|a |<AT2GMn 

Since bli/ J d < bli jbli~^ — bu, supp <£& C B1 + BLV, by the above estimate and the 
definition of <£& we can find a constant C2 so that H^fcHs^ < C2. 

Since 

( / * (*fc)iJ(z) = jf{y)b-l^k{A-l*{z - 2,))d2, 

= -A- I / ( y K ( s - A1* {A-1* (z - y)))d(z - A1* {A'1* (z - y)))dy 

we have 
1 

u 1 f{y)^k{y)Ct{y)dy 
J Si 

<Mf(z)\\$k\\sN<C2\. 
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5. T H E CALDERON-ZYGMUND D E C O M P O S I T I O N 27 

By (5.13), (5.15) and the above estimate 

(5.16) sup \Pi(z)\ < mC2XC1buj/2, 
z<Exi+Bii+UJ 

and therefore we have (5.12) with A2 = mbUJ^2CiC2. • 

LEMMA 5.4. There exists a constant A% > 0 such that 

(5.17) Mbt{x) < A3Mf(x) for x G x% + Bu+2u. 

PROOF. Take <p e SN, and x G X j l Bix+2uj. 
Case I. For K ^ we write 

(5.18) (bi * ipi){x) = ( / * *,)(*) - ( ( ^ 0 ) * ¥>0(aO> 

where $(z) := <^(z)^(x —A^). Define Ci(^) '-— d(x — Alz). By Lemma 5.2 we have 

sup sup \daQ(z)\ <A±. 
\a\<N zeRn 

By the product rule there is a constant C depending only on TV so that 

M\sN= supmax(l,p(z) i V) sup \d^(z)\ 

= supmax(l,p(z)N) sup \da((p(i)(z)\ 
zERn \a\<N 

<C sup max(l,p(z)iV) sup \da(p(z)\ sup \da(t{z)\ < AXC. 
zeRn \a\<N \oc\<N 

Note that for TV > 2 there is a constant C > 0 so that \\<p\\i < C for all p G Sjy. 
Therefore, by Lemma 5.3 and (5.18), we have 

\bx*w(x)\ < \msNMf(x) + A2\\\<p\\1<A1CMf(x) + A2C'\ 
<(A1C + A2C,)Mf(x), 

since Mf(x) > A for x G ft. 
Case II. For I > U by a simple calculation we can write 

(6, * pi)(x) = bl*~l(f * H>h)(x) - ((Pid) * <pi)(x), 

where <£>(z) := p(Ah~lz)d(x - Auz). Define <£(z) := p(Ah~lz) and ̂ (z) := &(x -
Auz). If z G supp$ thenx-Aliz G Zi + i ^+u , so ̂ l z G sc-Xi + Bj.+u C i^+ 2 c t ; + 
^ . + C J C Bii+suj- Hence, supp<£ C B^- By Lemma 5.2 and since | |T4^ _ / | | < c by 
(2.2) we can find a constant C > 0 independent of / > l± so that 

sup sup \datp(z)\ < C, sup sup \da(i(z)\ < A\. 
\a\<N zER71 \a\<N zeRn 

By the product rule and the boundedness of the support of <I> we can find a constant 
C" so that \\<$>\\sN < C". Let C be the constant such that \\p\\x < C for p G SN 
for TV > 2. As in the case I 

\(h * <pi){x)\ < bli-l\\$\\sN Mf(x) + A2\\\¥>\\1 < (C" + A2C')Mf(x). 

By combining both cases we arrive at (5.17). • 
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LEMMA 5.5. Suppose Q c Mn is bounded, convex, and 0 G Q, and N is a 
positive integer. Then there is a constant C depending only on Q and N such that 
for every (j) G S and every integer s, 0 < s < N we have 

(5.19) sup sup \daRy(z)\<C sup sup \da</>(z)l 
zeQ\cx\<N z<Ey+Q s+l<\a\<N 

where Ry is the remainder of the Taylor expansion of (j) of order s at the point 
y eRn. 

P R O O F . We write the Taylor expansion of (p of order s at the point y 

*(* + *)= E ^ r ^ + *»(*)• 
\P\<* 

For any multi-index |a| < s we have 

l/3|<s, ^P }' \P\<S-\<*\ P' 

where ( a i , . . . , an) = a < j3 = (/3i,... , j3n) means a$ < fy for alH = 1 , . . . , n. We 
used here 

/?! [ 0 otherwise. 
Therefore, daRy is the Taylor remainder of da(f) of order s — \a\ expanded at y and 
by the Taylor Remainder Theorem 

\daRy(z)\ < C sup sup | a a + / 3 0 H | | z | s - | a | + 1 , 
we[y,y+z] |/3|=s-|a|+i 

where [y, y -f- z] is the line segment connecting y and y + z. Thus, 

sup|<9ai^(z)| < C " sup sup | 9 a 0 H | . 
zGQ wey+Q | a | = s + l 

If s < \a\ < N then daRy(z) = da(f)(y + z), and the estimate (5.19) follows 
immediately. • 

LEMMA 5.6. Suppose 0 < s < N. Then there exists a constant A4 > 0 so that 
for i G N and all integers t > 0 

(5.20) Mbx{x) < A4AAI t ( s+1 ) for x G x% + £ t + / i + 2 c , + 1 \ % l + 2 w . 

PROOF. Suppose (p G SN, and / G Z. Pick some w G (x^ 4- Bii+1) D Qc. 
Case I. For I < U we have 

(5.21) 6i * ^ ( x ) = / * $t(w) - (PiCi) * <pi{x), 

where $(z) := (p(z+A~l(x — w))d(w — Alz). If z G supp<I> then 2; G supp^(w —A*-), 
i.e., it; - Alz G x2 + A ^ ^ , so z G ̂ ^ ( ^ + A~li(w - X;)) C A / l _ / ( ^ - B7) C 
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5. THE CALDERON-ZYGMUND DECOMPOSITION 29 

Ali lB1+UJ. Suppose x G x% + JBt+z.+2u;+i \ Bt+h+2u; for some integer t > 0. If 
z G supp^> then z G A ' * " ^ + A~l(w - x{) and by (2.11) 

z + yl_/(x - w) G Ah~lBu + -A~*(w - x^ + A"*(a; - w) 
(5.22) = AZ*-ZSW + A~\x - Xi) C AZ*"'(SW + Bt+2uj+1 \ Bt+2uj) 

C Ah-l((Bt+2u)c + Sw) c ^ - / ( ( 5 £ + w ) c ) = (Bt + Z i_,+ u ; ) c . 

By Lemma 5.2 the partial derivatives of Q(w — A1-) of order up to N are bounded 
by Ai. Using supp<I> C I?^_z+7+Ci,, IMIs^ < 1, (5.22) and the product rule we 
have 

| |$ | |s„ = sup sup max(ljP(z)N)\da$(z)\ 
zSsupp* |a|<jV 

< ( f t ' i - ' + T - K - j J V ^ ^ g u p s u p ^"^(z + A-^X-w)^ 
(K O^) \a\<N zesuppQ 

< AiC6j V ( ' i - ' + 7 + u ; ) sup max(l,p(* + ^ ( x - w)))~N 

zeAh-lB{JJ+A-l(w-x%) 

< A1CbN{~u~lJrlJrLj)b~N^tJrh~lJr^ = A1CbNlb~Nt. 

This enables us to estimate the first term in (5.21). For the second term, note 
that if x G Xi + (Z?t+/.+2u;)c for some integer t > 0, and y E Xi + Bii+UJ then 
A-(0r - J/) G .4( ' -<((Bt+2Jc - Bu) C (B t + , t _ , + w ) c by (2.11). Since |M| 5 j v < 1 

l(PiCi) * <ei(x)\ = I J(PtQ)(y)b-lv(A-l(x - y))dy\ 

I mCi)(y)MA-l(x-y))\dy 
Jxi+Bh+UJ 

< fr-^+^A^-^)-^ < AzAft- .̂ 
Combining the above, (5.21) and (5.23) we obtain 

\k * <pi(x)\ < \\$\\SNMf(w) + A2Xb-m < (A.Cb^ + A2)Xb~Nt. 

Case II. For fixed / > U and ip G SN define <fi(z) = cp(Alz~lz). Suppose x G 
Xi + !?£+/.+2u;+i \ Bt+iz+2u for some integer t > 0. Consider the Taylor expansion 
of (j) G S of order s at the point y := A _ / i (x — w), 

<b~l 

z—' a! 
|a |<s 

where Ry denotes the reminder. Since the distribution bi annihilates polynomials 
of degree < s w e have 

(bt * ifi){x) = b~l / bi(z)<p(A-l(x - z))dz = b~l / bi(z)<t>(A-li(x - z))dz 

(5.24) = b~l jb%{z)RA-h{x_w){A-l^w - z))dz 

= bl*~l(f * $ Z i ) H + b~l JPi(z){i(z)RA-li(x_w)(A-li(w - z))dz, 

where 

(5.25) $(z) := RA-h{x_w){z)Uw - Al'z). 
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30 1. ANISOTROPIC HARDY SPACES 

If z G s u p p $ then w — Al% z G Xi + #/ i+Ci,, so z G 5 7 + 5 W and supp<£ C B1+UJ. 
Apply Lemma 5.5 to <p(z) = ip(Ali~lz), y = A~~li(x — w) and Q = B1+UJ. First 

assume t > 7 + OJ and x G x ? + J3 t+/ i+2u;+i \ Bt+ii+2uo- Since 

2/ + ^ 7 + ^ C A~ l ((Bt+i.+2cj+i \ Bt+i%+2uJ) + Bii+1) + £7+Cc; 

= {Bt+2uj + l \ Bt+2u>) + B1+2UJ C (#£+2^)° + #t+w C (I?£+a;)C, 

we have 

sup sup |<9a.Ry(2:)| < C sup sup | d a 0 ( z ) | 
2 G B 7 + ^ |c*|<JV 2 G ? / + B 7 + u ; s + l < | a | < i V 

< C sup sup A ^ - ° ( W + 1 ) | 0 a p ( A ' * - z z ) | 
zey+By+u} s + l < | a | < J V 

< C A ( i , -0 (*+i ) s u p s u p \dap(Ah-lz)\ 
zey+B^+UJ s + l < | a | < A ^ 

< C\(!*-l){s+1) sup max( l , p{Au~lz))-N 

z£(Bt+UJ)c 

= CX{^-l){s+1) min( l , b-Wi-i+t+»))m 

Since A s + V ^ < 1 the last expression is maximized over / > li if li — I + 1 + u = 0, 
i.e., / = ^ + t + u. Therefore, we have for t > 7 + UJ 

sup sup \daRy(z)\ < C A I t ( s + 1 ) . 
zeB-f+u \a\<N 

I f 0 < t < 7 + (j and x G I^+ / .+2u;+i \ Btjr\iJr2uj we can estimate as before 

Therefore, we have for a l l t > 0 

sup sup \daRy(z)\ < C A ^ " ' n a + i ; sup sup \da(p(Ah-lz)\ < C. 
z<EB^+UJ \a\<N zey+B1+UJ S + 1 < | Q | < 7 V 

(5.26) sup sup \daRy(z)\ < C A(_7+-)(S+DA-t( s+i)> 

zeB^+UJ \a\<N 

By (5.25), (5.26), Lemma 5.2 and the product rule we can find a constant C 
so tha t 

\\§\\sN < C " A I t ( s + 1 ) f o r t > 0 . 
Therefore by (5.24), 

\(bi * <pi)(x)\ < bl*~l\f * $ , » | + b'1 [ \Pi{z)Ci(z)RA-ii{x_w){A-l*(w - z))\dz 

i (x — w) V <bl>-lMf(w)\\<f>\\SN+b-lbl>+"A2\ sup \RA-h{x-w){z)\. 
zeBy+UJ 

Thus 

\(bz * ̂ ) ( x ) | < C A A I t ( s + 1 ) for x G Bt+t 

This ends the proof of case II. Combining the two cases we arrive at the estimate 

1(6* * <pi)(x)\ < ^ 4 A A I t ( s + 1 ) for all I G Z. 

Hence we have (5.20). • 
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5. T H E CALDERON-ZYGMUND D E C O M P O S I T I O N 31 

The above proof also works in the case s > N and yields the estimate 

Mbx{x) < A±\\ZtN for xexz + Bt+h+2uj+i \ Bt+| .+ 2 w, 

for all i E N and all integers t > 0. 

LEMMA 5.7. Suppose 0 < p < 1, s > |_ln&/(plnA_)J, N > s and f E Hp, 
where Hp is given by (3.23). Then there exists a constant A§ independent of f E 
Hp, i E N, and A > 0 such that 

(5.27) J Mbt(x)pdx<Ab f Mf(x)pdx. 

Moreover, the series YLi^i converges in Hp, and 

(5.28) / M[S2bA(x)pdx<LAb f Mf{x)pdx, 

where L is as in (5.5). 

PROOF. By Lemma 5.4 

/ Mbi(x)pdx<(A3)p [ Mf(x)pdx+ [ Mbi(x)pdx. 
J^n Jxi+Bli+2u J{Xi+Bli+2uJ)c 

By Lemma 5.6 

p OO p, 

/ Mbi{x)pdx = J2 Mbi{x)pdx 
J(Xi+Bii+2u,)C t = 0 J Xi+Bt + ii+2cj + l\Bt + li+2u.< 

OO OO n. 

< ^ 6t+;i+2W+i ( A 4 ) P A P A : ' ( * + I ) P < ( ^ 4 )P b ^ 6 * A : ' ( 8 + 1 ) P / Mf(x)pdx 
t = 0 t = 0 Jxi+Bl^u 

< C" / Mf(x)pdx, 
Jxi+Bii+2uj 

because Mf(x) > A for x E x\ + Bi^u and A_ ^p > 6. Combining the last two 
estimates we obtain (5.27). 

Since Hp is complete and 

V / Mbi(x)pdx <A5J2f Mf{x)pdx < LA5 f Mf[x)vdx, 
i J^n i Jxi+Bii+2u, Jn 

^2ih converges in Hp. Therefore, ]T\ bi converges in S' and as in the proof of 
Proposition 3.12 we obtain M ( £ \ bi){x) < J2Z Mbt{x) and thus (5.28) holds. • 

LEMMA 5.8. Suppose s >0, N >2, and f E L^R72). Then the series J2ieNbi 
converges in L1(Rn). Moreover, there is a constant AQ, independent of f, i, X, such 
that 

(5.29) f ^ | 6 , ( x ) | d a ; < ^ 6 f \f(x)\dx. 
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32 1. ANISOTROPIC HARDY SPACES 

PROOF. By Lemma 5.3 

\bi(x)\dx= [ \{f(x)-Pi(x))Ci(x)\dx 
JR™ 

< I \f(x)\dx+ I \Pi(x)(U{x)\dx < f \f{x)\dx + A2\b1^. 
Jxi+Bu+UJ JXi+Bli+UJ Jxl+Bl.+U> 

Therefore, by (5.2) and (5.5) 

J2 I \bi{x)\dx <L f \f{x)\dx + A2b2uj\\tt\ <A6[ \f(x)\dx, 
i e N JRn JQ JR™ 

by the Maximal Theorem 3.6. • 

LEMMA 5.9. Suppose 0 < s < N and YlieN^ converges in Sf. There is a 
constant A-j, independent of f G Sf, A > 0, such that 

(5.30) Mg{x) < A7\^2\ZU{S+1) +Mf(x)lQc(x), 
i 

where 

,. Q1 x . . , x (tifxe 5 t+zi+2o;+i \ Bt+h+2uj for some t > 0, 
(5.31) U = U(x) •= < n +u 

y 0 otherwise. 

PROOF. If x qL ft then as in the proof of Proposition 3.12 we have 

Mg(x) < Mf(x) + ^Mb^x) ^ Mf(x) + YJ ^4AAI t i ( s + 1 ) , 

by Lemma 5.6—which is exactly what we need. 
If x G ft choose k G N such that x G Xk + -B/fe. Let J : = { i G N : ( ^ + Bii+2uj) H 

(x/c + Bik+2(jj) 7̂  0}. By (5.5) the cardinality of J is bounded by L. By Lemma 5.6 
we have 

(5.32) ] T M6i(x) < A4A Y^ x - t i ( s + l ) 

It suffices to estimate the grand maximal function of g + X ^ j °i = f — YlieJ ^i-
Take (/? G <SJV and I G Z. 

Case I. For I < Ik we write 

( / - $ > ) * WO*) = (M * WW + (E P ^ 
*V?/(x) 

(5.33) 2GJ *EJ 

where w G (xfc + #zfc+7) H ̂ c , r] = 1 - ^2ieJ d, and 

(5.34) $(z) := (f(z + A_z(a; - w))77(n; - ^Zz). 

By the definition of J, 77 = 0 on Xk + Bik+2uj. Thus, if 2 G supp^> then 
w - A'z G (xfc + Bik+2oJ)c, and z + A_ /(x - w) = A~\Alz - w + x) C ^ ( - Z f e + 
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5. T H E CALDERON-ZYGMUND D E C O M P O S I T I O N 33 

(Bik+2uJ)c + xk + Blk) C A-l(Blk+u)c = (Blk_l+cu)c by (2.11). Since A~\x-w) C 
A~l(Bh ~ Bik+i) = Bh-i ~ Bh-i+i c #/fc-z+7+^ we have 

(5.35) p(z) < b"(p(z + A~\x - w)) + p{-A~\x - w))) < c p(z + A~l(x - w)), 

for z G supp<£, where c' = 2b1+u). By (5.4) k > h—u hence / < U + a;. By Lemma 
5.2 applied for every i £ J, the chain rule, and (5.5) the derivatives of rj(w — A1-) 
of order < s are bounded by some universal constant C. For z G supp <I> by the 
product rule, (5.34), and (5.35) 

max(l, p(z)N) sup \da^(z)\<Cm^(l,p(z)N) sup \daip(z + A~l(x - w))\ 
\a\<N \ot\<N 

< C max(l, p(z)N)/ max(l, p(^ + A~l(x - w))N) < C(c')N, 

and therefore H^Hs^ < C(c')N. Hence 

|( /**z)W|<M/(«;)| |$||S A r<C7(C')J VA. 

Since for N > 2 there is a constant C > 0 so that ||v?||i < C" for all <£> G 5JV and 
Lemma 5.2 

< LAoC'X. 

By the two estimates above and (5.33) we have | ( / — ^2ieJ bi) * ifi{x)\ < (C(cf)N + 
LA2C')X. 
Case II. For I > lkwe let $(z) := y{z + A~l(x-w)), where w G (xk + Bik+1) HfJc. 
Since A"'(a; - w) G J5Zfc_, - £/ f c-;+ 7 C B0 - B1 C 5 7 + w we have | | $ | | 5 j v < W+2uj. 
Therefore, 

|(/ * pOMI = l(/ * *0MI < Mf{w)\\*\\SN < bt+2"\. 
By Lemma 5.6 

J2 \0>i * <pi){x)\ = £ |(6, * $«)HI < 11*11$* E M&*H ^ ^7+2"^4A, 

because w 0 ô  + Bi.+2u> f°r aU ^ G N. By the two estimates above we have 
l(/ - Eisj h) * <Pi(x)\< bi+^(LA4 + 1)A. 

Combining cases I and II we have M(f — y^2iejbi)(x) < CA, where C is the 
maximum of the two constants in these cases. Since tk — 0 the kth. term in the 
sum (5.30) takes care of the estimate of the maximal function of / — Y^ieJ h and 
by (5.32) we obtain (5.30). • 

LEMMA 5.10. (i) Suppose 0 < p < 1, 5 > [lnb/(plnX-)\, N > s, and Mf G 
LP. Then Mg G L1, and there exists a constant As (independent of f and X) such 
that 

(5.36) / Mg{x)dx < AgA1^ / Mf(x)pdx. 

(ii) Without an assumption on N (N > 2), if f G L1 then g G L°° and there exists 
a constant Ag (independent of f and X) such that \\g\\oc < A$A. 
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PROOF, (i) By Lemmas 5.7 and 5.9 

/ Mg(x)dx< A 7 A V f \Ztl{x)(s+1)dx+ J Mf{x)dx, 
i€N ' 

where U(x) is defined as in Lemma 5.9. For fixed i G N 

j x-ti(x)(s+Ddx= r dx+jr[ 
^ K n J Xi+Bii+2u t = Q J Xi+Bt + li+2u; + l\Bt + li+2l 

OO r OO 

< i / < + 2 « + J2 bt+h+2u+lx-t(s + l) = hli+2u 1 + b^bX-s-iy 

\Zt(s+1)dx 

t=0 t=0 

C\Bh +2u;| 

where C represents the value of the expression in the bracket. Taking the sum over 
a l i i G N we obtain 

/ Mg(x)dx < A7XCb3uj ^ \Bh-„\ + / Mf{x)dx 

<A7\Cb3uj\Q\+ [ Mf(x)dx 

<A7\Cb3uj\~p [ Mf(xYdx + \l-p [ Mf(x)pdx 

< AgX1-? [ Mf(x)pdx. 

(ii) If / G L1 then g and bi's are functions and ^2ibi converges in L1 by Lemma 
5.8 (and thus in Sf). Since 

9 = / - X> = /t1 - E £) + Z p& =/lfic+E p& 
zGN i e ^ 

by Lemma 5.3 and (5.5) for x G Q we have \g(x)\ < LA2\- Since |p(rr)| = \f(x)\ < 
Mf{x) < A for a.e. x G £lc, therefore ||#||oc < £^2 A = AgX. D 

COROLLARY 5.11. If 0 < p < 1, Hp n L1 zs dense m iJp , w/iere # p is ẑvera 
6y (3.23) for N> |_ln&/(plnA_)J. 

PROOF. If f e HP and A > 0, let / = gx + £ \ 6^ be the Calderon-Zygmund 
decomposition of / of degree s, [In6/(pin A_)J < s < N, and height A associated 
to Mf = M J V / . By Lemma 5.7, 

£'.• V, < LA5 / Mf(x)pdx. 
HP J{x:Mf(x)>\} 

Therefore, gx —> / in iJ p as A —• oo. But by Lemma 5.10, MgA G L1, so by 
Theorem 3.9, gx G L1. D 
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6. T H E ATOMIC D E C O M P O S I T I O N OF Hp 35 

6, The atomic decomposition of Hp 

We will continue to closely follow the proof of atomic decomposition as pre­
sented by Folland and Stein in [FoS]. The proofs of Lemmas 6.1 and 6.2 still require 
some technical arguments, whereas the proofs of Lemma 6.3 and Theorems 6.4 and 
6.5 are copied almost verbatim from [FoS], see also [LU], since all the necessary 
preparatory work is already done. 

Suppose / is a tempered distribution such that Mf = M^f G Lp for some 
0 < p < 1 and N > s := [lnb/(pln\_)\. Thus N > Np. For each k eZ consider 
the Calderon-Zygmund decomposition of / of degree s and height A = 2k associated 
to Mf, 

f = gk + ^ b i , where 

(6.1) nk := {x : Mf(x) > 2fc}, bk := ( / - Pk)(k, Bk:=xk + Blf. 

Recall that for fixed k G Z, (x{ = xk)ie^ is a sequence in Qk and (^ = / f ) i e N a 
sequence of integers such that (5.1)-(5.5) hold for fJ = Qk, Q = (k is given by (5.8) 
and Pi = Pk is the projection of / onto Vs with respect to the norm given by (5.9). 

Define a polynomial -Pi7-+1 as an orthogonal projection of (/ — P- +1)Cf on Vs 

with respect to the norm 

(6-2) | |P | | 2 = j ~ J \P{x)\2C,k+\x)dx, 

that is P^1 is the unique element of Ts such that 

( (f(x)-Pk+1(x))(k(x)Q(x)(k+1(x) = f Pk
J
+\x)Q{x)Qk+\x)dx. 

Here the first integral is understood as ( ( / — P- +1)Ci% QCj + 1 ) m the c a s e that / *s 

not a regular distribution. For convenience we denote Bk :— xk + Btk+UJ. 

LEMMA 6.1. (i) IfBk+1^Bk ^ 0 thenlk+1 < Zj+w, andBk+l c xf + ^ + 4 a ; . 
fnj For each j G N Jfte cardinality of {i G N : i ^ + 1 n £2

fc 7̂  0} zs bounded by 2L, 
where L is the constant in (5.5). 

PROOF. The proof of (i) follows along the lines of the proof of (iv) in Lemma 
2.7. Suppose y G Bk+1C\Bk = ( ^ + 1 + ^ f c + i + J n ( x f + £ ^ + J and lk+1 > lk+cu + l. 
Then 

xk - xk+l G y - B l f + w - 2/ + Bzj+i+w C B[k+i+2u. 

Since 7 = 4LJ + 1 and lk + 7 < ^ + 1 + 7 - 0 ; , 

x? + B , f + 7 = (a£ - 4 + 1 ) + xk+l + B i f + 7 C 4 + 1 + Bzj+i+2w + £ / ? + 7 

C i J + 1 + B i j + 7 - i , 

by (2.11). Therefore, by (5.3) and ftfc+1 C ftfc, 

0 ± (x\ + B I ? + 7 ) n (nk)c c (**+14- srf+i+7_!) n (ofc+1)c, 
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which is a contradiction of (5.3). Hence lk+1 < lk + uo. Clearly, by (2.11) 

B*+1 = 4 + 1 + B, ; + 1 + w = ( 4 + 1 - rr?) -f s* + Bzj+i+w 

C xf + (y - ^ + i + a ; - 2/ + £ z j + J + £zfc+i+w 

C x f + B/fc + i+au; + ^ ? + " C X i + B l *+4ur 

Moreover, if ̂ + 1 < Z*. - u then clearly B ^ + 1 C xk + 5 / ? + 2 c j . 
To show (ii) fix j G N and consider 

h = {ieN: Bk+1 n Bk ^ 0 and Z* > Z*+1 + CJ}. 

By the above h C {i G N : B* + 1 C a£ + Sz f + 2 w} C {i G N : z£+ 1 G xj + Bz?+2a;} 
and by (5.1) and (5.5) the cardinality of I\ is at most L. Finally, consider 

/2 = { i G N : B J ! + 1 n B ^ 0 and lk<lk+l+uu}. 

As in the proof of (v) in Lemma 2.7, if z G i2 then 

xk + B l f _w C {xk - x^+1) + 4 + 1 + Btk_u C 4 + 1 + Blk^ + Sz j+ i+ w + Bz?__w 

C xk+l + Btk+i+2uj + £zfc+i+u; + Szfc+i C ^ + 1 + 5zfc+i+3a;. 

Since for i £ I2, xkj
rBlk+i_2uj C xk+Blk_UJ we conclude by (5.2) that the cardinality 

of J2 is less than 
\Blk+1+3J/\Blk+1-2J = b^ ^ L-

D 

The proof of (ii) in Lemma 6.1 could be slightly shortened and simplified if we 
use the Whitney Lemma with d = 6u + 1 throughout Sections 5 and 6 instead of 
d = 4v + l. 

LEMMA 6.2. There exists a constant A±Q independent of i,j G N7 and k G Z7 

such that 

(6.3) Sap\Pp\y)d+\y)\<A1Q2k+1. 

PROOF. Let 7Ti,... , 7rm (ra = dim7^) be an orthonormal basis of Vs with 
respect to the norm 

P\? = j ^ J \P{x)\\^\x)dx. 

We have 

(6.4) 4 + 1 = f; f-Lj f{f[x) - P*+1(x))g{x)*i(xKj+\x)dx 

By Lemma 5.3 applied for A - 2 /e+1, (5.15) and (5.16) 

(6.5) |P/+ 1 (2/) l<C2 f c + 1 , Vi{y)\<C, foiyeB**1. 

7T/ . 
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6. THE ATOMIC DECOMPOSITION OF Hp 37 

Hence 

(6.6) - ^ JPJ
k+1(y)7Tl(yKHy)^+1(y)dy 

IK* 
Therefore, by (6.4), (6.5), and (6.6) we need to show 

1 

<C2 /c + l 

(6.7) ^(ni\/-k+l( 
A/c + l f(y)My)Q(y)C+L(y)dy = \f*$lk+1(w)\<C2k+\ 

IK*" 

for some constant C, where w G (^?+1 + ^/fe+1
+ ) H (Qfe+1)c, and 

(6-8) *(*) := j^(*iCHi+1)(v> ~ ^ z). 
i ^3 

To see (6.7) it suffices to show that H^Hs^ < C. However, we need only consider 
those values of i and j such that B^1 D Bf ^ 0, since otherwise CiCj^1 vanishes 
everywhere. Define 
*,(*) = mi^+A^z), d+1(z) = C"+\x^+Alkrz), #(z) = ${w-Airiz). 
Since suppCfc+1 C B^, by (5.15), Lemma 5.2, and the product rule, the partial 
derivatives of 7T/C+ °f order < N are bounded by some universal constant. Since 
/ + 1 < if + UJ by the chain rule and Lemma 5.2, the partial derivatives of Q of 
order < N are also bounded by some universal constant. Hence, the function <£ 
can be written as 

*(*) = -^(*iCf+1)(A-l>+1(w - 4 + 1 ) - z)g(z)-
J ^3 

Since the above fraction is < b^ and supp <£ C B1
J\-BUJ we can find another universal 

constant independent of i,j, k,l so that H^Hs^ < C. This shows (6.7). D 

LEMMA 6.3. For every k G Z, J2ien(YljeN ^ij^Cj^1) = °> where the series 
converges pointwise and in S'. 

PROOF. By (5.5) the cardinality of {j G N : (^(x) ^ 0} < L. Moreover, 
Pt+1 = 0 if B^1 H B\ = 0. By Lemma 6.1(h) for fixed x G N the series 
SiGN S ? G N ^i7+1(x)C7+1(x) contains at most 2L2 nonzero terms. By Lemma 6.2 

(6.9) £ £ | i * + 1 ( * ) t f + 1 ( * ) l < 2L2Aw2k+1. 

