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Abstract

In this paper, motivated in part by the role of discrete groups of dilations in
wavelet theory, we introduce and investigate the anisotropic Hardy spaces associ-
ated with very general discrete groups of dilations. This formulation includes the
classical isotropic Hardy space theory of Fefferman and Stein and parabolic Hardy
space theory of Calderén and Torchinsky.

Given a dilation A, that is an n x n matrix all of whose eigenvalues A satisfy
|A] > 1, define the radial maximal function

Mo f(x) = sup |(f = @i} (@)l where i (z) = | det Al Fp(A ).

Here ¢ is any test function in the Schwartz class with [ ¢ # 0. For 0 < p < oo we
introduce the corresponding anisotropic Hardy space HY as a space of tempered
distributions f such that MJf belongs to LP(R").

Anisotropic Hardy spaces enjoy the basic properties of the classical Hardy
spaces. For example, it turns out that this definition does not depend on the
choice of the test function ¢ as long as [ ¢ # 0. These spaces can be equivalently
introduced in terms of grand, tangential, or nontangential maximal functions. We
prove the Calderén-Zygmund decomposition which enables us to show the atomic
decomposition of HY. As a consequence of atomic decomposition we obtain the
description of the dual to HY in terms of Campanato spaces. We provide a de-
scription of the natural class of operators acting on HY, i.e., Calderén-Zygmund
singular integral operators. We also give a full classification of dilations generating
the same space HY in terms of spectral properties of A.

In the second part of this paper we show that for every dilation A preserving
some lattice and satisfying a particular expansiveness property there is a multi-
wavelet in the Schwartz class. We also show that for a large class of dilations
(lacking this property) all multiwavelets must be combined minimally supported in
frequency, and thus far from being regular. We show that r-regular (tight frame)
multiwavelets form an unconditional basis (tight frame) for the anisotropic Hardy
space HY. We also describe the sequence space characterizing wavelet coefficients
of elements of the anisotropic Hardy space.
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CHAPTER 1

Anisotropic Hardy spaces

1. Introduction

In the first chapter of this monograph we develop the real variable theory of
Hardy spaces HP (0 < p < oc) on R™ in what we believe is greater generality than
has ever been done.

Historical Background. The theory of Hardy spaces is very rich with many
highly developed branches. A recent inquiry in MathSciNet® (the database of
Mathematical Reviews since 1940) revealed a fast growing collection of more than
2800 papers related to some extent to various Hardy spaces. Therefore, we can
sketch only the most significant highlights of this theory.

Initially, Hardy spaces originated in the context of complex function theory and
Fourier analysis in the beginning of twentieth century. The classical Hardy space
H? where 0 < p < o0, consists of holomorphic functions f defined on the unit disc
such that

1mm%=swjﬁﬂmémwwym<m

O0<r<
or on the upper half plane such that

) 1/p

il = s | [~ 1@ ibas] < oo
O<y<oo —o0

If p = oo we replace the above integrals by the suprema. For a systematic exposition

of the subject see books by Duren [Du], Garnett [Ga], and Koosis [Ko].

The possible generalizations of these spaces to higher dimensions include Hardy
spaces on the unit ball in C™, on the polydisc or on the tube domains over cones, see
books of Rudin [Rul, Ru2], and Stein and Weiss [SW2]. Another possibility is to
consider spaces of conjugate harmonic functions f = (ug,... ,u,) on R™ x (0, c0),
satisfying certain natural generalizations of the Cauchy-Riemann equations and the
size condition

i/p
1 fllge := sup [/ |f(z1, .. 20, y)|Pdey .. dzy < 0,
0<y<oo n

see Stein and Weiss [SW1, SW2]. In this development the attention is focused on
the boundary values of the harmonic functions, which are distributions on R™. The
harmonic functions can be then recovered from the boundary values by Poisson
integral formula. The resulting spaces HP(R"™) are equivalent to LP(R™) for p > 1.
However, for p < 1 these spaces differ from LP(R™) and are better suited for the
purposes of harmonic analysis than LP(R™). Indeed, singular integral operators and
multiplier operators turn out to be bounded on HP, see Stein [St1].

1
This document generated prior to electronic offprints.

Licensed to AMS.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



2 1. ANISOTROPIC HARDY SPACES

The beginning of the 1970’s marked the birth of real-variable theory of Hardy
spaces as we know it today. First, Burkholder, Gundy, and Silverstein in [BGS]
using Brownian motion methods showed that f belongs to the classical Hardy space
H? if and only if the nontangential maximal function of Re f belongs to LP. The
real breakthrough came in the work of C. Fefferman and Stein [FS2]. They showed
that HP in n dimensions can be defined as the space of tempered distributions f
on R™ whose radial maximal function ]Vfg or nontangential maximal function M.,

belong to LP(R™), where
Mof(z) = sup |(f*p.)(2)],
0<t<0

My f(z):= sup sup |(f )W),

<t <o |qj~y1<t

and @¢(x) = t "p(x/t). Here ¢ is any test function in the Schwartz class with
[ ¢ # 0 or the Poisson kernel ¢(z) = (1 + |x{2)~("*+1/2 (in this case f is restricted
to bounded distribution) and the definition of H? does not depend on this choice.
To prove this impressive result C. Fefferman and Stein introduced a very important
tool, the grand maximal function, which can also be used to define Hardy spaces HP.
The real analysis methods also played a decisive role in the well-known C. Fefferman
duality theorem between H' and BMO-——the space of functions of bounded mean
oscillation.

Further insight into the theory of Hardy spaces came from the works of Coifman
[Co] (n = 1) and Latter [La] (n > 1) where the atomic decomposition of elements in
HP(R™) (p < 1) was exhibited. Atoms are compactly supported functions satisfying
certain boundedness properties and some number of vanishing moments. The Hardy
space HP(R™) can be thought of in terms of atoms and many important theorems
can be reduced to easy verifications of statements for atoms.

Other developments followed. Coifman and Weiss in [CW2] introduced Hardy
spaces HP for the general class of spaces of homogeneous type using as a definition
atomic decompositions. Since there is no natural substitute for polynomials, the
Hardy spaces HP on spaces of homogeneous type can be defined only for p < 1
sufficiently close to 1. Another approach started in the work of Calderén and
Torchinsky [CT1, CT2] who developed theory of Hardy spaces HP (0 < p < 00) on
R™ for nonisotropic dilations. The theory of Hardy spaces was also established on
more general groups than R™. For the Heisenberg group it was done by Geller [Ge]
and for general homogeneous groups by Folland and Stein [FoS|. We also mention
the development of Hardy space on subsets of R™ by Jonsson and Wallin [JW] and
weighted Hardy spaces on R™ by Stromberg and Torchinsky in [ST1, ST2].

Parabolic Hardy spaces. Calderén and Torchinsky initiated the study of
Hardy spaces on R™ with nonisotropic dilations in [CT1, CT2]. They start with a
one parameter continuous subgroup of GL(R™,n) of the form {4, : 0 < t < oo}
satisfying A; A, = A;s and

t%z] < |Az] < tP)x] forall z e R™,t > 1,

for some 1 < a < 3 < co. The infinitesimal generator P of A; =t := exp(PlInt)
satisfies (Pz,xz) > (x,z), where (-,-) is the standard scalar product in R”. The
induced nonisotropic norm p on R™ satisfies p(A:z) = tp(x). The parabolic Hardy
space HP (0 < p < o0) is defined as a space of tempered distributions f whose
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1. INTRODUCTION 3

nontangential function M, f belongs to LP(R™), where

Mof(z):= suwp |(fxed@l  wula) = " Po(A; 'a),

plz—y)<t

¢ is any test function with [ ¢ # 0. Calderdén and Torchinsky also obtain equivalent
formulations of parabolic Hardy spaces using the grand maximal functions, Luzin
functions, and Littlewood-Paley functions. The atomic decomposition for theses
spaces was done by Calderén [Ca, Ga] and Latter and Uchiyama [LU].

It is worth noting that the general setup for defining Hardy spaces on homo-
geneous groups developed by Folland and Stein [FoS] presupposes that the dilation
group {A4; : 0 < ¢ < oo} is of the form A; = exp(Plnt), where P is a diagonaliz-
able element of GL(R™, n) with positive eigenvalues. In general, such a matrix P
need not satisfy (Px,x) > {x,2). Conversely, generators P allowed in [CT1, CT2]
need not even be diagonalizable. Therefore, on the formal level, dilations structures
considered in [CT1, CT2, FoS] do not in general overlap. As a consequence some
Hardy spaces procured in one theory do not appear in the other, and vice versa.

The optimal solution would be to relax even further the assumptions on the
group of dilations {A; : 0 < ¢ < oo} by merely assuming that lim; g+ ||4]] = 0.
This is the approach we adapt in our work with the exception that we allow even
more general discrete dilation structures which have originated in the theory of
wavelets.

Description of the chapter. The scope of this chapter is an introduction
and investigation of the real variable theory of Hardy spaces associated with a
general group of dilations. By a group of dilations we mean a one parameter,
discrete subgroup of GL(R,n), i.e., {A* : k € Z}, where A is a generating n x n
matrix whose all eigenvalues A satisfy |A| > 1. We investigate the properties of
the space of homogeneous type induced by this group of dilations in Section 2.
In the next section we define the anisotropic Hardy space H%(R™) as a space of
tempered distributions f whose grand maximal function belongs to LP{R™). The
most straightforward definition of these spaces is obtained using the radial maximal
function. That is, for a dilation A and 0 < p < oo we introduce the corresponding
anisotropic Hardy space HY as a space of tempered distributions f whose radial
maximal function Aifg f given by

M f(x) = sup (f + pr)(@)l,  where pi(x) = | det Al (A7),

belongs to LP. Here ¢ is any test function in the Schwartz class with [¢ # 0.
By virtue of the main theorem in Section 7 this definition does not depend on
the choice of ¢ as long as [ # 0. In Section 4 we introduce anisotropic Hardy
spaces by means of atomic decompositions. In Section 5, one of the longest and
most technical sections, we carefully derive the Calderén-Zygmund decomposition.
In Sections 6 and 7 we prove that various definitions of Hardy spaces in terms
of grand, radial, tangential, and nontangential maximal functions and in terms
of atomic decompositions are all equivalent. In the next section we describe the
duals of anisotropic Hardy spaces. In Section 9 we develop the theory of Calderén-
Zygmund operators acting on anisotropic H spaces. Finally, in the last section we
classify dilations which yield equivalent anisotropic Hardy spaces.
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4 1. ANISOTROPIC HARDY SPACES

We want to emphasize that the presentation of Sections 3—7 is greatly influenced
by the excellent exposition of Hardy spaces on homogeneous groups in the book of
“olland and Stein [FoS].
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2. THE SPACE OF HOMOGENEQUS TYPE 5

2. The space of homogeneous type associated
with the discrete group of dilations

The concept of a dilation is a fundamental one in our work.

DEFINITION 2.1. A dilation is n x n real matrix A, such that all eigenvalues A
of A satisfy [A] > 1.

It is clear that A is a dilation if and only if [|[A77|| — 0 as j — co. We could
alternatively define a dilation as a matrix whose all eigenvalues A satisfy 0 # [A] < 1.
The inverse of this matrix becomes then a dilation in the sense of Definition 2.1.

For any dilation A we consider the corresponding discrete group of linear trans-
formations {47 : j € Z} which induces a natural structure of a space of homoge-
neous type on R™. For general facts about spaces of homogeneous type we refer the
reader to [Ch, CW2, HS, MS1-MS3]. Unless the dilation A is very special (to be
made precise later) this structure is different than the usual isotropic structure of
R™. In this section we present the underlying ideas.

To start we suppose Ai, ..., A\, are eigenvalues of A (taken according to the
multiplicity) so that 1 < [A;] < ... < |Au]. Let A_, Ay be any numbers so that
1 < Ao < |A] €Al < A4. Then we can find a constant ¢ > 0 so that for all
z € R™ we have

(2.1) 1/eM |z] < |Alz| < eNyjz|  for j >0,
(2.2) 1/eN |z| < |AMz] < M |z]  for j <0,

where | - | is a standard norm in R". Note that (2.2) is a consequence of (2.1)
and vice versa. Furthermore, if for any eigenvalue A of A with |A| = |[A\{] (or
Al = [As]) the matrix A does not have Jordan blocks corresponding to A, ie.,
ker(A — M) = ker(A — AI)? then we can set A_ = |A1| (AL = |Aa]).

A set A C R” is said to be an ellipsoid if

(2.3) A={xeR":|Pz| <1},
for some nondegenerate n x n matrix P, where | - | denotes the standard norm in
R™.

In general, we can not expect that the dilation A is expansive in the standard
norm, i.e., |Az| > |z| for all z € R™. Nevertheless, by [Sz, Lemma 1.5.1], there
exists a scalar product with the induced norm |- |, and 7 > 1 so that

(24) |Az|. > 7|z|, for x € R™.
We present the proof of this result for the sake of completeness.

LEMMA 2.2. Suppose A is a dilation. Then there ezists an ellipsoid A and
r > 1 such that

(2.5) A CrAC AA.

PROOF. Define the inner product {-,-). by
(x,y)e = (z,y) + (A7 2, ANy) + ..+ (A7Fz, A7Hy),
This document generated prior to electronic offprints.
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6 1. ANISOTROPIC HARDY SPACES

where k is an integer satisfying &£ > 2Inc¢/IlnA_, and ¢, A_ are as in (2.1). We
claim that the norm |z}, = (z, x}i/Q satisfies (2.4). Indeed, by (2.1) and (2.2)
Al = [Aaf? + [of? 4 ...+ A5l = [af2 + [Af? — |A~Faf?
> |xf2 4 1/ 2 = A2 = (231 + (72 = EXZ) |2/ |2l?)
-2 _ CQ/\:Q]C

c e~ AT

|z]2 +...+|AF

=|z?|1+ x|2|35|2} > |af? {1 + e r’lzf2,
where 7 is the square root of the last bracket. By a simple application of the Riesz
Lemma there is a matrix @ so that (Qx,y) = (z,y).. Clearly, Q is self-adjoint and
positive definite. If we take P = Q'/? then |Pz|?> = (Qx,z) = |z|,. Define A by
(2.3), i.e., A = {zx € R" : |z], < 1}. Since |[A7 2|, < |z|./r then A7IA C r71A
and hence (2.5) holds. O

By a scaling we can additionally assume that ellipsoid A in Lemma 2.2 satisfies
[A] = 1. We define a family of balls around the origin as the sets

(2.6) By := A*A for k € Z.
By (2.5) we have
(2.7) By C 7By C Bry1, |Bi| = b, where b := | det A| > 1.

Even though the choice of the expansive ellipsoid A is not unique, from this point
we fix one choice of A, and consequently the By’s, for a given dilation A.

Next we introduce the natural concept of a quasi-norm which generalizes the
usual norm on R™. A quasi-norm satisfies a discrete homogeneity property with
respect to A and a triangle inequality up to a constant.

DEFINITION 2.3. A homogeneous quasi-norm associated with a dilation A is a
measurable mapping p : R™ — [0, 00), so that
(i) plx) =0 <= z=0,
(ii) p(Az) = bp(z) for all z € R",
(iii) there is ¢ > 0 so that p(z +y) < c(p(z) + p(y)) for all z,y € R™.
It turns out that all quasi-norms associated to a fixed dilation A are equivalent.

LEMMA 2.4. Any two homogeneous quasi-norms py, pz associated with a dila-
tion A are equivalent, i.e., there exists a constant ¢ > 0 so that

(2.8) 1/cp1(z) < pa(z) < cpi(x) forz e R™

Proor. It suffices to show that for every quasi-norm p we have

(2.9) 0< inf plx)< sup p(z) < oo.

z€B1\Bo z€B1\By
Suppose on the contrary that sup,¢p,\ g, P(z) = co. Then we can find a sequence
(z;) € R™ such that |x;| — 0, p(z;) — oc as i — oc. Choose M > 0 so that the set

Q={z € B\ By:plx) <M}

has measure strictly bigger than (b — 1)/2. Choose N, so that p(x;) > 2¢M for
i > N. Since

p(z) = 1/ep(z;) — plzi — 2),
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2. THE SPACE OF HOMOGENEQUS TYPE 7

FIGURE 1. THE FAMILY OF DILATED BALLS {By : k € Z}.

we have p(z) > M for z € z; — Q, i.e,
Since —Q2 C By \ Bp and x; — 0 we have
(i = Q)N B\ Bo)l = 19] > (h—1)/2 asi— ox.
Hence,
b—-1< |(x1#Q)ﬂ(Bl\BO)H—|Q) < iBl\BO‘ =b-1,
for sufficiently large i, which is a contradiction.
Finally, suppose on the contrary that inf,cp,\ g, p(x) = 0. Then we can find a

sequence (z;) C By \ By such that p(z;) — 0 as i — co. By selecting a subsequence
we can assume (z;) converges to some point = # 0. Since

ple) < clple —z3) + plzi)) = 0 asi— o,
we have p(z) = 0 which is a contradiction. Therefore (2.9) holds. O

The natural question is whether for two distinct dilations A; and As, the corre-
sponding quasi-norms p; and ps are equivalent, i.e., (2.8) holds for some ¢ > 0. One
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8 1. ANISOTROPIC HARDY SPACES

may wish to state the classification theorem in terms of eigenvalues and eigenspaces
corresponding to Jordan blocks, which we postpone until Section 10, see Theorem
10.3. Instead, we consider the simplest situation.