Hence, by the Lebesgue Dominated Convergence Theorem X îeN S7eN ^ j^C? + 

converges unconditionally in Sf. To conclude the proof it suffices to show that 

E p^+l = E pv+l = ° for e v e r y i e N' 

i s where I = {i G N : £ ? + 1 n J5f ^ 0}. Indeed, for fixed j G N, ^ G N P-
an orthogonal projection of (/ — P^+l) Y2ieI Ci on^° ^s ^vith respect to the norm 
(6.2). Since J2iei(i(x) = 1 for x G P j + \ J2ieN ^ij^1 i s a n orthogonal projection 
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38 1. ANISOTROPIC HARDY SPACES 

of (/ — P,;+1) with respect to the norm (6.2) which is zero by the definition of 
P*+1. • 

THEOREM 6.4 (The atomic decomposition). If 0 <p <1, s> [lrib/(pln\-)\, 
and N > s. Then Hp C H^ s, where Hp is given by (3.23). The inclusion map is 
continuous. 

PROOF. Suppose first / G Hp D L1. Consider the Calderon-Zygmund decom­
position of / of degree s > [\nb/(plnA_)J and height 2k associated to Mjv/, 
f = gk -f J^ieN^i- By Lemma 5.7 (5.28), gk —• f in Hp as k —» oo. By Lemma 
5.10(h), ||^fc||oo —» 0 as k —• -oo . Therefore, 

oo 

(6.10) / = E 9k+1~9k in 5 ' . 
fc= —OO 

By Lemma 6.3 and £ i e N t f & £ + 1 = l n < 4 + 1 = bj+1> 

9
fe+1-5fe = (/-E6D-(/-E& i) 

j'GN j'GN 

= E ^ - E r i + E ( E ^ + 1 0 

= E (6* - E (^ + 1 - p^ij+1)) = E ^ 
where all the series converge in Sf and 

h\ = ( / - Pt)tf - £ ( ( / - P,fc+1)Cfc - ^ + 1 ) C f 1 -

By the choice of Pk and P ^ 1 

(6.11) / /i2
fc(x)P(x)dx = 0 f o r a l l P G P s . 

Moreover, since J2J<EN C?
fc+1 = ln*=+i w e c a n write /if as 

^fc = /i(nfc+1)ccf - p t c t + E Pj+1cHH+1+E ^ + 1 c fc+i 

By Theorem 3.7, \f(x)\ < CxMNf{x) < c2 /c+1 for a.e. x G (^ / c + 1) c and by Lemmas 
5.3, 6.1, and 6.2 

(6.12) Halloo < c2k+1 + A22k + 2LA22k+l + 2L^1 02 f c + 1 = C22fc. 

Recall that i * + 1 ^ 0 implies Bk+1 D Bk ^ 0 and hence suppCJ^1 C Bk+1 C 
^ + Bi k+4u- Therefore 

(6.13) s u p p l e xf + Blk+4u. 
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6. T H E ATOMIC D E C O M P O S I T I O N O F Hp 39 

By (6.11), (6.12) and (6.13), h\ is a multiple of a (p, oo, s) atom af, i.e., h\ = /s^a^, 
where Kkii = C ^ I ^ ^ J 1 ^ = C22kb^+Auj^p = C32kbl^p. By (5.2) 

oo 

£ $ > M ) P = (C3)P £ ^ 2 f e ^ | B t J < ( C 3 ) ^ ^ 2fc"|n*| 
k= — oc i(EN k= — oo i£N k= — oo 

OO 

( 6 J L 4 ) < ( C 3 ) ^ 2 / p ^ p2fe(P-1)|nfc|2fe-1 

fc= —oo 
/>OC 

< C4J p\p~l\{x : MNpf(x) > \}\d\ 

= C4\\MNpf\\p
p = C4\\f\\p

HP. 

Therefore, / = Efcl-oo EiGN hi = EfcL-oo X^eN Kk,iai defines an atomic decom­
position of / eHPHL1. 

If / is a general element of Hp then by Corollary 5.11 we can find a sequence 
{fm}men CHPHL1 so that \\fm\\p

HP < 2 2 — | | / | | ^ p and / = £ m G N fm. For every 
m G N let fm = E i G N A€i5ma^ be an atomic decomposition constructed above with 
the summation enumerated over one index i. By (6.14) 

£ £ K ™ ) P ^ C ^ ||/m||pffP < C4\\f\\p
HP J2 22"m = 4C4||/|&p, 

m e N iGN mGN ra£N 

and / = EmeN SieN ^ ^ m defines an atomic decomposition of / G # p . • 

The next theorem shows that different choices of AT > Np in Definition 3.11 
and admissible triplets (p, g, s) in Definition 4.3 yield the same Hardy space Hp. 

THEOREM 6.5 (The equivalence of norms). Suppose 0 < p < 1. / / £/ie triplet 
(p,q,s) is admissible then Hp = Hp

s and the quasi-norms || • \\HP and || • | | # j a are 
equivalent. That is, for any N > Np, there are constants C\, C2 > 0 so £/m£ 

(6.15) | | M ^ / | | P < CiH/ I^P . < C I I I / H H ^ < C 2 | |M^ / | | /or / G tfp. 

PROOF. Note that if N > M > Np then HP
M) C H?Ny where the subscript 

corresponds to the choice of the grand maximal function in Definition 3.11. By 
Definition 4.1 every (p, oo, s) atom is also a (p, g, s) atom, and hence H^ C Hp

 s. 
Therefore, if we take N > s then by Theorems 6.4 and 4.5 we have 

(6.16) H*N) C H^s c His C H*Np) C ff^. 

Thus, i ^ n = HP
N x = i7£ for all N > Np and all admissible triplets (p,q,s). 

Furthermore, since the inclusion maps in (6.16) are continuous we have (6.15). • 

Theorem 6.5 encompasses fundamental properties of anisotropic Hardy spaces. 
As a first application of this theorem, we prove that smooth functions with certain 
number of vanishing moments are dense in Hp. 

LEMMA 6.6. Suppose ip G S. For any N G N, there exists C > 0 such that for 
all f G Sf we have 

(6.17) supMiv+2(/ * il>i){x) < CMNf{x) for all x G Rn. 

This document generated prior to electronic offprints.  
Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



40 1. ANISOTROPIC HARDY SPACES 

P R O O F . We claim that for any N G N there exists a constant C > 0 so that 

(6.18) sup \\pi*ip\\sN <C\\ip\\sN+2\\4>\\sN for any </?,^ G<S. 
l£Z,l<0 

Indeed, take any multi-index a, \a\<N,leZ,l< 0, and x G W1. By (2.12) 

m a x ( l , p ( x ) ) i V | a a ( ^ * ^ ) ( x ) | = m a x ( l , p ( x ) ) i V | ( ^ * a a ^ ) ( ^ ) l 

<fewJV / m a x ( l , p ( x - y ) ) i V | 5 ^ ( x - y ) | m a x ( l 7 p ( y ) ) i V | ^ ( y ) l ^ 

^ ^ l l f c / max(l ,p(y)) J vmax(l ,p(A- 'y))-N - 26- ( | |^ | | 5 j v + 2dy 

<WN\\rl>\\sN\\<P\\sN+ab-1 f msx(l,p(A-ly))-2dy = C\\<p\\SN+2\\il>\\SN. 
JR™ 

For any f e S\ ip e S, <p G SN+2, and x G Mn . By (6.18) 

sup | ( / * ̂ z) * Vk(x)\ < sup | / * (I/JI * </?fc)(a;)| + sup \f * (^/ * <Pfc)0*OI 
fc,ZeZ Mez fc,zez 

fc<Z fc>Z 

< sup | /*(^*^fc_z)z(x) |+ sup |/*(^z-fc*y)fe(a:)| 
fc,zez fc.iez 

fc-Z<0 Z-fe<0 

< C-| IVI Is„ I M | s N + 2 M W / ( X ) + C| M | S N + 2 1M |s„ MAr/(x) 

<2C| |V| | 5 j v + 2M i V / (x) , 

which shows (6.17). • 

As an immediate consequence of Lemma 6.6 we obtain 

COROLLARY 6.7. If f e Hp and cp e S then f *(p e Hp. 

A less immediate consequence of Lemma 6.6 is 

THEOREM 6.8. Suppose ip G S and Jxp = 1. For any 0 < p < oo and f G Hp 

we have 

(6.19) f*ipi-+f in Hp as I -> - o o . 

P R O O F . Suppose first that / G L1 D # p . By Lemma 6.6 and the Lebesgue 
Dominated Convergence Theorem it suffices to show 

(6.20) MN(f *ipt- f)(x) -> 0 for a.e. x G Mn as / -> -oo, 

where N = Np + 2. Note that if # is continuous with compact support then 

\\MN(g*ipi - ^ ) | | o o < C\\g*ipi - g\\oo -> 0 as / -> - o o . 

For any 5 > 0 we can find a continuous function g with compact support such that 
11/ — g\\i < £• By Lemma 6.6 

lim sup MAT ( / * ipi - f) {x) 
l^ — oc 

< sup MN((f -g)* ipi)(x) + lim sup MAT(S * ̂ i - ff)(^) + MN{f - g)(x) 

<CMNp(f-g)(x) 
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6. T H E ATOMIC D E C O M P O S I T I O N OF Hp 41 

By Theorem 3.6 for any A > 0 

\{x : l imsupMi V(/ * t/ji - f)(x) > X}\ 
1—+ — OC 

< \{x : MNp(f - g)[x) > X/C}\ < C'\\f - glk/X < C'e/X. 

Since e > 0 is arbitrary we have (6.20) for every / G L1 D Hp. 
Recall that V-CiH* is dense in Hp. This follows from Corollary 5.11 (0 < p < 1) 

and the fact that L1 n Lp is dense in Lp (1 < p < oo). Alternatively, we could use 
the fact that finite linear combinations of atoms are dense in Hp by Theorem 6.4. 
Moreover, by Lemma 6.6 the convolution operators Ri(f) — f * i\)\ are uniformly 
bounded on Hp for all / £ Z. 

Hence, if / is an arbitrary element of Hp then for every e > 0 we can find 
i / G ^ f l F such that | | / - g\\p

HP < e. Therefore, 

l imsupH/*^/ - f\\p
HP 

l^> — oo 

< sup | | ( / -5 f )*^ z | | ^p + \\f -g\\P
Hp + l i m s u p | | ^ * ^ / - g\\p

HP 

<C\\f-g\fHP<Ce. 
Since e > 0 was arbitrary we obtain (6.19). • 

Finally, we prove that smooth functions with compact support are dense in Hp. 

THEOREM 6.9. Hp n CQ° is dense in Hp, where C§° denotes CQ° functions 
with compact support. 

PROOF. Suppose / is a finite linear combination of atoms. Take ip G CQ°. 
Clearly, / * ^ G CQ° for every / G Z and / * ipi —> / in iJ p as / —> — oo by Theorem 
6.8. This finishes the proof since finite linear combinations of atoms are dense in 
Hp. D 

REMARK. CQ° is not a subset of Hp for p < 1. It is not hard to see that 
^ € CQ° with f ip ^ 0 does not belong to any i7p for p < 1. However, if 0 G CQ0 

has vanishing moments of order s, i.e., J ipP — 0 for all P G P s , where s > 
L(l/p — 1) In 6/In A_J, then ip is a constant multiple of a (p, oo, s) atom and hence 
^peHp. 
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42 1. ANISOTROPIC HARDY SPACES 

7. Other maximal definitions 

The goal of this section is to prove the characterization of Hardy spaces using 
the radial and nontangential maximal functions of a single test function ip £ S, 
j <p ^ 0. This result was first shown for the classical isotropic Hp spaces by C. Fef-
ferman and Stein in their fundamental work [FS2, St2, Chapter III]. Analogous re­
sults were shown by Calderon and Torchinsky [CT1, CT2] for parabolic Hp spaces, 
Folland and Stein [FoS] for Hp spaces on homogeneous groups, and Uchyiama [Ucl] 
for Hp on the space of homogeneous type. 

Theorem 7.1 extends this result of C. Fefferman and Stein to the setting of 
anisotropic Hp spaces introduced in Chapter 3. 

THEOREM 7.1. Suppose ip G S, J p 7̂  0, and 0 < p < oo. Then for any f G S' 
the following are equivalent: 

(7.1) / G W, 
(7.2) Mvf e Lp, 
(7.3) M°f e U>. 

In this case 
II/IUP - \\MNf\\p < CilIM,,/!!,, < C2\\M°vf\\p, 

for sufficiently large N, C\, C2 independent of f G Hp. 

We start with a very useful result about maximal functions with different aper­
tures. Suppose F : Rn x Z —» [0, 00) is an arbitrary (possibly nonmeasurable) 
function. In our cases F is going to be (at least) Borel measurable. For fixed / G Z 
and K G Z U { O O } define the maximal function of F with aperture I as 

(7.4) Fz*(x) = Ft*K(x) := sup sup F(y,k). 
kez yex+Bk+l 

k<K 

Note that Fj* : W1 —• [0, 00] is lower semicontinuous, i.e., {x : Fj*(x) > A} is open 
for all A > 0. Indeed, if F*{x) > A for some x G Mn, i.e., there is k < K and 
y G x + Bk+i so that F(y, k) > A, then y G x' + Bk+i for x' in a sufficiently small 
neighborhood of x. Thus Ff(x') > A. Here we need that the balls Bj are open for 
all j G Z. 

LEMMA 7.2. There exists a constant C > 0 so that for all functions F : W1 x 
Z -+ [0, 00), A > 0 , l > I ' e Z , and K G Z U {00} we feave 

(7.5) \{x : i 7 * ( x ) > A } | < Cbl~l'\{x : i ^ ( s ) > A}|. 

In particular, 

(7.6) / F*K(x)dx<Cb1-1' f Ft1K(x)dx. 

PROOF. Let Q = {x : F*(x) > A}. Suppose Ft*(x) > A for some x G Rn. Then 
there exist k < K, y G X + JB&+/ such that F(y, k) > A. Clearly, y + Bk+v C ^ . Also 
2/ + #fc+i' C x + £fc+/ + Bk+V C x + Bk+i+u- Hence 2/ + Bfc+z' C ft H (x + 5/c+z+u,) 
and 

|ft n (x + s f c + z + w ) | > &*+'' = fefc+'+^b''-'-^. 

This document generated prior to electronic offprints.  
Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



7. O T H E R MAXIMAL DEFINITIONS 43 

Therefore, MHX(1Q)(:E) > bl ~/_a;
7 where MHL is the centered Hardy-Littlewood 

maximal function MnLf{y) '•— supm G Z b~m J B \f(z)\dz. By Theorem 3.6 

\{x : Ft(x) > X}\ < \{x : MHL(ln){x) > bl'~l^}\ < C&'-' '+<"||ln||i = C'bl-l'\Q\, 

hence (7.5) holds. Integrating (7.5) on (0, oo) with respect to A yields (7.6). • 

The following result enables us to pass from one function in S to the sum of 
negative dilates of another function in S with nonzero mean. 

LEMMA 7.3. Suppose p G S with J p ^ 0. For every ip G S there is a sequence 
of test functions ( r / J )^0 7 rf £ S such that 

oo 

(7.7) ip = ^ r } 3 *<p-j, 
3=0 

where the convergence is in S. 
Furthermore, for any integers L, TV > 0 there exist a constant C and an integer 

M > 0 (depending on L and N, but independent of the choice of ip) such that 

(7.8) \W\\sN<Cb-!L\\xl>\\su for all j > 0. 

PROOF. For the purpose of the proof we will work with the standard definition 
of SN , that is 

I M | 5 „ = sup sup (1 + 1 x 1 ) ^ 1 ^ ^ ) 1 . 
xeRn \a\<N 

By Lemma 3.2 this implies the corresponding result for the usual homogeneous S^. 
We claim that for every integer TV > 0 there is a constant C so that 

(7-9) l l fc<C1M|5„+ n + 1 . 
Indeed, for any multi-indices |a|, |/3| < TV we have 

(27ri)l/3l^9a7/(0 = (-27ri) |a | / e-2^x^)d(3{xar]{x))dx. 

Hence, by multiplying and dividing the right hand side by (1 + |x | ) n + 1 we have 

\^daf)(£)\ < (2^)H-I^I sup( l + |x | ) n + 1 | ^ (x a r / (x ) ) | / (l + \x\)-n-1dx, 

which implies (7.9). 
Let A be an expansive ellipsoid for the dilation B — AT, i.e., A C rA C BA, 

guaranteed by Lemma 2.2. By scaling of p and A we can assume that J p = 1 and 
|<£(f)l > V 2 f o r £ € BA. Consider a C°° function ( such that ( = 1 on A and 
suppC C BA. Define a sequence of functions (Q)J^0 by Co = C? 

0 (0 = C(B-j0 - C(B~J+lO for j > 1. 
Clearly, 

oo 

5 ^ 0 ( 0 = 1 foral l£eRn . 
3=0 
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44 1. ANISOTROPIC HARDY SPACES 

Thus 

(̂0 = E 0(0^(0 = E •^m^^B~j^' 
For j > 0 define r?-7 by 

0(0 (7.10) ^ ( 0 = _ p _ V ) ( 0 . 

Then, by the choice of r/J,s, (7.7) holds. Moreover, the convergence in S of the 
series (7.7) is a direct consequence of (6.18) and (7.8). Therefore, it remains to 
show (7.8). 

To show (7.8), t akeM = iV + 2(ra+l) + L|Tn&/lnA_], where A_ is the same as 
in (2.1). Our goal is to show that there exists a constant C (independent of ip G S) 
such that 

\W\\s„+n+1<Cb-*LM\SM f o r j > 0 . 

Let C(C) = (C(0 - C(5O)/0(O- S i n c e S U P P ^ C B^ a n d 1^(01 > V2 for 
£ € .BA we have sup ? sup | Q | < i V + n + 1 |<9"C(£)I — C f° r s o m e constant C. Since 
C(B-j0 = 0 ( 0 / ^ ( ^ - j C ) by the chain rule we have 

sup sup \da(Cj(-)/HB-'-))m<C. 
£ |a|<AT+n+l 

By (7.10), the product rule and since Cj(0 = 0 for f G ^ _ 1 A 

l l ^ l l ^ + n + 1 < C sup sup (l + | £ | ) " + n + 1 | ^ ( 0 l 
^ B ^ A |a|<JV+n+l 

< C SUp (l + |^|)-^nnb/lnA_] g u p ^ + i^iV+n+l+LRn 6/ In A_] | 9 ^ ( £ ) | 

^BJ-1/^ |a |<7V+n+l 
< C 6 ^ L | | ^ | | 5 M _ n _ 1 < C 7 6 ^ L | H | 5 j t f , 

because for £ ^ A, (1 + \Bj~l^\) > l/cAJ__1 inf^A |f|. This finishes the proof of 
(7.8). Since our choice of N is arbitrary in (7.8) the series in (7.7) converges in <S.D 

We now introduce maximal functions obtained from truncation with an addi­
tional extra decay term. Namely, for an integer K representing the truncation level 
and real number L > 0 representing the decay level, we define radial, nontangential, 
tangential, radial grand, and nontangential grand maximal functions, respectively 
as 

M$K'L)f(x)=8w \(f*<pk){x)\msX(l,p(A-Kx))-L(l + b-k-K)-L, 
k<K 

MJp
K^f(x)=sup sup \(f*vk)(y)\m^(l,p(A-Ky))-L(l + b-k-K)-L, 

kez y£x+Bk 
k<K 

T ^ f ( x ) = sup sup l(>***>MI (1 + * - * - * ) ^ 
k<K 

r0(K,L 

kez yeRn max(l, p(A~k(x - y)))N max(l, p(A~Ky))L ' 

M$K>L>f(x) = sup M^f(x). 

M(
N

K'L)f(x) = sup M<f<Vf(x). 
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7. O T H E R MAXIMAL DEFINITIONS 45 

The next lemma guarantees the control of the tangential by the nontangential 
maximal function independent of K and L. 

LEMMA 7.4. Suppose p > 0, N > 1/p, and ip G S. Then there exists a constant 
C so that for all K eZ, L> 0, and f G S', 

(7.H) \\T^L)f\\P<C\\M^f\\p. 

PROOF. Consider function F : Rn x Z —• [0, oo) given by 

F(y, k) = \(f* <pk)(y)\p max(l, p{A-Ky))-*L{\ + b " * " ^ ) " " L . 

Fix x e Rn. If k < K and x - y e Bk+i then 

F(y, k) max(l,p(A-fe(x - y)))-*N < F£K(x). 

If x — y G i?fc+j+i \ Bfc+j for some j > 1 then 

F(y, fc) max(l, p(A-fc(x - y)))~pN < F;K{x)b^Np. 

By taking supremum over all y G Mn, k < K we have 

oo 

Therefore by Lemma 7.2, 

oo „ 

oo » 

where C" = C YZLo V^-Np) < oo. D 

Lemma 7.5 gives the pointwise majorization of the grand maximal function by 
the tangential one. 

LEMMA 7.5. Suppose (p G S and f (p 7̂  0. For given TV, L > 0 t/zere exists an 
integer M > 0 and a constant C > 0 so that for all f E Sf and integers K > 0 we 
have 

(7.12) M$K'L)f(x) < CT^K'L)f(x) for all x G Rn. 
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P R O O F . Take any ip G <S. By Lemma 7.3 there exists a sequence of test func­
tions (?7J)^10 so that (7.7) holds. For a fixed integer k < K and x G Mn, 

OO \ I I / OO \ 

/ * ^ ( r / J *(p^j)k)(x)\ = \(f*J2{v3)k*<P-j+k)(x) 

oo oo „ 

J2 \(f * (rf)k * <P-j+k)(x)\ < £ / l(/ * <P-j+k)(x - y)\\(rfMy)\dy 
j=o i=oJ*n 

l(/*V>fc)(*)l = 

OO 

< T?Wf{x) 
OO „ 

• V" / max( 

Therefore 

i=o J = 0 

V / m a x ( l , p ( ^ A ) ) N m a x ( l , p ( A - K ( x - ^ ) ) ) L ( l + ^ - ^ K ) L | ( ^ ) , ( ^ ) | ^ 

oo „ 

Af° ( ^ L ) / (x) < T^K^f(x) sup VJ / ma X ( l ,p (^- f c y)) 

m a x ( l , ^ - ^ ( x - y)))*(l + 6*-*-*)* 

Using the inequalities (2.12), (2.13) and the change of variables we can estimate 
the last sum by 

O O r> 

V / max(l, p{A1-ky))NblJjL max(l, p(A-Ky))L2LVLb-k\r? (A-ky)\dy 
j=o JK" 

OO p OO 

<2LbuLYib*N+» / m^{l,p(y))N+LW(y)\dy <2Lb«LYjV(N+V\\rf\\SN+L. 

By Lemma 7.3 there exists an integer M > 0 so that 

\W\\sN+L<Cb-^N+L^u\\SM, 
and hence 

MA°f'L>/(*)= sup M j ^ / W ^ ^ - ^ ^ ^ ^ / W 

= C'T^K>Vf(x). 

This shows (7.12). • 

LEMMA 7.6. Suppose p > 0, Lp G S, and f E Sf. Then for every M > 0 t/iere 
exists L > 0 so that 

(7.13) M&'Vfix) < Cmax( l , p (x ) ) - M /or a//x G Rn, 

for some constant C — C(K) dependent on K > 0. 
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PROOF. There exists an integer TV > 0 and a constant C > 0 so that 

| / * <p(x)\ < C\\ip\\sN max(l, p(x))N for all x G Mn, <p G S. 

If k < 0 then by the chain rule 

| |Vfclkr= sup sup max( l , ^ ) ) i V 6 - / e | aXyl - f c - ) ( - ) l 
^GRn |a|<7V 

< b~k sup sup max(l,p(z))N\d"<p(A-kz)\C\\A-k\\N < Cb-k\~kNMsN. 
z£Rn \a\<N 

If 0 < k < K then by the chain rule 

\\fk\\sN < C sup sup max(\,P{z))N\6P<p(A-kz)\ < CbKNM\sN. 
z£Rn \a\<N 

Therefore, if we take L = N -f M, then for any k < K and y € x -\- Bk, 

\f * y>fc(y)| max(l, p(A-Ky))-L(l + 6 - ^ K ) - L 

< C m a x ( l , ^ ) ) ^ | | ^ | | ^ ^ L m a x ( l , ^ ) ) - L ^ + ^ L 

< C m a x ( l , ^ ) ) ^ H 3 ^ + ^ | | ^ | | 5 i V 

< Cb(K^Mb3KL^KN m^(l, p(x))-M\\cp\\SN. 

This shows (7.13) and finishes the proof of Lemma 7.6. • 

Note that the above argument gives the same estimate for the truncated grand 
maximal function M^ /• As a consequence of Lemma 7.6 we have that for 
any choice of K > 0 and any f £ S' we can find an appropriate L > 0 so that 
the maximal function, say A 4 K , L ) / , is bounded and belongs to Lp(Rn). This 
becomes crucial in the proof of Theorem 7.1, where we work with truncated maximal 
functions. The complexity of the preceding argument stems from the fact that a 
priori we do not know whether M®f G Lp implies M^f G Lp. Instead we must 
work with variants of maximal functions for which this is satisfied. 

P R O O F OF THEOREM 7.1. Clearly, (7.1) ==> (7.2) = > (7.3). By Lemma 
7.5 applied for N > 1/p and L = 0 we have pointwise estimate MA[ ' f(x) < 
CTN(K^f(x) for all / G S' and integers K > 0. By Lemma 7.4 we have another 
constant C so that 

iKf ' 0 ) / | | P < C||Af^°)/||p for f<=S',K>0. 
As K —• oo we obtain \\MAIf\\p < C\\M^f\\p by the Monotone Convergence The­
orem. It remains to show (7.3) =^> (7.2). 

Suppose now M®f G Lp. By Lemma 7.6 we can find L > 0 so that (7.13) 
holds, i.e., M^ X , L ) / G Lp for all K > 0. By Lemmas 7.4 and 7.5 we can find M > 0 
so that | | M ^ K , L ) / I I P < Ci | |M^ K ' L ) / | | P with a constant Ci independent of K > 0. 
For given if > 0 let 

(7.14) nK = {xeRn: M$K'L)f(x) < C2 M^f(x)}, 

where C2 = 2xlpCx. We claim that 

(7.15) f M^K'L)f(x)pdx<2 f Mjf^fixfdx. 
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48 1. ANISOTROPIC HARDY SPACES 

Indeed, this follows from 

/ M^fixfdx < C^p f M[fL)f{xYdx < (C\/C2)p t Mjf^fixfdx, 
JQC

K Jnc
K JRn 

and (Ci/C 2 ) p = 1/2. 
We also claim that for 0 < q < p there exists C3 > 0 so that for all integers 

K > 0 

(7.16) MlK^f(x) < C 3 ( M i , L ( M ^ L ) / ( . ) 9 ) ( x ) ) 1 ^ for x G QK. 

Indeed, let 

F(y, k) = \(f * Vk){y)\ max(l, p(A"Ky))-L(l + b~k~KrL. 

Suppose x G QR- There is k < K and y £ x + B^ such that 

F(y,k)>FZ(x)/2 = M!p
K^f(x)/2. 

Consider x' G y -\- Bk-i for some integer / > 0 to be specified later. We have 

/ * ipk{x') - f * (fk(y) = f * ^fc(y), where $(2;) = <p(z + ^ ( V - ?/)) - <p(z). 

By the Mean Value Theorem 

\m\sM< sup i i ^ + ft)-^-)!!^ 
— sup sup sup m&-x(l,p(z)M)\da(p(z + h) — da(p(z)\ 

heB-i zeRn \a\<M 

<C sup sup sup m&x(l, p(z + h)M)\da(p(z + h)\ • sup |fe| < C4AZZ, 
/iGB-j zERn | a | < M + l ^GB-z 

where C4 does not depend on L. Since max(l, p{A~Kx')) < b^ max(l, p(A~Ky)) 
we have 

b"LF(x', k)>(\f* MV)\ - 1/ * <Mi/)l) max(l, p ( A ^ y ) ) " L ( l + 6" f c -*) - L 

> F(y,k) - Mif'L)f(x)m\SM > Mf>Vf(x)/2 - b"MM°^L)f(x)C4XZl 

> M<f'»f{x)/2 - b"MC±\-_lC2Mf^f{x) > M^K^f(x)/4, 

if we choose for I the smallest integer I > 0 so that bbjMC4z\ZlC2 < 1/4. Here 
we used the fact that x € Q,K and the pointwise majorization of nontangential by 
radial grand maximal function, 

Mfi'L)f(x) < V*MM°^L)f(x), 

see Proposition 3.10. Therefore for x G VLK, 

h-l\ Jy+Bk-t 

AquiuLq r 
M^f(x)"<-^—r F(z,k)"dz 

\&k-l\ Jy+Bk.l 
< AquoLq_^_ J M0^K^f(z)"dz < C3MHL(M^K^f(-)«)(x), 

\Ok+u\ Jx+Bk+U, 
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which shows (7.16). Finally, by (7.15), (7.16), and the Maximal Theorem 3.6 

J M^f(x)pdx <2 [ M^K^f{x)pdx 
^ ^ Jmn JnK 

<2Cllq J MHL{MpK>Vf(.)«)(x)*/«dx<Cb [ M^K^f(x)pdx, 

where the constant C5 depends on p/q > 1 and L > 0, but is independent of K > 0. 
This inequality is crucial as it gives a bound of nontangential by radial maximal 
function in LP. The rest of the proof is immediate. 

Since M^ ' f(x) converges pointwise and monotonically to Mlff(x) for all 
x G Rn as K -> 00, M^f G Lp{Rn) by (7.17) and the Monotone Convergence The­
orem. Therefore, we can now choose L = 0 and again by (7.17) and the Monotone 
Convergence Theorem we have ||Af^/||^ < CsHM^/H^, where now C5 corresponds 
to L = 0 and is independent of / G S'. This concludes the proof of Theorem 7.1.D 

REMARK. Theorem 7.1 shows the equivalence of Lp norms of radial, nontan-
gental, and grand maximal functions of a tempered distribution / G S'. One could 
ask if a similar result holds for general (not necessarily tempered) distributions 
/ G V^W1). Naturally, in this case it is necessary to assume that cp is an element 
of the space V(M.n) of compactly supported and C°° test functions, and J </? =̂  0. 
Uchiyama showed that this is indeed true for isotropic Hp spaces and the proof of 
this very non-trivial result can be found in [Uc2, Uc3, Chapter IX]. 
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8. D u a l s of Hp 

In this section we provide the description of the duals of anisotropic Hp spaces, 
0 < p < 1, in terms of Campanato spaces. This description is a consequence of 
the atomic decomposition of Hp and some functional analysis and approximation 
arguments. 

The dual of Hp space of holomorphic functions on the unit disc for 0 < p < 1 
was first identified with a Lipshitz space by Duren, Romberg, and Shields [DRS]. 
For the classical Stein-Weiss Hp space on Mn this result is due to Walsh [Wa]. 
The identification of the dual of H1 as the space of BMO is a famous result of 
C. Fefferman [Fe, FS2]. Characterizations of {Hp)* in terms of BMO, Campanato, 
and Lipschitz spaces in various setting, other than isotropic Hp(Rn), were obtained 
by many other authors; for example, the dual of parabolic Hp spaces was determined 
by Calderon and Torchinsky [CT2]. 

We start with the definition of Campanato spaces [Cm] which are defined in 
terms of approximations by polynomials on dilated balls, generalizing the BMO 
(bounded mean oscillation) space introduced by John and Nirenberg [JN]. 

D E F I N I T I O N 8 .1 . Let B denote the collection of dilated balls associated to the 
dilation A, i.e., B = {x + Bk : x G Mn, k G Z } . If I > 0, 1 < q < oo, and s = 0 , 1 , . . . , 
we define the Campanato space Cl

qs to be the space of all locally Lq functions g on 
R n so tha t 

(8.1) | | 0 | | c , a : = s u p inf \B\~l (-±- f \g(x) - P(x)\qdx) * < oo, (q < oo) 
q,s BeBp^s \\B\ JB J 

(8-2) \\9\\cioa '•= SUP inf \B\~l ess sup x E j B \g(x) - P(x)\ < oo. (q = oo) 
' BeBp^vs 

Here Vs denotes the space of all polynomials (in n variables) of degree at most s. 
We identify two elements of Cl

qs if they are equal almost everywhere. 

One may easily verify tha t : || • \\ci is a seminorm, Vs C Cl
q , and \\g\\cl

 s = 
0 <=3> g G Vs. Therefore, Cl

qs/Vs is a normed linear space. Moreover, the 
standard arguments show tha t this space is also complete; hence Cl

qs/Vs is a Banach 
space. 

The conditions (8.1) and (8.2) can be also writ ten in terms of a quasi-norm p 
associated to a dilation A. For example we can equivalently define C^s as the space 
of all locally Lq functions g on R n so tha t 

(8.3) \\g\\cl := sup inf r~l fr'1 [ \g(x) - P(x)\qdx] < oo. 
*0eR- PeVs \ Jp(x-Xo)<r J 

r>0 r v u / — 

Indeed, this exactly the case when p is the step homogeneous quasi-norm; the 
general case follows from Lemma 2.4. 

The main goal of this section is to prove tha t the dual of anisotropic Hardy 
space HV

A is isomorphic to the Campanato space CqJ~ /Vs, where (p,q,s) is an 
admissible triplet in the sense of Definition 4.1, see Theorem 8.3. As a consequence, 
this shows tha t Campanato spaces Cl

qs depend effectively only the choice of / and 
not on g or s, see Corollary 8.6. Analogous results for Hardy spaces on homogeneous 
groups were obtained by Folland and Stein [FoS, Chapter 5]. However, careful 

This document generated prior to electronic offprints.  
Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



8. DUALS OF Hp 51 

examination of the arguments in [FoS] reveals a gap in the first part of the proof 
of [FoS, Theorem 5.3]. The problem is with [FoS, Lemma 5.1] which does not hold 
unless we assume that a functional L is bounded. Hence, an additional argument 
is needed. This gap can be filled in the setting of anisotropic Hardy spaces by 
applying a rather subtle approximation argument inspired by [GR, Chapter III.5]. 

We start with a basic lemma. 

LEMMA 8.2. Suppose L is a continuous linear functional on Hp = Hp
s, and 

(p, q, s) is admissible. Then 

(8-4) \\L\\(Hlsy :=sup{ |L/ | : | | / | | ^ s < 1} = sup{|La| : a is (p)q,s)-atom\. 

PROOF. Since every (p, q, s)-atom a satisfies | |a| |#ps < 1 it suffices to show 

(8.5) sup{|L/| : \\f\\HPta < 1} < sup{|La| : a is (p,g,s)-atom}. 

Take any / G Hp with | | / | | # P S < 1. For every e > 0 there is an atomic decomposi­
tion / = Y^i Kia% with J2i \Ki\P < 1 + 6:. Therefore 

\Lf\ < ^2\K,i\\Lai\ <sup{|La| : a is (p,q,s)-atom}l J ^ K M 
i i ' 

<(1 + e)l'p sup{|La| : a is (p, g, s)-atom}. 

Since e > 0 is arbitrary we have (8.5). • 

Clearly, || • \\(HP
s)* 1S a norm on (Hp)* (= space of continuous functionals on 

Hp) which makes (Hp)* into a Banach space. 

THEOREM 8.3. Suppose (p,q,s) is admissible. Then 

(8.6) (H*)* = (HI,)* = C^JVs, where l/q + 1/q' = 1, / = l/p - 1. 

If g G Cl, s and f is a finite linear combination of (p,q, s)-atoms, let Lgf = $ gf. 
Then Lg extends continuously to Hp, and every L G (Hp)* is of this form. More­
over, 

(8-7) 11511c, =\\Lg\\(H>.r for all g €&„,,„. 
q ,s H ' ' ^ ' 

PROOF. For any B G B define TTB : ^(B) —• Vs the natural projection defined 
using the Riesz Lemma 

(8.8) / (7rBf(x))Q(x)dx = [ f{x)Q{x)dx for all / G L\B):Q e Vs. 
J B JB 

We claim that there is a universal constant (depending only on s) such that 

(8.9) sup\7rBf(x)\<C-±- [ \f(x)\dx. 
xeB \r>\ JB 

Indeed, if B = Bo then we find an orthonormal basis {Qa : \a\ < s} of Vs with 
respect to the L2(BQ) norm. Since 

^Bo 
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52 1. ANISOTROPIC HARDY SPACES 

the claim follows for B = Bo. Since ^Bkf — (DA-k o ITBQ O DAk)f and 7ry+Bkf — 
{ry o 7r#fc o T-y)f the claim (8.9) follows for arbitrary B = y + Bk-

For 1 < g < oc and I? G S we define the closed subspace LQ(B) C Lq(B) 
by Lg(B) = {/ G Lg(B) : TTB/ = 0}. We will identify Lq{B) with the subspace 
of Lq(Wl) consisting of functions vanishing outside B. With this identification, if 
/ G Lq(B) then ^I^^WfW'1 f is a (p, g, 5)-atom. 

Suppose L G (# p )* = ( # £ j * . By Lemma 8.2 

(8.10) |L/| < I ILH^P^IBIVP-IAII/II , , for / G Lg(B). 

Therefore, L provides a bounded linear functional on LQ(B) which can be extended 
by the Hahn-Banach Theorem to the whole space Lq(B) without increasing its 
norm. Suppose, momentarily, that q < oo. By the duality Lq(B)* — Lq (£?), where 
l/q + W = 1, there exists ft G Lq (B) such that Lf = j fh for all / G Lq(B). 
In particular, L°°(B) C Lq(B) implies there is ft G L9 ' (£) C L1(B) such that 
Lf = $ fh for all / G Lff(B). Therefore, also for q = oo, there exists /i G Lq (B) 
such that Lf = f fh for all / G LQ(B). If ft7 is another element of Lq (B) such that 
Lf = f fh' for all / G LQ(B) then ft — ft/ G 7^. We can say even more. Suppose 
that for some ft, ft' G L 1 ^ ) we have L / = JB /ft = fB fh' for all / G Lg°(£) then 
ft - ft' E TV Indeed, for all / G L°°(B) 

0 = / (/ - 7T*/)(ft ~h')= f /(ft - ftO - / ( ^ / ) (7TB( / I - ft')) 
JB JB JB 

= [ /(ft - ft') - / /(7TB(ft - ft7)) = / /((ft " ft') " 7TB(ft - ft7)), 
JB JB JB 

hence (ft — hf)(x) — nsih — h'){x) for a.e. x £ B. Therefore, after changing values 
of ft (or ft7) on a set of measure zero we have ft — h! G TV Hence, the function 
ft is unique up to a polynomial of degree at most s regardless of the exponent 
1 < q < oo. Therefore, ft G f\<oo Lq(B) f o r P = 1, and ft G L°°(B) for 0 < p < 1. 

For /c = 1, 2 , . . . let gk be the unique element of Lq (Bk) such that Lf — f fgk 
for all / G Ll(Bk) and ^B09k = 0. The preceding arguments show that g/d^ = Qj 
for j < k. Therefore, we can define a locally L9 function g on Mn by setting 
g(x) = gk{x) for x £ Bk. If / is a finite linear combination of (p, g, s)-atoms then 

By (8.10), for any B G S the norm of g as a linear functional on LQ(B) satisfies 

(s.ii) iisiugcB). <iiiii (^..).iBr / p- i / < ' . 
We claim that 

(8-12) IMlLg(B). = pinfJlfi-^IL,'(B)-

This is, at least for # < oo, an immediate consequence of an elementary fact from 
functional analysis 

Lq
0(By = Lq(BY/Lq

0(B)± = Lq'(B)/Vs, 

where LQ(B)1- = {ft G Lq(By : h\LQ^ — 0} denotes the annihilator of the sub-
space LQ(B) C Lq(B). The special case of (8.12) for q = oo requires similar 
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arguments and the fact that g G L1(B) and \\g — P\\L°°(B)* = \\9 ~ P\\L1{B) f°r a n v 

P G Vs. Combining (8.11) and (8.12) we have for l = l/p-l 

(8-13) \\g\\c't = sup |B|-'-1/g/| |(/||Lg(B)- < P l l ( ^ s ) -

which completes the first part of the proof of Theorem 8.3. 
Conversely, suppose g G C1'. Our goal is to show that functional Lgf = J gf 

defined initially for / G Of, where 

(8.14) Of = {/ G L9(Mn) : supp / is compact and fRnf(x)xadx = 0 for |a| < s}, 

extends to a bounded functional on H?s and | | L ^ | | ^ P S ) * < H^H^, • 
Suppose a is (p, q, s)-atom associated to the dilated ball B = x® + B^. Since 

j ga = J(g — P)a for all P G ? s we have 

|Lpa| /H = ^J / ( *~ p ) a 

.is) < ( / B w « ) " ' ( p M / | 9 - p r 

< IBI^-i/Plsi'+i/^Y inf [\g-P\*' = I I P I I C S 

At this moment the reader might be tempted to use Lemma 8.2. That is we can 
try to define Lgf for arbitrary / G # p by using the atomic decomposition of / , 

.16) Lgf = ^ KiLgdi, where / = ] P ^a* 
i = l 2 = 1 

Since for every O 0 we can choose a decomposition so that X ^ i \^\P — (1 + 
£ ) I I / I I H P w e h a v e 

OO • OO \ 1/p 

(8.17) |L9/| < VJ MIL^I < ||5||^, . E N") ^ C1 + £)H»llcJ, J l / lkv 
2=1 ^ ' \ i = l / 

This may seem to show that L^ is bounded with the appropriate constant. 
The problem with this argument is the issue of well-definedness of Lg. Namely, 

given g G Cl, s, we ought to make sure that if / G Of has an atomic decomposition 
/ = YliLi Kiai then necessarily 

/

OO p 

f9 = ^2^ &i9-
As we will see this fact is very non-trivial and it requires a rather subtle approxi­
mation argument. For the classical isotropic case, the interested reader is directed 
to [GR, Section III.5], where detailed exposition of this fact can be found. Note 
that there is no problem if g belongs to the Schwartz class, since the atomic de­
composition of / converges in the sense of distributions. 

The following lemma comes to the rescue. 
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L E M M A 8.4. Suppose that (p, g, s) is admissible and f e 0f , w/iere 0 f is gzven 
fry (8.14)' Suppose g G CL s , 1/g + 1/V = 1,1 = l/p — 1. There exists s > s so 
that if f is decomposed into f = X ^ i Kiai> where YlZi l ^ i P < ° ° an<^ a ^ 5 are 

(p,q, s)-atoms, then 

/

OO « OO 

i=l i=l 

Given Lemma 8.4 the rest of the proof is immediate. Suppose / E 0^ . By 
Theorem 6.5 we can find an atomic decomposition of / = S S i Kiai-> w n e r e 

0 0 

(5Zi«ir)1 / p < 211/n^, < C I I / I I ^ . , 
i=l 

and a^'s are (p, q, s)-atoms. By (8.15) and (8.18) 

I/P 00 / 00 \ i / p 

(8.19) l ^ / I ^MV^ IMIc , E^H <CII<7llc, ||/IUfs. 
* — ' q ' , s \ ' •* / g ' , s 

Therefore, L^ extends uniquely to a bounded functional on HJ? . Furthermore, by 
Lemma 8.2 and (8.15) | | ^ | | ( i fP s )* < ll#llcz • This finishes the proof of Theorem 
8.3. 9 ,S D 

R E M A R K . A S a consequence of Theorem 8.3 we conclude tha t if we write / = 
YliLi Kiai ^ 6g) where X ^ i l ^ l P ^ °° an<^ a * ' s a r e G9? 3S s)-atoms then (8.18) 
still holds. As an indication why this result is non-trivial we recall the following 
observation due to Meyer, see [GR, MTW]. 

In Definition 4.3 of the atomic norm ||/| |#-p , it is not legitimate to take the 
infimum only over finite linear combinations of atoms even in the case when / admits 
such a finite decomposition, e.g., when / is itself an atom. Indeed, such infimum 
may be much larger than | | / | | # p s , which is evidenced by an example due to Meyer, 
see [GR, Chapter III.8.3]. Therefore, even though finite linear combinations of 
atoms are dense in Hp, in order to compute their Hp norm, it is not enough to look 
only at finite decompositions. 

To show Lemma 8.4 we need the following approximation lemma. 

L E M M A 8.5. Suppose g e Cl
q,s, where I > 0, 1 < q' < 00, s = 0 , 1 , . . . There 

exists s > s, a constant C > 0 independent of g, and a sequence of test functions 
(9k)keN C S so that 

(8.20) \\gk\\cl <C\\g\\cit for all keN, 
q',s q',s 

and (l/q +l/q' = 1), 

(8.21) lim f f(x)gk(x)dx = f f(x)g(x)dx for all fee*,. 
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8. DUALS OF Hp 55 

We are going to use two simple observations about Campanato spaces. Firstly, 
note tha t if DAg(x) — g(Ax) then 

\DAg\\cl/ = sup inf \Bk\~l(^- / \g(Ax) - P(x)\*'dx) 
*',* x0GM- P^VS \\-Dk\JXo+Bk J 

kez 
J - 2 2 ) „.._ :_r t J , o ,-«/" i _ /" ' X W 

Jfe+l | 7,4 
sup m^bl\Bk+1\-li- f / \g(x) - P(x)\" dx 

X | i € K \\nk+l\ JAx0+Bk+1 

cl, • 

Secondly, we can define an equivalent norm on Cl, s by setting 

(8.23) Hl s l l l ^ =sMV\B\-l(^- f \g(x)-TrBg(x)\«'dx) (1 < q' < oo), 

(8-24) | | |#| | | cz = s u p | £ | ' ess s u p ^ ^ |#(x) - T T B ^ ( X ) | (<?'= OO). 
' BeB 

where nsg is the natural projection on Vs given by (8.8). Indeed, for any B G B 
and P E Vs by the Minkowski inequality we have 

• 1 r \ 1lq 

\B\ JB 
/ \g(x) -7TBg(x)\qfdx 

-{W\L l9{X) " P{x)\q'dx) " +CW\IB ^^ " P(x)|d 

<(C + l)^jB\g{x)-P{x)\«'dx^ 

using P ( x ) — 7TBg(x) = 7TB(P — g)(x) and (8.9). Therefore we have 

(8.25) | | 5 | | C I / < | | | f l | | |c«, < ( C + l) | |fl | | c«, for all <? e C' , i S . 
q ,s q,s q' ,s 

P R O O F O F L E M M A 8.5. Suppose g G Cl
q,s. Take a nonnegative function p G 

C°° with compact support and J p = 1. Let ( ^ (x ) = 6_/c(^(^4_/cx). If #' < oo then 

g*¥k->g in Lf o c (E n ) as k -+ - o o . 

Indeed, it suffices to apply Theorem 6.8 in Lq for truncations gl-B(o,r) f ° r sufficiently 
large r > 0. Therefore 

/ f{x)(g*<fk){x)dx-+ I 
JRn JR 

(8.26) / /(x)(flf * <pk){x)dx -+ / f{x)g(x)dx as fc - • oo for all / G Of. 

If g' = oo we use Theorem 3.7 applied for truncations glB(o,r) f ° r sufficiently large 
r > 0 to obtain 

(<7 * y>k){%) —• #(^) as fc —* —oo for a.e. x G Mn. 
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56 1. ANISOTROPIC HARDY SPACES 

By the Lebesgue Dominated Convergence Theorem (8.26) holds also for q' = oo. 
Clearly, g * pk G C°° and moreover 

(8.27) \\9*Vk\y, < \\\9\\y, for all A: GN. 
q',s q',s 

Indeed, for every B G B and k G N define a function Pk by 

Pfc(x) = / 7T-y+Bg{x - y)<Pk(y)dy. 
JR™ 

Since we can write Ti^yjrBg{x — y) = J2\a\<s
 ca(y)(x~~y)a a n d the coefficients cQ(?/) 

are continuous functions of y, Pk is a polynomial of degree < s. By the Minkowski 
inequality 

^jB\{g^k){x)-pk(x)\«dx^ 

Q' \ W 
Gb 

~ J n\jB\ J \g(x-y)-7r-y+Bg(x-y)\q'dx) \pk{y)\dy 

f \g{z) - <K-y+B9(z)\«'d^\ pk(v)dy < \\\g\\\C', \B\l. 
R™ \\ ~ y + B\ J-y+B 

This shows (8.27). 
Formulae (8.26) and (8.27) suggest tha t it is enough to show the lemma for 

g G Cl
qrs fl C°°. Tha t is indeed the case. Let 0 G C°° be such tha t supp</> C Bo, 

0 < 0(x) < 1, and <j)(x) = 1 for x G 5 _ i . We claim tha t there is a constant C and 
s > s such tha t 

(8.28) \\{9~^B09)<P\y, <C | | f l | | c « , forall^eC^.nC00. 
q ,s q , s 

Indeed, take any g G CL s D C°° with | | |g | | |c z < 1- For brevity, we only consider 
the case g; < oo; the case q' = oc uses a similar argument. Let G — g — 7TB0g-
Since s u p p 0 C £ 0 , JRn |G</>|9' < JB o |G|9 ' < |£o | / < ? '+ 1 = 1. Therefore, if we take 
ball B G B, B = x0 + Bk and k > 0 then 

1/9' 
B r ( i i r / |G(*)<K*)N*) <i. 

\B\JB 

Hence, to show (8.28) we can restrict to balls B = XQ + Bk with k < 0. Let 
Pi = nBg = KBG. By (8.9) 

(8-29) ( j L ^ j p ^ ) ! * ' ^ ? < C Q _ ^ | G ( x ) | ^ * <C76-fe/«'. 

Let i ^ ^ ) be the Taylor polynomial of 0 at x0 of degree r (to be specified later), 
i.e., P2(x) = J2\a\<r da(/)(xo)(x — xo)a/a\. By the Taylor Theorem the remainder 
satisfies \<j){x) — P2(x)\ < C'\x — #o | r + 1 with the constant C independent of XQ. 
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Finally, let P(x) = P\(x)P2(x) be a polynomial of degree at most s = s + r. By 
the Minkowski inequality and (8.29) 

/ \G{x)<j>{x) - P(x)\q dx\ < 

J \G(x)4>(x) - P1(x)(/>(x)\'''dx\ +(J \Pi(x)<f>{x) - P1(x)P2(x)\q'dx) 

<\\<t>\\oc( I \G{x) - Px{x)\*dx\ +s*v\<t>{x)-P2{x)\( f IP^x^'dx) 
\JB / i£B \JB J 

< \B\l+1'q + b-klq'C sup |a; - x0\r+1 < \B\l+1'q' + b"k/q'C'{c\k_)r+1 

xex0+Bk 

< \B\l+Vq' +Cb-k/q,bk{l+2/q'^ = ( C - h l ) | £ | / + 1 / ( ? \ 

Here we need to choose r large enough such tha t A!:+1 > bl+2'q', i.e., take r = 
[(I -f- 2/q') I n6 / In A_J. Since B G B is arbitrary this shows (8.28) with s = s + r. 

We are now ready to define a sequence (gk)keN C S for g G Cl, s D C°°. Let 
9k = DAkg and #*. = DA-k((gk - ^BQ9k)<l>)- By (8.22) and (8.28) 

\\(9k-*B09k)<l>\\c't < C | l & l l c ' , =Cbkl\\g\\cl/ 
Q ,s q' ,s q',s 

Therefore (8.20) holds, since 

(8.30) | | 5 f c | | c l / =b-kl\\{gk-nBogk)<t>\\cli <C\\g\\cl/ . 
q ,s q ,s q , s 

Moreover, 

(8.31) gk(x) = g(x)-(DA~ko7TBo°DAk)g(x) = g(x)-7rBkg(x) for x G Bk~i. 

Thus (8.21) also holds. 
To end the proof we must relax the assumption tha t g G C°°. Suppose g G Cl, s 

is arbitrary. Define the sequence (gk)keN C S by gk = DA-k((gk — ^B09k)^)^ where 
9k = DAk(g*(pk). Combining (8.27) and (8.30) yields (8.20), whereas (8.26) and 
(8.31) yield (8.21), completing the proof of Lemma 8.5. • 

To completely finish the proof of the duality of Hp spaces we must establish 
Lemma 8.4. 

P R O O F O F L E M M A 8.4. Suppose / G Oq is decomposed into / = YliLi ^a*> 
where YliLi \^i\p < oo and a^'s are (p, g, s)-atoms, where s > s is the same as 
in Lemma 8.5. Suppose also tha t g G Clf s, l/<? + 1/V = 1, I = 1/p — 1- Let 
(9k)keN C t S b e a sequence guaranteed by Lemma 8.5. For every k G N we have 

/

OG p OO 

/#fc =^2K* ai9k = ^ KiL9kaii 
i=l ^ i=l 

since convergence in i / p implies convergence in S' by Theorem 4.5. By (8.21) 

CLi(x)gk(x)dx = / CLi(x)g(x)doi lim / ai(x)qk(x)dx — \ ai(x)q(x)dx for all i G N. 
fc—>oo 
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58 1. ANISOTROPIC HARDY SPACES 

By (8.15) and (8.20) we have \Lgk<n\ < \\gk\\ci < C\\g\\ci . Since J2Zi l«*l < 
q',s q',s 

( S i ^ i l^il^)1^ < oo we can take limit as k —* oo in (8.32) by the Lebesgue Dom­
inated Convergence Theorem applied to the counting measure on N. This shows 
(8.18). • 

As an immediate consequence of Theorems 6.5 and 8.3 we have 

COROLLARY 8.6. Suppose that I > 0, 1 < q,q' < oo (q,qf < oo if I = 0), and 
s,sf > [/In 6/In A_ J. Then Cl — Cl,s, and the seminorms \\ - \\cl > II * He* 
are equivalent. If I — 0 then C®s — C^0 is the space of BMO (bounded mean 
oscillation). 

The following simple proposition is very useful. 

PROPOSITION 8.7. Suppose g G CN(Rn) is bounded and all partial derivatives 
dag of order N, \a\ — N, are bounded. Then for every 0 < / < TV In A_/In 6 and 
S>[llnb/lnX_\,geCl^s. 

PROOF. The case TV = 0 is trivial. If iV > 1 then by Corollary 8.6 it suffices 
to show that g G C1^ N_±. We need to show that there exists a constant C such 
that for every dilated ball B G B, 

(8.33) inf sup \g(x) - P{x)\ < C\B\l. 
P£VN-i X^B 

Since g is bounded, (8.33) trivially holds for large balls with \B\ > 1. Take any 
5 = xo + 5 f e G 8 , where x0 G Rn and k < 0. Let P(x) G VN-i be the Taylor 
polynomial of g at the point xo of order N — 1. By the Taylor Remainder Theorem 

\g(x) - P(x)\ < C sup ||<9a£||oc sup 1̂ 1̂  < C(\-)Nk for all x e B. 
\a\=N z£Bk 

Since (A_)N >b\we obtain (8.33). D 

There are redundant alternative ways of defining Campanato spaces. Let A^ 
denote the difference operator by a vector h G Mn, i.e., Ahg(x) = g(x -j- h) — g(x). 
Suppose that / > 0 and s > 1. Define by Cl

s the space of all continuous functions 
g on Rn such that 

| A h l ... Ahsg(x)| < c(p(hi) + . . . + p(hs))1 for all x G Rn, ( h i , . . . , hs) G (Rn)s 

for some constant c. The infimum over all constants c satisfying the above de­
fines the seminorm of g in Cl

s. Some effort is needed to show that Cl
qs — Cl

s for 
sufficiently large s and 1 < q < oo, see [Gr, Ja, JTW, Kr] for the isotropic case. 

EXAMPLE. The best known example of Campanato spaces occurs when the 
dilation A defines the usual isotropic structure on Rn, for example if A = 21 d. In 
this case the Campanato spaces Cl (W1) coincide with the homogeneous Holder 
spaces ^(W1) (sometimes also called Lipshitz spaces A7(Mn)) with 7 = n/, for the 
proof see [GR, Section III.5]. 

The space C7(Rn) for 7 > 0 is defined as follows. Let 7 = [7] + 7' — 1, 
0 < V < 1. The space CH(Rn) consists of all functions g in C^-\Rn) ([7] - 1 
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8. DUALS O F Hp 59 

times continuously different iable) with the norm 

Nlc->(R") = SUP SUP l^r^HA^^^Hoo if y < 1, 
| a | = r 7 l - l ^ G R n \ { 0 } 

\\d\\cn^)= SUP SUP l^r^l^^lloo if y = l. 
| a | = f 7 l - l / i G R n \ { 0 } 

For example, if 0 < 7 < 1 then C7(Mn) is the usual Holder space consisting of all 
functions g satisfying 

\g(x + h) - g(x)\ < c|/i|7 for all x,he Mn, 

and if 7 = 1 then C1(Mn) is the Zygmund class [Zy] consisting of all functions g 
satisfying 

\g(x + 2h) - 2g{x + h) + g{x)\ < c\h\ for all x,he Rn. 
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60 1. ANISOTROPIC HARDY SPACES 

9. C a l d e r o n - Z y g m u n d s ingular integrals o n Hp 

In this section we present the theory of Calderon-Zygmund singular integrals 
on the anisotropic Hp spaces for 0 < p < 1. For p > 1 this theory reduces 
to studying Lp spaces and therefore follows from the general theory of Calderon-
Zygmund singular integrals on the spaces of homogeneous type, see [St2, Chapter 
1.5]. 

We start with some preliminaries. Let T : <S(Rn) —> tS'(Rn) be a continuous 
linear operator. By the Schwartz Kernel Theorem there exists S G 5 ' ( R n x R n ) 
such tha t 

(9.1) {T(f),g) = (S,g®f) for all f,g e «S(Rn). 

Let ft = {(x, y) G R n x R n : x ^ y}. We say tha t a distribution S is regular on ft 
if there exists a locally integrable function K(x, y) on Q such tha t 

(9.2) S(G) = f K(x,y)G{x,y)dxdy for all G G S(Rn x R n ) , s u p p G c O. 

D E F I N I T I O N 9 .1 . Let T : <S(Rn) —> S ' (R n ) be a continuous linear operator. 
We say tha t T is a Calderon-Zygmund operator (with respect to a dilation A with 
a quasi-norm p) if there are constants C > 0, 7 > 0 such tha t 
(i) a distribution S given by (9.1) is regular on Q with kernel K satisfying 

(9.3) \K(x,y)\<C/p{x-y), 

(ii) If (x, y) G Q and p(x' - x) < p(x - y)/b2u) then 

p(xf — x)1 

(9.4) \K{x',y)-K{x,y)\<C-

(iii) If (x, y) efl and p(j/' - y) < p(x - y) /6 2 t J then 

(9.5) | ^ ( x Y ) - J C ( a : , y ) | < C ' ^ = i g l , 

(iv) T extends to a continuous linear operator on L 2 ( R n ) with | |T | | < C. 

A few remarks are needed. It can be shown tha t operators in the above class are 
bounded from L1 to weak-L1 . This follows from the general theory of Calderon-
Zygmund operators defined on arbitrary spaces of homogeneous type, see [St2, 
Chapter 1]. By the Marcinkiewicz Interpolation Theorem they are bounded from 
Lp into Lp for 1 < p < 2. By taking duals they are also bounded for 2 < p < 00, 
hence in the range 1 < p < 00. To obtain these conclusions, conditions (ii) and (iii) 
in Definition 9.1 can be relaxed to the weaker Hormander integral conditions [Ho]. 

The condition (iv) immediately implies tha t T : S —+ Sf is bounded. We adopt 
this seemingly redundant definition because in many situations the boundedness of 
T on L 2 is not automatic. The operators satisfying all the conditions in Definition 
9.1 except (iv) are sometimes called generalized Calderon-Zygmund operators. The 
famous T ( l ) Theorem of David and Journe [DJ] gives a necessary and sufficient 
condition for such T to be bounded on L2. This result was further generalized by 
David, Journe and Semmes [DJS] to the setting of spaces of homogeneous type and 
to the more general T(b) Theorem, where b belongs to the special class of admissible 
functions, see also [Dv]. 
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9. CALDERON-ZYGMUND SINGULAR INTEGRALS ON Hp 61 

Since we are interested in boundedness results on Hp spaces, 0 < p < 1, we must 
require much stricter conditions on the kernel K(x,y) than those given by (ii) and 
(iii). These conditions are known in the case when the dilation A is diagonalizable 
over R and they involve the appropriate decay of the directional derivatives taken 
with respect to the eigenvectors of A, see [St2, Chapter 13.5] and [FoS, Chapter 
6]. For general dilations we must be more careful, requiring smoothness estimates 
which hold uniformly after rescaling to the scale zero. 