EXAMPLE. Suppose A = d1d for some real |d| > 1. Tt is clear that p(z) = |z|”
satisfies properties of the quasi-norm. Therefore all matrices of this form induce
equivalent quasi-norms. Here it becomes clear why we impose p(Az) = bp(z) with
b = |det A|. It is not hard to see that any matrix A without Jordan blocks and
whose all of eigenvalues A satisfy |A] = d for some fixed d > 1 has the corresponding
quasi-norm p which is equivalent to | - |*. And vice versa, any other matrix whose
all of eigenvalues are not equal in absolute value or with Jordan block(s) has a
quasit-norm which is not equivalent to | - |*. Equivalently, a quasi-norm induced
by a dilation A is equivalent to | - | if and only if A is diagonalizable over C
with all eigenvalues equal in the absolute value. This provides the classification of
dilations inducing the usual isotropic homogeneous structure on R™ announced in
the beginning of this section.

For a fixed dilation A we define the “canonical” quasi-norm used throughout
this chapter.

DEFINITION 2.5. Define the step homogeneous quasi-norm p on R™ induced by
the dilation A as

(2.10) o(x) = { b ifx € Bji1\B;j

0 ifzxz=0.
Here By, = A¥A, where A is an ellipsoid from Lemma 2.2 and |A| = 1.

Indeed, p clearly satisfies (i) and (ii) of Definition 2.2. Let w be the smallest
integer so that 2By C A“By = B,. The existence of w is guaranteed by (2.5).
Suppose z,y € R™, p(x) = b*, p(y) = b’ for some 4,5 € Z. Thus, z +y € B, + B; C
2Bnax(i ;) C AY Brax(i,j)- Therefore

p(z +y) < 020 <5 (b + 67) = b (p(z) + p(y)),

and (iii) holds with the constant ¢ = b~.
Therefore, we can summarize that for each ¢ € Z we have

xr€B;, and y€B, = 2+y¢€ B1,,

(2.11)
¢ Bir, and ye€B;, = z+y¢gDB;.

We also record two useful inequalities

(2.12)
max(1, p(z + y)) < b max(1, p(x)) max(1, p(y)) for all z,y, € R™,

(2.13) max(1, p(A7z)) < b max(1, p(x)) for j > 0,z € R™.

REMARK. The notion of a quasi-norm put forth in Definition 2.3 seems to be
missing in the literature. Lemarié-Rieusset in [LR] considered a closely related
quasi-norm satisfying (i) and (ii) of Definition 2.3 which is C*° on R™ except at
the origin. He also gives a construction of such a quasi-norm for an arbitrary
dilation A, see [LR]. Quasi-norms of Lemarié-Rieusset automatically satisfy the
triangle inequality up to a constant. In our definition, which was motivated by
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2. THE SPACE OF HOMOGENEOUS TYPE 9

[LR], we give up the smoothness of quasi-norms to include the important class of
step homogeneous quasi-norms used throughout this chapter.

We need two covering lemmas which hold in arbitrary spaces of homogeneous
type, see [CW1, CW2]|. However, we present them in a form adapted to our setting.

LEMMA 2.6 (WIENER). Suppose @ C R", and r : Q — Z is an arbitrary
function. Assume that either (a)  is bounded, or (b) Q is open, |Q] < o0, and
T+ Bz C Q for allz € Q. Then there exists a sequence (x;) C Q (finite or infinite)
s0 that the balls x; + By(.,) are mutually disjoint and Q C Uj(:ztj + Br(z;)4w)-

PrOOF. In case (a), if sup,cor(z) = oo then we can find & € Q so that
2 C x4 By(g), and we are done. Thus, we can assume sup,cq 7(z) < co. In case
(b), since {§}] < oo we also must have sup . 7(z) < co. Pick 21 € Q such that
7(r1) = supeq r(z). If Q@ C 21+ By (z,)4w then we are done. Otherwise, we proceed
inductively. Assume we have picked z1,...,z;, set ' = Q\ U_;(zi + Brz)tw)-
If @ = 0 we are done. If not, pick z;41 € € such that r(z;41) = sup,eq ().
Suppose i < j and (@; + Bp,)) N (25 + Brz,)) # 0 then z; —x; € By —
Br(z;) C 2Bpz,) C Br(z,)4w, since r(z;) > 7(x;). Thus, z; € By(z,)4w, Which is a
contradiction. Therefore, balls z; + B, () are mutually disjoint.

If the sequence (z;) is finite then clearly Q@ C U;(z; + Br(z,)+w). If not we
have r(z;) — —o00 as j — oo since  has finite measure and balls z; + B,
are mutually disjoint. Suppose on the contrary that there exists ¢ € €2 such that
z & U;(zj + Br(z,)+w). For sufficiently large j we have r(z) > r(z;), which is a
contradiction of the choice of z;’s. O

LEMMA 2.7 (WHITNEY). Suppose @ C R™ is open, and || < oo. For every
integer d > 0 there exists a sequence of points (x;);en C Q, and a sequence of
integers (I;);en C Z, so that
(i) @ = Ulz, + By,),

(ii) z; + By, ., are pairwise disjoint for j € N,
(i#1) for every j € N, (z; + By, 4a) NQ° =0, but (z; + Bi,4a+1) NQ° #0,
() if (x; + Bi,+d-20) N (2 + By, +d-20) # 0 then |l; — ;] < w,
(v) for each j € N, the cardinality of {i € N: (z;+ By, ya—20)N(2;+ By, 4a-2.) # 0}
18 less than L, where L is a constant depending only on d.

PROOF. For every z € € define function
r{z) :=sup{r € Z:x+ Brigt, C 2}

Since Q) is open and has finite measure the supremum is always finite. By the
Wiener Lemma applied to the function r(x) we can find a sequence of (z;) C Q so
that (z; + By(,)) are mutually disjoint, and (2; + Br(s;)4) C 2 cover the set 2.
Therefore, if we define [; := r(x;) —w then (i) and (ii) hold. Clearly (iii) also holds
by the choice of r(z). If d > 1 then we have

Q= U(:L'] + B[j) = U(.%'] + Bzg+1) D U($J + TB[J.),

J J

where r is the same as in Lemma 2.2, and therefore the sequence (z;) is necessarily
infinite.
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10 1. ANISOTROPIC HARDY SPACES

To show (iv), suppose y € (z; + B, ya—20) N (1 + By, 1a-2,) and l; > i +w + 1.
Then
Ti—Tj €Y~ Bya20 Y+ Bl+d20 C Bijtdw-
Since
@i+ Bl tas1 = (2 — x5) + 25+ Blrar1 C 2+ Biya—o + Bryart € x5+ By,
we have by (iii)
0 #* (ZL‘7 + Bli+d+1) nac c (.I'j + Blj+d) RS

which is a contradiction of (iii). Therefore ; < [; + w, and by symmetry we obtain
(iv).
Fix 7 € N and consider
I={teN:(z; + B, 4+d—20) N (l'j + Blﬁ_d,Qw) # (Z)}
If ¢ € I then by (iv)
i+ By, C (2 —x5) + 25+ B, 0w Cuy + Biiya 2w + Biyra—20 + B, —w
Czj+ Bij+d—w + Biy+d—20 + B, C i+ Bl tdtw-

Since for i € I, x; + By, 2, C x; + By, ., we conclude by (ii) that the cardinality
of I is less than
lBlj+d+w|/|Bl,—2u)| = bt =L u
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3. THE GRAND MAXIMAL DEFINITION OF ANISOTROPIC HARDY SPACES 11

3. The grand maximal definition of anisotropic Hardy spaces

DEFINITION 3.1. We say that a C™° complex valued function ¢ on R™ belongs
to the Schwartz class S, if for every multi-index « and integer m > 0 we have

(3.1) [l m 1= s p(z)™[ ()] < o0,
rER™
The space S endowed with pseudonorms || - [|o.m becomes a (locally convex) topo-

logical vector space. The dual space of bounded functionals on S, i.e., the space of
tempered distributions on R™, is denoted by S'.

If f €8 and ¢ € S we denote the evaluation of f on ¢ by (f, ). Sometimes
we will pretend that distributions are functions by writing (f, o) = [ f(z)p(z)dz.
Convergence in & will always mean weak convergence, i.e., f; — f in & if and
only if (f;, ) — (f, ) for all ¢ € S. For fundamentals on distributions, see [Ru3].

The Schwartz class S given in the above definition overlaps with the usual one
by virtue of the lemma essentially due to Lemarié-Ricusset, see [LR].

LEMMA 3.2. Suppose p is a homogeneous quasi-norm associated with dilation
A. Then

(32) l/c/p(l‘)ln)\_/lnb < 1T| < C/p(l')ln)\+/lnb fOT p(x) > 1,
(33) 1/C/p(x)ln)\+/lnb < ‘I' < C/p(x)ln)\_/lnb for p(T) <1,
where ¢’ is some constant, and A_, Ay satisfy (2.1) and (2.2).

PPrROOF. By Lemma 2.4, without loss of generality we can assume p is the step
homogeneous quasi-norm. For every integer j > 0 we have by (2.1)

sup  |z|= sup |ATAIx|<c sup |7|)\i_ =c sup |z I0A/ 1m0
IEB_7+1\BJ J)EBj+1\Bj IGBl\B() IEBl\Bo

and analogously

inf Jaz|>1/c inf |z]A =1/c inf |z pPIRA-/RE
z€B;11\B; z€B1\ By z€B1\ By
Thercfore, (3.2) holds for x € B, 41 \ B;, where j > 0, so for all z € (By)°.
Considering z € Bj41 \ B;, where j < 0 and using (2.2) we obtain (3.3) for
x € B. O

An important role in our investigation is played by the unit ball with respect
to a particular finite family of pseudonorms of §. It is critical that we use (3.1) to
alter the standard definition of the pscudonorms in §. Otherwise the grand maximal
function introduced below would not behave nicely with respect to dilations and
many results in Section 5 could not hold. A posteriori, we see that this is only a
technical issue by virtue of Lemma 3.2.

DEFINITION 3.3. For an integer N > 0 consider family
(3.4) Svi={e eSS |¢|lam <1 for o] < N.m < N}
Equivalently

(3.5) w €Sy = |lpllsy = Sllé) ‘siup max(1, p(z)M)[0%p(z)] < 1.
zER™ |al<N
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12 1. ANISOTROPIC HARDY SPACES

For ¢ € S, k € Z define the dilate of ¢ to the scale k by
(3.6) or(@) = b Fp(AR),

DEFINITION 3.4. Suppose ¢ € S, and f € 8. The nontangential mazrimal
function of f with respect to ¢ is defined as

(3.7) M, f(x) :=sup{|f *pr(y)| : x —y € Bg, k € Z}.
The radial mazimal function of f with respect to o is defined as
(3.8) M f(x) := sup | f * ox()].
K<z
For given N € N we define the nontangential grand mazimal function of f as
(3.9) My f(z) == sup M, f(z).
pESN

The radial grand mazimal function of f is

(3.10) MY f(x) := sup Mgf(at).
PESN

Finally, given N > 0 we define the tangential mazimal function of f with respect
to ¢ as

T f(z) = sup{|f * or(y)|/ max(1, p(A™ (= y)))V 1 y € R" k € Z}.

REMARK. It is immediate that we have the following pointwise estimates be-
tween radial, nontangential, and tangential maximal functions

M2f(x) < Myf(z) <TY f(x)  forallz € R™

Moreover, radial and nontangential grand maximal functions are pointwise equiva-
lent by virtue of Proposition 3.10. In Section 7, we will also see that for sufficiently
large N (depending on N) and ¢ € S with [ ¢ # 0, the tangential maximal function

Tf f(z) dominates pointwise the grand maximal function My f(z), see Lemma 7.5.

PROPOSITION 3.5. For f € &', let M f denote any of the maximal functions
introduced in Definition 3.4. Then Mf : R™" — [0,00] is lower semicontinuous,
function, i.e., for all A >0, {x € R™ : M f(x) > A} is open.

ProOOF. If ¢ € S and f € &' then f *¢ is a continuous (even C*°) function on
R™. Note that

M, f(x) =sup{|f * or(y)| : 2 —y € BN Q", k € Z}.

Furthermore, since the Schwartz class S is separable with respect to pseudonorms
|| - {la,m, we can substitute Sy by a countable, dense subset in the definition of
the grand maximal function. Therefore, in each case M f can be computed as a
supremum of a countable family of continuous functions. Therefore, M f is lower
semicontinuous. O

We start the investigation of maximal functions with the fundamental Maximal
Theorem 3.6. This and the following results are relatively mechanical conversions of
the well-known classical results which also hold for homogeneous groups, see [FoS].
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3. THE GRAND MAXIMAL DEFINITION OF ANISOTROPIC HARDY SPACES 13

FIGURE 2. THE NONTANGENTIAL MAXIMAL FUNCTION M, f(xz)
IS COMPUTED BY TAKING SUPREMA OF | f % (y)| OVER ELLIPSES
T + Br AT ALL SCALES k € Z.

The biggest novelty is the use of discrete (instead of continuous) dilations of fairly
general form.

THEOREM 3.6 (The Maximal Theorem). For a fized s > 1 consider family

(3.11) Fi={p e L=R") : [p(x)] < (1 + p(x)) "}

For1<p<ooand f € LP(R™) define the mazimal function

(3.12) Mf(x) = Mz f(z) = sup M, f(z).
pEF

Then there exists a constant C = C(s) so that
(3.13)
Hx: Mf(z) > A < ClIflli/A forall f € LYR™), A >0,
(3.14)  Mfll, < Cp/tp - DIlflly  Jorall f € LP(RY), 1< p < .
ProOOF. For A\, R > 0 consider Qf = {z : M f(x) > A\ |z| < R}. For every
r € QF take y = y(z) € R", k = k(z) € Z, and ¢ € F such that x —y € By, and
|f * ex()] > A

A<l ol < [ @l - nld = [ el )i

y+Bj
sty | P4 - w)ide
j=1 7Y+ Ber\Brtj—1
Sb’“[sup el [ @Y s et | 1f(z)|dz}
2z€ By y+ By j:1263j+1\3j y+Bpy;

This document generated prior to electronic offprints.
Licensed to AMS.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



14 1. ANISOTROPIC HARDY SPACES

[szﬂ w0 sopr s [ st

z€B;41\B; Jjz0

<ij(1 9 sup b~k 7/ [f(2)|d=.
Y+ By

=0 3>0
Thus, there is jo > 0 so that

=)
_— F(2)ldz > MC,
bk+io v+ Bet g

where C' =37, bi1=3) Since x — y € By,
Y + Bk+jo Cx+ Bk + Bk+jo Cx+ 2Bk+j0 Cx+ Bk+j0+w~

So for each z € Qf there is 7 = r(z) = k + jo + w, such that

| s> i

By the Wiener Lemma there is sequence (z;) in Q% so that z; + B,(,,) are mutually
disjoint and z; + By(5,)4. cover Qf. Therefore,

" C 2w
J J

By letting R — o¢ we obtain (3.13).
Since C' = [p, (14 p(z))~*dz < oo, we have |[M f|looc < Cl|f|loc for f € L.

By the Marcinkiewicz Interpolation Theorem we obtain (3.14). g

As a consequence of Theorem 3.6 we conclude that the Hardy-Littlewood maz-
imal function M = My given by

N & )
(3.15) Mgrf(z) = ielz) yesqurka Br] /+Bk |7 (2)ld

satisfies (3.13) and (3.14). Naturally, this is also a consequence of general results
for spaces of homogeneous type, see [St2, Theorem 1 in Chapter 1].

THEOREM 3.7. Suppose @ € L(R™) satisfies |p(z)| < C(1+p(x)) 5 for some
s> 1, and let ¢ = [ p. Then for f € LP(R™), 1 < p < oo,

(3.16) Jim for(y) =cf(x) for a.e. z € R™

yEx+By

PrROOF. Suppose p = 1 and f € L}*(R"). By the Luzin (JIysun) Theorem
given € > 0 we can find a continuous function g with compact support such that
[|f —gll1 <e. Clearly

Jim g« wr(y) = cg(x) for all z € R".

yEx+ By
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3. THE GRAND MAXIMAL DEFINITION OF ANISOTROPIC HARDY SPACES 15

Since

limsup |f * px(y) — cf(¢)] = limsup |f * pi(y) — g * or(z) + g * oulz) — cf(2)]

<sup sup |f *oe(y) — g *or(z)| + |cllg(z) — f(2)]
k€Z y€x+ By

< My(f — g)(=) + el f(z) — g(@)},
by Theorem 3.6 and the Chebyshev (HUeGruues) inequality we have for any A > 0
{2+ limsup [ f * or(y) — cf()] > A}

< i{i’ P My (f = g)(z) > A2H + {z - [ellf(z) — g{@)] > A/2}|
< COIf —glli/A < Ce/

Since A > 0 is arbitrary we have (3.16).
Suppose p > 1 and f € LP(R"). Given j € Z let g = f1p,. Since g € LYR™),

lim gx vr(y) = cg(x) = cf(x) for a.e. € Bj.

yEx+ By

If € B; we can choose K € Z so that x + B4, C B;. If y € z + By for some
k< K and z € (Bj)® C z + (Bk4w)® then y — z € (Bg)® by (2.11). Hence by

Holder’s inequality, 1/p+ 1/¢ =1,
. 1/q
(F — g) * uly)] = ] [ s@aty -] < |lfl|p< [ - z)!qdz)

BJ)C (Bj)c

< [ utenas) < 1 [, . teyraz)

1/q
< b—k+k/q]|f||p</ ]p(z)l_qsdz) < COp~Fktk/ap(K—k)(—s+1/q)
(Br—«)°

= PR apk=l 0 ask — —co.
Therefore, (3.16) holds for a.e. x € B; and since j is arbitrary it holds for a.e. z €
R™. O

The next lemma is a basic approximation of identity result for the space of
tempered distributions &’. Since it is a more general variant of the result common
in the literature we include its proof.

LEMMA 3.8. Suppose p € S and [ ¢ = 1. Then for any ¢ € S and f € & we

have
(3.17) Yrpr—1 S ask — —o0,
(3.18) fror—f S ask — —cc.

In Lemma 3.8 we can relax the condition that ¢g’s are given by (3.6). Instead,
we only need to assume that pp(z) = |det Ag|o(Arz) for some nondegenerate
matrices Ay such that ||A;"|| — 0 as k — —o0.
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16 1. ANISOTROPIC HARDY SPACES

Proor. It is clear that ¥ * pr(x) — ¢{z) pointwise as & — —oo. Since
0% * wp)(x) = (0%Y) * pr(x) — %Y (z) pointwise as k — —oo for every multi-
index «, it suffices to show

(3.19) su]é) ||V ¢ % () — p(z)] — 0 as k — —oo,
zeR™

for every integer N > 0.
Given & > 0 find 6 > 0 so that |z|™ |¢(y — x) —¥(x)| < e for all |y| < 6. Let K
be such that

L+ ee(y)ldy <e  for k< K.
ly|>6

Tek<K
ol s ou(o) = vl = | [ el (0t - 2) - vl

< / =M p(y — 2) — (@) |x(y)idy + / |z (y — ) — ()| pr(y)ldy
ly]<é

ly|>6

< E/Rn Isok(y)iderrseung |I|N|w(x)|N/|y|>5 o (9)|dy
+[|>6C!x|N(1+|zyi)N(1+|y|)N(1+|y|>N|%(y)ldy

<CerC [ ()Y ipnlwldy < 20
lyl>6

This shows (3.19) and thus (3.17). (3.18) follows from (3.17) since (f * ¢, ) =

(£, * @r), where gp(x) = pp(—1). =

The next theorem can be thought as a converse to the Maximal Theorem 3.6
for p > 1.

THEOREM 3.9. Suppose f €8, €S, [¢ #0, and1 <p < 0. If ]ng €
LP(R™) then f € LP(R™).

Proor. Without loss of generality we can assume that [¢ = 1. Suppose
p > 1. Since the set {f * ¢ : k € Z} is bounded in P, by the Alaoglu Theorem
there is a sequence k; — —oo such that f x ¢, converges weak-+ in LP, and hence
in &'. By Lemma 3.8 this limit is f and thus f € L?.

Suppose now p = 1. By [Wol, Theorem II1.C.12] the set {f x @y : k € Z} is
relatively weakly compact in L! and by the Eberlein-Smulian (Imynsm) Theorem
there is a sequence k; — —oo such that f * ., converges weakly in L', and hence
in &’. By Lemma 3.8 this limit is f and thus f € L'. Alternatively, we could think
of the set {f * ¢ : k € Z} as a bounded set in the space of finite complex Borel
measures on R™ and use Alaoglu Theorem to find a sequence k; — —oo such that
[ * i, converges weak-* to an absolutely continuous measure. This measure is
f(z)dz by Lemma 3.8. |

REMARK. Theorems 3.6 and 3.9 together assert that for p > 1 the subclass
of regular L? integrable distributions in &’ is invariant with respect to maximal
functions introduced in Definition 3.4. Indeed, it follows from Theorems 3.6 and
3.9 that for 1 < p < o the following are equivalent for a distribution f € &,
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3. THE GRAND MAXIMAL DEFINITION OF ANISOTROPIC HARDY SPACES 17

f is regular and belongs to L7,

MO f e LP (or M, f € LP) for every p € S,

MJf e L? (or M, f € LP) for some ¢ with [¢ # 0,
MY, f € LP for some (or every) N > 2.

The next result asserts that radial and nontangential grand maximal functions
are pointwise equivalent.

PROPOSITION 3.10. For every N > 0 there is a constant C = C(N) so that
fordl fe &,

(3.20) MY f(z) < Myf(z) < CMYf(x)  forz € R™

PrOOF. The first inequality is obvious. To see the second inequality, note that

My f(z) = sup{|(f * o) (x + A*Y)|: k€ Z,y € By, € Sy}

(321}  =sup{|{(f *xdr)(x)]: k€ Z,d(z) = p(z+y) for some y € By, € Sy}
= sup{Mg(x) 2 ¢(2) = o(z +y) for some y € By, € Sy}

By (2.12) if ¢(z) = ¢(z + y) for some y € By then

16llsy = sup sup max(1, p(z)")|0%p(z +y)|
z€ER™ |a|<N

(3.22) = sup sup max(L, p(z —y)")[0%(z)|
' zER™ |a|<N

< 5N sup sup max(1, p(x)™)|0%p (@) = BV |ellsy
z€R™ |a|]<N
Combining (3.21) and (3.22) we have
My f(z) < sup{Mgf(z) : ¢ € S, llelisy < b7} <N MY f(a),

which shows (3.20). O

We are now ready to state the definition of anisotropic Hardy spaces.

DEFINITION 3.11. For a given dilation 4 and 0 < p < oo we denote

N __{ [{1/p—1)Inb/InA_|+2 0<p<1,
R ) p> 1L

For every N > N, we define the anisotropic Hardy space associated with the
dilation A as

(3.23) HP(R®) = HE(R™) ={f eS8 : MyfeLP},
with the quasi-norm || f{la» = ||Mn fllp-

Since the dimension n and the dilation A remain constant throughout this
chapter {except Section 10) we are going to denote the anisotropic Hardy space by
HP or H f’ vy~ Bven though quasi-norms on H? depend on the choice of N, it follows
from Theorems 4.2 and 6.4 that the above definition of HP does not depend on
the choice of NV as long as N > N,. To escape possible ambiguity and to fix the
attention the reader can think that N = N, in (3.23).

By the above Remark we have HP = LP for p > 1 irrespective of the dilation
A. Moreover, by Theorem 3.9 we have H' ¢ L'. Therefore, only for 0 < p < 1 do
anisotropic Hardy spaces H? merit further investigation.
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18 1. ANISOTROPIC HARDY SPACES

PROPOSITION 3.12. The space HP is complete.

PrOOF. Since H? = LP for p > 1 we only need to consider p < 1.

For every ¢ € S and every sequence (f;);en in 8 such that >, f; converges in
S’ to the tempered distribution f, the series >, fi * ¢(z) converges pointwise to
f*o(z) for each 2 € R™. Thus,

My (@) < (Zz\,fo,-m)p < (Myfila)y”  forallz e R,

and we have [|f|[7, < 32, [Ifill5-

To prove that H? is complete, it suffices to show that for every sequence (f;)
such that ||f;||m» < 27" for i € N, the series >, f; converges in H”. Since partial
sums . f; are Cauchy in HP, hence they are Cauchy in &', and ), f; converges
in & to some f, because S’ is complete. Therefore,

J oo o0 oo
1= Fill =11 Y £l < D il < Y 277 -0 asj— oo,
=1

i=j+1 i=j+1 i=j+1
This finishes the proof. U
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4. THE ATOMIC DEFINITION OF ANISOTROPIC HARDY SPACES 19

4. The atomic definition of anisotropic Hardy spaces

DEFINITION 4.1. We say a triplet (p,q,s) is admissible (with respect to the
dilation A) f 0 < p<1,1<¢g<o0,p<gq,s€ N and s > |[(1/p—1)Inb/InA_].
A (p,q, s)-atom (associated with the dilation A) is a function a such that

(4.1) suppa C Bj + g for some j € Z,xq € R™,
(4.2) llallg < |B;Ma1E,
(4.3) / a(x)zr*dx =0 for ja] < s.

The rationale behind the conditions imposed on atoms is revealed in the next
theorem.

THEOREM 4.2. Suppose (p,q,s) is admissible and N > N,. Then there is a

constant C depending only on p and q such that for all (p,q,s)-atoms a we have
HMyall, < C.

PROOF. Since Sy C Sy,, we have Mya(z) < My a(x), and we can assume
that N = N,. By Proposition 3.10 it suffices to show ||Ma||, < C, where M = MY,
is the radial grand maximal function. It also suffices to consider only (p, ¢, s)-atoms
a with minimal value of s = [(1/p—1)Inb/InA_].

Suppose an atom a is associated with the ball 2o + B; for some 2o € R”, j € Z.
We estimate separately on xo + B, and (xo + Bjtu)°.

Case I. On Bj ., we use the Maximal Theorem 3.6 for ¢ > 1 and Holder’s inequality

p/q
/ Ma(z)Pdx < </ ]\ja(x)qu> ‘Bj+w|1—p/q
T+ Bjtw z+Bj 4w

< Cllallp| B, < C.
If g =1, take A > 0, and consider Q = {z : Ma(x) > A\}. Then
193 1 Byo] < min(9, [By+]) < min(Cllally /A, 1By
= min(C|B;|* VP /A, 5¢|B;1) < Cmin(|B;|*~Y?/), |By]).

We have equality betwecen the two terms in the last minimum if A\ = |B;|71/?.
Therefore,

/ Ma(z)Pdx = / PAPTHQ N By ldA
Bj+w 0

|B,|~HP oo
< c/ |Bj|pAP~rdA + / |B;|* =1/ Ppar=2dx = C.
0 |B;|—/P

Case IL. Take z € (z9 + B;1u)% @ € Sy, and k € Z. Suppose P is a polynomial
of degree < s to be specified later. Then we have

|(a % i) (x)| =b~*

[ atnetaia - )]

=pF

/ a(y) (p(A*(z — ) — P(A~(z — y)))dy
zo+B

J
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20 1. ANISOTROPIC HARDY SPACES

1/q
—k a A_k; T — . A_k r— q/
<b IlHq<L;+%|w( (2 — y)) — P(A~( y»|dy)

1/q
sw%mm*mwm(/ |¢@~P@Wd@
A=k(x—z0)+Bj_x

(4.4)
< bkpi/a=1/p)pk/d pli—k)/d' sup lo(y) — P(y)|
yEATR (z—x0)+ Bk
= bI/Ppik sup lo(y) — P(y)l;

YyEA~R (x—x0)+Bj -k

where ¢’ denotes the conjugate power to ¢, 1/¢+1/¢’ = 1. Even though the above
calculation holds for ¢ > 1 it can be easily adjusted for the case ¢ = 1 to yield the
same estimate.

Suppose & € 29+ Bj1uimt1 \ Bjtwrm for some integer m > 0. Then Ak (p—
5C0)+Bj‘1C c A_k(Bj+uf+m+l\Bj+uJ+m)+Bj—k = Ajik((Bw+m+1\Bw+m)+BO) -
AI=F(B,,)¢ by virtue of (2.11). We consider two cases. If j > k then we choose
polynomial P = 0, and

(4.5) sup lp(y)| < sup min(1, p(y) V) < b~ NUEEm),
yEATR(x—z0)+Bj & YyEA"F(z—x0)+Bj_i

If j < k then we choose polynomial P to be the Taylor expansion of ¢ at the point
A~F(x — x¢) of order s. By the Taylor Remainder Theorem and (2.2) we have

sup le(y) — Pyl
yEA—R(z—x0)+Bj_k

<C sup sup [0%(A7F(x — x0) + 2)||2|°T!
(46) zEBj _i |a|=s+1
< oAU sup min(1, p(y) )
yEA~R (z—xz0)+Bj-k

< oA\ min(1, b~ NU—k+m)y,

Combining (4.4), (4.5) and (4.6) we have for € 2o+ Bjtwim+1 \ Bjtwtm, m > 0,

Ma(z)P = sup sup|(a* ¢r)(2)|P < b 7 max < sup HPUKIp=Np(—k+m)
€SN kT keZk<j

+C  sup bp(j‘k))\p(sﬂ)(j—k)mirl(l,b_Np(j_k+m))>.
kEZ k>

Note that the supremum over k < j has the largest value for k = j. Since N > s+2
we have bA*T! < bV, and the supremum over k > j is attained when j — k+m = 0.
Indeed, it suffices to check for the maximum value in the range j < k < j 4+ m and
k > j + m. Therefore,

Ma(z)? < b7 max(b=NVP™ C(bASTY)7P™) < Ch I (bASTL) P,
This document generated prior to electronic offprints.

Licensed to AMS.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



4. THE ATOMIC DEFINITION OF ANISOTROPIC HARDY SPACES 21

again by bA*TbY < 1. Since s = [(1/p — 1)Inb/InA_|, we have s > (1/p —
DInd/InA_ — 1, and thus At~/ > 1. Therefore,

o0
/ ) Ma(z)Pdz = Y |Bjiuwims1 \ Byywrml sup Ma(z)?
(zo+Bj)°

m=0 T€T0+Bjrwtm+1\Bjrwtm

G [e@]
<Oy Empmi Aty T o opett 37 (AR T 0 < o0,
m=0

m=0

Combining case I and 1T and we see that ||Mal|, < C for some constant C
independent of the choice of a (p, ¢, s)-atom a. O

The proof of this result could be simplified by virtue of Theorem 7.1, since it is
easier to estimate M, 2 f than My f. We are now ready to introduce the anisotropic
Hardy spaces in terms of atomic decompositions.

DEFINITION 4.3. For a given dilation A and an admissible triplet (p,q,s) we
define the atomic anisotropic Hardy space HY . associated with dilation A as the
set of all tempered distributions f € S’ of the form 3, k;a; with convergence in
S’, where Y77, |k;|P < 00, and a; is a (p, g, s)-atom for each ¢ € N. The quasi-norm

of f € HY  is defined as

]

o0 1/p oc
I[fligy, = inf { (Z \mi|p> f= Zﬁiai, a; is a (p, q, s)-atom for i € N}.
i=1 i=1

It follows from Theorem 4.5 that the series >, k;a; converges in &’ for every
choice of k; and (p, ¢, s)-atoms a; with Y":0 | |k;|P < co. The representation of f €
S’ in this form Y .2, k;a; is referred as an atomic decomposition of f. Furthermore,
if ||f]|zz, = 0 then necessarily f = 0.

PROPOSITION 4.4. Suppose the triplet (p,q,s) is admissible. Then the space

HY ; 1is complete.

The proof of Proposition 4.4 is a routine, see Proposition 3.12.

THEOREM 4.5. If the triplet (p,q,s) is admissible and N > N, then HY , C
H? C &', where HP is defined using mazimal function My . Moreover, the inclusion
maps are continuous.

PROOF. Suppose f € HY ; has an atomic decomposition f = 32, ksa;. Then

11 = [ I mad@)Pde < Il | Myatayde < C 3w

i=1

where C is the constant in Theorem 4.2. Since we can choose (3o, |w:[P)'/P

to be arbitrarily close to ||f{[gz  thus [[f]|gr < C’l/p||f|fH5.s, and the inclusion
HY , — HP is continuous.
Suppose next f € HP, and ¢ € S.

(frp)l = [f*p(0)] < Mpf(x)  for x € By,
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22 1. ANISOTROPIC HARDY SPACES
where @(z) = p(—x). Therefore,

(ol =Bl eP < [ Mpperar< [ M@y

ELS / My £ (2)Pde = |65 |1 1[Eso-

If a sequence (f;) converges to f in HP, then (f;, ) — (f,¢) as i — o0, and the
inclusion H? < &’ is continuous. |
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5. THE CALDERON-ZYGMUND DECOMPOSITION 23

5. The Calderén-Zygmund decomposition
for the grand maximal function

In this section we define and investigate extensively the Calderén-Zygmund
decomposition. The excellent exposition of this decomposition in the setting of
homogeneous groups is in [FoS]. Even though we work only in R™ we allow much
more general dilation structures than in [FoS] and therefore we need to build the
machinery from scratch. We try to follow as closely as possible the skeleton of the
construction in [FoS] to give the reader familiar with this book a comfortable path
through numerous technical nuances.