D E F I N T I O N 9.2. We say tha t T is a Colder on-Zygmund operator of order m if 
T satisfies Definition 9.1 with K{x,y) in the class Cm as a function of y. We also 
require tha t there exists a constant C such tha t for every (x,y) G Q 

(9.6) \d°[K(',Ak')](x,A-ky)\ <C/p(x-y) = Cb~k for | a | < m, 

where k G Z is the unique integer such tha t x — y G B^+i \ Bk. More formally, 
d%[K(',Ak-)](x,A-ky) means d«K(x,A~ky), where K(x,y) = K{x,Aky). 

In short, we say tha t T is (CZ-ra) and the smallest C fulfilling conditions 
(i)-(iv) of Definition 9.1 and (9.6) is denoted by | |T | | ( m ) . 

E X A M P L E . In the case when A is an isotropic dilation, in particular, if A is a 
multiple of the identity, then (9.6) takes the familiar form 

\d£K(x,y)\ <C\x-y\-n~M for \a\ < m. 

More generally, suppose A is a diagonal matr ix with diagonal terms e a i , . . . , e a n , 
where a i , . . . , an > 0 and a — a\ + . . . + an. Then p given by p(x\,... , xn) = 
max i< i< n \xi\a'ai is a quasi-norm associated with A. Pick any x,y G Vt with 
| det A\k < p(x -y) <\ det A\k+l for some k G Z. Since 

\dZ[K(.,Ak.)]{x,A-ky) = ek^a^"-+a-a^K(x,y)\<Cp(x-y)-\ 

where a = ( a i , . . . , a n ) , the condition (9.6) takes a more familiar form 

\d£K(x,y)\ <Cp{x-y)-1-^ociaiJr-+oc-a^/a for | a | < m, 

see [St2, Chapter 13.5]. However, if A has some non-trivial blocks in its Jordan 
decomposition then (9.6) does not have a more explicit form due to the complexity 
of the action of A on R n . 

The following basic fact provides a sufficient condition for a function to belong 
to HP. 

L E M M A 9.3. Let (p,q,s) be admissible and S > m a x ( l / p , s i n A + / l n 6 + 1). 
Suppose that f is a measurable function on M71 such that for some constant C > 0 
we have 

(9.7) (nn [ \f(x)\qdx) <C\Bk\-^ for some £ G Z, 
\\Bk\JBk J 

(9.8) \f{x)\ < C\Bk\-l^p{A-kx)-5 for x G B%, 

(9.9) / f(x)xadx = 0 for \a\ < s. 
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62 1. ANISOTROPIC HARDY SPACES 

Then f G Hp with ||/||ijp < C', where Cf depends only on C. 

We remark that (9.9) is meaningful since \f(x)\(l -f \x\s) is integrable by (9.7) 
and (9.8). Indeed, by Lemma 3.2 

\f(x)\\x\s < Cp(A-kx)-6c'p(x)slnX+/lnb = Cc,bk6p{x)slnX+/lnb-5 for p{x) > 1. 

P R O O F . Given a ball B G B consider the natural projection TTB : LX{B) —• Vs 

given by (8.8). Define the complementary projection TTB = Id — IT#, i.e., TTB! — 
f - TTB/. By (8.9) wB is bounded on Lq(B), i.e., 

(9.10) | | ^ / | | L « ( B ) < C O | | / | | L « ( B ) , 

with the constant Co independent of B G 5. Moreover, 

/ TCBf{x)xa = 0 for |a| < s. 

We want to represent / as a combination of atoms. To do this define the 
sequence of functions {gj)^k by gj — T T B ^ / ) ! ^ . Clearly, supp^- C Bj for j > k. 
Since ||#/c||g < Co\\flBk \\q < CoC|i?fc|1/9_1/p and ^ has vanishing moments up to 
order s, ̂  is at most CoC multiplicity of some (p, g, s)-atom (namely ( C o C ) - 1 ^ ) . 

We claim that gj —• / in L1 (and hence in <S') as j —> oo. It suffices to show 
that 11^^/11^1(5) —• 0 as j —* oo. Indeed, let {Qa : \a\ < s} be an orthonormal 
basis of Vs with respect to the L2(BQ) norm. By the argument used to show (8.9) 
we have 

7TBjf ={DA-J °7TBo°DAj)f = ^ ( / DAJ f(x)Qa(x)dx) DA-j Qa 

\a\<s ^JBo ' 

= J2 / f(x)Qa(A-ix)dx)b-*DA-jQa, 

where DAf(x) = f(Ax). We also have \\DA-jQa\\Li{Bj) = ^HQallL^Bo) < ̂  a n d 

/ f(x)Qa(A-Jx)dx = - f{x)Qa(A-ix)dx - • 0 as j —> oo, 

by (9.9) and the uniform boundedness of coefficients of the polynomials Qa(A Jx) 
for j > 0. This shows 

oo 

(9.12) f = gk + \_.{gj+i — gj) w r t n convergence in Lx(Rn). 
j=k 

In fact, we will prove that we also have convergence in Hp by showing that g J + i — gj 
are appropriate multiples of (p, oo, s)-atoms supported on Bj+\. Indeed, 

H& + 1 -9j\\oo = I I ^ J + 1 ( / ) 1 S J + 1 -nB3U)±B3\\oc 

(9T3) =\\f^B3 + 1\B3 ~ ^B^B^J JclB3KB3f\\oc 

<\\f^B3 + 1\B3\\oo + \\^B3 + 1^B3 + lf\\oo + \\^B3^B3f\\oc 

By (9.8) 
II/IBJ+ABJICX) < Cb-k/pbs(k-j^ = Cb-j/pbV-1/p)(k-j). 
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9. CALDERON-ZYGMUND SINGULAR INTEGRALS ON Hp 63 

Since \\lBjDA-jQaWoo = ||QQls0||oo < Ci for all \a\ < s, by (9.9) and (9.11) we 
have 

IIIB^TT^/HOO < C I 6 - ^ ' V / f(x)Qa(A-Jx)da 

Since \Qa(x)\ < C2\x\s for x G 5g for some constant C2 > 0 

S / l/(*)ll-A-
J 5 C 

/ ( a O Q a ( A - ^ x ) d x < C 2 / \f(x)\\A-'x\*dx 
Bc 

<C2 [ C\Bk\-1/pp(A-kx)-sp(A-jx)slnX+/lnbdx 
JBC 

= C2Cb-k/pb6{h-j) [ p{A-Jx)-6+slnX+/lnbdx 

< C2Cb-k/pb5{k-j)bj [ p(x)-6+slnX+/lnbdx = C3bJ^-1/p)b{6-1/p)(k-jl 

Inserting the last three inequalities into (9.13) we conclude that 

||Sj+i - 5i I loo < C 4 6- ( J + 1 ) / P 6 ( 5 - 1 / P ) ( f c - J ) for j > k, 

for some constant C4. Since g^s have vanishing moments up to order s, gj+\ — gj 
is a Kj multiple of a (p, 00, s)-atom a,j supported on -Bj+i, where gj+\ — gj — KJOLJ, 

Kj = CibV-VPM-n. By (9.12) 

/ °° \ i /p / °° \ i /p 

||/||flj,. < (ic0cy + 53|Kj|"j = [{Cocy + cz^bW-w-") = c, 

which ends the proof of the lemma. • 

REMARK. Since translations are isometries in Hp we can immediately gener­
alize Lemma 9.3 to functions centered at arbitrary xo G Mn. Conditions (9.7) and 
(9.8) can be substituted then by 

(9.14) f - i - / \f(x)\*dx) * <C\Bk\-^p, 

(9.15) |/(a;)| < C\Bk\~^pp(A-k(x - x0)y6 for x G x0 + B%. 

A function / satisfying (9.9), (9.14), and (9.15) with C = 1 is refferred to as 
a molecule localized around the dilated ball xo + Bk G B. Hence, a molecule 
satisfies all the properites of an atom as in Definition 4.1 with the exception of 
compact support condition, which is replaced by a suitable decay condition (9.15). 
Therefore, Lemma 9.3 says that, for fixed (p,q,s) and decay exponent <5, every 
molecule / belongs to Hp with the Hp norm bounded by some constant depending 
only on (p, g, s) and S. Moreover, by examining the arguments of Lemma 9.3, one 
can easily see that, for fixed 0 < p < 1, this constant depends only on 5. 

We also remark that our definition of molecule is more restrictive than what 
normally is understood as a molecule. For properties of molecules we refer the 
interested reader to [BS, CW2, GR, TW]. 
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64 1. ANISOTROPIC HARDY SPACES 

Our next goal is to show that Calderon-Zygmund operators map atoms into 
molecules. Generally, we can not expect this unless we also assume that our opera­
tor preserves vanishing moments. The precise meaning of this is given in Definition 
9.4. 

DEFINITION 9.4. We say that a Calderon-Zygmund operator T of order m sat­
isfies T*(xa) — 0 for all \a\ < s, where s < mlnA_/ lnA + , if for every / G L2 with 
compact support and J xaf(x)dx = 0 for \a\ < m, we also have J xaTf(x)dx = 0 
for all |a| < s. 

Note that we require that s < m In A_/ In A+ in Definition 9.4 to guarantee that 
the integrals J xaTf(x)dx are well defined for all \a\ < s. Indeed, it follows from the 
proof of Lemma 9.5 that \Tf(x)\ = 0(p(x)-1-rnlnX-^lnb) as \x\ -+ oo, and hence 
1770)1 = O ( p 0 ) ~ 1 | ^ r m l n A _ / l n A + ) a s \x\ -> oo. We also remark that Definition 
9.4 overlaps with analogous property in the isotropic setting investigated by Meyer 
in [MC, Chapter 7.4]. Furthermore, the condition T*(xa) = 0 is automatically 
satisfied when T is a convolution singular integral operator, which explains why 
this condition does not appear in this simpler situation, see [GR, Chapter III.7]. 

LEMMA 9.5. Suppose that (p, 2, s) is admissible and an integer m satisfies m > 
m a x ( ( l / p - l ) ln6 / lnA_ , s lnA + / l nA_) . Assume T is (CZ-m) andT*(xa) = 0 for 
\a\ < s. Then there exists a constant C, depending only on the Calderon-Zygmund 
norm ||T||(m) ofT, such that \\Ta\\Hp < C for every (p, 2,in— \)-atom a. 

P R O O F . Suppose a (p, 2, m — l)-atom a is supported in the ball XQ + -B&- We 
estimate Ta separately around and away from the support of an atom a. 

(9.16) [ \Ta{x)\2dx < [ \Ta{x)\2dx < C\\a\\2 < {B^2^. 
Jx0+Bk+UJ JRn 

Suppose x G xo + Bk+i+uj+i \ Bk+i+u for some I > 0 and y G XQ + B^- Then 
x — y G Bk+i+2u+i but x — y 0 Bk+i- Hence, by (9.6) and the chain rule 

(9.17) \d^[K(',Ak+l-)]{x,A-k-ly)\ < C/p(x - y) - Cft"*"' for |a| < m, 

where C depends only on the constant C in (9.6). Away from the support of the 
atom a, we estimate Ta by 

(9.18) \Ta(x)\ K(x,y)a{y)dy 
x0+Bk 

K(x,A-k-ly)a(y)dy 
x0 + Bk 

where K(x,y) — K(x, Ak+ly). Now we expand K(x,y) into the Taylor polynomial 
of degree m — 1 (only in y variable) at the point (x, A~k~lxo). That is, 

d"K(x,A-k-lx0) u j 
(9.19) K(x,y')= V y . Ay'-A-k-lxo)a + Rm(}/). 

\ot\<m—l 

Here we think that y' — A~k~ly and that y ranges over xo + B^ as in (9.18). Since 
we are going to apply (9.19) for y' G A~k~lxo + -B-z, the remainder Rm satisfies 

\Rm(y')\ < C sup sup \d$K{x, z)\\y' - A~k~lx0\m 

zGA-k-'xo + B^i \a\=m 

<C"b~k-1 sup \z\m, 
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9. CALDERON-ZYGMUND SINGULAR INTEGRALS ON Hp 65 

because the partial derivatives of K(x, y) in the variable y of order m satisfy (9.17). 
Combining (9.18), (9.19), and (9.20) and using the moment condition of atoms we 
have 

\Ta(x)\ J Rm(A-k-ly)a(y)dy\ < f \Rm{A-k-ly)a{y)\dy 
JxQ+Bk 

<Cfb~k-1 sup \z\m / \a(y)\dy<C'b-k-\c\Zl)mbk-k/p 

zEB-i JxQ+Bk 

= c"b-k/pb-l\Zlrn = C"b-k,pb-16, 

where 8 = rain A_/lnfr+1. Therefore, Ta satisfies (9.14) and (9.15). Furthermore, 
we have T*(xa) = 0 for \a\ < s meaning Tf has vanishing moments up to order 
s whenever / G L 2 with compact support has vanishing moments up order m — 1, 
i.e., / is a multiple of a (p, 2,ra — l)-atom. By Lemma 9.3 this implies that there 
is a constant C independent of a so that ||Ta||#p < C. • 

Lemma 9.5 strongly suggests that any Calderon-Zygmund operator T of order 
m extends to a bounded operator on the Hardy space Hp, where m is sufficiently 
large and depends on 0 < p < 1. This requires a careful proof since potentially there 
could be a problem with the well-definedness of T on Hp, due to the non-uniqueness 
of atomic decompositions. This problem is similar to the one we encountered when 
dealing with the duals of Hp'. To overcome this difficulty we need to use an ap­
proximation of a given Calderon-Zygmund operator T of order m by a sequence of 
(CZ-ra) operators with nonsingular kernels. 

In the following theorem we impose the same constraints on integers m and s 
as in Lemma 9.5. 

THEOREM 9.6. Suppose T is a (CZ-m) with kernel K(x,y). Then there is a 
sequence (Ti)iez of uniformly bounded (CZ-m), i.e., for any i G Z , ||Ti||(m) < C, 
with nonsingular C°° kernels Ki(x,y) such that 

(9.21) TJ(x) = J Ki(x,y)f(y)dy forxeRn, 

where f G L2 has compact support, and 

(9.22) TJ^Tf in L2 as i -> -oo for all f e L2. 

Furthermore, ifT*(xa) = 0 for \a\ < s then also (T^)*(xa) = 0 for all \a\ < s and 
i e N. 

One possible approximation technique for Calderon-Zygmund operators in­
volves the truncation of the kernel. Given a C°° function ip such that (f(x) = 0 
for x £ B-i, (f(x) = 1 for x G (#o)c we can define kernels Ki by Ki{x,y) — 
K(x1y)(f(A~l(x — y)). By adapting arguments of Meyer in [MC] it is possible to 
show, though it is not automatic, that the family of the corresponding operators 
(Ti) is (CZ-m) with uniform constants. Furthermore, T^.'s (after taking a subse­
quence) converge weakly to Mh + T as i3•, ^ — oo, where Mh denotes the operator 
of multiplication by a function h G L°°, see [MC, Chapter 7, Proposition 3]. How­
ever, if K(x,y) is not a convolution kernel then in general the T '̂s might not pre­
serve vanishing moments. Therefore, this approximation is not suitable for showing 
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66 1. ANISOTROPIC HARDY SPACES 

boundedness of T : Hp —> Hp. It can be used, though, to show boundedness of 
T : Hp - • Lp. 

Instead we are going to use an approximation based on smoothing by a convo­
lution with a compactly supported smooth function p. Indeed, suppose p is C°°, 
supp p C Bo and J p = 1. For any i G Z define a convolution operator ij^ : Sf —> Sf, 
by 

(9.23) Rif = f*<Pi. 

By Lemma 6.6 for every 0 < p < oo we have 

(9-24) | | ^ / | U P < q | / | | H „ 

and by Theorem 6.8, 

(9.25) lim | | i ? , / - / | | H P = 0 for every / e / P . 
i—» — oo 

We are now ready to present the proof of Theorem 9.6. 

P R O O F O F T H E O R E M 9.6. We define operators T{ by T{ = RiTRi, where R{ is 
given by (9.23). Since T* : S -> S ' it has a kernel iQ G <S'(Rn x R n ) by the Schwartz 
Kernel Theorem. We claim tha t Ki is a regular distribution which is identified with 
the function Ki given by 

(9-26) Ki(x, y) = (T(rypi), rx<fi), 

where pi(z) = pi(—z). Indeed, recall tha t for any / G S', Rif = f *<Pi is a regular 
distribution identified with Rif(x) — f(rxpi). For any ip G 5 , RiTRi (ip) is also 
regular distribution and 

( ^ o T o Ri)rl>(x) = (TRi{^Txipi) = (T(pt * ^),rxpt) 

T( / ^{y)p>i{- - y)dyYrxpl\ = ( ^{y)T(rypi){-)dy,Tx(pi 

= / ip(y)(T(Typi),Tx(pi)dy. 

The next to last equality is justified by approximating the integral in L2 by finite 
linear combinations of functions p(- — y) for y G W1. This shows (9.26). Moreover, 
if x — y 0 2 i ^ C Bi+UJ then supports of r ^ ^ and rxp>i are disjoint and 

Ki(x, y) = (T(TyPi),Txpi) = K{u, v)pi(v - y)dvpi(x - u)du 
(9.27) JJ J^n 

— I I K(x — u,y + v)pi(u)pi(v)dudv. 

Fix (#o,2/o) ^ ^ an<^ suppose tha t XQ — yo G i?/+2u;+i \ Bi+2u f ° r some / > i. 
Since u and v range over ^ in (9.27) xo — u — (yo + v) = xo — yo — u — v G 
Bf+2cu + -Si+w c #/%• A l s o x o - yo - u - v G Bt+3uj+1. Note tha t for \a\ < m 

y)pi(u)pi(v)dudv, (9.28) d2[Ki(.,Al+^.)]{x,y) = J Jd%[K(.^ 

by moving the differentiation inside the integral. By the chain rule and (9.6) there 
is a constant C so tha t 

(9.29) \d%[K(; Al+2"-)}(x0 - u, A-l~2"(y0 + v))\< Cb'1'2" 
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9. CALDERON-ZYGMUND SINGULAR INTEGRALS ON Hp 67 

for all | a | < m and u,v G Bi. Combining (9.28) and (9.29) we obtain 

(9.30) \d«[Kt(;Al+2"-)}(xo,A-l-2"y0)\ < C'b~1-2" = Cp(x0 - yo)" 1 • 

Suppose next tha t XQ — yo G Bi+i\Bi for some / < i + 2UJ. We claim tha t there 
is a constant C such tha t 

(9.31) \a^[Ki(;Al-)](x,y)\ < C ' 6 " ' < C'b2"p(x0 - yo)'1 

for all (x,y) G R n x R n and |a | < m. In particular, by choosing (x,y) = (xo, A~ly$) 
we obtain the estimate (9.6) for the kernel Ki. To see (9.31) for a = 0 we use (9.26) 
and the Cauchy-Schwarz inequality 

\Ki(x,y)\ < \\T\w\ipiWl = liriUMUfc-* = c'b-\ 
For a / 0 w e need an additional argument. Define the mapping H : R n —> L 2 ( R n ) 
by if(i/) = TAiytfi. Clearly, H is a C°° function on Rn with values in the Hilbert 
space L2(Rn). Moreover, ToH is also C°° and da(ToH) = TodaH for any multi-
index a, since bounded linear maps commute with the differentiation. Consider 
also the function h(x,y) — rAiy(fi(x). For fixed y G Mn, supp/i(- ,y) C T4Z?/ + Bi. 
Also for |a | < m 

\dZh(x,y)\=b-i\dZ<p(A-i(x-Al-))(y)\ = I f e " ^ ^ " ^ - ^'-'.)(j/)| < C'V', 
by the chain rule since y? is C°° with compact support and I — i < 2u. Therefore, 
for any y G R n , 

(9.32) \\daH{y)\\l= J \d°h(x,y)\2dx= f \d«h(x,y)\2dx < C%-\ 
JRn JAly+Bi 

Therefore, by (9.32) and the Cauchy-Schwarz inequality 

\d^[Kd;Al-)}(x,y)\ = \(da[ToH}(y),Tx<pz)\ < \\T\\\(daH(y),Txy5t)\ 

< | | T | | | | ^ F ( y ) | | 2 | | ^ | | 2 < C " | | T | | | M | 2 6 - \ 

which shows (9.31). The estimates (9.30) and (9.31) cover the whole range of 
(xo,yo) G Cl and they imply tha t the T^'s are (CZ-m) with norms | |T | | (m) inde­
pendent of i G Z. Clearly, TVs are uniformly bounded on L2 since the R^s are 
uniformly bounded on L2 by (9.24). Moreover, (9.22) holds by (9.25). Moreover, 
Ki(x, y) is a smooth kernel function on R n x R n by (9.26). Hence, X$ has a nonsin-
gular kernel Ki(x,y) satisfying (9.21) initially for / G S. By a density argument, 
(9.21) holds for all / G L2 with compact support. 

Finally, we ought to show tha t given a function / G L2 with compact support 
and J f(x)xa = 0 for \a\ < m — 1 we have fTif(x)xa = 0 for \a\ < s. This is a 
consequence of Lemma 9.7. Indeed, Rif is also in L2 with vanishing moments up 
to order m — 1, hence it is a multiplicity of some (p, 2, m — l ) -a tom. By Lemma 9.5, 
TRif satisfies the decay estimate (9.15) and has vanishing moments up to order s. 
Therefore, by Lemma 9.7, RiTRif has also vanishing moments up to order s. This 
ends the proof of Theorem 9.6. • 

L E M M A 9.7. Suppose f satisfies f(x)(l + | x p ) G L1 and J f(x)xadx = 0 for 
\a\ < m. Then we also have J Rif(x)xadx = 0 for \a\ < m. 
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PROOF. For any \a\ < ra by the Fubini Theorem 

xaRJ(x)dx= / xaf(x-y)(pt(y)dydx 
JRn JRn 

= 1 1 {x + y)af{x)Vl{y)dxdy^O, 
JRn JRn 

because the integrand belongs to L 1 ( R n x R n ) since the support of tp is b o u n d e d . • 

We are now ready to prove the main result of this section. 

T H E O R E M 9.8. Suppose T is a C alder on-Zygmund operator of order ra. If p 
satisfies 

(9.33) » S 1 / P - 1 < ^ * 

then T extends to the continuous linear operator T : Hp(Rn) —> Hp(Rn) provided 
T*(xa) = 0 for \a\ <s= [{l/p - 1) In 6/In A_J. 

P R O O F . Note tha t (9.33) guarantees tha t p and ra satisfy the assumptions of 
Lemma 9.5 and Theorem 9.6, i.e., ra > m a x ( ( l / p — 1) In6 / In A_, s i n A + / l n A_). 
Let (Ti)iez be the sequence of operators with kernels Kt(x,y) given by Theorem 
9.6. We claim tha t for any (p, 2, ra — l ) -a tom a we have 

(9.34) Tta -> Ta in Hp as i - • - o o . 

Indeed, if a is supported in the ball XQ + Bk then Ria is supported in XQ + Bk+u 
for i < k. Since \\a — Ria\\2 —• 0 as i —•» —oo, therefore a — ̂ a is a ft; multiple of 
some (p, 2, ra — 1) a tom for z < A: by Lemma 9.7. Furthermore, ^ —• 0 as i —» —oo. 
By Lemma 9.5, | |T(a - ^ a ) ^ ^ -> 0 as i -* oo. By (9.24) and (9.25), 

\\Ta - RiTRia\\p
HP < \\Ta - RiTa\\p

HP + \\Ri(Ta - TRza)\\P
HP - • 0 as i -+ - o o , 

which shows (9.34). 
The kernel function Ki{x,y) of T;, given by (9.26), is C°°. Furthermore, by 

the Cauchy-Schwarz inequality all partial derivatives of Ki(x,y) of order < TV are 
uniformly bounded for any natural number N. By taking N > (l/p — 1) In 6/In A_ 
we conclude by Proposition 8.7 tha t K{(x,-) belongs to the Campanato space C1^ s 

with I = l/p — 1 for any fixed x G Mn . Furthermore, 

(9.35) \\Ki{x, O I L I / P - I < C{i) for all x G Mn, 

and for some constant C = C(i) depending only on i G Z. 
Take any / G L 2 with compact support and vanishing moments up to order 

ra — 1, tha t is / G O ^ - i - Let / = 5^ 7 GN ^ j a j be a n atomic decomposition of / into 
(p, 2,ra — 1) atoms with X^JGN IKJ 'IP — 2 | | / | | # P • ^ ^he d u a n t y Theorem 8.3, 

Ki(x, •) defines a bounded functional on Hp and by (8.18) and (9.35), 

(9.36) Tif(x) = ^ KjT.a^x) for every x G Rn. 

Furthermore, the convergence in (9.36) is uniform on R n by (8.15) and (9.35), and 
hence the series in (9.36) converges in S'. By Theorem 9.6, TVs are uniformly 
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9. CALDERON-ZYGMUND SINGULAR INTEGRALS ON Hp 69 

bounded (CZ-ra) and hence by Lemma 9.5, HT^Hf/p < C for some constant C 
independent of i and j . Therefore, 

(9.37) Tif = \ J KjTidj convergence in Hp, 

Moreover, 

mf\\p
HP < E l ^ l ' I M ^ < ^ I I / H H J ^ -

Combining this with (9.34), (9.37), and letting i —» —oo, we obtain 

(9.38) | |T/ | | f f P<C" | | / | | f f P f o r / e e ^ . ! 

for some constant C independent of / . Moreover, 

(9.39) Tf = Y^ K3Ta3 convergence in Hp. 

Since O ^ - i is a dense subspace of Hp, T extends uniquely to a bounded operator 
in HP by (9.38). • 

As a consequence we conclude that for any / G Hp with / = J^jeN Kjaji w n e r e 

J2jeN I ^ J I P < °° an<^ a / s a r e (p, 2, s)-atoms, we can compute Tf by applying the 
formula (9.39). 

In the case when T does not necessarily satisfy T*(xa) = 0 for |a| < s, we still 
have a boundedness result which is analogous to Theorem 9.8. 

THEOREM 9.9. Suppose T is a C alder on-Zygmund operator of order m. If p 
satisfies (9.33) then T extends to the continuous linear operator T : Hp(Rn) —» 
Lp(mn). 

PROOF. The proof follows along the lines of the proof of Theorem 9.8 with 
the exception that (9.34) may not hold, since Ta may not even belong to Hp for a 
(p, 2, TTi — 1) atom a. Nevertheless, Ta(x) satisfies the same size estimates (9.14) and 
(9.15) as in Lemma 9.5. Therefore, ||Ta||^P < C for some constant C depending on 
||T||(m), but independent of an atom a. Moreover, (9.36) still holds for / G ©^_i 
and consequently | |T2/ | |L P < C\\f\\HP for all i G Z and / G B^_ i . By (9.22) 
we have Tif(x) —• Tf(x) for a.e. x G W1 as i —•> —oo (possibly after taking a 
subsequence). Therefore, by Fatou's Lemma | | T / | | L P < C'II /H^P for all / G ©^-l -
Therefore, T has a unique extension from Hp into Lp, which concludes the proof 
of Theorem 9.9. • 
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10. Classification of dilations 

In this section we investigate the question when two different dilations generate 
the same anisotropic Hardy space Hp for some 0 < p < 1. We give a necessary and 
sufficient condition for this to happen in terms of the spectral properties of these 
dilations. We start with two basic lemmas. 

LEMMA 10.1. Suppose D is an n x n matrix. If \\D\\ < c\ and | de tD | > C2 
for some ci,c2 > 0 then there is a constant 03 = 03(01,02) > 0 independent of D 
such that \Dz\ > c3\z\ for all z G Rn . Similarity, if \Dz\ > ci\z\ for all z G Rn 

and \detD\ < 02 for some ci,c2 > 0 then there is a constant 03 = 03(01,02) > 0 
independent of D such that \\D\\ < 03. 

LEMMA 10.2. Suppose we have two dilations A\ and A2 on W1. Let pi and 
P2 be the quasi-norms associated to A\ and A2, respectively. Then pi and p2 are 
equivalent if and only if 

(10.1) inf inf \Akz\/\A[
2
ek]z\ > 0, 

or 

(10.2) sup sup \Akz\/\A^eklz\ < 00, 
z£Mn\{0} keZ 

where 

(10.3) e = e(Ai,A2) = In | det A±\/ In | det A2\. 

PROOF. Note that for every k G Z 

1 = |detAi | f c |detA 2r c f c < \detA1\k\detA2\-[ek} 

= \det(Ak
1A-lek])\ < | de t^ 1 | / c | de t^ 2 | - € / e + 1 = |detA2 | . 

By Lemma 10.1 applied to A^A^ we obtain (10.1) is equivalent to (10.2). 
Assume that (10.1) and hence (10.2) holds. Let 0 and d denote the values of 

(10.1) and (10.2), respectively. Fix r > 0 so that for every z G Mn \{0}, and 2 = 1,2, 
there exists k G Z such that 1 < \Akz\ < r. Clearly, r = max(||Ai||, H-A2II) works. 
Denote 

0\ — inf{/0i(z) : 1 < \z\ < r} , d\ = sup{pi(z) : 1 < \z\ < r} , 

c2 = m({p2(z) : 1/d < \z\ < r/c}, d2 = snp{p2(z) : 1/d < \z\ < r/c}. 