Throughout this section we consider a tempered distribution f so that

Hz: Mf(z) > A} <o for all A > 0,

where M = My for some fixed integer N > 2. Later with regard to the Hardy
space H? (0 < p < 1) we restrict attention to N > N, := [(1/p—1)Inb/In A_|+2.
For a fixed A > 0 we set @ = {z : M f(x) > A}. The Whitney Lemma applied to
with d = 4w yields a sequence (z;)jen C €, and a sequence of integers (I;};en, S0
that

(5.1) Q=|J(=; + By,
jEN
(5.2) (i + Bi,—o) Nz + By, —w) =0 fori#j,
(5.3) (@j + Bi4y-1)NQ° =0, (z;+Bi4,)NQ°#0  forjeN,
(5.4) (25 + Briyzw) 0 (2 + Brya0) #0 = [l — 1] < w,
(5.5) #{j €N: (2 + Brqou) N (25 + Biy1ou) #0} < L for i € N,

where v :=d+ 1 =4w + 1, and L is some constant independent of Q.
Fix 8 € C*(R") such that suppd C B,, 0 <8 <1,and § =1 on By. For
every j € N define

(5.6) 6;(z) = (A (x — z;5)).

One should think of §; as the localized version of 8 to the scale [; centered at z;,
and corresponding to the ball z; + B;, in the Whitney decomposition. Clearly
suppf; C z; + By, 4, 0; = 1 on x; + By, and by (5.1) and (5.5)

(5.7) 1<) 6i(x) <L forzeq
jEeN

For every ¢ € N define

(5.8) C(z) = { 0:(z)) 22;0;(x) zeQ,

0 xz &

We have ¢; € C(R"), supp(; C z; + B4, 0< (<1, =1onz; + By,_, by
(5.2), and 3,y G = 1. Therefore, the family {¢;} forms a smooth partition of
unity which is subordinate to the covering of €2 by the balls {z; + Bj, 4.}
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24 1. ANISOTROPIC HARDY SPACES

Let P, denote the linear space of polynomials in n variables of degree < s,
where s > 0 is a fixed integer. For each ¢ € N we introduce the norm in the space
Ps by setting

1/2
(5.9) 1P| = (ﬁg / |P(m);2g(x)dx> for P € Py,

which makes Py a finite dimensional Hilbert space. The distribution f € &’ induces
a linear functional on P, by

“1 (f, Q%) for Q € Ps,

which is represented by the Riesz Lemma by the unique polynomial P; € P, such
that

1

(f,QG) = (P, QC) = I / P(2)Q(x)(i(x)dx  for all Q € Ps.

f ¢ f G
For every i € N define distributions b; := (f — P;)(;.

We will show that for a suitable choice of s and N the series Zi b; converges
in &'. Then we can define g := f — 3", b;.

DEFINITION 5.1. The representation f = g + >_b;, where g and b; are as
above is a Calderén-Zygmund decomposition of degree s and height A associated
with My f.

Intuitively, one should think of g as the good part of f and of b;’s as the bad
parts of f. For a suitable choice of s and N, the good part g behaves very nicely.
In particular, g is in L' and, in addition, it is in L°° whenever f is in L!, see
Lemma 5.10. On the other hand, the bad parts b;’s are well-localized on the balls
coming from the Whitney decomposition; they have a certain number of vanishing
moments, and thus they can be nicely controlled in terms of the grand maximal
function of f, see Lemma 5.7.

The rest of this section consists of a series of lemmas. In Lemmas 5.2 and 5.3
we show properties of the smooth partition of unity {¢;}. In Lemmas 5.4, 5.6, 5.7,
and 5.8 we derive the cstimates for the bad parts b;’s using Lemma 5.5, which is a
result about Taylor polynomials of independent interest. Lemmas 5.9 and 5.10 give
controls for the good part g. Finally, the culmination of this section is Corollary
5.11 showing the density of L' N HP functions in HP spaces.

LEMMA 5.2. There exists a constant A1 > 0 depending only on N, so that for
allieNandl <1;

(5.10) sup sup |0%C(z)] < Aj, where C(x) = ¢(Alx).
la| <N zeR™

PrOOF. For a given i € N consider J = {j € N: (z; 4+ By,40) N (x5 + By, 1) #
$}. Since supp {; C x; + By, 1, thus supp{ C Al + By, _i+w- Therefore, we need
to consider only z € A~ 'z;+ By, ;1. in the supremum in (5.10). If Alz € z;,+ By, 1.,
then 0;(Alz) =0 for j € N\ J and we have

91(14[],‘) Hl(All‘) _ H(Alillﬁ — A“lixi)

{(z) = G(A'z) = > en 05 (Alz) - dsesbi(Alry Y 0(A e — AThay)
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5. THE CALDERON-ZYGMUND DECOMPOSITION 25

By (5.7) the denominator is > 1 and has at most L terms by (5.5). Furthermore,
for j € J we have | —1; <, — l; < w by (5.4). The estimate (5.10) follows now
from the iterative application of the quotient rule combined with
(5.11) sup sup sup [0%(0(A7))(z)| = C < .
c€R" j<w |a|<N
To finish the proof we must show (5.11).
For a given C™ function © on R™ and an integer k > 0, D*O(z) denotes the

derivative of © of order k at the point x thought of as a symmetric, multilinear
functional, i.e., D*@(x) : (R™")* = R™ x ... x R® — R. The norm is given by

Do)l = sup  [D*O(z)(v1,...  wk)l.
R
Suppose {e1,...,e,} is the standard basis of R", and ¢ is any mapping from

{1,...,k} to {1,... ,n}. Then

aal 80(,1 o o
9(@(%(1)7 ‘e 760(/6)) =g 3;0:9(51?) = glov ")Q(x)a
1 n

where o; = #{i : o(i) = j}. If ©(z) = §(A/z) then by the chain rule for any
integer k£ > 1

DEO(z)(v1, ... ,vp) = DFO(ATx)(Avy, ..., Aluy),

for any vectors vy,...,v;r € R™. '
For an integer j < w denote ©{x) = §(A72). Then

sup sup [0°0(z)| < sup sup |[D*16(2)|| < sup sup [[DI*lo(ATz)]]]A||1

zER™ |a|<N z€R™ ja|<N TER™ |a|<N
< (suplA)Y sup  sup |[DH0(@)] = C < oo.
I<w z€R™ k=0,... ,N

Indeed, the above suprema are finite since for j < w we have [|47]] < ¢(A;)¥ by
(2.1) and (2.2}, and 6 is C*° with compact support. Thus, (5.11) holds and hence
(5.10). 0

LEMMA 5.3. There exists a constant As > 0 independent of f € 8,1 ¢ N, and
A >0 so that

(5.12) sup | Py(y)Gi(y)| < A2
yER™
Proor. Let 71,...,mm (m = dimP;) be an orthonormal basis of P, with

respect to the norm (5.9). We have

(5.13) P = ki_l (f—g— / f(z)m(x)@(z)dac)w—k,

where the integral is understood as (f, mx(;). Hence

1= [ @Gl > =

IQ . T 1Bli+wl zi+By, —w

= b'”/ |7 ()| de,

—w

() 2¢i(w)da
(5.14)
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26 1. ANISOTROPIC HARDY SPACES

where 7 (z) = mp(2; + Abx). Since P; is finite dimensional all norms on P, are
equivalent, there exists C; > 0 such that

1/2
sup sup |0°P(z)| < (/ |P(z)12dz> for all P € Ps.

la|<s z€EB,
Therefore by (5.14),

(5.15) sup sup |8%7(2)| < C1b%/? fork=1,...,m
ja]<s z€EB.,

For k=1,... ,m define

ple

To™

where z is some point in (z; + By, +y) N Q° by (5.3).

We claim there exists a constant Cy > 0 such that 1/Co®y € Sy for all k =
1,....m. Indeed, if y € supp ®;, then z — Ay € z; + Bj, 4o, ~Aby € 2, — 2 +
B+ C =Bj,4y + B4, s0 y € B, — B,,. Hence supp @1, is bounded.

We can write

O (y) = k(z — Ay Gz — Aly),

pli B
Dr(1 x1+zéA o + 2 — Al 7“2— C(ATEE — ),
k(y) = sz Y)Gi( fcz Y)G( y)
where 7y (z) = mp(a; + Alz), G(x) = (x; + A%z) and 2z = x; + 2. Consider

0;(x; + Aliz) _ 0(x)
> 0(xs + Alix) B > 0(A (@ —ay) + Al by

Zz(x) Cz(xz + Al )

Clearly supp @ C B, and by Lemma 5.2

sup sup |9%Ci(2)] < A;.
lo|<N z€Rn

By the product rule, (5.15) and supp (; C B, we can find a constant Cs so that

sup sup (0% (7 (2)(;(2))] < Cs.

la|<N z€R™

Since b / J& < bl Jbli=% = b supp @4 C B, + By, by the above estimate and the
definition of ®; we can find a constant Cy so that ||®|ls, < Ca.

Since
(F @) = [ £ A7 - )y
—7% [ Fome = AR AT G = )Gz~ ANAT = )y
- f% [ tomc s,

we have

1[% / f(y)”k(yxi(y)dy( < Mf(2)||®x|sy < Cah.
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5. THE CALDERON-ZYGMUND DECOMPOSITION 27

By (5.13), (5.15) and the above estimate

(5.16) sup  |Pi(2)] < mCoAC b2,
zezz+Bli+w
and therefore we have (5.12) with Ay = mb*/2C1Cs. O

LEMMA 5.4. There exists a constant Az > 0 such that
(5.17) Mbi(z) < AsM f(x) forz € x; + By, 1o,

ProoOFr. Take ¢ € Sy, and € z; + By, 19,
Case I. For [ < [; we write

(5.18) (bi = 1) (x) = (f * ®i)(x) — (BG) * @0)(x),
where ®(2) := p(2)¢i(z — Alz). Define (;(z) := ¢;(x — A'z). By Lemma 5.2 we have

sup sup [3%Ci(z)] < A;.
lo| <N zER™

By the product rule there is a constant C' depending only on N so that

|1®]|sy = sup max(1, p(2)") sup [9*®(2)|
z€R™ la|<N

= sup max(1, p(2)") sup |0%(()(2)]

zER™ la| <N
< C sup max(1, p(2)") sup [0%(=)| sup [0°G(2)] < A,C.
zZER™ || <N la|<N

Note that for N > 2 there is a constant C’ > 0 so that ||¢|/1 < C” for all ¢ € Sy.
Therefore, by Lemma 5.3 and (5.18), we have

b+ pr(2)] < [|@l]sy M f(x) + A2A[[p][1 < ALCM f(x) + A2C"A
< (AL1C + ACNM f (),

since M f(z) > X for z € Q.
Case 1II. For I > [; by a simple calculation we can write

(bi x o) () = "7 (f * @) () — (PiGi) * 1) (@),

where ®(z) 1= (A4 12)¢ (@ — A 2). Define ¢(2) := p(AL~'2) and G(2) := Gz —
Aliz), If z € supp ® then z — Abz € 2,4+ By, 1,50 Aliz € r—2;+ B, 40 C Bl yow+
B, +w C By, y3,. Hence, supp® C Bs,. By Lemma 5.2 and since ||A%7!|| < ¢ by
(2.2) we can find a constant C' > 0 independent of [ > [; so that

sup sup [0%¢(z)| < C, sup sup |8%C;(2)] < 4.

la| <NV z€R" lai<N z€En
By the product rule and the boundedness of the support of ® we can find a constant
C” so that ||®||sy < C”. Let C' be the constant such that ||¢||1 < C for ¢ € Sy
for N > 2. Asin the case I

|(b % o) ()] <V @llsy Mf(2) + A2Alplly < (C" + A2C")M f(=).

By combining both cases we arrive at (5.17). O
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28 1. ANISOTROPIC HARDY SPACES

LEMMA 5.5. Suppose Q C R™ is bounded, convezx, and 0 € Q, and N is a
positive integer. Then there is a constant C depending only on Q@ and N such that
for every ¢ € § and every integer s, 0 < s < N we have

(5.19) sup sup |0%R,(2)| < C sup sup  |0%¢(2)|,
z€Q |a|<N zey+Q s+1<|a|<N

where Ry, is the remainder of the Taylor expansion of ¢ of order s at the point
y € R™.

PRrROOF. We write the Taylor expansion of ¢ of order s at the point y

¢y
dy+2) = Z ﬁ!( )zB + Ry ().
181<s
For any multi-index |a| < s we have
8ﬁ o o 8a+ﬁ
0*Ry(2) = 0%d(y+2)— Y L(y),zﬁ =0%(y+2)— Y ﬂzq
e Bl el il
B =
where (a1,...,an)=a < 8= (01,...,0,) means o; < f3; foralli =1,... ,n. We
used here
laﬂza _ { Fef(B-a) o< B,.
s 0 otherwise.

Therefore, 0° R, is the Taylor remainder of 0%¢ of order s — |a| expanded at y and
by the Taylor Remainder Theorem

|0°R,(2)] < C  sup sup |82 TPp(w)]| 2>+,
welyy+2] |Bl=s—|al+1

where [y,y + z] is the line segment connecting y and y + z. Thus,

sup [0°Ry(2)] < €' sup_ sup [0%(w)|
2€Q weY+Q |a|=s+1

If s < Ja] € N then 0°R,(z) = 0%¢(y + z), and the estimate (5.19) follows
immediately. tl

LEMMA 5.6. Suppose 0 < s < N. Then there exists a constant Ay > 0 so that
fori e N and all integers t > 0

(520) sz(x) S A4/\)\:t(8+1) fOT’ rcx;+ Bt+lz+2w+l \Bt+lz+2w~

PROOF. Suppose ¢ € Sy, and I € Z. Pick some w € (z; + By, 4~) N Q°.
Case I. For | < I, we have

(5.21) b pi(x) = [+ Pr{w) — (FiGi) * (),

where ®(2) := @2+ A" (x—w))¢;(w—A'z). If z € supp @ then z € supp ;(w—AL),
ie, w— Az €z, + A¥B,,s0 2 € AL Y(B, + A b (w—=;)) ¢ A YB, - B,) C
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5. THE CALDERON-ZYGMUND DECOMPOSITION 29

A4'B .. Suppose z € T; + Byt +2w+1 \ Biii,+20 for some integer ¢ > 0. If
z € supp @ then z € A% !B, + A7l (w — x;) and by (2.11)

2+ ANz —w) e ATIBL 4+ AT w —2) + AN — w)
(5.22) = ANIBL 4 Az — @) € AV Y(By + Biyzost \ Brsaw)

C A (Bry2w)® + Bu) € A" H((Bitw)©) = (Begty—140)°

By Lemma. 5.2 the partial derivatives of ¢;(w — A!-) of order up to N are bounded
by A;. Using supp® C By, —jtytw. @llsy < 1, (5.22) and the product rule we

have
18lisy = sup  sup max(1,p(2)")|0%®(2)|
z€supp @ |a|<N
< (BTN ALC sup sup [0%0(z + A7z — w)))
(523) |a|<N z€supp &

< A CpNlitrrtw) sup max(1, p(z + A7z —w))) ™V
2€AY T B+ A~ w—x;)

SAICbN(li—l+'y+u)b~N(t+l1—l+w) :Alch'yb—Nt‘

This enables us to estimate the first term in (5.21). For the second term, note
that if x € z; + (Biyy,4924,)¢ for some integer ¢t > 0, and y € z; + By, 4, then
Az —y) € A% H((Bry2w)® — Bo) C (Birt,—140)° by (2.11). Since ||ollsy <1

(PG » ula)] = \ [ewp et e - vy

<! / PO IeA™ iy

< b'lbll+“’A2/\(bt+ll*l+“’)*N < Ag)\b_Nt.
Combining the above, (5.21) and (5.23) we obtain
[b: 5 p1(x)] < || @]lsy M f(w) + AgAb™ N < (ACHYY + Ag) b~ V"

Case II. For fixed I > [; and ¢ € Sy define ¢(z) = @(A%~!z). Suppose z €
2; + Bitl,+20+1 \ Bia1, 420 for some integer ¢ > 0. Consider the Taylor expansion
of ¢ € S of order s at the point y := A~ (z — w),

dly+z) = Z 0°é(y) 2% + Ry(z),

a!
|| <s

where R, denotes the reminder. Since the distribution b; annihilates polynomials
of degree < s we have

(bix ) (z) =b"" /bi(z)gp(/ﬁ(z — 2))dz = b7 /bi(z)d)(A_“ (x — 2))dz

(5.24) =b"" [ bi(2)R4-1; (A7l (w — 2))dz

(z—w)

B f % @y, ) (w) + b7 /Pi(Z)Ci(Z)RAAu(x_m(A*ll(w - z))dz,
where

(5.25) D(2) = Rp-ti (gw)(2)Gilw — Aliz).
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30 1. ANISOTROPIC HARDY SPACES

If z € supp ® then w — Abiz e g, + B, 1u,50 z€ B, + B, and supp® C B,.,.
Apply Lemma 5.5 to ¢(2) = p(A4712), y = A7l (2 — w) and Q = B, First
assume t > v+ w and x € x; + By, 42w+1 \ Beety 120 Since

Y+ Byyw C AT ((Bistisowin \ Bostivaw) + Biiss) + Boto
= (Biyow+t1 \ Biyaw) + Byrow C (Bi+2w)¢ + Bitw C (Bitw)Ss

we have
sup sup |[0“R,(z)| <C sup sup  |[0%(z)]
2€EBy 4w ja|<N 2€EY+Bytw s+1<|a|<N
<C sup sup )\(jﬁl)(‘a‘ﬂ)|0ag0(Alrlz)|
z€Y+ By, s+1<]a|<N
< o\i=hls+D) sup sup  |0%p(AR )]

z€Y+B, 1., s+1<[a|<N

SC'/\(_li_l)(sH) sup max(l,p(Ali*lz))_N
2E(Btw)®

C)\(li—l)(s+1) (Lbe(lith«va)).

min

Since A>T~ < 1 the last expression is maximized over I > [; if [; =l +t +w = 0,
ie., I =1; +t 4+ w. Therefore, we have for t > v+ w

sup sup |0%R,(z)| < cAZteTh),
2€By 1w || <N

If0<t<~vy+4wand x € By, 12,+1 \ Brii,+2, we can estimate as before

sup sup |0%Ry(z)| < oAbl sup sup  |8%(Ah )| < C.
2EBy 4w |a|<N 2€Y+Byi0 s+i<|al<N

Therefore, we have for all ¢ > 0

5.26 su sup |0%R,(z SC)\(:'+“’)(3+1))\:1&(5+1).
(5.26) p sup [0°R,
2€By 4w |a|<N

By (5.25), (5.26), Lemma 5.2 and the product rule we can find a constant C’
so that
I1®s, < CAZETY fort > 0.