Fix x G W1 \ {0} and choose keZ such that 1 < \A$x\ < r. Clearly 

(10.5) |detAi|- f cci <pi(x) < |detAi |- f edi. 
By (10.1) and (10.2) 

l/d< \A^eklx\ <r/c, 
thus by (10.4) and (10.5) 

p2(x) = I det A2\-lek]p2(Al
2
ek]x) < |det A2|-LcfcJ sup{p2(z) : 1/d < \z\ < r/c} 

< \ det A^-t*] det A2\d2 < pi(x)c±1d2\ det A2\. 
Similarily 

P2(x) > Pi(x)d^ inf{p2(z) : 1/d < \z\ < r/c} > pi(x)d^lc2. 
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10. CLASSIFICATION O F DILATIONS 71 

Since x £ W1 \ {0} was arbitrary the quasi-norms p\ and p2 are equivalent. 
Conversely, assume p\ and p2 are equivalent, i.e., there is a constant C > 0 so 

that 1/Cp2(x) < px(x) < Cp2(x). For any z eRn with \z\ = 1 we have by (10.4) 

Pi(AkA~^z) = \detA1\kp1(A-leklz) < C\detAi\kp2(A-^z) 

< C\detA^ldetA2\-[ek}p2(z) < C\detA2\sup{p2(x) : \x\ = 1} = D. 

Clearly, for any r > 0, {x : p\(x) < r} is a bounded set in Rn if pi is a step 
homogeneous quasi-norm. By Lemma 2.4 the same is true for any quasi-norm. 
Hence there is a constant d > 0 so that {x : pi(x) < D} C {x : |x| < d}. Therefore 
by (10.6), \AkA-[eh}z\ < d. Since z was arbitrary we obtain (10.2). This finishes 
the proof of the lemma. • 

Our next goal is to show the following theorem. 

THEOREM 10.3. Let pi and p2 be the quasi-norms associated to dilations A\ 
and A2, respectively. Then pi and p2 are equivalent if and only if for all r > 1 and 
all m — 1, 2 , . . . 

(10.7) span ( J ker(Ai - A/d)m = span ( J kei(A2 - A/d)m, 
|A |=r - |A |=r 

where e is given in (10.3). In (10.7) we think of A\ and A2 as linear maps on Cn. 

Since Ai (i = 1, 2) is a real matrix then the complex subspace 

span(ker(A2 - \Id)m U ker(A2 - lid)™) C Cn, 

is in fact a complexification of the real subspace 

span(ker(yl, - \Id)m U ker(A, - A/d)m) n Mn, 

for any A £ C, and m = 1,2,... Moreover, the conditions (10.1) and (10.2) are 
equivalent to respectively 

(10.8) inf inf \Akz\/\A^k]z\ > 0, 

(10.9) sup s u p | ^ z | / | A ^ J z | < oo. 
zecn\{o}kez 

LEMMA 10.4. Suppose A is nxn complex matrix. For any z £ Cn, r > 0, and 
ra = 0 , l , . . . 

(10.10) z £#(r , ra + 1) \ £"(r, m), w/iere 
(10.11) 

E(r,m) = E(A;r,m) = span ( ( J ker(A - A/d)m U | J ker(,4 - \Id)nY 
^ | A | = r |A |<r ' 

i/ and on/?/ «/ |Afcz| ~ &m
r
fc as k -^ oo, i.e., there is a constant c > 0 and /co £ N 

(10.12) l/ckmrk < \Akz\ < ckmrk for all k > k0. 
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72 1. ANISOTROPIC HARDY SPACES 

PROOF. Suppose J is a j by j Jordan block associated with an eigenvalue A, 
i.e., 

/A 1 0 \ 
A 1 0 . . . 

(10.13) 

V 
A 1 

A ) 

The /cth iterate of J is equal to 

fPo(k)Xk viik)^'1 P2(k)Xk~2 . . . W_i(fc)A*->+1\ 

p0(k)Xk pii^X*'1 p2(k)Xk-2 \ 

(10.14) Jk 

\ 
Po(k)Xk 

J>i(*0A*_1 

Po(k)Xk 

where Pi(k) is given by the recursive formula 

i = 0, fc = 0,l , 
Pi{k) 

1 
0 i 

{ p^k - 1) + Pl(k - I) i 

In particular, p\(k) — k, P2(k) = k(k — l) /2, and by induction 

k(k - 1 ) . . . (k - i + 1) 

1, fc = 0 , . . . , 2 - 1, 
1, A; = z, z + 1 , . . . 

(10.15) Pi(k) 

Take any 0 / z = (z i , . . . ,Zj) GC J . Let m = 0 , . . . , j — 1 be such that 

2 G ker( J - A/d)m + 1 a n d z £ M J ~ A/d)m. 

Equivalent ly, m is the unique index which satisfies z m + i ^ 0 and ^ + i = 0 for all 
i>m. If A + 0 then by (10.14) and (10.15) 

lJfcz] 
fcm|A|fc |A|mra! as k 

This shows Lemma 10.4 in the case when the matrix A is a single Jordan block. 
In the general case we can use the Jordan Theorem to write A &s A = UBU~1

1 
where U is a nonsingular nxn matrix and B = ©f=1 Ji, where Ji is a Jordan block 
of size ji associated with the eigenvalue A .̂ We can assume that |Ai| < . . . < |AP| 
and j i + .. • + jp = n. For the convenience we define l\ = 0, U = j \ -f . . . + ji-i for 
i = 2 , . . . ,p. We define the basis {v\ : / = 1 , . . . ,n} of Jordan decomposition by 
v\ = C/e/, where {e\ : I = 1 , . . . , n} denotes the standard basis in Cn. 

Note that E(r,m) C E(r'\m') if r < rf or if r = r' and m < m', where 
E(r,m) is given by (10.11). Also if r ^ |A |̂ for all i = 1 , . . . ,p, or m — 0, then 
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10. CLASSIFICATION O F DILATIONS 73 

E(r,m) = {0} if r < |Ai| and otherwise E(r,m) — E(\\i\,n), where i is the largest 
index so tha t |A^| < r. Since E(\\p\,n) = C n therefore we can express C n as 

p n —1 

(10.16) Cn = E(0,n)U \J (J £(|A2|,m + l)\£( |A, | ,m). 
i=i m = 0 

If z G £ ( 0 , n) then (10.10) can not be fulfilled for any r > 0 and \Akz\ = 0 for 
all k > n. Suppose tha t z G E(\\io\,mo -f 1) \ E ' d A ^ m o ) for some i$ = 1 , . . . ,p , 
|Ai0| ^ 0, and mo = 0 , . . . , n — 1. Let Zi = min{z : |A;| = |Ai0|}, and z'2 — max{z : 
| A l̂ = |Ai0|}. Observe tha t E(\\io\,m) consists precisely of vectors Yl?=i aiyii w n e r e 
a\ G C, and a\ = 0 if either li2 < I or li + 1 + m < I < U + ji for some z, i\ <i<i2-
Hence, we can write z as ^2i*=i aivi- By (10.14) we have for k G N, 

(io.i7) = f>( £ Ew-'(^'"ll'"')e' 
*' — 1 ^ 7 — 7 . _ l_1 7 / — 7 ^=/;t+i r=z 

*2 ^i+ji 

= E E 
2=1 / = /, + ! 

«i+j< 
fe-(z'-o 

ui'W-iyr*)/ Y^ aZ/p//_z(fc)Aj u/. 

Since z G £ ( | A ; J , m 0 + l ) \£ ( |A ? , 0 | , m 0 ) , we have a/ = 0 if/2 + l + m 0 + l < / < h+ji 
for some 2, zi < i < z^. Also there exists z', z\ < z' < 22, mo + 1 < jV such tha t 
a// 7̂  0, where V = l^ + 1 + mo- Therefore, all the coefficients of the v^s in 
the brackets (10.17) are dominated asymptotically by krn°\Xo\k as k —> 00 and at 
least one coefficient (the coefficient of v/.,+i) behaves asymptotically as fcm°|Ao|fc 

as /c —> 00 by (10.15). Since the norm \U • \ is equivalent to the s tandard norm | • |, 
this shows tha t there exists a constant c > 0, and fco G N so tha t 

l/ckmo\X0\k < \Akz\ < cfcmo|A0|fc for all k > fc0, 

i.e., (10.12) holds. 
This combined with (10.16) also shows the converse implication. • 

P R O O F O F T H E O R E M 10.3 . Lemma 10.2 says tha t the quasi-norms p\ and p2 

are equivalent if and only if (10.8) and /or (10.9) hold. Assume tha t this hap­
pens. For r > 0 and m = 0 , 1 , . . . , let E(Ai;r,m) be the linear space given 
by (10.11) corresponding to the dilation A^ i = 1,2. By Lemma 10.4, if z G 
E{A1\r,m^l)\E{A1\r,m) then \A\z\ ~ kmrk as k -> 00 and by (10.8) and (10.9), 
\A^ek]z\ ~ /cmrfc, so \A%z\ ~ fcmrfc/e as k -» 00. Therefore, z G £ ( ^ 2 ; r 1 ^ , m + 
1) \ E(A2] r1/e,m). Since the sets E(A{; r, m + 1) \ E 1 ^ ; r, m) , r > 1, m = 0 , 1 , . . . 
parti t ion C n \ {0} for i — 1,2, we have E(Ai;re, m) = E(A2'1r,m) for all r > 
0, m = 0 , 1 , . . . . Analogously, by considering matrices A^1 and A^-1 we have 
E(A^1;re,m) = E(A^;r,m) for all r > 0, m = 0 , 1 , . . . Since £ ( , 4 2 ; r , m ) n 
^ ( A " 1 ; r _ 1 , m ) = span(JiA. ker(Ai — Xld)771 for all r > 0, m = 0 , 1 , . . . , we have 
(10.7). By reversing this argument we obtain the converse implication. • 

We are ready to state the classification theorem for dilations generating the 
same anisotropic Hardy space Hp, 0 < p < 1. 
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74 1. ANISOTROPIC HARDY SPACES 

T H E O R E M 10.5. Suppose we have two dilations A\ and A2 onW1. The follow­
ing are equivalent: 
(i) the quasi-norms pi and P2 associated to A\ and A2, respectively, are equivalent, 

(ii) (10.7) holds for all r > 1, m = 1 ,2 , . . . , 
(Hi) the anisotropic Hardy spaces Hp associated to A\ and A2 are the same for some 

0<p< 1, 
(iv) the anisotropic Hardy spaces Hp associated to A\ and A2 are the same for all 

0 <p< 1. 

R E M A R K . We claim tha t the atoms introduced in Definition 4.1 can be alter­
natively defined as follows. Suppose A is a dilation and p its associated quasi-norm. 
We say a triplet (p,q,s) is admissible (with respect to dilation A) if 0 < p < 1, 
1 < q < 00, p < q, s G N, and s > [(1/p- 1) In 6/ In A_J, where b= |det^4| , and A_ 
is such tha t (2.1) holds. A (p, q, s)-atom (associated with dilation A) is a function 
a such tha t 

(10.18) 
supp a C {x : p(xo — x) < r} for some r > 0, XQ G Mn, 

(10.19) 
| |a | |g < r 1 / ( ? - 1 / p , 

(10.20) 

/ a(x)xadx — 0 for \a\ < s. 

Indeed, if p is the step homogeneous quasi-norm then the above conditions for 
r = fc7, j G Z coincide with Definition 4.1. If p is a general quasi-norm then by 
Lemma 2.4 there is a constant c > 0 so tha t for every atom a satisfying (10.18), 
(10.19), and (10.20), ca is an a tom in the sense of Definition 4.1. And vice versa. 
Therefore, the definition of atoms is independent of the choice of a quasi-norm up 
to the equivalence of a multiplicative constant. 

We can also replace conditions (10.18) and (10.19) by 

(10.21) supp a C x0 + A J B(0 ,1 ) for some j G Z, x0 G R n , 

(10.22) | |a | |g < | A J ' B ( 0 , 1 ) | 1 / 9 " 1 / P , 

where B(0 ,1 ) = {x : \x\ < 1}. 

PROOF. Theorem 10.3 states tha t (i) <^=> (ii). (i) =$> (iv) is a consequence 
of the above Remark, (iv) = > (hi) is automatic. It suffices to show (hi) = > (ii). 

Assume tha t (hi) holds for some 0 < p < 1. Our goal is to show (ii). Denote 
the Hardy space associated to the n x n dilation matr ix A by i f ^ ( R n ) or simply 
HP

A. We claim tha t HP
A = HP

A implies tha t there is a constant C > 0 so tha t 

(10.23) 1 / C I I / l l ^ < \\f\\H>Aa < C\\f\\HPAi for all / e H>M = E%. 

By Theorem 6.9 and the following Remark, (10.23) is equivalent to the same condi­
tion being satisfied for all bounded, compactly supported functions / with vanishing 
moments up to order s, where s is large enough so tha t triplet (p1 00, s) is admissible 
for bo th A\ and A2. The family of such functions consists precisely of scalar mul­
tiples of (p, 00, s)-atoms (associated with A\ or A2). It is not hard to see tha t the 
equivalence of norms for atoms implies the corresponding statement for all elements 
oiHp

Ai=Hp
A2, i.e., (10.23). 
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10. CLASSIFICATION OF DILATIONS 75 

If (10.23) fails then we could find a sequence of elements (fi)ien in HA so 
that H/iHijp < 2~l and ||/i| |#p = 1 for all i G N (or the similar statement with 
the norms || • \\Hv , || • \\Hv interchanged). For any choice of vectors ki G W1 the 
series J2ieNTkJi converges in Hp

Ai (and hence in S'), since J ] i G N Il-Alljfp < °°> 
Ai 

see Proposition 4.5. Here rkf(x) = f(x — k) denotes the translation of / by the 
vector k G Rn. We claim that for some choice of /c '̂s, ^2ie^Tkifi does not belong 
to HA . Indeed, if M denotes the (grand) maximal function associated to A2 then 
find the sequence of numbers ( r ^ G ^ so that 

/ (10.24) / Mfi(x)pdx > 1 -2"* - 1 fora l lzGN. 
5(0,1 

Choose fc^'s so that the balls B(^ , r^) are mutually disjoint. Let / = ^Zie^Tk%fi ^ 
Sf. For each j G N, rkjfj = f — X ^ 7

 Tktfi with convergence in S', hence 

M{rk.fj){x) < Mf(x) + J2M(Tkifi)(x) < Ulf(x)p + ^ M ( r ^ ) ( * ) P 

for all x G Rn. In particular 

Mf(x)" > M(Tkjfj)(x)P - Y, M{TkJi){xY for x G B f o , r,-). 

Integrating the above and using rkM = Mrk we have 

/ Mf(xydx> [ (M{TkJ3){x)p-/ Mf(xydx> [ (M{rkJ3){x)p -y^M^J^xf^dx 

[ Mfj(x)pdx-Y^ [ Mfz(x)pdx 

1 - 2~j-1 - V / Mft{x)pdx > 3/4 - V 2'1-1 = 1/4, 

'B(0,r,) ^ JBikj-ki^j 

> 1 - L 

by (10.24) and JMri Mfi(x)pdx = 1. Summing the above over j G N we have 

/ Mf(x)pdx > ]T / Mf(x)pdx = oo. 
) 

Hence, / 0 iJ^ which is a contradiction of (hi). Therefore (10.23) holds. 
We remark that if A is a dilation then DA/(X) = | det A\1^pf(Ax) is an isometry 

on HP
A. More precisely, if / G Sf and <p G S then we define -DA/ by 

(DAf,<p) = \detA\l^-1(fMA~1-)). 

Indeed, by a simple calculation we have 

M^f(Ax) = | det A\~^pM°(DAf)(x) for x G Mn, 

and by the definition of the grand maximal function and a change of variables 

(10.25) \\f\\H, = \\DAf\\H> for all / e HP
A. 
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Consider the family of functions / on Rn so that 

(10.26) supp / C xo + Aj1A^B(0,1) for some j i , j 2 GZ,x 0 G Rn, 

(10.27) l l / I U f C l d e t ^ P ' ^ l d e t A -hlv 

(10.28) / f(x)xadx = 0 for all \a\ < s. 

We claim that there is a constant C > 0 so that 11/| \HP < C for every / satisfying 
Ai 

(10.26)-(10.28). Indeed, for any such / , DAj2DAJ1 f has support contained in 
2 1 

A^32 A~[n x^ + B(0,1), has L°° norm less than 1, and has vanishing moments up 
to order s, hence is a constant multiple of an atom (satisfying (10.20)-(10.22) with 
j = 0 and q = oo). The claim now follows from (10.23) and the iterative form of 
(10.25). Finally, let f0 be a fixed function satisfying (10.26)-(10.28) with x0 = 0, 
h = h = 0, 

f«o f o r a l l x G B ( 3 / 4 e i , l / 4 ) , 
1 " } J°[X) \ 0 for all x 0 B(0,1/2) U B(3/4ei, 1/4). 

It is clear that if So > 0 is sufficiently small a function / 0 satisfying the above 
constraints exists. 

To finish the proof, assume on the contrary that (ii) fails. By (10.2) this means 
that either 

l imsup| |A^~L e / c J | | = oo or lim sup \\A\A~[ek] \ | = oo. 
k—±oc k-^ — oo 

It is not hard to see the lim sup can be replaced by lim using the idea in the proof 
of Theorem 10.3. For any k eZ define d(k) as the smallest integer so that 

| | ^ A ^ L c f c J - d ( f c ) | | < l . 

Clearly, we have 

PM2"
L€fcJ"dWll = P^-^-^I I I I^ I I I I^H-1 > ||A 2 | | X -

We either have d(k) —>• oo as k -^ oo or d(k) —> oo as k -* —oo. We will fix our 
attention on the case when d(k) —» oo as k -^ oo; the other case is identical. 

For simplicity denote Qk = A^A^ . Let Zk G Mn, \zk\ = 1, be such that 
\QkZk\ = \\Qk\\ —: c(k). We know that 11̂ 4211 1 < c(k) < 1. Let Uk be a unitary 
matrix such that U^i = %k- Consider function 

(10.30) h = Dv-iQ-if0 = \ . \ i / o , 

The function fk clearly satisfies (10.26)-(10.28) with x$ = 0, j \ = k, j'2 = — [ek\ — 
d(k). Since Qfcl/feB(0,1/2) c B(0,c(fe)/2) and QfeC/fcB(3/4ei, 1/4) = QfcB(3/4zfe, 
1/4) then by (10.29) and (10.30) 

Q 3 x€B(0,c(A;)/2)c and fk(x) + 0 = » 
xeQ f cB(3/4z f e . l /4) and fk(x) = Sk, 

This document generated prior to electronic offprints.  
Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



10. CLASSIFICATION OF DILATIONS 77 

FIGURE 3. T H E SUPPORT OF fk is CONTAINED IN THE SHADED 
REGIONS. T H E FUNCTION fk IS EQUAL TO Sk IN THE DARKER 
ELLIPSE. 

where Sk = S01 detai l~k / p \ det^2|L e / e J / p + d ( f c ) / p- Let ip G S be a nonnegative func­
tion such that 

(10.32) ip(x) 
1 f o r ^ G B ^ l / S H A s l l - 1 ) , 

0 f o r x ^ B ^ ^ / i e P s i r 1 ) -

We claim that \\M°fk\\p -> oo as k -> oo. Indeed, if z G B(3/4Qfczfc, 1/16||A2||_1) 
then 

Mlfk{z)>\fk*y(z)\ 

(10.33) 

/ fk{x)(p(z - x)dx\ 
JR" I 

4 / lQfcB(3/4zfc,l/4)Wv(^-a;)^ 

> 4 |B(^ , l / S H ^ i r 1 ) n QfcB(3/4zfc, 1/4)|, 

by (10.31) and (10.32) since <£(z - x) ^ 0 implies 

x G B(0,3/16||v42||-x) + B(3/4QfcZfe, 1/16||^l2|p1) = B(3/4Qfe^fe, 1/4||^42|I-1), 

and hence x e B(0,c(/c)/2)c. By (10.33) and Lemma 10.6 applied to P = l/4Qk 

a n d r = ( 2 c ( f c ) p 2 | | ) - 1 

M°fk(z) > Sk\B(z - 3/AQkzk, 1/8||^4.2||~1) n PB(0,1) | > 5fc(r/2)n|PB(0, l ) | 

> | de tQ f e | |B (0 , l / 4 ) | 4 (4 | | ^ 2 | | ) - n 

><5o|detA2| ( d ( f c ) -1 ) ( 1 / p-1 ) |B(0,l/4) |(4| |A2| |)-n = c |det^2 | d ( / c ) ( 1 / p - 1 ) , 
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by (10.4). Therefore, if p < 1 then 

/ M°fk(z)pdz > [ M°Jk(z)pdz 
J^n JB(3/4Qkzk,l/16\\A2\\-1) 

> cp|B(0, l / l G H ^ i r 1 ) ! ! det A 2 | ^ ) ( 1 - p ) -+ oo as k - • oo. 

By Theorem 7.1, H/feHf/p ~^ °° a s & ~^ °° which contradicts ||/fc||ijp < C-
Therefore, (ii) must necessarily hold if p < 1. 

The case p = 1 requires a special argument. We have ||/fc||i = ||/o||i a n d 
supp//e C Q/cB(0,1) for all /c G N. Since <S is a separable space there is a subse­
quence (fki)ieN converging to some / G Sf, and r = lim^oo c(ki) exists. Clearly / 
is a regular Borel measure with compact support which is singular with respect to 
the Lebesgue measure since | supp/^l —> 0 as k —• oo. Furthermore, / / 0 which 
can be verified by testing / with an appropriate (nonnegative, radial) test func­
tion (f G S vanishing on B(0,r /2) . Let M denotes the (grand) maximal function 
associated to A\. By Fatou's Lemma 

/ Mf(x)dx< [ lim'mf Mfk.(x)dx < liminf [ Mfki(x)dx 
JRn JRn i-^oc % i^oc JRn 

<l imin f | | / f c J | H i <C. 

Hence / G H\x. But / £ L1 which is a contradiction of H^W1) C Lx(Rn). This 
finishes the proof of Theorem 10.5. • 

LEMMA 10.6. Suppose T = PB(0,1) = {x G Rn : | P _ 1 x | < 1} is an ellipsoid, 
where P is some nondegenerate n x n matrix. For any 0 < r < 1/2 we have 

| B ( . , | | P | | r ) n r | ^ ( r / 2 ) m / o r a K * G B(o , | |P | | r /2 ) . 

P R O O F . Let c = | |P | | . For any z € B(0,cr/2), B(0,cr/2) C B(z,cr) hence 

| B ( 2 , c r ) n r | JB(0 , c r /2 )nPB(0 , l ) | _ | P ^ B ( 0 , c r / 2 ) n B ( 0 , l ) | 
|PB(0,1)| |B(0,1) 

| B ( 0 , r / 2 ) n B ( 0 , l ) | _ 
" |B(0,1)| " ( r / 2 ) -

We close this section with a simple example of a distribution that differentiates 
most anisotropic Hp spaces. Although this example gives only a necessary condition 
for HA = HA , 0 < p < 1, it motivated the author toward Theorem 10.5. 

LEMMA 10.7. Suppose 0 < p < 1 and A is a dilation. For fixed z G Rn \ {0}, 
let f = SQ — Sz G <S', where Sz denotes the point mass at z. Then 

r. OO 

(10.34) / M^f{x)pdx < oo ^==> y2\A-lz\p\detA\{1~^1 < 

where Lp G S, J cp ^ 0. 
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PROOF. Since M®5o(x) ~ 1/ p(x), where p is a quasi-norm associated to A, 
M®5o is locally in Lp (0 < p < 1). Therefore, only the behavior of M® at infinity is 
of importance. For simplicity we choose a nonnegative Lp G S so that p(x) = 1 for 
all x e B0 and supp</? C JE?I, where IV s come from Definition 2.5. By the Mean 
Value Theorem 

/ . 
\{Vp{x),w)\pdx > 0 for any w G Mn \ {0}, 

£ i \ B 0 

where V<£> is the gradient of (p. By continuity 

inf / \(Vp{x),w)\pdx>0. 

Since | <£>(#) — p(x — w) — (V(p(x),w)\/\w\ —̂  0 as ^ | —> 0 uniformly over x G BI\BQ, 
there is a constant c > 0 so that 

(10.35) / \ip(x)-p(x-w)\pdx>c\w\p for all \w\ < 1. 

We have 

M°/(x) = sup 6"fc| / f(y)p(A-k(x - y))dJ 
(10.36) fcez | J I 

= sxxpb~k\p(A-kx) - (^(A-fe(x - z))|, 

where 6 = | det A\. Without loss of generality we can assume that \z\ < 1. Suppose 
x G Bi+i \ B\ for some I > ZQ? where Zo is sufficiently large so that (5/) c + B(0,1) C 
(£?/_i)c for all / > l0. Since x — z G (I2/_i)c the supremum in (10.36) runs effectively 
only for k > I — 1, and 

7B, 

Mj/(ai) < 61"' sup |Vy?(y)| sup \A~kz\ < Cb~l\A-lz\. 
yeRn k>l-l 

M°f(x)pdx < Cpbl+lb~lp\A~lz\p = Cpb^-p)l+l\A~lz\p. 
' Bi + i\Bi 

On the other hand by (10.35) 

/ M°f(x)pdx > b~lp f \p{A~lx) - cp(A-\x - z))\pdx 
J Bi + i\Bi J Bi + i\Bi 

= b~lpbl [ \ip{x) - p[x - A-lz)\pdx > cb^-p)l\A~lz\p. 

Summing the last two estimates over I > l0 yields (10.34). D 

COROLLARY 10.8. Suppose 0 < p < 1, A is a dilation, and z G Rn \ {0}. The 
following are equivalent: 

So-SzG Hp
A, 

\A-'z\\detA\{1/p-1)l ^0 as I - • oo, 

z e span ( | J kev{A - \Id)A . 
^ | A | > | d e t ^ | V p - i ' 
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80 1. ANISOTROPIC HARDY SPACES 

PROOF. Corollary follows easily from Lemmas 10.4 and 10.7. • 

EXAMPLE. Suppose A\ and A2 are dilations. Let A | , . . . , A^ be eigenvalues of 
Ai (taken according to multiplicity) so that \\\\ < . . . < |AJJ, i = 1, 2. Suppose that 
HP

M = HP
M for all 0 < p < 1. By Corollary 10.8 this implies (r = | det A^1^'1) 

span | J ker(Ai - \Id)n = span [ J ker(A2 - \Id)n for all r > 1, 
|A|>r |A|>r 1 /^ 

where e is given by (10.3). In particular, by counting dimensions we have 

(10.37) ^ l j l / l n l d e t A i l = | A 2 | l / l n | d e t A 2 | for a l l j = 1, . . . ,71. 

Naturally this condition falls short of sufficiency (in comparison with (10.7), for 
example). Nevertheless, it does give a quick way of checking whether two dilations 
might generate the same anisotropic Hp spaces. In fact, (10.37) comes very close 
to characterizing those Hardy spaces which are equivalent up to a linear transfor­
mation, as we will see in Theorem 10.10. 

DEFINITION 10.9. We say that HA and HP
A are equivalent up to a linear 

transformation, and write HP
A = HP

A if there is a nonsingular nxn matrix P such 
that Dp is an isomorphism between HA and HA . We say that two quasi-norms 
are equivalent up to a linear transformation if there is a constant c > 0 and a 
nonsingular nxn matrix P such that 

l/cpi{x) < p2(Px) < cpi(x) for all x eRn. 

THEOREM 10.10. Suppose we have two dilations A\ and A2 on Rn . The fol­
lowing are equivalent: 
(i) the quasi-norms p\ and p2 associated to A\ and A2l respectively, are equivalent 

up to a linear transformation, 
(ii) for all r > 1 and m = 1, 2 , . . . we have 

(10.38) J2 d i m k e r ^ i - Xld)771 = J^ dimker(A2 - A/d)m, 
|A|=r« |A|=r 

where e is given by (10.3), 
(iii) HP

M ^ HP
M for all 0 < p < I, 

(iv) HA = HA for some 0 < p < 1. 

P R O O F . Without loss of generality we can assume that the dilations A\ and 
A2 have only positive eigenvalues and d e t ^ i = det A2 = b by Theorem 10.5. 

Assume (i) holds. Note that p2{P-) is a quasi-norm associated with the dilation 
P~1A2P. Indeed, 

p2{P{p-lA2Px)) = \&etA2\p2(Px) = \det(p-1A2P)\p2(x). 

Since the quasi-norms p\ and P2{P) are equivalent 

ker(i4i - rld)m = ker{p-1A2P - rld)m =ker(P"1( .42 - rId)mP) 
=p-1(ker(A2-rId)m), 

for any r > 1, m = 1, 2 , . . . by Theorem 10.5. Hence (ii) holds. 
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10. CLASSIFICATION O F DILATIONS 81 

Assume (ii) holds, i.e., 

(10.39) dimker(Ai -rid)171 = dimker(A2 - rid)171, for all r > 1, m = 1, 2 , . . . 

If r is an eigenvalue of A\ then the number of Jordan blocks of size > m corre­
sponding to r is equal to d i m k e r ^ i — rid)171 — dimker(Ai — rid)717'1. If r is not 
an eigenvalue of A\ this number equals 0 regardless of m. By (10.39) the number 
of Jordan blocks of size m corresponding to the eigenvalue r is the same for both 
A\ and A2 and therefore the matrices A\ and A2 have equivalent Jordan decompo­
sitions. So there is a nonsingular n x n matrix P such that A\ = P~lA2P. Choose 
any p> € S with / (p / 0. Let (pk(x) = b~~k(p(A±kx) and ipk(x) = b~k^(A^kx), 
where I/J(X) — | det P~1\<p(P~~1x). Given any / G S' we have 

(/ * <pk)(x) = b~k J /(vMP-'A-'Pix - y))dy 

= b~h\ det P~l\ J f{p-ly)^{p-lA^k{Px - y))dy 

= j /(P-^MPX - y)dy = I d e t P\l,p{Dp-^f * wk){Px). 

Therefore, | |M£/ | | P = \\M^DP-if\\p, where the maximal functions are associated 
to Ai and A2, respectively. Thus, ||/||/yp ~ \\Dp-1f\\tip f°r anY f•> a n d HP

A — 
HP

A for any 0 < p < 1, thus (iii) holds. Since (iii) trivially implies (iv), it suffices 
to show (iv) =>• (i). 