Therefore by (5.24),

| (b * o) ()] < B @y ()] + 57 / IPi(2)Gi(2) R ti (g ) (A5 (w = 2))|d2

< VM ()| B]lsy + b AN sup Ryt oy (2)]

2€Byw
Thus
(b * ) ()] < CANTTETY for 2 € Byyg,sower \ Bratsw, t > 0.
This ends the proof of case II. Combining the two cases we arrive at the estimate
(b * o) (z)) < AN forall i € Z
Hence we have (5.20). O
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5. THE CALDERON-ZYGMUND DECOMPOSITION 31

The above proof also works in the case s > N and yields the estimate
Ajb ( ) < A4 A N for z € T; + Bt+[1+2w+1 \Bt+li+2wv
for all 7 € N and all integers ¢ > 0.

LEMMA 5.7. Suppose 0 < p < 1, s > [Inb/(plnA_)|, N > s and f € HP?,
where HP is given by (3.23). Then there exists a constant As independent of f €
HP, i e N, and A > 0 such that

(5.27) Mb;(x)Pdx < A5/ M f(z)Pdx.

R™ i+ By, 20

Moreover, the series _, b; converges in H?, and

(5.28) / ] M<Zbi> (z)Pdx < LAs /Q M f(z)Pdz,

where L is as in (5.5).

ProoF. By Lemma 5.4

M f(z)Pdz + / Mb,(2)Pdz.
z;+ By, 420

R™ (z:i+By, y20)°

By Lemma 5.6

/ Mb;(z)Pda = / Mb;(x)Pdz
(#i+Bi,420)°

1=0 Y Ti+Biti; +20+1\Biti; +2w

< th+li+2w+l (A4)p/\p/\:t(s+1)l) < (A4)pbzbt/\:t(5+1)l?/ ]Wf(m)pdx
t=0 =0 Ti+ B, 42w
<’ M f(x)Pdax,
i+ B, 420

because M f(xz) > A for x € z; + Bj, 12, and )\(_S+1)p > b. Combining the last two
estimates we obtain (5.27).
Since H? is complete and

S [ g pd:v<ArZ/

Mf x)pdx<LA5/ M f(x)Pdz,

R i+ B, 420

Y. b converges in HP. Therefore, ), b; converges in S’ and as in the proof of
Proposition 3.12 we obtain M (3", b;)(x) < >, Mb;(x) and thus (5.28) holds. O

LEMMA 5.8. Suppose s >0, N > 2, and f € L*(R™). Then the series Y, b
converges in L*(R™). Moreover, there is a constant Ag, independent of f, i, A, such
that

(5.29) /"Zw |dx<A6/ fz)|dx.

i€N
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32 1. ANISOTROPIC HARDY SPACES

Proor. By Lemma 5.3

| b@lds = [ 1(7(@) = PG (o)l

<[ @l [ P@aedes [ i@+ A
4+ Bl +w T+ 8, 4w i+ By, 4w

Therefore, by (5.2) and (5.5)

Z/n |da~<L/ |f (@) ldz + Ab® N\|Q <A6/ |f(2)]dz,

i€N ™

by the Maximal Theorem 3.6. t

LEMMA 5.9. Suppose 0 < s < N and ), \b; converges in S'. There is a
constant Az, independent of f € 8, X\ > 0, such that

(5.30) Mg(z) < AA D A" 4 M f(2)1ge(2),

where

t ZfﬁU € Bt+ll+2w+1 \Bt+li+2w fOT some t Z O7

(5.31) b= ti(a) = {

0 otherwise.

ProOOF. If x ¢ €2 then as in the proof of Proposition 3.12 we have

Mg(z) < Mf(z) + 3 Mbi(z) < Mf(x) + Y AN,
1N 1€N

by Lemma 5.6—which is exactly what we need.

If z € Q choose k € N such that z € zx + By,. Let J := {i € N: (&, + By, 42,) N
(zk + Bi,+20) # 0}. By (5.5) the cardinality of J is bounded by L. By Lemma 5.6
we have

(5.32) ST Mbi(x) < AN Y ATHEHY,
igJ igJ

It suffices to estimate the grand maximal function of g+ ;b = f = > ;s bi
Take p € Sy and [ € Z.
Case 1. For [ < I we write

(f =D b)x@ul@) = (M) x @u(@) + O PiG) x pula

ieJ icJ

= [ (w) + (D PG wilx),

jeJ

(5.33)

where w € (zx + By, 14) NQ%, n=1-3"..,¢, and
(5.34) B(z) =z + A7z —w))n(w — A'z).

By the definition of J, n = 0 on xx + B, 4+2,. Thus, if z € supp® then
w— Alz € (zx + B, +20)¢ and 2z + A” He —w) =AY A2 —w+2) C A~z +

This document generated prior to electronic offprints.
Licensed to AMS.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



5. THE CALDERON-ZYGMUND DECOMPOSITION 33

(Blk+2w)c + xp +Blk) C A_Z(Blk+w>c = (Blk7l+w)c by (211) Since A_l(l' — w) C
A_Z<Blk — Blk+7) = Blk—l — Bl;cfl+7 C Blk,l+7+w we have

(5.35) () < b(p(z + A~ (x —w)) + p(— A~ (z — w))) < plz + A 4z - w)),

for z € supp ®, where ¢ = 2b"%. By (5.4) I; > ), —w hence | < l; +w. By Lemma
5.2 applied for every i € J. the chain rule, and (5.5) the derivatives of n(w — A")
of order < s are bounded by some universal constant C. For z € supp ® by the
product rule, (5.34), and (5.35)

max(1, p(z)Y) sup [0°®(z)] < Cmax(1,p(2)Y) sup [0%(z + A~z — w))]
la| <N la] <N

< Cmax(1, p(2)N)/max(1, p(z + A7z —w))N) < C()Y,
and therefore ||®||s, < C(c¢')V. Hence

[(f * @) (w)] < Mf(w)||@llsy < VA
Since for N > 2 there is a constant C’ > 0 so that ||p||1 < C' for all ¢ € Sy and

Lemma 5.2
l(ZPiQ) *pi(z)

=
By the two estimates above and (5.33) we have [(f — >, ;b)) x¢i(z)| < (C()N +
LAC)A.
Case IL For | > [ we let ®(z) := p(z+ A Yz —w)), where w € (2% + By, 1) NN
Since Ail(fL‘ — w) S Blkfl — Blk7l+'y C By — B,y C B'H—w we have I]‘I)HSN < pytew,

< LASC' ).

Therefore,
|(f * @)@ = |/ * @)(w)] < Mf(w)][@]lsy < BTN
By Lemma 5.6
S0+ ) (@) = ST (b x @) (w)] < [[@llsy S Mby(w) < B2 LA,
et (= icd

because w ¢ xz; + By 4o, for all i € N. By the two estimates above we have
(0 = Siesbe)  @r(@)] < 5742(LA; + DA,

Combining cases I and II we have M(f — >, ; b;)(z) < CA, where C is the
maximum of the two constants in these cases. Since tp = 0 the kth term in the
sum (5.30) takes care of the estimate of the maximal function of f — 3" ;b; and
by (5.32) we obtain (5.30). O

LeMMA 5.10. (i) Suppose 0 < p <1, s > |Inb/(pInA_)|, N > s, and M f €
LP. Then Mg € L', and there exists a constant Ag (independent of f and \) such
that

(5.36) Mg(z)dr < AgA'P | M f(x)Pdz.
Rn R™

(i1) Without an assumption on N (N > 2), if f € L' then g € L™ and there exists
a constant Ag (independent of f and X) such that ||gl|ec < AgA.
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34 1. ANISOTROPIC HARDY SPACES
Proor. (i) By Lemmas 5.7 and 5.9
/ Mg(z)dx < A7>\Z/ AH@E g 4 | M f(2)de,
" ieN Y R” s
where t;(z} is defined as in Lemma 5.9. For fixed i € N

/ A EEETD g, :/ dz + Z/ AT gy
™ i+ B, 120 z

t—0 Y TitBiti;+2w+1\Beti; 420
o o
S bli+2w + Z bt+li+2w+1A:t(s+1) — bl@-‘rQw I:l + bZ(b)\:s—l)t] — ClBl1+2w]7
t=0 t=0

where C represents the value of the expression in the bracket. Taking the sum over
all 7 € N we obtain

/ Mg(z)de < AzACH* Z | B, —| +/ Mf(x)dz

ieN @

< ANCHIQ + [ Mf(z)da
Qe

< APACH* NP / Mf(z)Pdz +A'"P | M f(x)Pdz
Q Qe
< AS)\lfp/ M f(x)Pdx.

ii) If f € L! then g and b;’s are functions and Y, b; converges in L' by Lemma
5.8 (and thus in §&'). Since

g=F=Y bi=f(1=> G)+> Pé=floc+Y P,

ieN ieN ieN =
by Lemma 5.3 and (5.5) for €  we have |g(z)| < LAz, Since |g(z)| = |f(z)| <
M f(z) < Xfor ae. z € QF, therefore ||g|loc < LA2A = AgA. O

COROLLARY 5.11. If 0 < p < 1, HP N L' is dense in HP, where HP is given
by (3.23) for N > [lnb/(plnA_)].

PROOF. If f € HP and A > 0, let f = ¢* + >, b be the Calderén-Zygmund
decomposition of f of degree s, {Inbd/(plnA_)] < s < N, and height A associated
to Mf=Mpyf. By Lemma 5.7,

d bM< LAs / M f(x)Pdz.
iEN Hr {z:Mf(z)>N}

Therefore, g* — f in HP? as A — oc. But by Lemma 5.10, M¢* € L, so by
Theorem 3.9, g* € L', a
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6. THE ATOMIC DECOMPOSITION OF HP 35

6. The atomic decomposition of H?

We will continue to closely follow the proof of atomic decomposition as pre-
sented by Folland and Stein in [FoS]. The proofs of Lemmas 6.1 and 6.2 still require
some technical arguments, whereas the proofs of Lemma 6.3 and Theorems 6.4 and
6.5 are copied almost verbatim from [FoS], see also [LU], since all the necessary
preparatory work is already done.

Suppose f is a tempered distribution such that M f = Myf € LP for some
0<p<land N >s:=|lnb/(pInA_)]. Thus N > N,. For each k € Z consider
the Calderén-Zygmund decomposition of f of degree s and height A = 2% associated
to M f,

f=d¢"+ be, where
iEN

(6.1) QF .= {z: Mf(z)>2F}, vF.=(f-PF¢E, BF:=a2F+ Bie.

Recall that for fixed k € Z, (z; = 2%);en is a sequence in QF and (I; = [F);en 2
sequence of integers such that (5.1)-(5.5) hold for Q = QF, ¢; = ¢ is given by (5.8)
and P; = PF is the projection of f onto P, with respect to the norm given by (5.9).

Define a polynomial PSH as an orthogonal projection of (f — Pf“)(ik on P;
with respect to the norm

1

(62 I1PIP = e [ IP@IPG w)e
J

that is PZ;H is the unique element of P, such that

| @)= P @@ @ = [ P @)@ @

Here the first integral is understood as {(f — Pj{“l) k QCJI?"H} in the case that f is

not a regular distribution. For convenience we denote BY := ¥ + By« tw-
7

LEMMA 6.1. (3) Iff?;““ﬁ]%f # 0 then l;ﬁl <IF+w, and B;-C‘H C 2%+ By g0-
(#) For each j € N the cardinality of {i € N : Bj]-”l N B £ 0} is bounded by 2L,
where L is the constant in (5.5).

ProoFr. The proof of (i) follows along the lines of the proof of (iv) in Lemma
2.7. Suppose y € B;J’lﬂéf = (x?“+Bl@+1+w)ﬂ(xf+Blgc+w) and lf“ > Frw+l.
7 k2
Then
ko htl

xT.:

i 7 S Blf*ﬁ-ﬁd -y + Bl;€+1+w c Bl;ﬁ'l—}-Qw'

Since y = 4w + 1 and IF +~ < l§+l+’y—w,
of + By, = (af —af ™) + 2P 4+ B, ol 4 Bjiss g, + Biry,
C -T?+1 + BlJ+'y—l7
by (2.11). Therefore, by (5.3) and Q**! c QF,

0 # (25 + Biyy) N (9 C (@5 4 B ) 0 (QFF)e,

+y-1
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36 1. ANISOTROPIC HARDY SPACES

which is a contradiction of (5.3). Hence lf“ < 1% 4+ w. Clearly, by (2.11)

AR+l _ k41 k+1 _ k k
Bj = +Blf+1+u:(xj+ —zi)—{-xi +Blf+1+w
ke
Caj+(y=Bpy, Y+ Bryy) + By,
k k
Cux; + Blf“+2w + Bl§+w Cux; + Blf+4w'
Moreover, if I¥! < If —w then clearly ]%f“ C af + Bk yo,-
To show (ii) fix j € N and consider

L={ieN:Bs'nBF£0 and IF > 4w},

By the above I; C {i e N: B¥™' Caf + By p,} C{i e N:ah™ € af + By}
and by (5.1) and (5.5) the cardinality of I; is at most L. Finally, consider

L ={ieN:BM"'nBF#0 and F <I!*' 4w}
As in the proof of (v) in Lemma 2.7, if ¢ € I3 then

Jﬁf + Blf~w - (If - $?+1) + $§+1 + Blffu C .’L’?+1 + Blf*l-w + Bl;‘ H+w + Bl:c~w

k+1 k+1
Cx; + Blf“+2u + Bl}““+w + Bl;cﬂ C + Bl§+1+3w'

Since for ¢ € Io, xf+Bl§+1_2w C xf+Blf _,, we conclude by (5.2) that the cardinality
of I, is less than
1Bz§“+3w|/|sz+L2w| =™ < L.
O

The proof of (ii) in Lemma 6.1 could be slightly shortened and simplified if we
use the Whitney Lemma with d = 6w + 1 throughout Sections 5 and 6 instead of
d=4w+ 1.

LEMMA 6.2. There exists a constant Aqg independent of i,j € N, and k € Z,
such that

(6.3) sup Pz";'H(y)CfH(y)\ < A2t
yelR"
Proor. Let m1,...,7, (m = dimP;) be an orthonormal basis of Ps with

respect to the norm
1
1PIP = e [ PG @
J
We have

(6.4) P;;“:Z< = <f<x>—Pf“<x>><f<x>m(z><§“<x>d:c)w—l.

k+1
I=1 fcj
By Lemma 5.3 applied for A = 28*1 (5.15) and (5.16)

(6.5) PEF L) < C24Y m(y)| <€, forye BIYL
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6. THE ATOMIC DECOMPOSITION OF HP? 37

Hence

(6.6) [ P mcd o >dy\ < Cok+1,

‘fck+1
Therefore, by (6.4), (6.5), and (6.6) we need to show

[ [ SORE ST W] =11 ¢ By < 02,
J

for some constant C', where w € (z; AR Blk+1+ ) N (QFF1)e, and

bl
TR+

Jg

To see (6.7) it suffices to show that ||®||s, < C. However, we need only consider
those values of ¢ and j such that B;-H'l N B #£ (), since otherwise Cikc;”'“ vanishes
everywhere. Define

(k1

(6.8) &(z) := (MGG (w — A5 2).

- k41 e . k41 ~ k41
fi(z) = mley P+ AY 2), o) = G AN 2), () = (Flw-4Y ).

Since supp CJ’?‘H C By, by (5.15), Lemma 5.2, and the product rule, the partial

derivatives of 7?15;”1 of order < N are bounded by some universal constant. Since
l;““ < 1¥ + w by the chain rule and Lemma 5.2, the partial derivatives of (¥ of
order < N are also bounded by some universal constant. Hence, the function ®

can be written as

k41
blj k1 ~
P(z) = W(WIC'CH)(A B (w— okt = 2)CF(2).
J
Since the above fraction is < b“ and supp ® C B4+ B, we can find another universal
constant independent of i, j, k,{ so that ||®||s, < C. This shows (6.7). O

LEMMA 6.3. For every k € Z, 3 ,on(X e PETICETT) = 0, where the series
converges pointwise and in S'.

ProoF. By (5.5) the cardinality of {j € N : Ck“( :) # 0} < L. Moreover,
P’€1L1 = 0 if B’”’1 N BF = (. By Lemma 6.1(ii) for fixed z € N the series
ZzeN >N PkH( )CHI(:U) contains at most 2L? nonzero terms. By Lemma 6.2

(69) E Z |Pk+1 Ck+1( )[ < 2L2A102k+1.
i€N jEN

Pkt+1(:k+1

Hence, by the Lebesgue Dominated Convergence Theorem -, > cn p

converges unconditionally in &’. To conclude the proof it suffices to show that
S OPET =3P =0 for every j €N,
i€N iel
where I = {i € N : B¥' 0 BF # 0}. Indeed, for fixed j € N, 3",y
an orthogonal projection of (f — Pf“) dicr ¢k onto P, with respect to the norm
(6.2). Since Y., ; ¢F(z) =1forz € E;‘-'H, dien Pl€+1 is an orthogonal projection

Pk+1 :
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38 1. ANISOTROPIC HARDY SPACES

of (f - Pf“) with respect to the norm (6.2) which is zero by the definition of
prtt 0
PR

THEOREM 6.4 (The atomic decomposition}. If 0 <p <1,s> |Inb/(plni_)],
and N > s. Then H? C HE_ ., where H? is given by (3.23). The inclusion map is
contInuUous.

PRrROOF. Suppose first f € H? N L'. Consider the Calderén-Zygmund decom-
position of f of degree s > |Inb/(pln)_)| and height 2% associated to My f,
f=g"+3,nbF. By Lemma 5.7 (5.28), g — f in H? as k — oc. By Lemma
5.10(ii), ||g*]|ec — 0 as k — —oo. Therefore,

oC

(6.10) f=> ¢ -¢ s

k=—o0

By Lemma 6.3 and 3, ¢Fb5 1! = 1gubl T = b7,

g =gt = (=D T (=D

JEN jEN
_ Zb;c _ Zkarl +Z ZPkJrl k+1)
JEN JEN ieN jeN
= bf — ( ikal Pk+1 k+1 > h

where all the series converge in S’ and

hE = (f — PRYCE = S ((f — PEYCE - PRI

jeN

By the choice of P* and PZ;H

(6.11) / h¥(z)P(x)dz =0 for all P € P;.

: k41
Moreover, since ZjeN G

h¥ = fligeeyeCF — PFCE+ D PFFICRCET 4 T pErich
JeN JEN

= 1gr+1 We can write h¥ as

By Theorem 3.7, | f(z)] < C1 My f(z) < 281 for a.e. z € (2F1)€ and by Lemmas
5.3, 6.1, and 6.2

(6.12) [|hE||oe < c25F 4 Ap2F - 2L AL2% T 4 2L A 28 = Cy2F.

Recall that PZZ'H # 0 implies B;?H al Bf # 0 and hence supp (]'»CH C B;-“H C
z¥ + Bjr 4, Therefore

(6.13) supp h¥ C a¥ + By,
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6. THE ATOMIC DECOMPOSITION OF HP 39

By (6.11), (6.12) and (6.13), h¥ is a multiple of a (p, 00, 5) atom a¥, i.e., h¥ = Kk ;0¥

1 R

where ki ; = C228| By 4 |V/P = Co2k b +4w)/p — ook pli/p, By (5.2)

SO S = (o S STom(BE < (G S 20k
k=-—00 i€EN k=—oc i€N k=—occ
614 <z 3 et
’ k=—00

< Cy /Oocp)\pll{x : Mpr(i) > )\}ld)\
= CullMn, flip = Callf V-

Therefore, f =377 S whF =300 S cnFkiaf defines an atomic decom-
position of f € HP N L.

If f is a general element of HP then by Corollary 5.11 we can find a sequence
{fm}men C HPN L' s0 that W fmlle < 227 ™| fI|%e and f =3, cn fm- For every
m € N let f,, = ZieN kim0, be an atomic decomposition constructed above with
the summation enumerated over one index ¢. By (6.14)

Do (ki) < Ca Y Nl < Call il D 22 = 4Cu|If1,

meN 1eN méeN meEN

and f = N en Kimal, defines an atomic decomposition of f € HP. O

The next theorem shows that different choices of N > N, in Definition 3.11
and admissible triplets (p, g, s) in Definition 4.3 yield the same Hardy space HP.

THEOREM 6.5 (The equivalence of norms). Suppose 0 < p < 1. If the triplet
(p,q,s) is admissible then HP? = HY ; and the quasi-norms || ||g» and || - ||z are
equivalent. That is, for any N > N, there are constants C1,Cy > 0 so that

(6.15) M, fllp < Cllfllap, < Cillfllue,, < CollMyfIl - for f e H.

q,8 — oo,s —

ProOOF. Note that if N > M > N, then HfM) - H(pN), where the subscript
corresponds to the choice of the grand maximal function in Definition 3.11. By
Definition 4.1 every (p, 00, s) atom is also a (p, g, s) atom, and hence HE . C HP ..
Therefore, if we take N > s then by Theorems 6.4 and 4.5 we have

(6.16) Hiyy C HE, s CHY, C H{’Np) C Hiyy.
Thus, HZDN) = Hpr) = HP for all N > N, and all admissible triplets (p,q, s).
Furthermore, since the inclusion maps in (6.16) are continuous we have (6.15). []

Theorem 6.5 encompasses fundamental properties of anisotropic Hardy spaces.
As a first application of this theorem, we prove that smooth functions with certain
number of vanishing moments are dense in HP.

LEMMA 6.6. Suppose v € S. For any N € N, there exists C > 0 such that for
all f € 8 we have

(6.17) sup Myio(f ) (x) < CMy f(x) for all x € R™.
leZ
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40 1. ANISOTROPIC HARDY SPACES

ProOF. We claim that for any N € N there exists a constant C > 0 so that

(6.18) sup lgr x ¥llsy < Clligllsyisll¥llsy  for any ¢, ¢ € S.
1E€Z,1<0

Indeed, take any multi-index &, || < N, 1 €Z,1 <0, and z € R". By (2.12)
max(1, p(x))"10% (g1 * ) ()| = max(1, p(2))" (01 * 9°¥)(x)|

<o [ max(Lp(@ = ) M10" (o -yl max(l, o) i) dy

<N ls | max(t, )Y max(1,p(A719) N2 el s,y

< M llsy el snead™ /R max(L, p(A7'y) 2dy = Cllgllsys ¥ llsy-

Forany f €S8, v eS8, v € Syyo, and z € R™. By (6.18)

;gl(f*wz) * pr(z)] < sup |f* (% o) ()| + sup |f* (1 * or) ()]

< sup If* (0 * pr—)i(z)] + sup Lf * (Yr—k % @)(z)]

< CH¢’|8N||SDHSN+2MNJC($) + C||¢H$N+2H(PHSNA[NJC(Z)
< QCHwHSN*‘z*MNf(I)v

which shows (6.17). O

As an immediate consequence of Lemma 6.6 we obtain
COROLLARY 6.7. If f € HP and ¢ € S then fxp € HP.
A less immediate consequence of Lemma 6.6 is

THEOREM 6.8. Suppose € S and [ = 1. For any 0 <p < oo and f € H?
we have

(6.19) fxir— f in H? asl — —oo.

PROOF. Suppose first that f € L' N HP. By Lemma 6.6 and the Lebesgue
Dominated Convergence Theorem it suffices to show

(6.20) My(f*y— f)z)—0 forae. z € R" as | — —o0,
where N = IV, 4+ 2. Note that if g is continuous with compact support then
IMn(g* i = 9lloo < Cllg* 1 —glloc =0 asl— —oo.

For any € > 0 we can find a continuous function g with compact support such that
IIf —gll1 <& By Lemma 6.6

11msup Mn(f* — f)(z)

< sup My ((f = g) * ) (x) + lim_sup Mn(g+¥i—g)(x) + Mn(f — 9)(x)

< OMy,(f = 9)(x)
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6. THE ATOMIC DECOMPOSITION OF HP 41

By Theorem 3.6 for any A > 0
[+ imsup M (£ 5 1 = f)(a) > A
<Ha: My, (f = g)(x) > A/CH < C'l|f = gll1/A < C'e/A.

Since € > 0 is arbitrary we have (6.20) for every f € L' N HP.

Recall that L' N HP is dense in HP. This follows from Corollary 5.11 (0 < p < 1)
and the fact that L' N LP is dense in L? (1 < p < o0). Alternatively, we could use
the fact that finite linear combinations of atoms are dense in H? by Theorem 6.4.
Moreover, by Lemma 6.6 the convolution operators R;(f) = f * 1, are uniformly
bounded on HP? for all [ € Z.

Hence, if f is an arbitrary element of H? then for every ¢ > 0 we can find
g € L' N HP such that || f — g%, < . Therefore,

limsup || f * ¥ — fll%,

l——

<sup||(f = g) * ¥l + IS — gllye + limsup [|g * 1 — gliF,
1cZ 1——o00

S C||f_g]|§11> S Ce.

Since € > 0 was arbitrary we obtain (6.19). O

Finally, we prove that smooth functions with compact support are dense in H?.

THEOREM 6.9. HP N C§° is dense in HP, where C§° denotes C§° functions
with compact support.

PROOF. Suppose f is a finite linear combination of atoms. Take ¥ € C§°.
Clearly, f+y; € C§° for every l € Z and f x4y, — f in H? as | — —oo by Theorem
6.8. This finishes the proof since finite linear combinations of atoms are dense in
HP, |

REMARK. C§° is not a subset of H? for p < 1. It is not hard to see that
¥ € C§° with [ # 0 does not belong to any H? for p < 1. However, if ¢ € C§°
has vanishing moments of order s, ie., [¢¥P = 0 for all P € P,, where s >
[(1/p - 1)Inb/InA_], then ¢ is a constant multiple of a (p, oo, s) atom and hence
¥ € HP.
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42 1. ANISOTROPIC HARDY SPACES

7. Other maximal definitions

The goal of this section is to prove the characterization of Hardy spaces using
the radial and nontangential maximal functions of a single test function ¢ € S,
J ¢ # 0. This result was first shown for the classical isotropic H? spaces by C. Fef-
ferman and Stein in their fundamental work [FS2, St2, Chapter II1]. Analogous re-
sults were shown by Calderén and Torchinsky [CT1, CT2] for parabolic HP spaces,
Folland and Stein [FoS] for HP spaces on homogeneous groups, and Uchyiama [Ucl]
for HP on the space of homogeneous type.

Theorem 7.1 extends this result of C. Fefferman and Stein to the setting of
anisotropic HP spaces introduced in Chapter 3.

THEOREM 7.1. Suppose o € S, [ @ #0, and 0 < p < oo. Then for any f € S’
the following are equivalent:

(7.1) feH?,
(7.2) M,f € L?,
(7.3) MJf e LP.

In this case

fllme = [1Mn fllp < CLlIMfllp < Coll M fllp,
for sufficiently large N, C1, Cy independent of f € HP.

We start with a very useful result about maximal functions with different aper-
tures. Suppose F : R™ x Z — [0,00) is an arbitrary (possibly nonmeasurable)
function. In our cases F is going to be (at least) Borel measurable. For fixed [ € Z
and K € ZU {oc} define the maximal function of F with aperture | as

(7.4) Fi(z) = Fr¥(m) = sup  sup  Fly,k).

keZ
et yEx+ Byt

Note that F}* : R — [0, 00] is lower semicontinuous, i.e., {z : Fj*(z) > A} is open
for all A > 0. Indeed, if Fj*(z) > X for some z € R”, i.e., there is & < K and
Yy € & + Bgyy so that F(y, k) > X, then y € 2’ + By for 2/ in a sufficiently small
neighborhood of . Thus F*(2’) > A. Here we need that the balls B; are open for
all j € Z.

LEMMA 7.2. There exists a constant C > 0 so that for all functions F : R™ x
Z-1[0,00), A\>0,1>1'€Z, and K € ZU {0} we have

(7.5) oo 75 (2) > A} < ObY [{z : B35 (z) > M}

In particular,

(7.6) / FrE(z)dz < cp / Fi¥(z)dz.
k3 Rn

Proo¥. Let Q = {z : Fji(x) > A}. Suppose F*(x) > X for some z € R™. Then
there exist k < K, y € x+ By such that F(y, k) > A. Clearly, y+ Byypy C Q. Also
Y+ Brtr €2+ Byt + Brrr €7+ Bijiyw. Hence y+ Beyy C QN (2 + Bryigo)
and

QN (2 + Brgigw)| = b = prtitopl’—l=w,
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7. OTHER MAXIMAL DEFINITIONS 43

Therefore, My (1la)(z) > b'—1=% where My, is the centered Hardy-Littlewood
maximal function My f(y) = sup,,cz b™™ fy+B |f(z)|dz. By Theorem 3.6

o+ 1 (@) > M < o Mirn(La)(2) 2 07793 < OHF Lol = €610,
hence (7.5) holds. Integrating (7.5) on (0, oc) with respect to A yields (7.6). O

The following result enables us to pass from one function in S to the sum of
negative dilates of another function in S with nonzero mean.

LEMMA 7.3. Suppose ¢ € S with [ ¢ # 0. For every 1) € S there is a sequence
of test functions (T]j)]QC:O, 7 €8 such that

(7.7) b= 1o,
7=0

where the convergence is in S.
Furthermore, for any integers L, N > 0 there exist a constant C' and an integer
M > 0 (depending on L and N, but independent of the choice of 1) such that

(7.8) I llsy < CO 7 |0lls,,  for all j > 0.

PrOOF. For the purpose of the proof we will work with the standard definition
of Sy, that is

Inllsy = sup sup (1+ [z))V]|0%n(2)|.
ZER" |a|<N

By Lemma 3.2 this implies the corresponding result for the usual homogeneous Sy.
We claim that for every integer N > 0 there is a constant C so that

(79) HﬁHSN < C|177||Sw+n+1-

Indeed, for any multi-indices |al, |3] < N we have

n

(2mi) A1ePa%n(€) = (—2mi)l®! / e~ 28 98 (2% (z))da.
Hence, by multiplying and dividing the right hand side by (1 + |z|)*"! we have
|€'6804f](£)| < (27T)|a]—|5| sup (1 + |$[)n+1|05(xan(x))l/ (1 + \x|)‘”_1das,
zER™ R”

which implies (7.9).

Let A be an expansive ellipsoid for the dilation B = AT, i.e., A crA c BA,
guaranteed by Lemma 2.2. By scaling of ¢ and A we can assume that J¢=1and
[p(€)] > 1/2 for € € BA. Consider a C* function ¢ such that ¢ = 1 on A and
supp ¢ € BA. Define a sequence of functions (G3)5%0 by Co =,

GE =¢BTE - (BT forj> 1.
Clearly,

S =1 forall€eR™
§=0
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44 1. ANISOTROPIC HARDY SPACES

Thus

h i > ] ’ = - Cj(g) " N ]
W) = ;} G (©)b(e) = ;0 SBoig VOB,

For j > 0 define 17 by

v G -
7.10 (&) = =222 a(€).
(7.10) ©) = 555550
Then, by the choice of 77’s, (7.7) holds. Moreover, the convergence in S of the
series (7.7) is a direct consequence of (6.18) and (7.8). Therefore, it remains to
show (7.8).

To show (7.8), take M = N+2(n+1)+ L{lnb/In A_1], where A_ is the same as
n (2.1). Our goal is to show that there exists a constant C (independent of ¢ € S)
such that . .