Assume (iv) holds, i.e., for some 0 < p < l , | | / | |#p ~ \\DP-1I\\HP f°r a n y 
f £ HP

A . Consider the family of functions / on W1 such that 

(10.40) supp / C x0 + . A f P - 1 ^ 2 P B ( 0 , 1 ) for some juj2 G Z,x0 G Mn, 

(10.41) | | / | | o o < ^ ^ - ^ , 

(10.42) / f{x)xadx = 0 for all \a\ < s. 

We claim that there is a constant C > 0 so that 11/| \Hv < C' for every / satisfying 
Ai 

(10.40)-(10.42). Indeed, for any such / , DAJ2DP-IDAj±f has support contained in 
2 1 

A2J2PAiJ1xo + PB(0,1), has L°° norm less than | det P\~l/p, and has vanishing 
moments up to order 5, hence is a constant multiple of an atom. The claim now 
follows from the hypothesis and the iterative form of (10.25). By the proof of 
Theorem 10.5 we conclude that the dilations A\ and P~lA2P have equivalent 
quasi-norms p\ and p2l respectively. Define p2(x) = p2(P~1x). Clearly p2 is a 
quasi-norm associated with the dilation A2 and p\ and p2(P-) are equivalent. This 
shows (i) and ends the proof. • 
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CHAPTER 2 

Wavelets 

1. Introduction 

In this chapter we present constructions of orthogonal and tight frame wavelets 
in the Schwartz class. We investigate the limitations on regularity of orthogonal 
wavelets imposed by the form of a dilation. We show that sufficiently regular 
wavelets form an unconditional basis for the anisotropic Hardy space associated 
this dilation. 

Historical background. The theory of wavelets is a relatively new area of 
mathematics. The first example of an object now called a wavelet is the Haar func­
tion introduced by Haar [Ha] in 1910. Haar showed that the appropriate translates 
and dilates of Haar function form an orthonormal basis of £2([0,1]). The second 
example of wavelets has been introduced by Stromberg [So] in 1981. Stromberg 
wavelets can be constructed to be Cr smooth with exponential decay at infinity for 
any integer r > 1. Stromberg has also shown that they form an unconditional basis 
for the Hardy space Hp(Rn), 0 < p < 1. 

The theory of wavelets has taken off with the construction of wavelets in the 
Schwartz class by Meyer [Me] in 1985. Soon after Daubechies [Dal, Da2] has 
constructed compactly supported wavelets in Cr class for any integer r > 1. In the 
first few years of its existence the theory of wavelets has grown exponentially and 
it is still a very active area of research both in pure and applied mathematics. For 
example, wavelets turn out to have many advantages in studying various function 
spaces. They form an unconditional bases for a variety of function spaces, e.g. Lp, 
Hardy, Holder, Sobolov, and Besov spaces. In the applied sciences wavelets are 
successfully used in many areas of signal analysis, e.g. image compression, noise 
reduction, feature extraction, etc., see [JMR]. Here we are going to discuss only the 
part of the theory concerned with wavelets in Euclidean spaces. 

Description of the chapter. Dai, Larson and Speegle [DL, DLS] have shown 
the existence of orthogonal wavelets (minimally supported in frequency) for all 
dilations. However, the construction of more regular wavelets is a complex process 
which is apparently impossible for "most" of dilations, see Theorem 3.1. 

Our initial goal is the construction of regular orthogonal wavelets for a general 
dilation matrix A preserving some lattice T. Strichartz [Sr] has constructed r-
regular wavelets with an associated r-regular multiresolution analysis for every r 
and for a wide class of dilations having a Haar type wavelet basis, or equivalently 
a self-affine tiling, see [GM]. This result was extended to all dilations preserving 
some lattice in [Bo4]. 

However, the problem of finding oo-regular multiwavelets, i.e., in the Schwartz 
class, for a general dilation A preserving some lattice is still open. Nevertheless, 

82 
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1. INTRODUCTION 83 

we are able to show the existence of orthogonal wavelets in the Schwartz class 
associated with some positive power of A. This is the content of Section 2. 

In Section 3 we show tha t if move beyond the class of dilations preserving some 
lattice, regular wavelets may not exists. In fact, we show tha t for a large class 
of dilations all multiwavelets must be combined minimally supported in frequency. 
Nevertheless, in Section 4 we show tha t oo-regular tight frame wavelets exist for 
any dilation matrix. 

In Section 5 we show tha t r-regular wavelets associated with a dilation A form 
an unconditional basis for the anisotropic Hardy space HP

A associated with A. This 
generalizes the result of Meyer [Me] who showed this in the isotropic case. We 
remark tha t unconditionality of multiwavelets with arbitrary dilations in Lp space 
(1 < p < oo) was shown by Pompe [Po]. 

In the following section we study the sequence space of coefficients of elements 
of Hp in the wavelet expansion. In the isotropic case this sequence space was studied 
by Meyer [Me] and Frazier and Jawerth [FJ1, FJ2] in the scale of Triebel-Lizorkin 
spaces. 

Wave le t pre l iminar ies . Throughout Section 2, we are going to assume tha t 
we have a lattice T (T = P Z n for some nondegenerate n x n matr ix P) and a 
dilation matr ix A preserving T, i.e., all eigenvalues A of A satisfy |A| > 1, and 
AT C r . Without loss of generality, we will assume tha t T = Z n . 

D E F I N I T I O N 1.1. Let W be a finite family of functions \I> = { ^ \ . •. , ipL} C 
L 2 ( R n ) . We say tha t ^ is a wavelet family (or a multiwavelet) if {?M fc : j G Z, k G 
Z n , / = 1 , . . . , L} is an orthonormal basis for L 2 ( R n ) . Here, for ip G L 2 ( R n ) we use 
the convention 

i/jj,k(x) = DAJrk^(x) = \detA\j/2i/;(Ajx - k) j G Z, k G Z n , 

where ryf(x) = f(x — y) is a translation operator by the vector y G Mn, and 
DAI{X) — \J\ det A\f(Ax) is a dilation operator by the matr ix A. 

D E F I N I T I O N 1.2. By a multiresolution analysis we mean a sequence of closed 
subspaces (Vi)iez C L 2 ( R n ) satisfying: 
(i) Vt C Vi+1 for i G Z, 

(ii) Vj = DAiV0 f o r i G Z, 
(iii) U ^ = £ 2 (M n ) , 
(iv) r i i6zVi = {0}, 
(v) there exists if called a scaling function such tha t {rk^p}kein is an orthonormal 

basis of VQ. 

We say tha t a wavelet family ^ = {ip1,... , ̂ L} is associated with a multires­
olution analysis (MRA), if the spaces 

(1.1) 1^ = 0 ^ , where Wj = p s { ^ : k G ZnJ = 1 , . . . , L } , 

form an MRA. This happens precisely when VQ as a shift invariant subspace of 
L 2 ( R n ) has dimension function D\&(£) = 1 for a.e. £ G R n . For the definition of 
the dimension function for general shift invariant spaces, see [BDR, Bo3]. However, 
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84 2. WAVELETS 

the dimension function of VQ is given by the explicit formula, 
L oo 

(i-2) M) = E E £ W{B\i+k))\\ 

where 5 = AT, see [Ba, BRS]. Since 

(1.3) / ^ ( 0 ^ = l/(6-l)X^||^||2 , 
•/(o,i)» l=1 

a wavelet family ^ = j ^ 1 , . . . , ipL} can be associated with an MRA only if L = 6—1, 
where b = | det A\. 

DEFINITION 1.3. We say that a function / on Mn is r-regular, if / is of class 
C r , r = 0 , 1 , . . . , oo and 

(1-4) \daf(x)\<ca,k(l + \x\)-k, 

for each k G N, and each multi-index a, with \a\ < r. A wavelet family ^ = 
{ip1,... , ^ L } is r-regular, if ij)1,... , ̂ L are r-regular functions. An MRA is r-
regular if the subspace Vo given by (1.1) has an orthonormal basis of the form 
{r/e^ : k G Z n} for some r-regular scaling function (p. 

If a wavelet family ^ is r-regular for r sufficiently large, or more precisely 
^ ( O l a r e continuous and \w{t;)\ < C{\ + |Cl)_n/^2-e f° r some £ > 0, then the sum 
(1.2) converges uniformly on compact subsets of W1 \Zn to the continuous function 
Dy(£) having integer values. Therefore, by Zn-periodicity Dy is constantly equal 
d for some d G N. If d — 1 then r-regular wavelet family \I/ comes from some 
MRA (more generally, ^ comes from an MRA with multiplicity d). This result was 
essentially shown by Auscher [Au2, Au3, Theorem 10.1] (under slightly stronger 
assumptions on T/^'S). In general, we can not expect that this MRA is also r-regular; 
for a counterexample see [MC, Chapter 8, Proposition 2]. Conversely, having an 
r-regular MRA we can not, in general, deduce the existence of r-regular wavelet 
family associated with it, see [Wo2, Theorem 5.10, Remark 5.6]. Nevertheless, we 
can deduce the existence of r-regular wavelet family by using the following result, 
see [Wo2, Corollary 5.17] which also holds for r = oo. 

PROPOSITION 1.4 (Wojtaszczyk). Assume that we have a multiresolution ana­
lysis on W1 associated with an integral dilation A with | det A| = b. Assume that 
this MRA has an r-regular scaling function ip(x) such that <£(£) is real for some 
r = 0 , 1 , . . . , oo. Then there exists a wavelet family associated with this MRA 
consisting of a (b — 1) r-regular function. 

Starting in Section 3 we relax the assumption that a dilation A has integer 
entries and we only assume that A is expansive in the sense of Definition 2.1 in 
Chapter 1. In Section 3 we show that in this setting r-regular orthogonal wavelet 
bases may not exist in general. Consequently, starting in Section 4 we consider also 
tight frame wavelets. 
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2. WAVELETS IN T H E SCHWARTZ CLASS 85 

2. Wavelets in the Schwartz class 

In this section we are going to construct an MRA which has a scaling function 
if in the Schwartz class and <£(£) is real for some special class of dilations satisfying 
a kind of expansiveness property. By Proposition 1.4, we can then find a wavelet 
family in the Schwartz class associated with this MRA. 

DEFINITION 2.1. We say that the integral dilation B is strictly expansive if 
there exists a compact set K cRn such that 

• 0 G K°, where K° is the interior of K, 
• \Kn(l + K)\ = Sii0 f o r / G Z n , 
• K C BK°. 

DEFINITION 2.2. Given a set Y c W1 and e > 0 w e define its e-interior Y~£ 

and s-neighborhood F + £ by 

Y~£ = {£eRn :B(£,e) C Y"}, 
Y+e = { ? G l n : B(f, e) fl Y ^ 0}. 

Note that Y~E is closed, Y+£ is open, and the interior of Y satisfies Y° — 
U £ > 0 F _ e . If the dilation B is strictly expansive and the compact set K satisfies 
Definition 2.1, then there exists e > 0 such that 

(2.1) K+s CB(K~£). 

We shall prove the following existence theorem. 

THEOREM 2.3. Suppose A is a dilation matrix with All1 C Zn with b = | det A\. 
If the dilation B = AT is strictly expansive then there exists a multiresolution 
analysis with a scaling function and an associated wavelet family of (b— 1) functions 
in the Schwartz class. 

For the sake of completeness, we recall the proof of Theorem 2.3 from [BS1, 
Theorem 3.2]. 

PROOF. Let K and e > 0 satisfy Definition 2.1 and (2.1). Choose a C°° 
function g : Rn —> [0, oo) such that JRn g = 1 and 

(2.2) supp g := {£ € R" : g(Q ? 0} = B(0, s). 

Define the function / by 

(2-3) f(0 = (iK*g)(Z). 

Clearly / is in the class C°°, 0 < / ( £ ) < 1, and 

(2.4) supp / 
(2.5) 

Moreover, 

(2.6) Yl HS + k)=Yl I X ^ + k ~ V)9(v)dv = 1 for all £ G R", 

since E/CGZ« ^ ( C + k) = 1 for a.e. £ G Mn by Definition 2.1. 

{? 
{C 

e l " 
£ R " 

: /(£) ^ 0} C K 
• /(C) = 1} = = K 
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86 2. WAVELETS 

Finally, define the function m : Rn —» [0,1] by 

(2.7) m ( 0 = / ^ / ( B « + fc)). 

y fcez^ 

CLAIM 2.4. The function m given by (2.7) is C°°, Zn-periodic, and 

(2.8) 
^ |m(f + £ _ 1 d ) | 2 = 1 for all £ € Mn, 

(2.9) ra(f) > 0 ^ ^ G Z n + B-\K+£), 
(2.10) ra(f) = 0 /or C G ( B ^ Z " \ Zn) + B-\K-£), 

where B — AT, and X> = {<ii,... , d^} is the set of representatives of different cosets 
ofZn/BZn, where b= \detA\. 

P R O O F OF CLAIM 2.4. To guarantee that m is C°°, the function / must "van­
ishes strongly", i.e., if /(£o) — 0 for some £o then Saf(^o) = 0 for any multi-index 
a. It is clear that if nonnegative function / in C°° "vanishes strongly" then v 7 is 

also C°°. 
The condition (2.8) is a consequence of 

dev kezn dev kezn dev 

by (2.6). 
To see (2.9), take f such that ra(f) > 0. By (2.4) and (2.7), £(£ + k) G K + £ 

for some fc G Zn , and hence (2.9) holds. 
We claim that (2.10) follows from (2.8) and 

(2.11) m ( 0 = 1 for ^ G Z ^ r 1 ^ ) . 

Indeed, if £ G 5 " ^ + k + B'1^'5) for some d e V\ BZn and /c G Zn , then 
by (2.11) we have m(£ - 5 " ^ ) = 1. Hence by (2.8) ra(£) = 0 and (2.10) holds. 
Finally, (2.11) is the immediate consequence of (iii) and (2.7). This ends the proof 
of the claim. • 

We can write m in the Fourier expansion as 

(2.12) m « ) = - 7 = L = £ hk 
-2-!ri{k,£) 

V^ditl j kezn 

where we include the factor | d e t ^ | - 1 / 2 outside the summation as in [Bol]. Since 
m is C°°, the coefficients hk decay polynomially at infinity, that is for all N > 0 
there is C/v > 0 so that 

\hk\ < CN\k\-N for k G Zn \ {0}. 

Since m satisfies (2.8) and ra(0) = 1, m is a low-pass filter which is regular in the 
sense of the definition following [Bol, Theorem 1]. By [Bol, Theorem 5] <p G L2(Rn) 
defined by 

CO 

(2.13) <fi{Z) = l[rn(B-i0, 
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2. WAVELETS IN T H E SCHWARTZ CLASS 87 

has orthogonal translates, i.e., 

(ip,rnp) =61,0 for I GZ n , 

if and only if m satisfies the Cohen condition, that is there exists compact set 
K cRn such that 

• K contains a neighborhood of zero, 
• \KVi(l + K)\ =Sii0 for I e Z n , 
• m{B-j£) ^ 0 for f G K, j > 1. 

The first guess for K to be K is in general incorrect, e.g. if K has isolated 
points. Instead we claim that there is 0 < 5 < 1 so that 

(2.14) K = {£ G K : |B(£,£) n K\ > 6\B(£,e)\} 

does the job. Clearly, if f G i? then /i(f) ^ 0, hence /(£) ^ 0 and thus m(B-1^) ^ 
0. By (2.1) tf-1^ C B^K^ C K~£ C if and thus ra(£-^) ^ 0 for all j > 1. 
Finally, it suffices to check that 

(2.15) J2 ^ ( f + *) > * for a11 C ^ M n . 

By the compactness of if there is a finite index set I C Zn such that 

(2.16) ^ 1K(£ + k) > 1 for all f G [-1, l ] n . 

Take any f G [-1/2, l /2] n and integrate (2.16) over B(f,e) to obtain 

£ |B(£ + M)ntf|>|B(£,e)|. 
fee/ 

Therefore, if we take S = l / # 7 then there is k G J such that |B(£ + fc, s) H K\ > 
6\B(£,e)\ and hence £, + k e K. Thus, (2.15) holds and X given by (2.14) satisfies 
the Cohen condition. Therefore, p is a scaling function for the multiresolution 
analysis (Vj)jez defined by 

Vj = spsin{DAJri(p : I G Zn} for j G Z. 

It remains to show that p G 5 . We are going to prove that p is band-limited, 
i.e., (/? is compactly supported. By (2.9) and (2.13) 

(2.17) <p(£) ^ 0 = > f G £ Z n + i^+E-

On the other hand, by (2.10) m{B~^) = 0 for £ G ^ ' - 1 Z n \ £ J Z n + B^l(K-s). 
Since 

oo 

| J (^ _ 1 Z n \ £JZn) = 5Zn \ {0}, 

and 
K+£ C £ (K~ £ ) C BJ-l(K~E) for j > 2, 

we have 

(2.18) 0(f) = 0 for f G BZ n \ {0} + K+e. 

Combining (2.17) and (2.18) we have 0(f) = 0 for f G (K+£)c. Therefore, 
supp0 C if+£ and (/? is in the Schwartz class. To conclude the proof it suffices 
to use Proposition 1.4 for r = oo. • 
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As a corollary of Theorem 2.3 we have the following. 

COROLLARY 2.5. Suppose A is a dilation with integer entries with b = | det A\. 
Then there exists m G N and a multiresolution analysis with a scaling function 
and a wavelet family of (bm — 1) functions in the Schwartz class associated to the 
dilation A771. 

PROOF. It suffices to notice that Bm — (A T ) m is strictly expansive for suffi­
ciently large m G N and K = [-1/2, l /2] n . • 

Even though the number of functions in the multiwavelet in the above corollary 
could be much bigger than 6 — 1, Corollary 2.5 still has great significance. By results 
of Section 5, a multiwavelet ^ in the Schwartz class generates an unconditional basis 
of HV

A — H^m for the whole range of 0 < p < oo. This can not be achieved if we 
use an r-regular multiwavelet instead. Finally, note that Corollary 2.5 also holds 
for a larger class of dilations, e.g., dilations A such that some positive power of A 
has integer entries. 

It is not known whether there exist orthonormal wavelets in the Schwartz class 
for dilations with integer entries that do not necessarily satisfy the strict expan-
siveness property. Speegle and the author [BS1] showed that one can construct an 
oo-regular MRA associated with oc-regular wavelet family for all 2 x 2 dilations 
with integer entries. Since the case n — 1 is trivial, this problem remains open in 
dimensions n > 3. 

Nevertheless, one can always show that there exist r-regular multiwavelets for 
r < oo and general dilations with integer entries. 

THEOREM 2.6. Suppose A is a dilation with integer entries. For every r £ N 
there exists an r-regular multiresolution analysis and an associated r-regular wavelet 
family of (| det A\ — 1) functions. 

Theorem 2.6 was shown by Strichartz [Sr] under an additional hypothesis that 
A admits a self-affine tiling, see [GM, LW1-LW3]. This assumption was removed 
by the author; the proof of Theorem 2.6 can be found in [Bo4]. 

Finally, we mention that Daubechies' construction of arbitrarly smooth com­
pactly supported wavelets was extended to certain non-dyadic dilations in higher 
dimensions, see [Ayl, Ay2, BW]. 
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3. Limitations on orthogonal wavelets 

The construction of Section 2 applies only when the dilation A has integer 
entries, or more generally, A preserves some lattice V = P Z n , where P is an n x n 
nonsingular matrix. If the dilation A does not preserve any lattice then there 
could be no well localized wavelets, even 0-regular. Chui and Shi [CS] have shown 
that all orthogonal wavelets associated with "almost any" irrational dilation in the 
dimension n = 1 must be MSF (minimally supported in frequency). We are going 
to show that the analogous statement holds for general multiwavelets. 

We say that a multiwavelet ^ = {I/J1, . . . , ^ L } associated with A is MSF, if 
1^1 = lwt for some measurable sets W\. By [BRS, Theorem 2.4] these sets are 
characterized by 

] T lWl (£ + k)lWl, (£ + *) = SiiV a.e. ( G R n , I, l' = 1 , . . . , L, 
kezn 

(3.1) L 
] T ^ l m ( B J ' 0 = l a.e. ^ e l " , 
j£Z 1 = 1 

where B = AT'. We say that a multiwavelet \I/ = j ^ 1 , . . . , ^ L } associated with A 
is combined MSF if 

L 

(3.2) Yl l^(OI2 = M O f o r a-e' £ G R n ' 
z=i 

for some multiwavelet set W of order L, i.e., W = Uz=i ^ f°r s o m e Wi> • • • > WL 
satisfying (3.1). By [BRS, Theorem 2.6] a multiwavelet set W of order L is char­
acterized by 

(3.3) ] T iw(£ + fc) = L a.e. £ e Mn, 

(3.4) ^ 1 W ( S ^ ) = 1 a.e. £ e Mn, 

where 5 = AT. 

THEOREM 3.1. Suppose that a dilation A is such that for every integer j > 1 
t/ze roms of A~i (treated as vectors in W1) together with the standard basis vectors 
e i , . . . , en are linearly independent over Q. Then any orthogonal multiwavelet ^ = 
{ip1,... ,ipL} associated with A is combined MSF, i.e., (3.2) holds for some set W 
satisfying (3.3) and (3.4). 

PROOF. By the orthogonality 

Si,i>6j,Q5k,k, = (^-fe^o,fc'> = ^ ' / 2 / *l>l(Ajx - kW(x-k')dx 

= V12 I ^l{A3x + Ajk' - k)il)l'(x)dx 
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90 2. WAVELETS 

for all j G Z, k, k' e Z n , I, V = 1 , . . . , L. By Plancherel's formula 

0 = f fi'(Z)j,l(B-jS)e2*i<B~:lS<Aik'-QdZ 
(3.5) ^ 

By Lemma 3.2 we conclude that ZnjrA~jZn is dense in Mn for all j > 1. Therefore, 
by the Fourier Inversion Formula and (3.5), ^z (^)tpl(B~^) = 0 for a.e. £ G Mn and 
all j > 1, /, V = 1 , . . . , L. Let W = \jf=1 s u p p ^ . We have |W n B*W\ = 0 for 
j > 1, and hence for all j G Z \ {0}. Now (3.4) holds because the multiwavelet 
^ satisfies the discrete Calderon formula Y2i=i I^C^'OI 2 = 1 f° r a-e- £> s e e [Bo2, 
CMW]. For j GZle t 

Wj = span{^- k : /c G Z n , I = 1 , . . . , L}. 

Naturally we have W0 C {/ G L2 : s u p p / C VF}. But by (3.4) and 0 j G Z W J = 
L2(Kn) we must have 

(3.6) W0 = {f eL2 : supp fcW}. 

The range function of a shift invariant space Wo is given by 

J ( 0 = span{(^(£ + fc))fe6Zn : J = 1 , . . . ,L} C £2(Z"), 

see [BDR, Bo3, Proposition 1.5]. Also by [Bo3, Proposition 1.5] and (3.6), 

J(0 = {(Sfc)feez" e ^2(Z") :sk = 0fort + k?W}. 

Since the vectors (^(C + k))kezn, / = 1 , . . . , L form an orthonormal basis of J(£) 
we have 

L 

] T ( S , (^(£ + m))m(=z«>W>'(£ + * 0 W = 5 for all s G J ( 0 -
1=1 

By taking s = e^ G «/(£)> where £ + h €W and e^'s are the standard basis vectors 
of £2(Zn), we conclude that £f = 1 |^z(£ + /c)|2 = 1 for £ + fc G W. This shows (3.2). 
(3.3) is a consequence of (3.2) since J2keZn \v(£, + k)\2 = 1 for a.e. £. D 

It is worth noting that the above argument may be simplified if one applies the 
spectral function introduced by Rzeszotnik [BR, Rz]. 

LEMMA 3.2. Suppose D is n x n real matrix such that the rows of D (treated 
as vectors in M71) together with vectors e i , . . . , en are linearly independent over Q. 
Then the set Zn + DZn is dense in Rn. 

Since the author does not know an elementary proof of this result we are going 
to show something more, namely that that a sequence obtained by a certain ordering 
of DZn is uniformly distributed mod 1. We are going to follow the excellent book 
of Kuipers and Niederreiter [KN]. 
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3. LIMITATIONS ON ORTHOGONAL WAVELETS 91 

D E F I N I T I O N 3.3. Suppose a = ( a i , . . . , a n ) , b = ( 6 i , . . . ,bn) G Rn. We say 
tha t a < b (a < b) if a^ < bj (dj < bj) for all j = 1 , . . . , n. The cube [a, 6) is defined 
as {x G Mn : a < x < b}. The fractional part of x G R n is {x} = ( { x i } , . . . , {xn}), 
where {x} = x — \x\. Given a sequence (xk)ken C R n , E C In = [0, l ) n , and 
iV G N, let # ( £ ; N) denote the number of points xk G E, 1 < k < N. We say tha t 
a sequence (x/c)/eG^ c Mn is uniformly distributed mod 1 if 

for all intervals [a, b) C In = [0, l ) n . 

The Weyl Criterion, see [KN, Theorem 6.2, Chapter 1], says tha t a sequence 
(xk)keN C Mn is u. d. mod 1 if and only if for every h G Z n \ {0}, 

1 N 

(3.8) lim \^e2™<fc,*0 = 0 . 
fc=l 

Therefore, a sequence ( x ^ ^ C Mn is u. d. mod 1 if and only if for every 
h G Z n \ {0}, the sequence of real numbers ((h,Xk))keN 1S u. d- mod 1. By the 
Weyl Criterion, see [KN, Example 6.1, Chapter 1], given 6 — ( # i , . . . , 0m) with the 
property tha t the real numbers 1, # i , . . . , 0 m are linearly independent over Q, the 
sequence (kQ)keN is u. d. mod 1. 

We are now ready to present the proof of Lemma 3.2. 

P R O O F O F L E M M A 3.2. Given h = (fci , . . . ,fcn) G Mn let ||fe||oo = max(|fci|, 
. . . , \kn\). Let ^ 1 , ^ 2 , . . . be the ordering of all elements of Z n such tha t ||fci||oo < 
||fej||oo implies i < j . It suffices to show tha t the sequence (xi)ieN — (-C^)ieN is 
u. d. mod 1. By (3.7) it suffices to show tha t 

l i m # a a 6 ) ( 2 « + l ) - ) = ^ 
N-+oo (2N +l)n 1 1 V J 3J 

j = l 

for all intervals [a, 6) C In = [0, l ) n . Therefore, by the Weyl Criterion (3.8) we 
must show tha t for every h G Z n \ {0}, 

(3.9) lim * ^ Y e27ri<h'Dfc> = 0. 
v ; JV-OO (2iV + l ) n ^ 

\\k\\oo<N 

Fix any h G Z n \ {0}. By our hypothesis there exists mo — 1 , . . . , n such tha t 
0 = Y^^i^jdj^mo & Q> where D — (4/ ,™)^, . ' . . "A™- Otherwise we would have 
]C?=i ^ j (^ j , i ' • • • ? 4 />) £ Qn? which contradicts the linear independence of the rows 
of D together with the s tandard basis vectors of R n over Q. Since the sequence 
(kO)k^N is u. d. mod 1, for every e > 0 there is M such tha t for all N > M 

(3.10) 
N 

r2ixi0k 
27V+ 1 l^ 9./V4 ' 

- N ' 

< 5. 
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92 2. WAVELETS 

We also have 

Q2iri{h,Dk) 
+ l)n 12 e" (27V , _y 

I |fe|loo<AT 

N N 

^ '" ^ (2N + l)n 

N N -l 

V _ L _ > E ; = i E m ^ f l f c i ^ m f e m v ^ __J__ : 
fci,...femo...,fcn = -iV /cmo=-iV 

where /cmo means we omit the index krno. Therefore, by (3.10) we have 

2-KiOkry 

' + !)" ^ 
2iri(h,Dk) 

v > feez1 

Hfeiloo<iV 

< ^ for all AT > M. 

Since £ > 0 is arbitrary this shows (3.9) and ends the proof of the lemma. • 

REMARKS. It is not hard to see that linear independence over Q of the rows 
of A~j together with basis vectors e i , . . . , en is equivalent to B~iQn n Q n = {0}, 
where B = AT. This, in turn, is equivalent to B~jZn n Z n = {0}. Therefore, the 
hypothesis of Theorem 3.1 can be written in a short form as 

(3.11) (AT)jZn n Z n = {0} for all jeZ\ {0}. 

Combined MSF multiwavelets are not well localized in the direct domain. In­
deed, if x/jl £ L1 for all / = 1 , . . . , L then t/jl is continuous and (3.2) can never hold. 
Hence, combined MSF multiwavelets are of little use in other spaces than L2. A 
notable exception is the Shannon wavelet ?/;(£) = l[-i,_i/2]u[i/2,i]> which generates 
an unconditional basis for Lp spaces with 1 < p < oo, see [Wo4]. Therefore, The­
orem 3.1 says then that orthogonal multiwavelets associated with "most" dilations 
have some limitations in applications to other function spaces than L2. 

It also turns out that biorthogonal wavelets are not a good surrogate. Indeed, 
a slight modification of the proof of Theorem 3.1 shows that all biorthogonal multi­
wavelets ^ = {i/i1,... , '0L} associated with a large class of dilations, satisfying the 
hypothesis of Theorem 3.1, must necessarily be combined MSF. As a consequence, 

L 

alw(0 < ] T | ^ ( f ) | 2 < clw(0 for a.e. £ G Rn, 
i=i 

for some multiwavelet set W of order L and 0 < a < c < oo. This can be shown by 
adapting the proof of Theorem 3.1; for an alternative approach, see [Bo5]. There­
fore, biorthogonal wavelets associated with dilations satisfying (3.11) can not be 
well localized in the direct domain. 

Moreover, Speegle and the author showed that Theorem 3.1 is sharp in the 
sense that it has a converse. For the proof of Theorem 3.3, see [BS2, Theorem 5.4]. 
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3. LIMITATIONS ON ORTHOGONAL WAVELETS 93 

THEOREM 3.3. Suppose A is a dilation such that every orthogonal multiwavelet 
\£ associated with A is combined MSF. Then A must satisfy the hypothesis of The­
orem 3.1, i.e., (3.11) holds. 