1718500 < CO 7 Wy, for 520,

Let (&) = (C(€) — ¢(BE))/@(&). Since supp¢ C BA and [(€)] > 1/2 for
§ € BA we have supsup|,<nint1 [0°C(§)] < C for some constant C. Since
{(B7I€) = ¢;(€)/@(B~7€) by the chain rule we have

sup  sup  {0%(G()/@(BT))(E)] < C.
£ Ja|<N+n+1

By (7.10), the product rule and since ¢;(€) = 0 for £ € BI~1A

[#llsxg0is C sup  sup (14 )N
¢gBI—1A |a|SN+n+1

<C sup (1 + ]él)folnb/ln)\_'l sup (1+ |£|)N+n+1+Lﬂnb/ln)\,]|aa,d}(§)\
5€B]‘*1A |a| <KN+n+1

< Cbn‘jL“’lZ}HsM—-n—l < Cb;jLHd’HSM’

because for £ & A, (14 |BI1E[) > 1/eN ! inf. 4 [£]. This finishes the proof of
(7.8). Since our choice of N is arbitrary in (7.8) the series in (7.7) converges in S.[J

We now introduce maximal functions obtained from truncation with an addi-
tional extra decay term. Namely, for an integer K representing the truncation level
and real number L > 0 representing the decay level, we define radial, nontangential,
tangential, radial grand, and nontangential grand maximal functions, respectively

as
MUD f () = sup [(f = o) ()] max(1, p(A™ ) 7H (1 4+ b7 H)7E,
E<K
M f(z) = sup  sup |(f * or)(y)| max(1, p(AKy)) L1+ 675 K) L,
kkSE;Z( yEx+ By
1+ b kKL
TNKL) £l — [(f * o) (y)] (
o )= S U {1, (Ao — ) max(L, p( A Ky
MR fla) = sup MOUED) ().
YESN

MO fa) = sup MUED f(x).
PESN
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7. OTHER MAXIMAIL DEFINITIONS 45

The next lemma guarantees the control of the tangential by the nontangential
maximal function independent of K and L.

LEMMA 7.4. Supposep >0, N > 1/p, and p € S. Then there exists a constant
C sothat foral K€ Z, L >0, and f € &,

(7.11) TR £, < CIMEED) £l

Proor. Consider function F : R™ x Z — [0, 00) given by
F(y, k) = |(f * 1) (y)[” max(1, p(A~Fy)) PE(1 5757 5)7PE,
FixzxeR" If k< K and z — y € Bgyq then
Fly, k) max(1, p(A~(z — )™ < F7K (a).
Ifx—y €& Byyjqr \ Brgy for some j > 1 then
F(y, k) max(1, p(A™"(z — )" < ¥ ()b 7P,

By taking supremum over all y € R™, & < K we have
(TN(K L)f )p < ZF*K b ]Np

Therefore by Lemma 7.2,

[T fllp < D mite / Fy¥(x)dz
j=0

oo

< C’Zb*ﬂvpbj/ Fg®(z)de < C'|| M2 £,
5=0 kn

where C" = C 377 PINP) < 0. O

Lemma 7.5 gives the pointwise majorization of the grand maximal function by
the tangential one.

LEMMA 7.5. Suppose ¢ € S and [ ¢ # 0. For given N,L > 0 there exists an
integer M > 0 and a constant C > 0 so that for all f € S’ and integers K > 0 we
have

(7.12) AT%K’L)f(:C) < CTéV(K’L)f(a?) for all x € R™.
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46 1. ANISOTROPIC HARDY SPACES

PRrOOF. Take any ¢ € §. By Lemma 7.3 there exists a sequence of test func-
tions (17)72, so that (7.7) holds. For a fixed integer k < K and x € R",

|(f * i) ‘(f*gn *p_; )w ’(f*g;)(nj)kw_Hk)(z)
52 ST i:j [ 105 = oyl =l o)l

< TN f(2)

Z/nmdxlpm ) max(1, p(A 7 (@ = y)F (14 55K )aly) .
Therefore

J\Jg(K’L)f( ) < TN KL f(z) sup Z/ max(1, p(ATFy)N

kez <
k<K j=0

max(1, p(A~ K (2 — 14 pi—k-KyL
ngaxﬁi,p(A(—Kx%)L)()l(ﬁL;_—ka)L ) (07 )k(y)|dy.

Using the inequalities (2.12), (2.13) and the change of variables we can estimate
the last sum by

Z | max(l, o (A7~ Fy)) Nt max(1, p(A™Ky)) 2R E 0™  n? (A7 Fy) dy
j=0vR"

o0 o
<2 SV [ max(L o)V )y < 26 S0 s,
]:O n ]:O

By Lemma 7.3 there exists an integer M > 0 so that

|\77 ||51\+L <Cb- HN+L+1) H"/JHSM’

and hence

o0
A{%K,L)f(w) — sup M KoL) £ (7)) < 2bpek ZCb_j TéV(K,L)f(x)
YESN ]
7=0

_ N(K,L
=C'TYED f(a).
This shows (7.12). O

LEMMA 7.6. Supposep >0, p€ S, and f € S'. Then for every M > 0 there
exists L > 0 so that

(7.13) AIéK’L),f(x) < C'max(1, p(z))™™ for all x € R™,

for some constant C' = C(K) dependent on K > 0.
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7. OTHER MAXIMAL DEFINITIONS 47

ProOOF. There exists an integer N > 0 and a constant C' > 0 so that
If * o(x)] < Cllpl|sy max(L, p(z))™ forallz e R",p € §S.
If £ < 0 then by the chain rule
loxllsy = sup sup max(1, p(z)) Vb~ *|0%p(AF)(2)]
z€R™ |a|<N
<07 sup sup max(1,p(2)) V0" (AT )CIATHY < 0N el

If 0 < k € K then by the chain rule

lerllsy < € sup sup max(L, p(2))¥]9% (A F2)] < COFVlgllsy -
2€ER™ |a|<N

Therefore, if we take L = N + M, then for any k < K and y € = + By,

| or(y) max(1, p(A™Fy)) " F (1 + b7 F)7F
< Cmax(1, p(y)) " |lonllsy b max(1, p(y))~Ep*HOE

< C'max(1, ,o(y))N“LbSKL“LKN [l sy

< CHEFIMPELERN ma(1, p(a)) ™ [l

This shows (7.13) and finishes the proof of Lemma 7.6. t

Note that the above argument gives the same estimate for the truncated grand
maximal function ]L[I(\),(K’L) f- As a consequence of LLemma 7.6 we have that for
any choice of K > 0 and any f € & we can find an appropriate L > 0 so that
the maximal function, say ]WHE,K’D f. is bounded and belongs to LP(R™). This
becomes crucial in the proof of Theorem 7.1, where we work with truncated maximal
functions. The complexity of the preceding argument stems from the fact that a
priori we do not know whether J\Ig f € L? implies M, f € LP. Instead we must
work with variants of maximal functions for which this is satisfied.

PrOOF OF THEOREM 7.1. Clearly, (7.1) = (7.2) = (7.3). By Lemma
7.5 applied for N > 1/p and L = 0 we have pointwise estimate ]V[%K’O)f(x) <
CTNEO) £(z) for all f € S’ and integers K > 0. By Lemma 7.4 we have another
constant C so that

MO £l < ClMEEO fll,  for fe S K >0.

As K — oo we obtain ||MY, f|l, < C||M,f|l, by the Monotone Convergence The-
orem. It remains to show (7.3) = (7.2).

Suppose now ]\lgf € LP. By Lemma 7.6 we can find L > 0 so that (7.13)
holds, i.e., MS™) f € LP for all K > 0. By Lemmas 7.4 and 7.5 we can find A > 0
so that |1]W]0V}K’L)f\|p < 4] AMLK’L)pr with a constant C; independent of K > 0.
For given K > 0 let

(7.14) Qg = {z e R": My fz) < 0 MU f(a)),

where C, = 21/2C;. We claim that

(7.15) / MY f(z)Pdr < 2 / MY f(a)Pda.
R Qx
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48 1. ANISOTROPIC HARDY SPACES

Indeed, this follows from

and (C1/C2)P =1/2.
We also claim that for 0 < g < p there exists C3 > 0 so that for all integers
K>0

MUCE) f(2)Pde < CF P /

MUEE) p(2)Pdz < (Cy/Cy)P / MYOD f(z)Pdz,
Qs, R®

(7.16) MUCB f(z) < Os(My(MOFEP f()0) (@) for z € Q.
Indeed, let
F(y. k) = |(f * or) (y)| max(1, p(A™Fy)) "1+ 757 F)E,
Suppose = € Q. There is £ < K and y € = + By such that
F(y,k) = Fy(2)/2 = MJOY f(z)/2.
Consider z’ € y + By for some integer [ > 0 to be specified later. We have

Froe(a) = fron(y) = fxPily),  where &(2) = p(z+ Az —y)) — ¢(2).
By the Mean Value Theorem
@5y < sup llo(- +h) —o()ls

heB_,

= sup sup sup max(l,p(2)M)]|0%(z + h) — d%p(2)|
heB.; z€R™ |a|<M

<C sup sup sup max(l,p(z+R)M)O%(z +h)|- sup |h| < CirTh
he€B_; 2€R™ |a|<M+1 heB_,

where C4 does not depend on L. Since max(1, p(A %2")) < b* max(1, p(A~¥y))
we have

BEE( k) 2 (1] * or(y)l = |f * Pr(y)]) max(l, p(A™Fy) " H(L+ oK) ~F
> Fly, k) — MY f@))|@]]s, = MEOD f(z)/2 — b My f(2)Car™

> MU f(z)/2 = b MOATICyMEE ) f(z) > MUSD) f(z) /4,

if we choose for [ the smallest integer I > 0 so that MO, < 1/4. Here
we used the fact that z € Qg and the pointwise majorization of nontangential by
radial grand maximal function,

K,L w O(K,L) ,
My P (@) < MMy (@),
see Proposition 3.10. Therefore for z € Qg,

4apLa
<

= [Bi—tl Jy+Bs_,
bw+l
< 4qbwmm B Mg(K’L)f(Z)qu < C3MHL(M£(K’L)f(')q)(93)»
w z+ B tw

K,L
MR f ()9 F(z,k)%dz
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7. OTHER MAXIMAL DEFINITIONS 49
which shows (7.16). Finally, by (7.15), (7.16), and the Maximal Theorem 3.6

/ MU f(z)Pdr < 2 / MYSD) f(a)Pdx
(7 Tk
< 20P/ / M (M) ()Y (2)P/9dx < Cs / MO f(z)Pde,

Qx n
where the constant Cs depends on p/q > 1 and L > 0, but is independent of K > 0.
This inequality is crucial as it gives a bound of nontangential by radial maximal
function in LP. The rest of the proof is immediate.

Since ]VLE,K’L) f(z) converges pointwise and monotonically to M, f(z) for all

r € R® as K — o0, M,f € LP(R™) by (7.17) and the Monotone Convergence The-
orem. Therefore, we can now choose L = 0 and again by (7.17) and the Monotone
Convergence Theorem we have ||, f|[7 < Cs||[MJ f||5, where now Cs corresponds
to L = 0 and is independent of f € &’. This concludes the proof of Theorem 7.1.0J

REMARK. Theorem 7.1 shows the equivalence of LP norms of radial, nontan-
gental, and grand maximal functions of a tempered distribution f € &’. One could
ask if a similar result holds for general (not necessarily tempered) distributions
f € D'(R™). Naturally, in this case it is necessary to assume that ¢ is an clement
of the space D(R™) of compactly supported and C'™° test functions, and [ ¢ # 0.
Uchiyama showed that this is indeed true for isotropic H? spaces and the proof of
this very non-trivial result can be found in [Uc2, Uc3, Chapter IX].
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50 1. ANISOTROPIC HARDY SPACES

8. Duals of H?

In this section we provide the description of the duals of anisotropic HP spaces,
0 < p <1, in terms of Campanato spaces. This description is a consequence of
the atomic decomposition of H? and some functional analysis and approximation
arguments.

The dual of HP space of holomorphic functions on the unit disc for 0 < p < 1
was first identified with a Lipshitz space by Duren, Romberg, and Shields [DRS].
For the classical Stein-Weiss H? space on R™ this result is due to Walsh [Wa).
The identification of the dual of H' as the space of BMO is a famous result of
C. Fefferman [Fe, FS2]. Characterizations of (H?)* in terms of BMO, Campanato,
and Lipschitz spaces in various setting, other than isotropic HP{R™), were obtained
by many other authors; for example, the dual of parabolic H? spaces was determined
by Calderén and Torchinsky [CT2].

We start with the definition of Campanato spaces [Cm] which are defined in
terms of approximations by polynomials on dilated balls, generalizing the BMO
(bounded mean oscillation) space introduced by John and Nirenberg {JN].

DEFINITION 8.1. Let B denote the collection of dilated balls associated to the
dilation A, ie., B={2+Br:2 ¢ R" kcZ}. fl>0,1 <¢g<oc,ands=0,1,...,
we define the Campanato space Cévs to be the space of all locally L9 functions ¢ on
R"™ so that

) _ 1 ‘ 1/q
(8.1) ligller , = ;gplggs |B| l(g /B lg(x) — P(z)] dm) <00, (g <o)

(82)  llgllor = sup inf |B[~ ess sup,cp lge) — P(a)] < 0. (g =o0)
0.8 BeB PEP;
Here P, denotes the space of all polynomials (in n variables) of degree at most s.

We identify two elements of C’é,s if they are equal almost everywhere.

One may easily verify that: || - HCé,S is a seminorm, Py C ths, and ||g[|C§_s =
0 — g & Ps. Therefore, C(ILS/PS is a normed linear space. Moreover, the
standard arguments show that this space is also complete; hence szvs /P is a Banach
space.

The conditions (8.1) and (8.2) can be also written in terms of a quasi-norm p
associated to a dilation 4. For example we can equivalently define Cfm as the space
of all locally L? functions g on R™ so that

1/q
(8.3) Hchgs ‘= sup Pin7f> rt (7'_1/ |g(;1:)—P(x)|qu> < 00.
plz—zo)<r

zgern PEP;

>0
Indeed, this exactly the case when p is the step homogeneous quasi-norm; the
general case follows from Lemma 2.4.

The main goal of this section is to prove that the dual of anisotropic Hardy
space HY is isomorphic to the Campanato space C;V/SP—I/PS, where (p,q,s) is an
admissible triplet in the sense of Definition 4.1, see Theorem 8.3. As a consequence,
this shows that Campanato spaces Cévs depend effectively only the choice of [ and
not on g or s, see Corollary 8.6. Analogous results for Hardy spaces on homogeneous
groups were obtained by Folland and Stein [FoS, Chapter 5]. However, careful
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8. DUALS OF HP 51

examination of the arguments in [FoS] reveals a gap in the first part of the proof

of [FoS, Theorem 5.3]. The problem is with [FoS, Lemma 5.1] which does not hold

unless we assume that a functional L is bounded. Hence, an additional argument

is needed. This gap can be filled in the setting of anisotropic Hardy spaces by

applying a rather subtle approximation argument inspired by {GR, Chapter IIL5)].
We start with a basic lemma.

LEMMA 8.2. Suppose L is a continuous linear functional on HP = H? | and

4,87
(p,q,s) is admissible. Then

(8.4) ||L||(Hp . :=sup{|Lf]: ||f|]H§,S <1} =sup{|Lal : a is (p,q, s)-atom}.

PROOF. Since every (p, g, s)-atom a satisfies ||a|[gz, < 1 it suffices to show
(8.5) sup{|Lf] : [|fllnz, <1} <sup{|La| : a is (p, q, 5)-atom}.

Take any f € HP with ||f|/gr < 1. For every £ > 0 there is an atomic decomposi-
tion f =73, kja; with >, |/§Z|7’ < 1+ ¢. Therefore

i/p
261 < ClLai <sup(lLal ais (g, 5)-at0m} (3wl
<(1+4&)YPsup{|La| : a is (p, q, s)-atom}.
Since £ > 0 is arbitrary we have (8.5). O
Clearly, || - |[(gz )+ is a norm on (HP?)* (= space of continuous functionals on
H?) which makes (H?)* into a Banach space.
THEOREM 8.3. Suppose (p,q, s) is admissible. Then
(8.6) (HP)" = (HY )" = Cé,’s/Ps, where 1/qg+1/¢ =1, 1=1/p—1.

Ifg e C‘l%s and f is a finite linear combination of (p,q,s)-atoms, let L,f = [gf.
Then Ly extends continuously to HP, and every L € (HP)* is of this form. More-
over,

(8.7) ligller, . =11Lolluz.y-  Jorallg € Cq

PROOF. For any B € B define 7 : L*(B) — P, the natural projection defined
using the Riesz Lemma

(8.8) /B(ﬂBf(x))Q(x)dx = /Bf(:c)Q(:c)d;r for all f € L}(B),Q € P,.

We claim that there is a universal constant (depending only on s) such that
(8.9) sup [7pf(z / |f(x)|dz.
xCB |BI

Indeed, if B = By then we find an orthonormal basis {Q, : |a| < s} of Ps with
respect to the L?(Bp) norm. Since

s f= 3 ( A f(sc)@'(x—)d:c)czw

laj<s
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52 1. ANISOTROPIC HARDY SPACES

the claim follows for B = By. Since g, f = (Da-romp, 0 Dav)f and myqp, [ =
(1y © B, © T—y)[f the claim (8.9) follows for arbitrary B =y + Bj.

For 1 < ¢ < oo and B € B we define the closed subspace LI(B) C L(B)
by LE(B) = {f € LYB) : ngf = 0}. We will identify L9(B) with the subspace
of L9(R™) consisting of functions vanishing outside B. With this identification, if
f € LY(B) then |B|Y2V?||f|| -1 f is a (p. . s)-atom.

Suppose L € (HP)" = (H} )*. By Lemma 8.2

(8.10) LA < | Ll gz 5+ | BP9 fllg,  for f € LY(B).