Another interesting issue is to determine the class of dilation matrices that 
allow regular orthogonal wavelets. As we have seen in Theorems 2.6 and 3.1, this 
class certainly includes all dilations with integer entries and excludes all dilations 
satisfying (3.11) and thus far from preserving the lattice Zn . This still leaves a large 
class of dilations for which it is not known whether there exist regular wavelets. 

In one dimension, the above problem goes back to Daubechies [Da2] who asked 
whether there exist orthonormal wavelet bases with good time-frequency local­
ization for irrational dilation factors a. This question was partially answered by 
Chui and Shi [CS]. The complete answer was given by the author who showed 
that all orthonormal wavelets associated with irrational dilation factors have poor 
time-frequency localization, see [Bo6]. Combining this with the construction of 
oo-regular orthogonal wavelets for rational dilations due to Auscher [Aul, KL], we 
obtain the complete picture in one dimension. 

The higher dimensional version of this problem remains open. It is not even 
known whether there are regular wavelets for diagonal 2 x 2 dilations such that one 
entry is rational while the other is irrational. Therefore, it is perfectly conceivable 
that there are dilations A such that all other dilations with the same quasi-norm 

do not allow regular wavelet bases. A good candidate is the dilation A = 

where a > 0 satisfies the condition that Vr > 0, 2r G Q ==> ar £ Q. By 
Theorem 10.5 in Chapter 1, all dilations A' with HP

A — HP
A,, 0 < p < 1, must be 

of the form A' = ( I, for some real r > 0. Hence, either a r j or 2 r j is 

irrational for all integers j > 1. Thus, it is very likely that there are no regular 
wavelets associated with such dilations A'. This shows the importance of having a 
substitute for orthonormal multiwavelets. 
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94 2. WAVELETS 

4. Non-orthogonal wavelets in the Schwartz class 

The results of Section 3 show the demand for an alternative to orthogonal 
wavelets. In the theory of wavelets a natural substitute for an orthogonal basis is a 
frame. In this section we show the existence of tight frame wavelets for all dilations. 
This fact is probably a part of the folklore. 

Frames were originally introduced by Duffin and Schaeffer [DS] to study non-
harmonic Fourier series. More recently, frames have found applications in many 
other areas such as wavelets, Weyl-Heisenberg (Gabor) systems, sampling theory, 
signal processing, etc. For a good introduction to frames, see [Da2, HeW, Yo]. For 
a more extensive treatment of frame theory, see [Cz, HL]. We start by recalling the 
notion of a Bessel family and a frame. 

DEFINITION 4.1. A subset X of a Hilbert space TL is a Bessel family if there 
exists c > 0 so that 

(4-1) E K ^ > | 2 ^ C H / H 2 for/GW. 
r)£X 

If in addition there exists 0 < a < c such that 

(4.2) a| |/ | |2 < J^ K/^>l2 < CH/H2 for / e £ 2 ( ^ n ) , 
vex 

then X is a frame. A frame is tight if a, c can be chosen so that a — c. 

Given a Bessel family X C H we define an analysis operator as a mapping H 3 
f J—• ((/, 7/))7yEx £ i2(X). The dual of this map is the synthesis operator mapping 
(C^TJEX £ £2(X) i—> Ylnex Cv^ ^ ^ ' w n e r e the series converges unconditionally in 
H. 

DEFINITION 4.2. Let ^ be a finite family of functions ^ = {I/J1,... ,ipL} c 
L2(Rn) . We say that W is a tight frame multiwavelet (or a Bessel multiwavelet) if 
{ipl

jjk : j G Z, k G Zn , I = 1 , . . . , L} is a tight frame with constant 1 for L2(Rn) (or 
a Bessel family). 

It is relatively easy to construct a tight frame multiwavelet for an arbitrary 
dilation. Here we present a simple construction of multiwavelet consisting of a 
single function ip which is in the Schwartz class and ifr is C°° with compact support 
based on the example in [Bo2]. 

THEOREM 4.2. Given an arbitrary dilation A there is a tight frame wavelet ip 
in the Schwartz class. 

PROOF. For 0 < a < (AWBW)-1 consider n : Rn -> [0, oo) of class C°° such that 

suppry = { ^ l n : a < | ( | < 2a| |B| |}. 

It is not hard to give an explicit example of such function. Since the set {j £ Z : 
a < \\BJ^\\ < 2||jB||a} has at least one element for all £ G Rn \{0} we conclude that 
77(C) = E j G z V(BJ€) > ° f o r all £ 7̂  0 and 7) is C°° on Rn \ {0}. Define V G L2(Rn) 
by ^ ( 0 = Vvi^m)' Clearly, 

(4.3) £ h £ ( B ' O I 2 = J2^BJ0/V(B^) = £ > ( B ' 0 A K 0 = 1. 
jez jez jez 
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4. NON-ORTHOGONAL WAVELETS IN T H E SCHWARTZ CLASS 95 

By [Bo2, Lemma 3.1] we have 

(4.4) 
jf'ez fceZ" J'GZ 

+ m) de, 
jGZ ' ^ L m G Z " \ { 0 } 

for any / G D , where 

V = {f e L2(Rn) : / G L°°(Rn) ,supp/ C K for some compact K cRn\ {0}}, 

is a dense subspace of L2(Rn). Since supp^ C B(0,1/2) C ( -1 /2 , l /2 ) n we have 

E E l ^ ^ ) | 2 = H/ll2 for all/GP, 

and hence for all / G L2(Rn) by (4.3) and (4.4). Therefore, {*l>j,k}jez, kezn forms a 
tight frame with constant l in L2(Rn). Note that this frame is not an orthogonal 
basis since ll^lb < l- D 
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96 2. WAVELETS 

5. Regular wavelets as an unconditional basis for Hp 

Preliminaries in functional analysis. In this subsection we recall some 
basic facts about quasi-Banach spaces. 

DEFINITION 5.1. Suppose X is a vector space over K (K is either R o r C ) . We 
say that the map || • || : X —> [0, oo) is a quasi-norm on X if 
(i) ||:r|| = 0 <=> * = 0, 

(ii) | |ax| | = |a| • ||x|| for all a G K, x G X, 
(hi) there is c > 0 so that \\x -f- y\\ < cmax(||x||, ||y||) for all x, y G X. 

We say that (X, || • ||) is a quasi-Banach space if || • || is a quasi-norm and X 
equipped with || • || is complete as a metric linear space. 

It is well-known, see [KPR], that the (Hausdorff) topological linear space which 
is locally bounded, i.e., it has a bounded neighborhood of the origin, has a quasi-
norm. Conversely, the topology associated with any quasi-norm is locally bounded. 

Obviously the condition (iii) is equivalent to the more common 
(hi) there is d > 0 so that ||x + 2/|| < c'(||x|| 4- \\y\\) for all x,y G X. 

DEFINITION 5.2. For 0 < p < 1 we say that the quasi-norm || • || on the vector 
space X is p-subadditive if 

(5.i) ik+2/ir<iwr + iMr ioIX,yex. 
We say that a (X, || • ||) is p-convex space if || • || is p-subadditive. If, in addition, X 
equipped with 11 • 11 is complete we say X is a p-Banach space. A 1-Banach space 
is simply called a Banach space. 

Naturally, every p-subadditive norm on X is a quasi-norm. Surprisingly, this 
has a converse statement. By the Aoki-Rolewicz Theorem (see [KPR]) every vector 
space X with a quasi-norm || • || has an equivalent quasi-norm ||| • ||| which is p-
subadditive for some 0 < p < 1. Here p satisfies 21//p = c, where c is the same as in 
(iii). Therefore, every quasi-Banach space is p-Banach for some 0 < p < 1. 

One could define a notion of a basis (sometimes called a Schauder basis) on 
any F-space (a complete metric linear space), see [KPR]. Nevertheless, we are only 
interested in unconditional bases in quasi-Banach spaces. Here we are following 
[KLW, Wo3]. 

DEFINITION 5.3. Let ( em , e^)rn^M t>e a biorthogonal system in a quasi-Banach 
space X, i.e., we have em G X, e*m G X*, and 

em(es) = ^m,s for m,s G M. 

The system (em , eJ^)mGA/ is an unconditional basis in X if for every x e X the series 
J2meM em(x)em converges unconditionally to x, that is regardless of the ordering 
of index set M. This implies that there exists a constant K such that 

(5.2) / j Pm^ra\X)er\ < K sup \f3m\ -\\x\\ for all x e X. 
1 meM 

The smallest such constant K is called an unconditional basis constant of the system 

Since actually the elements (em)mGM determine the functional (e^)mGM it is 
customary to speak about (em)m 6M as being an unconditional basis. 

The following fact is going to be very useful. 
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5. REGULAR WAVELETS AS AN UNCONDITIONAL BASIS F O R Hp 97 

L E M M A 5.4. For a series ^ m e N x m in a quasi-Banach space X, the following 
are equivalent: 
(i) the series is unconditionally convergent, i.e., ^2rne^PmXm, converges for any 

choice of pm G {0 ,1} . 
(ii) for each permutation aofN the series J2meN xcr{m) ^s convergent, 

(Hi) for each bounded sequence ( /3m)m G N of scalars the series /^rn^j[j Pm%m ^s con­
vergent. Furthermore, there is a constant C > 0 such that 

(5.3) 
raEN 

< C sup |/?„ 
mGN 

P R O O F . The equivalence of (i) and (ii) is a well known fact due to Orlicz, see 
[Ro, Theorem 3.8.2]. (hi) => (i) is trivial, whereas (hi) = > (ii) follows from an 
argument involving binary expansions. 

Indeed, let || • || be a p-subadditive quasi-norm defining the topology on X , 
0 < p < 1. For a finite subset F C N denote x(F) = X^meF Xrn' Without loss 
of generality we may assume 0 < /3m < 1. For each m let /?m = YllZLi Pm{k)2~k

1 

(3m(k) G {0,1} be a dyadic expansion of f3m. Since the series ^2me?qXm is uncondi­
tionally Cauchy, given £ > 0 there exists TV such tha t | | x (F ) | | < £ whenever F c N 
is finite and min F > N. For any such F we have 

oo oo 

meF fc=l mEF k=l 

where Fk = {m G F : /?m(fc) = 1}. Therefore, 

oo 
kp 

mEF 

X ^ 2 - f e P | | x ( F f c ) | | < £ ^ 2 
fc=l fc=l 

Hence, the series X^mGN Pm%m is unconditionally Cauchy. Since the last estimate 
is independent of the choice 0 < /3 m < 1 we have (5.3). • 

C a l d e r o n - Z y g m u n d opera tors a s soc ia ted w i t h wave le t e x p a n s i o n s . In 
this subsection we are going to show tha t a wide class of operators associated with 
wavelet expansions are Calderon-Zygmund, and hence they are bounded on Hp. 
The first result of this type was shown by Stromberg [So] for a particular class of 
wavelets with exponential decay at infinity. Meyer extended this result to the class 
of (isotropic) dyadic r-regular wavelets, see [Me, Chapter 6]. Our goal is to show 
tha t Meyer's approach works also for non-isotropic wavelet expansions for general 
dilations. The results of this subsection are valid if we replace the orthogonality 
condition of wavelets by a Bessel condition. 

Suppose tha t ^ = { ^ \ . . . , ^ L } C L2(Mn) and $ = { 0 \ . . . ,</>L} are two 
Bessel multiwavelets, see Section 4. We assume tha t ^ and <£ which are r-regular 
for some r G N. We will also require tha t all ^ ' s and (phs have vanishing moments 
up to a certain, see Theorem 5.6. Define the index set 

A = {(l,j,k) : / = l , . . . , L , j G Z , / c G Z n } . 

We consider the operators being a composition of three simple operations of analy­
sis, multiplication of the sequence space, and synthesis. Namely an analysis operator 
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98 2. WAVELETS 

is a mapping 

(5-4) L2(Rn) sf» ((/, 4 f c » ( J i M ) e A G ^ ( A ) -

A multiplication operator by a sequence of bounded scalars e = (V- k)(ij,k)eA £ 
^°°(A) is a mapping 

(5.5) ^2(A) 9 (4,ib)(z,i,fe)€A ^ (4,*4,fcW*)eA G ^ ( A ) -

Finally, a synthesis operator is a mapping 

(5.6) £2(A) 3 ( 4 , ) ( ^ ) G A - X) 4 , A e L 2 ( R n ) ' 
(Z,j,fe)GA 

Given two Bessel multiwavelets \I> and <I>, and a sequence of bounded scalars 
.1 \ i = l , . . . ,L 
j',A;y(j,/c)eZxZT1 e = (ez, / J ^ F ' Z X Z -

 w e d e f i n e t h e ° P e r a t o r Te : ^ 2 ( ^ n ) - • L2(Rn) by 

(5-7) Te(/)= J2 "Uf^jM^ 
(/j,fe)eA 

The operator Te is bounded as a composition of bounded operators. 

LEMMA 5.5. Suppose \£ and $ are r-regular Bessel multiwavelets. Then for any 
sequence of scalars e = [el- k)(ij,k)eA wtth \el-k\ < 1 the operators Te given by (5.7) 
are C alder on-Zygmund of order r with uniformly bounded constants independent of 
e. Moreover, the kernels Ke(x,y) ofTe satisfy the symmetric (CZ-r) condition, i.e., 
there exists a constant C such that for every x ^ y 

(5.8) \d°dg[Ke(Al;Al-)](A-lx,A-ly)\<C/p(x-y)=Cb-1 for \a\, \/3\ < r, 

where I G Z is the unique integer such that x — y G Bi+i \ B\. 
Furthermore, if <£> consists of functions with vanishing moments up to order 

s < r lnA_/lnA+ then T*{xa) = 0 for all \a\ < s. 

P R O O F . For the sake of simplicity we are going to present the calculations only 
when ^ and <£> consist of a single function. The kernel Ke of the operator Te given 
by (5.7) is given by 

Ke(x,y)= ^2 ^j^jM^jAv) 
(5.9) 

= Yl t j ^ ^ x - k)^j(Aiy - k). 
(j,k)ezxzn 

The formula (5.9) makes perfect sense if all but finitely many of e^ ' s are zeroes. In 
general, the above series converges absolutely for all x ^ y and for any boundedly 
supported / G L2(Rn) 

(5.10) Tef(x)= f Ke(x,y)f{y)dy for x 0 s ^ f . 

Furthermore, we claim that the convergence in (5.9) is uniform on compact subsets 
of ft = {(x, y) G Rn x Rn : x i- y). Suppose that p(x -y)>bl, i.e., x-y e (Bt)c 
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for some I G Z . By the Cauchy-Schwarz inequality 

E E ki,fc^,fe(ar)fflJOI = E 6'' E W ^ - f c M ^ y - * ) l 
j<-lk£Zn j<-l k£Zn 

(5.11) < E ^ ( E \<&Aix - fc)i2) ( E MAiy - fc)i2) 

<cyv = c-^-b-1. 
~ ^ 6 - 1 

Here the constant C is such that 

] T |V>(* - ^) | 2 < C and ^ |(/>(z - k)\2 < C for all z G Rn. 
/eGZ™ /cGZ™ 

To estimate the sum over j > — I we use the inequality 

(5.12) \</>(Ajx - k)^(A3y - k)\ < C(l + \Ajx - k^'71'1^ + \Aj (x - y)\)~N, 

for some N satisfying b\Z < 1- (5.12) holds since both (p and I/J decay polynomially 
fast and 

(1 + |z|)(l + \zf\) > 1 + \z - z'\ for any z, z' G W1. 
By (5.12) 

Yl Yl \ej^jAx)^jAy)\ 
j>-i kezn 

< C E fr7' E (1 + \A*x - k\)-n-\l + \A*(x - y)\yN 

(5.13) 3>-l keZn 

<CJ2 V\A3{x - y)\~N <CY V{l/c\^l)-N 

3>-l 3>~l 

<cb-ij2(bx~Ny <cb-\ 
3>0 

since Aj(x — y) G (Bj+i)c. Combining (5.11) and (5.13) we see that the series in 
(5.9) converges absolutely and uniformly in the region p(x — y) > bl. Since I G Z 
is arbitrary, we have uniform convergence on compact subsets of fl. Furthermore, 
the estimate (5.8) holds for a = (3 — 0. Since (5.10) holds for e's with all but 
finitely many nonzero coefficients it holds for any e by the Lebesgue Dominated 
Convergence Theorem. 

Suppose now that x — y G Bi+\ \ Bi for some / G Z. Formally, for any multi-
indices |a|, \(3\ < r we have 

d%dg[K(Al.,Al.)](A-lx,A-ly) 

(5.14) = ^ ejtkbjd/3[<l)(Aj+l - -k)](A-lx)d«[ij(A3+l • -k))(A-ly). 
(j,k)ezxzn 

To justify (5.14) we will show that the above series converges absolutely to some 
value smaller than Cb~l. As before we estimate separately the sum over j < —I 
and j > —I. By the chain rule 

\da[^{AJ+l • -k)]{A~ly)\ < | | ^ + ' | | l a l | | 2 ) H ^ ( ^ y - fc)|| < C\\&a^(Aiy - fc)||, 
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100 2. WAVELETS 

for j < —I. Since (ft and ip are r-regular, by the Cauchy-Schwarz inequality 

] T V Y, \d0l<P(A>+l • -k)](A-lx)\\daty{A3+l • -k)](A~ly)\ 
j<-i kezn 

(5.15) <cJ2v(j2 \\®W4>(AJx -k)\A (j2 l|£H<K^/ - k)\A 

< Cb~l. 

To estimate the sum over j > —I we use the inequality 

\dP[<t>(A'+l • -k)](A-lx)\\da[iP{A^1 • -k)](A~ly)\ 

< C2\\Aj+l\\2r\\!Dw^{A>x - k)\\ • \\&a^{Ajy - k)\\ 

< C\2;u+l\l + \A^x - k\)-n~1(l + \A'(x - y)\)~N, 

for some N satisfying 6A+"AI < 1. The above holds since both (j) and ip are 
r-regular. Therefore 

E ^' E \d0l^Ai+l • -k)]{A-lx)\\da[^Ai+l • -k)](A~ly)\ 
j<-l k£Zn 

(5.16) ^ E C\2
+

rU+l)Vj2(l + \AJx-k\rn-i\A\x-y)\-N 

j<-i kezn 

< cb~i j2(bxXx-Ny < cb~li 
j>0 

since A7(x — y) G Bj+i+i \ Bj+i. Thus, the series in (5.14) converges absolutely 
and we have equality there. By (5.15) and (5.16) the estimate (5.8) holds. 

Finally, suppose (j) has vanishing moments up to order s < r lnA_/ lnA + , i.e., 
j (j){x)xOLdx = 0 for \a\ < s. Take any / G L 2 with compact support and vanishing 
moments up to order r — 1. Assume that supp / C B\ for some I G Z. Since T£ are 
(CZ-r) with uniform constants 

(5.17) 
/ \Tef(x)\2dx<C 

JBl+UJ 

\TJ(x)\ < CpiA'^x)-6 for x G (B, I+UJ) 

by the proof of Lemma 9.5 in Chapter 1, where the constant C is independent 
of the choice of e. Here 8 = r In A_/ln6 + 1. To guarantee the integrability of 
Tef(x)(l + \x\)s we must have 5 > s lnA + / ln6-h 1 and thus s < r In A_/ln A+. By 
(5.7) we have 

(5.18) / TJ(x)xadx = 0 for \a\ < s, 

if €j^ = 0 for all but finitely many (j, /c)'s. Given a general e = (ej,/c) with |ej?fc| < 1 
we define the sequence (ez)^^ by 

i _ f €3* if |j|,|fc| <*, 
10 otherwise. 
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5. REGULAR WAVELETS AS AN UNCONDITIONAL BASIS FOR Hp 101 

Since Ke% (x, y) converges to K€(x, y) as i —» oo uniformly on {(#, y) : p(x — y) > b1} 
we have 

Teif(x)-+Tef(x) a s i ^ o o for x G (Bj+W)c. 
Since f Teif(x)xadx = 0 for all |ce| < <s, z G N we have (5.18) by the Lebesgue 
Dominated Convergence Theorem and (5.17). This ends the proof of Lemma 5.5.D 

THEOREM 5.6. Suppose Sfr and $ are r-regular Bessel multiwavelets for some 
r. Suppose also that p satisfies 

(5.19) 0<l/p-l<£££r. 
If <£ consists of functions with vanishing moments up to order s = [(1/p — 
l)mfr/lnA_J then for any sequence of scalars e = (el- k)(i,j,k)eA w^th \el-k\ < 1 
then the operator Te given by (5.7) extends to a bounded operator from H^iW1) 
into H^iW1) with the norm independent of e. 

PROOF. The proof is an immediate consequence of Lemma 5.5 and Theorem 
9.8 in Chapter 1 since s < r In A_/ln A+. • 

We shall need one more result. 

LEMMA 5.7. With all the assumptions of Theorem 5.6 we also assume that 
we have a sequence (e1)^ in the unit ball of £°°(A), i.e., \e-k\ < 1 for i G N, 
(/, j , k) G A such that e1 —> e weak-* in £°° as i —> oo. In other words, 

(5.20) efk -» el
jk as i-^ oo for all (/, j , k) G A. 

Then for any f e H^W1) 

(5.21) Teif-+Tef inHp
A as i -> oo. 

PROOF. Suppose first that / G L2 is compactly supported with vanishing 
moments up to order s, say supp / C B\ for some / G Z. By (5.7), (5.17), and 
(5.20) 

JBi 
\(Tei - Te)f(x)\zdx -> 0 as i -> oo, 

( 5 ' 2 2 ) | r e i / (x) | , |TJ (x) | < Cp(A"'-wa:)-* for x G (£ / + a ; ) c , 

| ( T c i - T c ) / ( x ) | - > 0 a s z ^ o o for x G ( £ / + J c . 

Furthermore J(Tei — Te)f(x)xadx — 0 for \a\ < s. To show that 

(5.23) | | ( T £ , - T e ) / | | W L ^ 0 a s i ^ ^ , 

a slight modification of the proof of Lemma 9.3 in Chapter 1 is required. The proof 
proceeds in the same manner, except that we are going to show that gj+\ — gj are 
appropriate multiples of (p, 2, s)-atoms. We not only have 

II&+1 -9jh < C^b^1^2-1^^6-1^1^^ for j > Z + w, 
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102 2. WAVELETS 

where g3 = 7TBj({Tei - Te)f)lBj, but also \\gj+1 - g3\\2 -> 0 as i -> oo by (5.22) 
and the Lebesgue Dominated Convergence Theorem. This shows (5.23) for all 
(p, 2, s)-atoms / . In particular, for any (p, 2, s)-atom a we have 

(5-24) Te(a)= Y, ^k(^iik)^ 
(z,j,fc)eA 

with the unconditional convergence in HA. Given a general element / G HA we 
find its atomic decomposition / = 5^ 7 eN K j a j with X^eN l^ilP < ° ° a n ( ^ a / s a r e 

(p, 2, s)-atoms. By (5.23) and the uniform boundedness of Te% 's 

T e i / = y . KjT€iCLj —> N , KjTe^j = ^ e / as i -^ oo. 

Therefore (5.21) holds. This ends the proof of Lemma 5.7. • 

As a corollary of the above considerations we have for all / G HA 

T^f) = ^2^Tea% = 5^«i Yl e^fc(ai,^fc)^fc 

(5.25) , , 

(l,j,k)eA MEN ' (l,j,k)eA 

since the above series converges unconditionally and the ?M fc's belong to the Cam-

panato space CooPs~ • The formula (5.25) is of practical importance because it says 
tha t (5.7) holds also if / G HP

A for an appropriate range of p 's . 

W a v e l e t s as an uncondi t iona l basis . We are now ready to harvest the fruit 
of our labor. 

T H E O R E M 5.8. Suppose ^ is an r-regular multiwavelet consisting of functions 
with vanishing moments up to the order [r In A _ / l n A+J. Then (ipl- h)(ij,k)eA forms 
an unconditional basis for HA for all p satisfying (5.19). 

P R O O F . We can apply Theorem 5.6 and Lemma 5.7, since 

s= | _ ( l / p - l ) l n & / l n A _ J < | r l n A _ / l n A + J . 

By Lemma 5.7 and (5.25) 

(z,j,fc)eA 

and the convergence is unconditional in HA. Therefore, the system (ip^k)(ij,k)eA 
is a basis for HA, since ^ is an orthonormal multiwavelet. • 

We remark tha t the assumption in Theorem 5.8 tha t \I/ consists of functions 
with vanishing moments is, in fact, a consequence of ^ being an r-regular multi­
wavelet. This is a well-known fact for dyadic wavelets which can be found in [Bt, 
Da2, Me]. This result was extended to general dilations with integer entries by the 
author [Bo4, Theorem 4]. 
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5. REGULAR WAVELETS AS AN UNCONDITIONAL BASIS F O R Hp 103 

THEOREM 5.9. Suppose A is a dilation with integer entries and ^ is an r-
regular orthonormal multiwavelet for some r G N. Then 

/ xa^l(x)dx = 0 for alll = 1 , . . . ,L, |a| < r l n A _ / l n A + . 

Therefore, the assumption in Theorem 5.8 that \£ has vanishing moments is an 
automatic consequence of r-regularity of \P. Even though the proof of Theorem 5.9 
in [Bo4] works only for integer dilations, it is very likely that Theorem 5.9 holds 
for all dilations. For example, Theorem 5.9 holds trivially for dilations A satisfying 
(3.11), since such dilations do not allow r-regular wavelets. Hence, we conjecture 
that Theorem 5.9 is valid for all dilations. 

By Theorem 5.8 and standard interpolation theory we can also conclude that a 
1-regular multiwavelet generates an unconditional basis in Lp for 1 < p < oo. This 
can be shown to hold under fairly minimal decay conditions on \£, see [Po, Wo4]. 

What can we say if for some dilation A we cannot find an orthonormal r-regular 
multiwavelets, e.g. when A does not preserve any lattice? Even though Theorem 5.8 
still holds, it may become a vacuous statement due to the lack of r-regular wavelets, 
see Theorem 3.1. Nevertheless, by Section 4 we can always find a non-orthonormal 
wavelet tp G S such that (ipj,k)jez,kezn forms a tight frame in L2(Rn) and ip has 
all vanishing moments. We can now show that this wavelet forms a "tight frame" 
for HP

A. 

THEOREM 5.10. Suppose \I> is an r-regular tight frame multiwavelet and p 
satisfies (5.19). If Sfr consists of functions with vanishing moments up to the order 
s = [(I/p — l ) ln6/ lnA_J, then (ipl- k)(ij^)eA forms a tight frame for HA, i.e., 

(5-26) / = £ < / > 4 * > 4 * for all f e HP
A, 

(Z,j,fc)€A 

and the convergence is unconditional in HV
A. 

The proof follows verbatim the proof of Theorem 5.8. 
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104 2. WAVELETS 

6. C h a r a c t e r i z a t i o n of Hp in t e r m s of w a v e l e t coeff icients 

In this section we will characterize the sequence space of wavelet expansion 
coefficients ( ( / , ^ , f c » for/ e H% where A = {(lj,k) : / = 1 , . . . , LJ e Z, k G Z n } . 

Let (e*- k)(ij,k)eA be the sequence of independent identically distributed (i.i.d.) 
random Bernoulli variables with P{el, k = 1) = P{el-k = —1) = 1/2. In other 
words, if we consider the probability space ([0,1], dt) then we can think of el- k(t) = 
ra(ij,k){t), where a : A —» N is a bijection and (r^(t))^N a r e the Rademacher 
functions defined by Vi(t) = sign(sin(227rt)) for t G [0,1]. 

The fundamental result concerning the means of i.i.d. random Bernoulli vari­
ables is Khinchin's (XHHMHH) inequality. 

that 

(6.1) 

T H E O R E M 6 .1 . For any 0 < p < oo there are positive constants Ap, Bp such 

^>(EN2) ^ (YIE^W 
^ ieN ' W o I ieN 

p \ I / P 

dt) <Bp[^2\a 
1/2 

for any sequence of scalars ( Q ) . 

The inequality (6.1) means tha t ^2i ciri converges unconditionally in Lp if and 
only if ^2i c^i converges in L 2 , i.e., ] [^ | Q | 2 < oo. It diverges in the Lp norm to 
infinity if £ \ | Q | 2 = oo. 

We shall also need the Fefferman-Stein vector-valued maximal inequality, for a 
proof see [FSl, St2]. Here M is the Hardy-Littlewood maximal operator on a space 
of homogeneous type. 

T H E O R E M 6.2. Suppose 1 < p < oo and 1 < q < oo. Then there is a constant 
CVA depending on p and q such that 

(6.2) EIM />I 
1/9 

— ^PiQ 
LP 

Ei/« 
ie? 

l/Q 

LP 

Our goal is to show the following lemma. 

L E M M A 6.3. Suppose 0 < p < 1 and \£ is an 0-regular Bessel multiwavelet con­
sisting of nonzero functions with vanishing moments up to the order s = [(1/p — 
l ) l n f r / l n A _ J . Given a sequence of scalars (cl- k)(ij,fc)eA> the following are equiva­
lent: 

(6.3) 

(6.4) 

(6.5) 

E cljkipljk converges unconditionally in HP
A, 

(U,k)eA 

A U\r- A / (/j,fc)eA 

E 4 , * I 2 I ^k/cO) 
1/2 

€ Lp{Rn 

'(/,j,fc)eA 

/ o r an?/ for some) bounded measurable sets E\ C R n wi£/i |.E/| > 0 ; / = ! , . . . , L. 
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Before proceeding with the proof of Lemma 6.3 we need to introduce some 
terminology. Let X be the family of dilated cubes, i.e., 

X = {Aj([0, l)n + fc) : j G Z, fc G Z n } . 

Given / = AJ([0, l j n + fc) G X we define the scale of I by scale(/) = j . Let g be the 
square function given by (6.5) for E\ — [0, l ] n , 

(6.6) g(x)=( J2 l4)fc|2|(^)^WI2) ^ E E ^ I 2 ! 1 ! " 1 1 ^ ) ) ' 

where we use the convention c\ = cl_jk for a cube / = AJ([0, l ] n + fc), j G Z, 
fcGZn. 

DEFINITION 6.4. Suppose X' C X. We say that the cube / is stacked below 
the cube J within the family X', and write / =^j/ J, if there is a chain of cubes 
I = IQ,II, ... , Js = J £ X' such that 

scale(/i) < scale(li+i) and |/^ D /i+i | ^ 0 for all z = 0 , . . . , s — 1. 

The relation = x̂' induces a partial order in X'. Let max(X;) be the set of maximal 
elements in V with respect to =^j/. 

If a subfamily X' does not contain arbitrary large cubes, i.e., sup/ e T/ scale(/) < 
oo, then for any cube I e X' there is always a cube J G max(X') with I =^j/ J. In 
general, a maximal cube is not unique unless, for example, the dilation A — 2Id 
and we work with nicely nested dyadic cubes. We shall need a simple lemma. 

LEMMA 6.5. There is a universal constant rj G N such that whenever we have 
two cubes I, J G X' with I 4X, J' = ^ '([0, l ] n + fc) then I C Aj(Bv + fc). 

In the above lemma a family X' does not play any role and can be substituted 
by the whole family X. 

PROOF. Suppose first that J = [0, l ] n + fc for some fc G Z. For any integer the 
diameter of a cube with scale(/) = j is at most 

diam(J) = diam(A*[0,l]n) < \\AJ\\ diam([0, l]n) = 2n| |A' | | . 

Whenever we have a chain of cubes IQ,II, ... ,IS = J GX satisfying Definition 6.4 
then 

o 
diam ( ( J U j < ^ d i a m ( / ; ) < 2 n ^ \\Aj\ < OO. 

Therefore, there exists r] G N such that i" C B^ + fc whenever / = ĵ J. If J = 
A?'([0, l ] n + fc) is arbitrary then I ^x J <=> A~jI ^x A~iJ. Thus, A~U C B^ + k 
and hence J C Aj(Bv + fc). D 

We also need the following elementary lemma. 

LEMMA 6.6. Suppose r i , r 2 > 0 and P is an nxn real matrix with \Px\ > r\\x\ 
for all x G W1. T/ien t/iere is a constant c = c(r 1^2) depending only on r\ and r2 
such that 

# ( Z n fl PB(z, r2)) < c\ det P\ for any z G Rn. 
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106 2. WAVELETS 

P R O O F . Note tha t 

# ( Z n fl P B ( z , r 2 ) ) = #(P-lZn H B(* , r 2 ) ) 

< #{k G Z n : P~\k + (0, l ) n ) H B(0 , r 2 ) ^ 0} 

< #{k G Z n : P - 1 ^ + (0, l ) n ) C B(0 , r 2 + 2n/rl)} 

|B (0 , r 2 + 2 V n ) | 
< 

| P - i ( ( 0 , l ) * ) | 
| B ( 0 , r 2 + 2 n / r i ) | - | d e t P | , 

since d i a m P - 1 ( ( 0 , l ) n ) < 2n/r1 and the family {p-1(k-\-(0, l ) n ) : / c G Z n } consists 
of pairwise disjoint sets. • 

P R O O F O F L E M M A 6.3 . Assume tha t (6.3) holds. Let (e^fc) be a sequence 
i.i.d. random Bernoulli variables. By Lemma 5.4 there exists a constant C such 
tha t for any subset P C A 

(6.7) E 4,*w4,A 
(i,j,k)eF 

<C for any t G [0,1]. 
# p 

The identity on L 2 ( R n ) is a Calderon-Zygmund operator (of any order) hence it 
extends to a bounded operator from Hp to Lp with norm 1 by Theorem 9.9 in 
Chapter 1. If P C A is finite then by Khinchin's inequality, the Fubini Theorem 
and (6.7) 

AP[ ( E i4,*i2i4 )̂i2V ^ < / fl E 4AHAW 

< [ II E 4,*(')4,*4* 
^(ij,k)eF 

dtdx 

(i,j,k)eF 

Since P C A is arbitrary, by Fatou's Lemma we have 

-(/,j,/c)eA 

dt < C p . 

/ ( E i4,*i2i^)i2V ^ < ^ A V 

which shows (6.4). 
Assume now tha t (6.4) holds. Let 5 > 0 be sufficiently small so tha t E\ — {x G 

R n : \ipl(x)\ > 6} has nonzero measure for every 1 = 1,... , L. Since 

E \cU2\^k(x)\2>S2 E I 4 , f c l 2 l ( ^ ) ^ ( ^ ) l 2 for all * G ST, 
(ij,k)eA (i,j,k)eA 

(6.5) holds for some E^s. Choose any other bounded PVs with nonzero measure. 
We can then find 5f > 0 so tha t M(l^)(x) > S;lEl(x) for all x G Mn, where M 
is the Hardy-Littlewood maximal operator associated to the dilation A given by 
(3.15) in Chapter 1. Since M commutes with translations and dilations by the 
power of A we have (M(l^i))j^k(x) = M ( ( l ^ ) ^ f c ) 1 / r ( x ) for any r > 0. Hence, for 
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6. CHARACTERIZATION OF Hp IN T E R M S O F WAVELET C O E F F I C I E N T S 107 

0 < r < p by Lemma 6.2 
p/2 

< ' 
(/,j,fc)6A 

( r / 2 ) ( p / r ) 

/ ( E i4,*i2M((1^)i,fc)2/r(a?))P ^ 
/* / \ (r/2){p/r) 

= / E |M(|4,fcr(l^)^fc)(a:)|2/M d* 

< {Cvtr,2lr)Vlr ( ( E l4,fc|2K1B,)^(:C)|2)P dX 

'(Z,j,fc)GA 

which shows (6.5). 
Finally, assume (6.5) holds with E\ — [0, l ] n for I = 1 , . . . , L. We shall show 

that after some rearrangement the series in (6.3) is an appropriate combination of 
molecules. 

For each r G Z define Ur = {x G Rn : g(x) > 2 r} , where g(x) is given by (6.6). 
Clearly, f2r+i C Or and 

OO S 

^2^i^i = E2 P rEi^+i\^i = E E sn^+iW 

^ £ n n a + A n . | < ^ j h f l ( * ) | * c 

We also define a subfamily of dilated cubes 

Xr = {I £ X: \lnnr\ > \I\/2 and | / n f t r + i | < \I\/2}. 

Note that for any i" G X with c\ ^ 0 for some I = 1 , . . . , L, there is a unique r G Z 
such that I E Xr. 

For each r G Z, we have 

J r = | J {ielr-.l <i„ J}, 
J G m a x ( I r ) 

since the subfamily 2"r does not contain arbitrary large cubes by |Or| < oc. By 
induction on J G max(Jr) we can find pairwise disjoint subfamilies Tr,j satisfying 

xr,j c {/ G xr: / =4xr J}, xr — yj xr?j, 
(6.9) JEmax(Ir) 

Xr^j P\Xr^j> = 0 for J 7̂  J' G max(Zr). 

We are now ready to rearrange the formal series in (6.3) as a combination of 
molecules. Using the convention c\ = cl_- fc, ipi = ^-^fc for a cube / = A^QO, l]n+k) 
we can write 

E 4. A = E Ec^ - E E (tT, w)< 
(/,j,fc)GA 1=1 IeT r G Z J G m a x ( I r ) M = l / e l r , j ' 
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108 2. WAVELETS 

where Xr and Xrj are given by (6.9). To show that this series converges in HP
A it 

suffices to show that Y2IeX Cji/4 is an element of HA and 

(6.10) E E E E ^ : 
r G Z J e m a x ( I r ) " Z = l / G X r , j 

< 00 , 

Hv 

by the completeness of HA and p-subadditivity of || • \\HP-
Fix r G Z and J = A?°([0, l ] n + fc0) G max(2~r). We claim that there is a 

constant C (independent of r and J) such that 

(6.11) E E M <C2 r | J | 1 / p . 
# P 

1=1 iexr,j 

(6.12) 

By Lemma 6.5 we have 

E E i4i2<2E £ ic&n/rVNnr+ii 
Z=l / E X r , j 

Z=l / € X r , j J(Aio(Br,+k0))\nr+1 

<2 / | ^ (x) | 2 dx<2y° + r ? 2 2 ^ + 1 ) 

=8^ 0 + r 72 2 r , 

since outside of 0 r + i we have g(x) < 2 r + 1 . 
Since {^4} is a Bessel family by (6.12) we have 

\B, — / 
D +T)+Uj\ JBJQ 

<-
1 

+v+u}+AJok0 

L 

-bJo+l+u 

E E 4v4(*) 
z=i / e x r , j 

2 

<£r 

E E ^ 
i=i ieir,j 

< 
C 

l)3o+l+^ 
• £ £ |c»,|2 < C22-. 

/ = 1 /GX r 

For any / G Xr,j by Lemma 6.5 we have I = ^ '([0, l ] n + A;) C A^Q{Br} + fc0) 
and thus A^k G AJ'°fco + Bj0+V. Therefore, for fixed j < jo the number of such fc's 
is bounded by Lemma 6.6 

(6.13) # ( Z n fl (A"-*ko + Bj0-j+ri)) < (&<>-*+*>. 

Also for x G Ajok0 + (jE?j0+r?+a;)c we have 

p(x-Ajok0) <bup{x-Ajk), 

since A70 /c0 - A3k G i ^ 0 + r r Since \£ is 0-regular, for any 8 > 0 there is C = C(<S) > 0 
such that \ipl(x)\ < Cp(x)~6 for all x G W1. In particular, we can take 5 satisfying 
the hypothesis of Lemma 9.3 in Chapter 1. Therefore, for x G Ajoko + (5j0 + r 7 + a ;) c , 

| ^ ( x ) | 2 =\ipLjik(x)\2 = 6 - J ' | ^ ( A - ^ - &)|2 < Cb-jp(A~jx - k)~ 

<Cb26ujb-Jp(A-J(x - AJ0k0))-26 

=Cb-jb-2S(j°-j+r')p(A-jo-r'-"(x - AJok0))'26. 

•25 

This document generated prior to electronic offprints.  
Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



6. CHARACTERIZATION O F Hp IN T E R M S OF WAVELET C O E F F I C I E N T S 109 

Combining the above with (6.12) and (6.13), by the Cauchy-Schwarz inequality we 
have 

E E Wi(4 * (E E i4i2) (E E M*)ia 

< h{3o+rj)i22v f J2 cbJQ-jJrr)Cb-3b-25^-J"rri)p{A-JQ-71-UJ{x - AJok0))~26 

/ \ 1/2 

< CTI Y, b^2-25){j0~j) J p(A-j°-ri-u,(x - AJok0))-6, 

for x G Ai°ko + {Bj0+T1+UJ)c. By the Lebesgue Dominated Convergence Theorem 
we also have 

/ ( E E cWI(x))xadx = 0 for a\ < s. 

Therefore, all the hypotheses of Lemma 9.3 in Chapter 1 are satisfied and thus, 
L 

E E Wi <C2r\BJ0^r]+UJ\1^<C2r\J\1^. 
HP 1=1 iexr,j 

This proves (6.11). To show (6.10) we use \J\ < 2\JP\flr\ for J G max(Jr) to obtain 

E E E E c ^ ^ E E 2Pri^r 
rGZ Jemax(Ir) ' ' 1 = 1 IeTr,j ' , / / P r E Z J<Emax(Tr) 

<2Cp^2pr\nr\ < -
r £ Z 

2~P \LP' 

Since the above estimate depends only on a magnitude of coefficients c^-'s, we obtain 
the unconditional convergence in (6.3). This ends the proof of Lemma 6.3. • 

Note that the assumption that \£ is 0-regular in Lemma 6.3 can be slightly 
relaxed. It follows from the proof that it suffices to assume | ^ ( x ) | < Cp(x)~6 for 
/ = 1 , . . . , L with S > max(l/p, s l nA + / l n6 + 1) in order to apply Lemma 9.3 in 
Chapter 1. 

We are now ready to prove the characterization of the sequence space of wavelet 
expansion coefficients of elements in HA. 

THEOREM 6.7. Suppose p satisfies (5.19), and ^ is an r-regular tight frame 
multiwavelet with vanishing moments up to order s = [(1/p — 1) In bj In A_ J. Then 
for any f G HV

A the series ^n 7- k)eA(f^lj k)^ k converges unconditionally to f in 
HA, and 

Hp
A 

(6.14) 
( E ia^,fc>i2i4fc(-)i2) 

1 \z,j,fc)eA ' ' 

, V ( ^ , j , / c ) G A ' 

LP 

1/2 1 
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110 2. WAVELETS 

for any (or some) bounded measurable sets E\ C R n with \Ei\ > 0, I = 1 , . . . , L. 
The equivalence constants in (6.14) do not depend on f. 

If, in addition, \I/ is an orthonormal multiwavelet then for any (cl- k)(ij,k)eA 
satisfying 

(6.4) E i4,*i2i^*(*)i' 
(Z,j,fc)€A 

1/2 

there is a unique f 6 HP
A such that cl-k — ( / , V -̂fc) for all (l,j,k) G A and (6.14) 

holds. 

PROOF. By Theorem 5.10 we have (5.26). By Lemma 6.3 we have (6.14). The 
fact tha t the equivalence constants in (6.14) do not depend on the choice of / follows 
by analyzing the proof of Lemma 6.3. 

Suppose, in addition, tha t ^ is an orthogonal multiwavelet. Given a sequence 
(clj,k)(i,jik)eA satisfying (6.4) by Lemma 6.3, £ ( Z J > f c ) G A 4,fc^j\fc converges uncondi­
tionally to some element / G HP

A. Since iphs belong to the dual of HA we conclude 
tha t for any ( / ' , / , & ' ) G A 

\ / , j , / e ) G A ' (l,j,k)eA 

Finally, (6.14) holds by Lemma 6.3. • 

W a v e l e t e x p a n s i o n coefficients for Lp. It comes as no surprise tha t The­
orems 5.8, 5.10, and 6.7 can be extended for exponents p > 1. In fact, orthogonal 
wavelets with very mild decay conditions already form an unconditional basis for 
L p , 1 < p < oo, see [Po]. Analogously, we can characterize the sequence space of 
wavelet expansion coefficients for Lp. This sequence space is given by exactly the 
same formula, e.g., (6.4) or (6.5). To show this, we will need two simple lemmas 
which hold for arbitrary measures, see [Wo2, Corollary 7.10] 

L E M M A 6.8. Suppose 0 < p < oo and (fi)ieN C Lp. If YlieN U converges 
unconditionally in Lp then \\(J2ieN \fi\2)lj/2\\P < oo. Moreover, 

(6.15) (£l/*l2)1/2HP<04p)"1/p 

ien 
sup 

te[o,i] 
5>w* 
i& 

PROOF. By Khinchin's inequality and the Fubini Theorem we have 

£I/«I 
ieF 

1/2 V /-111 

-I £' 
P J 0 M i G F 

ri(t)fi dt < Bp £I/*I 
ieF 

1/2 

for any finite F c N . If X^ieN fi converges unconditionally in Lp then by Lemma 
5.4, 

C sup 
tG[0,l] 

Er*w/* 
i£N 

< OO. 

Hence, Ap\\{Y,ieF l/*|2)1 /2 | l£ < Cp- S i n c e ^ C N is arbitrary this shows (6.15). • 

This document generated prior to electronic offprints.  
Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms
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LEMMA 6.9. Suppose 0 < p < oo and (fi)ieN C Lp is such that \\fi\\p > S for 
some S > 0 and all i £ N. T/ien ^/iere is a sequence of coefficients (e^GN; ê  = ±1 

(6.16) lim sup 
7V-^oo 

AT 

5Ze*/< 
z = l 

PROOF. We claim that it suffices to show 
p/2 

(6.17) /(Ei/.i2) oo. 

Assume for the time being that (6.17) holds. We claim that for any j £ N and 
r > 0 there is N > j and a sequence e3,... , e_/v with ê  = ±1 such that 

TV 

^2eifi 
2 = J 

> r. 

Indeed, it suffices to take N such that ||(X^ • |/i|2)||p > r(Ap)~1^p and apply 
(6.15). By a simple induction we can now produce a sequence (e^)iG^, e$ = ±1 
satisfying (6.16). 

In order to show (6.17) we need to consider two cases. Suppose first that 

(6.18) lim sup \{x : \fi{x)\ > r]}\ = 0 for every T] > 0. 

If (6.18) holds then there is a subsequence (fi ) and a decreasing sequence of positive 
numbers 1 — 770 > r\\ > . . . , such that 

(6.19) \fij\p>6/2 for a l l j = 1,2,... 
,Vj<\ftj\<Vj-i 

Indeed, we are going to proceed by induction. Let i\ be such that J, f , 1 \fi1\p > 
3/45. Choose 771 such that J ^ |< r / i \f%1\p < 1/4(5. Hence, (6.19) holds for j = 1. 
Assume (6.19) holds up to some j > 1. By (6.18) we can pick i J + i such that 
J]/4,+1l<„, I4 + 1 I P > 3/4<5. Choose r,j+1 such that J ^ + i , < „ . + 1 | / i J + 1 | p < 1/4*. This 
completes the induction step since 

/ . 
l4+ 1|p>^/2. 

^ • + l < l / i j + l l < ^ 

Define sets Sj = {x : f]j+i < |/i + 1(x) | < 7^}. Again by induction we can find a 
subsequence (jk) such that 

(6.20) 
Js< 

\fiik\p>S/i for all k = 1,2, 

Indeed, by (6.18) and (6.19) for any set 5 with |5 | < oo, 

liminf [ \fZj\p>5/2, 
J - * 0 0 JSjXS 
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112 2. WAVELETS 

since r]j —» 0 as j —> oo. Therefore by (6.20), 

p/2 

/(£i//f *£/ l / i j " = °°. 

On the other hand, if (6.18) fails then there exist 77, /1 > 0 such that |{a: : 
\fi(x)\ > 77}I > /J for infinitely many i's. After taking a subsequence we can assume 
that this holds for all i e N. Let Si = {x : |/i(x)| > 77}. If | UieN ^ I < °° 
then necessarily X^EN ^-Si(x) = 00 on a set of positive measure. Therefore, the 
square function in (6.17) is infinite on a set of positive measure. Otherwise, if 
I UieN *%l ~ °° then the square function is at least 77 on a set of infinite measure. 
This shows (6.17) and ends the proof. • 

The analog of Lemma 6.3 in the range 1 < p < 00 is the following lemma. 

LEMMA 6.10. Suppose 1 < p < 00 and \£ is an 1-regular Bessel multiwavelet 
consisting of nonzero functions. Given a sequence of scalars {cljk){ij,k)eh, the fol­
lowing are equivalent: 

(6.21) 

(6.22) 

y Cjktpjk converges unconditionally in Lp, 
(ij,k)eA 

E I4,*|2|^(*)|2) €LP(Rn), 
(Zj,fe)GA ' 

1/2 

(6.23) ( £ l^l'K^^WI2) ^^(R^ 

/or any (or some) bounded measurable sets E\ C W1 with \Ei\ > 0, I = 1 , . . . , L. 

Before we present the proof we need to introduce the standardized version of 
the sequence space under consideration. We also need a description of its dual 
which can be found in [NT, Section 9]. 

DEFINITION 6.11. Given 0 < p < 00, a dilation A, and L e N we define 
tv

A — ^ ( A ) as the space of all sequences c = (Cj',fc)(/,j\fc)eA s u c n t n a t 

c />p = 

(6.24) 

£ \^k\2\(i{o^)jM2) 
A L\cz A ' 

1/2 

(Z,j,fe)GA 

L x 1/2 

EEi^i2!/!-1!. 
z=i /ex 

< 00 . 

If the dilation A = 2Id and L = 1 then the sequence space ^ coincides with 
the space f?'2 introduced by Frazier and Jawerth in [FJ2]. Obviously we could 
have defined a whole scale of spaces f̂ ,g for a general dilation A. However, the 
investigation of anisotropic homogeneous Triebel-Lizorkin spaces ¥^q is beyond 
the scope of this work. For the isotropic theory we refer the interested reader to 
[FJW, Trl, Tr2]; for the function space theory on spaces of homogeneous type, see 
[Hn, HS, HW]. 
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6. CHARACTERIZATION OF Hp IN TERMS OF WAVELET COEFFICIENTS 113 

LEMMA 6.12. Suppose A is a dilation and 1 < p < oo. The dual of £P
A is 

isometrically isomorphic to £q
A, where l/p + 1/q = 1. The duality is given by 

L 

(6.25) (c,d)= ] T cl
jtkdl

jk = J2T,cliJi forcZPA,dzPA. 
(ij,k)eA i=i lex 

PROOF. Consider the space Lp(£2) = Lp(RnJ2(Z)®L) of functions / : Rn -+ 
£2{Z)®L. The norm of / = ( / \ . . . , / L ) , where fl : Rn -> £2(Z) in this space is 
given by 

/ r / L \ p/2 \ I/P 

\\f\\L^) = [J^[Y,\\^x)\\2^)) dx) • 
We can identify £P

A as a subspace of Lp(£2). Indeed, given c G £P
A consider the 

function / = ( J 1 , . . . , fL) whose j ' t h coordinate is given by 

(6.26) fl{x)j= 2 <ti\I\-l/2li(x) ioil = l,...,L. 
iex 

sca le(7)=j 

This identification defines an isometric inclusion of £P
A into Lp(£2). Functional 

analysis tells us that the dual of Lp{£2) is isometrically isomorphic to Lq(£2), where 
1/p + 1/q — 1. Furthermore, the duality is given by 

(6.27) (f,g) = / JT(fl(x),gl(x))dx for / G Lp(£2),g G Lq(£2). 

Also ( ^ ) * is isomorphic with the quotient of Lq{£2) and the annihilator of (?A, 
which consists of functions / G Lq{£2) with jT fl(x)jdx = 0 for all Z = 1 , . . . , L, 
/ G I , j = scale(J). Therefore, the dual of £P

A can be identified with £q
A. Moreover, 

the dual of the inclusion £P
A <-> Lp(£2) is a projection P : Lq{£2) - • {£P

AY given by 

ra(*); = E E (vr1 [fl(y)idy)ii. 
I—l iex \ JI J 

scale(7)=j 

The duality (6.25) follows from (6.26) and (6.27). • 

P R O O F OF LEMMA 6.10. (6.21) = > (6.22) follows from Lemma 6.8. (6.22) 
4=> (6.23) is shown in the same way as in Lemma 6.3. However, (6.23) => (6.21) 
is shown in a different manner since we do not have an atomic decomposition at 
our disposal for p > 1. 

By Lemma 5.5 for any sequence of bounded scalars e = (el- k)(i,j,k)eA the oper­
ator Te : L2(Rn) -> L2(Rn) given by 

(6.28) Te(/)= J^ ^(f^ikHik, 
(z,j,fc)eA 

is Calderon-Zygmund of order 1. Hence, Te is a Calderon-Zygmund operator in the 
sense of Definition 9.1, Chapter 1. Therefore, Te extends to a bounded operator 
on Lp for 1 < p < oo. Furthermore, if \el- k\ < 1 then Te's are uniformly bounded 
on Lp. We are going to show that (6.28) holds also for / G Lp with unconditional 
convergence in Lp. 
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114 2. WAVELETS 

If the series Y2a j k)eA(fi ĵ',fc)̂ j',fc ^ o e s n o^ c o n v e r g e unconditionally in LP then 
there are pairwise disjoint finite sets Fi C A and coefficients el- k = ±1, (l,j, k) G i7^ 
such that 

/* = E €U(f^ljM,k> 
{ij,k)eFi 

satisfies | | / i | | p > 5 for some 5 > 0 and all i G N. By Lemma 6.9, there are coefficients 
€i = ±1 such that l i m s u p ^ ^ ^ \\J2i=ieifi\\p = °°- This clearly contradicts the 
uniform boundedness of Te's. Finally, ^(ij^eA^j^if^j^^j^k converges to Tef 
by considering f e L2 H Lp. By Lemma 6.8, 

/ ( 
JR71 \ 

E K/.$>fc>l2K*(z)l 
(l,j,k)€A 

p/2 
2^ dx 

< (Ap) 1 sup 
t€[0 , l ] 

E 4,* w</> 4*w; 
(Zj,fe)6A 

<CMp||/||J, 

for any / G Lp. Therefore, | |((/, ^ fc))ll/p — ^ I I / I IP - ^n °ther words, the analysis 
operator is bounded from LP to f?A. By Lemma 6.12, the dual of analysis operator 
is a synthesis operator 

^ ^ (4,fc)(̂ )€A ^ E 4 , ^ ^ ( R n ) > 
(Z,j,fc)6A 

where 1/p + l/q = 1. We also have 

E C3^j,k 
(Z,j,fe)GA 

This shows (6.23) =^> (6.21). 

< C | | c | | ^ for all ce£q
A. 

D 

We are now ready to prove the characterization of the sequence space of wavelet 
expansion coefficients of functions in LP. 

THEOREM 6.13. Suppose 1 < p < oo, and ^ is a 1-regular tight frame multi-
wavelet. Then the series ^ \ z - k\eA(f, ty\ k)^lj & converges unconditionally to f in 
LP for any f G Lp, and 

LP 

(6.29) 

( E K/>4*>W*(-)i2) 
\LP 

( E ia^)i2!(^)^(-)i2) 
1 V (Z, j , /c)<EA ' LP 

for any (or some) bounded measurable sets E\ C W1 with \Ei\ > 0, / = 1 , . . . , L. 
The equivalence constants in (6.29) do not depend on f. 

Lf, in addition, \£ is an orthonormal multiwavelet then for any {clj k)(i,j,k)eA 
satisfying 

(6-4) ( E ICUI2I4^)I2) eL*(Rn). 
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6. CHARACTERIZATION OF Hp IN T E R M S OF WAVELET C O E F F I C I E N T S 115 

there is a unique f G Lp such that cl-k = (/, V f̂c) for all (l,j,k) G A and (6.29) 
holds. 

PROOF. The first part of the theorem follows from Lemma 6.10, see the proof 
of (6.23) = > (6.21). 

Suppose, in addition, that \£ is an orthonormal multiwavelet. If {cl, k)^^^)eA 
satisfies (6.4) then by Lemma 6.10, J2a j k)eA ^j.k^Vk converges unconditionally to 
some / G Lp. Since ^ ' s belong to the dual of Lp we must have cl-k = (/, V>j,fc) f°r 

all (I, j , k) G A. This completes the proof of Theorem 6.13. • 
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Notation Index 

| • | the s tandard norm in R n or the Lebesgue measure of a subset in R n 

B(z , r ) the Euclidean ball with center z and radius r 
(•, •) the scalar product in R n , L 2 ( R n ) , or (/ , tp) = f(ip) for f e S', (p e S 
{ei}f=1 the s tandrad orthonormal basis in R n 

/ ( £ ) the Fourier transform of / , / ( £ ) = JRn f{x)e~2^x^dx 
s u p p / the support of / , s u p p / = {x : f(x) ^ 0} 
T)k f(x) the derivative of / at the point x thought of as a symmetric 

multilinear operator (Rn) f c —> R n 

1E the indicator function of the set E C R n 

A the dilation, i.e., n x n matr ix with all eigenvalues A, |A| > 1 
A_ the absolute value of the smallest eigenvalue of A 
A+ the absolute value of the biggest eigenvalue of A 
b the number equal to | det A\ 
Bk the dilated balls of the form Bk = AkA, k G Z, where A is a special 

ellipsoid tailored to the dilation A with |A| = 1 
B the family of dilated balls of the form x$ + B^, xo G R n , k G Z 
cu the smallest integer such tha t 2BQ C ^ 
p the quasi-norm associated to the dilation A 
(fk the dilate of (f to the scale k G Z, <£&(#) = 6_ / e^(^4 - / cx) 
- 0 ^ the dilate and translate of ip given by 

il>j,k(x) = I det A\j/2i/j(Ajx - k) where j G Z, fc G Z n 

^ the collection ^ = {7/;1 , . . . , ̂ L } C L 2 ( R n ) 
J the collection of dilated cubes {A j([0, l]n + fc) : j G Z, /c G Z n } 
-0/ is ^-j,fc f ° r ^ — ^J([0> l ] n "+" ^) ^ ^"j the exception to this rule is 1/ 
A the index set A = {(lj,k) : I = 1 , . . . , L, j G Z, fc G Z n } 
D A the dilation operator (usually on Hp), DAf(x) = | det ^ ^ / ( A r ) 
r y the translation operator, ryf(x) = f(x — y) 
(p, g, s) an admissible triplet with respect to the dilation A, i.e., 0 < p < 1, 

1 < q < 00, p < q, s G N, and s > [(1/p - 1) In b/ In A_J 
Myf the nontangential maximal function of / with respect to cp 
M®f the radial maximal function of / with respect to if 
T^ f(x) the tangential maximal function of / with respect to ip 
MNI the nontangential grand maximal function of / 
Mjy-/ the radial grand maximal function of / 
MHLI the Hardy-Littlewood maximal function of / 
Cr the space of functions with continuous partial derivatives 

up to order r, r = 0 , 1 , . . . ,00 
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NOTATION INDEX 117 

S the space of test functions (the Schwartz class) 
Sf the space of tempered distributions 
Sjy the subset of S consisting of all <p satisfying 

sup^Rn sup|Q|<N max(l, p(x)N)\da<p(x)\ < 1 
Vs the space of polynomials of degree < s 
Lp the space of functions with JRn \f(x)\pdx < oo, 0 < p < oo 
| | / | | p the quasi-norm in L^ \\f\\p = (/Rn \f{x)\pdxf/p 

Hp the anisotropic Hardy space HP
A associated with the dilation A 

H/HHP the norm of / G ffp, \\f\\m = \\MNf\\p 

Hp
s the atomic anisotropic Hardy space associated with the dilation A 

for an admissible triplet (p,q,s) 
Cl

qs the Campanato space for / > 0, 1 < q < oo, s = 0 , 1 , . . . 
© •* the space of functions in Lq with bounded support and vanishing 

moments up to order s 
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