Therefore, L provides a bounded linear functional on L{(B) which can be extended
by the Hahn-Banach Theorem to the whole space L9(B) without increasing its
norm. Suppose, momentarily, that ¢ < co. By the duality LY(B)* = L‘ZI(B)7 where
1/q+1/¢ = 1, there cxists h € L9 (B) such that Lf = J fhfor all f e L{(B).
In particular, L>=(B) C L9(B) implies there is h € LY (B) C L*(B) such that
Lf = [ fhforall f e LF(B). Therefore, also for ¢ = oo, there exists h € Lq/(B)
such that Lf = [ fhfor all f € LY(B). If b is another element of LY (B) such that
Lf = [fK forall f e L{B) then h — k' € Ps. We can say even more. Suppose
that for some h,h’ € LI(B) we have Lf = [, fh = [ fh' for all f € LF(B) then
h —h' € Ps. Indeed, for all f € L>=(B)

0=/(f—rBf)(h W= [ smn=n —/;wa)(wB(h—h'))
[ 101 —h)—/fm—h z/Bf((h—h’)—rrB(h—h’)),

hence (h — h’)(aj) =7ng(h — h')(z) for a.e. z € B. Therefore, after changing values
of h (or A') on a set of measure zero we have h — b’ € P,. Hence, the function
h is unique up to a polynomial of degree at most s regardless of the exponent
1 < g < co. Therefore, h € N, LYUB) for p=1, and h € L>(B) for 0 <p < 1.

For k. =1,2,... let g; be the unique element of e (Bg) such that Lf = f fox
for all f € L§(Bx) and wp,gx = 0. The preceding arguments show that gi|p, = g;
for 7 < k. Therefore, we can define a locally L9 function g on R”" by setting
g(z) = gr(z) for x € By. 1If f is a finite linear combination of (p, ¢, s)-atoms then

Lf=]fg
By (8.10), for any B € B the norm of g as a linear functional on L{(B) satisfies

(8.11) llgllz

We claim that

(8.12) Ilg]

B|Y/P—la,

Ligy < L az )

Li(B)* = Plg?f) llg = PllLo (-

This is, at least for ¢ < oo, an immediate consequence of an elementary fact from
functional analysis

L{(B)" = LY(B)"/L§(B)" = L (B)/Ps,

where L§(B)*= = {h € LY(B)* : h|pgpy = 0} denotes the annihilator of the sub-
space L{(B) < LI(B). The special case of (8.12) for ¢ = oo requires similar
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8. DUALS OF HP 53

arguments and the fact that g € L'(B) and ||g — Pl||L(p)- = |lg — Pl{11(p) for any
P € P,. Combining (8.11) and (8.12) we have for i =1/p—1

(8.13) llgller, = sup [BI™' =9 ligllramy- <ILlmz.-
¢ BeB

which completes the first part of the proof of Theorem 8.3.
Conversely, suppose g € Cé',y Our goal is to show that functional L,f = [ ¢f
defined initially for f € ©9, where

(8.14) ©f = {f € LY(R") : supp f is compact and [, f(z)z%dz = 0 for |a| < s},

extends to a bounded functional on H? . and [|Ly||(gz y» < lgllct, -
q’.s

q,8 q.s
Suppose a is (p. g, s)-atom associated to the dilated ball B = zg + By. Since
fga= [(g— P)a for all P € P, we have

|Lgal = l/ga :Pigf)s‘/(g—P)a
s s () (s foom)”

1/q’
< B e <Pig7f> JIR ) ~lgllcs,

At this moment the reader might be tempted to use Lemma 8.2. That is we can
try to define L, f for arbitrary f € H? by using the atomic decomposition of f,

(8.16) L,f= Z wiLga, where f = Z Rils.
i=1 i=1

Since for every € > 0 we can choose a decomposition so that > 2, |x]? < (1 +
el fI5  we have
q.s

Hise

o] ] 1/p
810) 161 < 3 bl < lioller, (S b} < (L Dlaley, 117

=1

This may seem to show that L, is bounded with the appropriate constant.

The problem with this argument is the issue of well-definedness of L,. Namely,
given g € Cf],ys, we ought to make sure that if f € ©7 has an atomic decomposition
f =32, Kkia; then necessarily

/fg:;m/aig.

As we will see this fact is very non-trivial and it requires a rather subtle approxi-
mation argument. For the classical isotropic case, the interested reader is directed
to [GR, Section II1.5], where detailed exposition of this fact can be found. Note
that there is no problem if g belongs to the Schwartz class, since the atomic de-
composition of f converges in the sense of distributions.

The following lemma comes to the rescue.
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54 1. ANISOTROPIC HARDY SPACES

LEMMA 8.4. Suppose that (p,q,s) is admissible and f € ©%, where ©f is given
by (8.14). Suppose g € C’é/’s, 1/g+1/q =1,1=1/p~ 1. There exists § > s so
that if f is decomposed into f = Y oo Kia;, where Y o) |Ki|P < oo and a;’s are

{(p, q,8)-atoms, then

(8.18) Lgf:/fg:Zm/aig:Zngai.
i=1 =1

Given Lemma 8.4 the rest of the proof is immediate. Suppose f € @I. By
Theorem 6.5 we can find an atomic decomposition of f = 37, k;a;, where

Q1) < 2lfllmz, < Cllfllz,,,

i=1
and a;’s are (p, g, §)-atoms. By (8.15) and (8.18)

x> o0

1/p
819)  1Lof1 < IsiliLgail < lalle,, (S l) - < Clalley 1.

=1 i=1

Therefore, L, extends uniquely to a bounded functional on Hf ;. Furthermore, by
Lemma 8.2 and (8.15) ||Lg||(mz ) < lgllct, - This finishes the proof of Theorem

8.3. d

REMARK. As a consequence of Theorem 8.3 we conclude that if we write f =
Yool Kia; € O, where > 7 |k;|P < oo and a;’s are (p, g, s)-atoms then (8.18)
still holds. As an indication why this result is non-trivial we recall the following
observation due to Meyer, see [GR, MTW].

In Definition 4.3 of the atomic norm ||f||gz , it is not legitimate to take the
infimum only over finite linear combinations of atoms even in the case when f admits
such a finite decomposition, e.g., when f is itself an atom. Indeed, such infimum
may be much larger than || ]| He,» which is evidenced by an example due to Meyer,
see [GR, Chapter II1.8.3]. Therefore, even though finite linear combinations of
atoms are dense in HP, in order to compute their H? norm, it is not enough to look
only at finite decompositions.

To show Lemma 8.4 we need the following approximation lemma.

LEMMA 8.5. Suppose g € Cé,’s, where ] > 0,1 < ¢ < o0, s=0,1,... There
exists § > s, a constant C' > 0 independent of g, and a sequence of test functions
(gr)ren C S so that

(8.20) ol | < Cllglles,  for all k€N,
and (1/g+1/q = 1),

(8.21) klim f(x)gp(z)de = fz)g(z)dz for all f € ©1,.
haade o} R~ R~
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8. DUALS OF HP 55

We are going to use two simple observations about Campanato spaces. Firstly,
note that if Dsg(x) = g(Ax) then

1 ) 1/q
\Daglies, = sup_inf |Bil” l(— 9(As) - P(o)lYds
7 o ‘R" Pe 'Bk| zo+ B
8.22 1 M
( ) = sup mf b|Bk+1] l< lg(z) — P(x)|? dl’)
Ty ERT eP |Bk‘+1‘ Al‘0+Bk+1
kez
:bngHcfz,vs-

Secondly, we can define an equivalent norm on C’é,ls by setting
1 ’ /q
829) llglley,, = s 151 (17 [ (o) = mmg(l¥dz) 14/ < o),
s BeB 1Bl /&

(8.24) gllle, , = ZU%JBl_Z ess sup,ep |9(z) — mpg(2)| (¢ = o0).
€

where mpg is the natural projection on P, given by (8.8). Indeed, for any B € B
and P € P, by the Minkowski inequality we have

(% /. lotw) - nagte >1q’dx)1/q/
(,B [ lat@) - Pl dx)w+(ﬁ [ 16 - mugora)
<|B|/ g = Fol d”) +CIB|/|Q Pleyde
<(C+1 <|B|/ l9(z) — P(z) |qu>1/q.

using P(z) — mgg(z) = ng(P — g){x) and (8.9). Thercfore we have
325 llaller, <llalle, <(C+Dlllcs, foralge Cl,.

PRrROOF OF LEMMA 8.5. Suppose g € Cé,‘s. Take a nonnegative function ¢ €
C* with compact support and [ = 1. Let pi(x) = b *p(A~*z). If ¢’ < 0o then
gxpr—g inLf

loc

(R*) ask — —oc.

Indeed, it suffices to apply Theorem 6.8 in L7 for truncations 91B(o,r) for sufficiently
large r > 0. Therefore

(8.26) f (@) (g * @p)(x)dx — f(z)g(x)dz ask — oo forall feOL
R® R"
If ¢ = 0o we use Theorem 3.7 applied for truncations 91p(o,r) for sufficiently large

r > ( to obtain

(g% pr)(x) — glz) ask — —oo for ae x€R".
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56 1. ANISOTROPIC HARDY SPACES

By the Lebesgue Dominated Convergence Theorem (8.26) holds also for ¢/ = oo.
Clearly, g * ¢, € C* and moreover

(8.27) g orller, <Mglller, forall ke N.

Indeed, for every B € B and k € N define a function Py by
Py(z) =/ Ty+B9(z — y)wr(y)dy.
Since we can write 7y 4 pg(z —Y) = 374 <s Ca(y)(z —y)* and the coefficients ca (y)

are continuous functions of y, Pk is a polynomial of degree < s. By the Minkowski
inequality

(113| /B (g * o) (2) — Pk(ﬂ?)lq'dg;y/ql
(o o
< /Rn (l—}ﬂ /B lg(r —y) — 7, Bg(x — y)lq/d:C)l/q s

1/q
= /n <ﬁ /y+B lg(z) — m_y1Bg(2)|? dz) er(y)dy < ngllic;,vsiBil-

This shows (8.27).

Formulae (8.26) and (8.27) suggest that it is enough to show the lemma for
g€ sz,"s N C°. That is indeed the case. Let ¢ € C be such that supp¢ C By,
0 < ¢(x) <1, and ¢(x) =1 for x € B_;. We claim that there is a constant C and
§ > s such that

. (9(x —y) — 7y B9z — ¥))er(y)dy

(828) g~ mi,9)dllct, <Cllglley,  forallge Ch NC™,

Indeed, take any g € C’(l], s NC>= with [{|g]llc: < 1. For brevity, we only consider
b q/ys

the case ¢’ < oo; the case ¢’ = oo uses a similar argument. Let G = g — 7p,g.

Since supp ¢ C By, [. IGp|? < fBU |G]9" < |By|''*! = 1. Therefore, if we take

ball Be€ B, B= 1z + By and k > 0 then

|BW<% / lG<x>¢<m>1q’dx)1/q/ <1

Hence, to show (8.28) we can restrict to balls B = zp + By with & < 0. Let
Py =npg =rpG. By (8.9)

(8.29) <|;/B|P1(:c)lq/dx>l/q, <C<ﬁ/B§G(x)|q/da:>l/QI <k

Let P»(x) be the Taylor polynomial of ¢ at zg of degree r (to be specified later},
Le, Po(z) = 3. 4 1<, 0%¢(20)(x — 20)*/cl. By the Taylor Theorem the remainder
satisfies |¢(x) — Pp(x)| < C'|lz — zo|"*! with the constant C’ independent of zp.
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Finally, let P(z) = Pi{x)P»(x) be a polynomial of degree at most § = s+ r. By
the Minkowski inequality and (8.29)

<,/B IG(z)o(x) — P(x”q,dx)l/q, .
(/ |G (x - Pi(x)p(2)| d1>1/q </ |P1(z — Pi(z)Pa(z )|q/d$>1/q/
< ||¢||°°</ |Gz (x)}4 dﬂ?)l/q +§1€11§|@(m) _ </ . dx) .

< |B|l+1/q Ly R sup |z — x| < |B|l+1/q 4 pkd C/(C/\’i>r+1

z€Exg+By
< iB|l+1/Q’ + Cp~k/d p+2/d") (C+ 1)|B|l+1/tJ"
Here we need to choose r large enough such that \"*' > bi+2/d e take r =
LI+ 2/¢"YInb/In A_]. Since B € B is arbitrary this shows (8.28) with § = s+ r.

We are now ready to define a sequence (gg)ren C S for g € Cé/_s NC*>®. Let
Ge = Darg and gr = Da-«((gx — 7B,9x)9)- By (8.22) and (8.28)

109k = 7B gr)9llct, . < Cllgrllcr, = Cbkl[lgllc;,ys
Therefore (8.20) holds, since
(8.30) lowllcs, . = b ¥11(@ — m5,8008lcs,, < Cllgller,
Moreover,

(8.31) gi(z) = g(x) —(Ds rompy 0 Dax)g(z) = g{x) — 7B, 9(x) for x € By_1.

Thus (8.21) also holds.

To end the proof we must relax the assumption that g € C*°. Suppose g € C’é,vs
is arbitrary. Define the sequence (gx)keny C S by gx = Da—+((gk — 7B, Gk )$), Where
g = D4n(g = ). Combining (8.27) and (8.30) yields (8.20), whereas (8.26) and
{8.31) yield (8.21), completing the proof of Lemma 8.5. O

To completely finish the proof of the duality of HP spaces we must establish
Lemma 8.4.

PrOOF OF LEMMA 8.4. Suppose f € ©4 is decomposed into f = Zfil KiGs;,
where 320 |k;[P < oo and a;’s are (p,q,§)-atoms, where § > s is the same as
in Lemma 8.5. Suppose also that g € Cf],)S, 1/¢g+1/¢d = 1,1 =1/p—1. Let
(gk)ken C S be a sequence guaranteed by Lemma 8.5. For every k& € N we have

o o0 oG
(8.32) Lot = [ fou =Y w g =3 milai
=1 =1

since convergence in HP implies convergence in &’ by Theorem 4.5. By (8.21)

lim ai(z)gr(z)de = / a;(z)g{x)dx for all 7 € N.

k—o0 R n
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58 1. ANISOTROPIC HARDY SPACES

By (8.15) and (8.20) we have |Ly, a:| < [|gkllct, < Cllglle:, - Since Y777, k] <
(- |KilP)/P < oo we can take limit as k — oo in (8.32) by the Lebesguc Dom-
inated Convergence Theorem applied to the counting measure on N. This shows
(8.18). O

As an immediate consequence of Theorems 6.5 and 8.3 we have

COROLLARY 8.6. Suppose that 1 > 0, 1 < q,¢ < oo (q,¢ < ifl =0), and

s,s' > [lInb/InX_|. Then Cl, = C(ll,’s, and the seminorms || - HCés’ e,
are equivalent. If I = 0 then ngs = C?,o is the space of BMO (bounded mean
oscillation).

The following simple proposition is very useful.

PROPOSITION 8.7. Suppose g € CN(R") is bounded and all partial derivatives
0%g of order N, |a| = N, are bounded. Then for every 0 <1 < NluA_/Inb and
s> [llnb/lnX_], ge CL_,

PrOOF. The case N = 0 is trivial. If N > 1 then by Corollary 8.6 it suffices
to show that g € C. y_;. We need to show that there exists a constant C' such
that for every dilated ball B € B,

8.33 inf - P(z)| < C|B|".

(8.33) pepf  suplg(z) - Pla) < C|B|

Since g is bounded, (8.33) trivially holds for large balls with |B| > 1. Take any
B = zo + By € B, where zp € R" and k < 0. Let P(z) € Py—_1 be the Taylor
polynomial of g at the point x of order N — 1. By the Taylor Remainder Theorem

lg(z) — P(z)] < C sup [|0%g||oe sup [z|V < C(A_)NF for all x € B.
la|=N z€Bg

Since (A_)" > b!, we obtain (8.33). O

There are redundant alternative ways of defining Campanato spaces. Let A
denote the difference operator by a vector h € R", i.e., Apg(z) = g(x + h) — g(z).
Suppose that [ > 0 and s > 1. Define by C! the space of all continuous functions
g on R™ such that

|An, - Dn.g(@)] < elplhy) + ... + p(hs)) for all x € R™, (hy,...,hs) € (R™)®

for some constant ¢. The infimum over all constants ¢ satisfying the above de-
fines the seminorm of g in C.. Some effort is needed to show that C , = C! for
sufficiently large s and 1 < ¢ < oo, see [Gr, Ja, JTW, Kr] for the isotropic case.

ExAMPLE. The best known example of Campanato spaces occurs when the
dilation A defines the usual isotropic structure on R™, for example if A = 21d. In
this case the Campanato spaces C’;s(R") coincide with the homogeneous Hélder
spaces C7(R™) (sometimes also called Lipshitz spaces A, (R™)) with v = nl, for the
proof see [GR, Section IIL5].

The space C7(R") for v > 0 is defined as follows. Let v = [v] + v — 1,
0 < o/ < 1. The space C7(R") consists of all functions g in C*1=1(R") ([4] — 1
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8. DUALS OF HP 59

times continuously differentiable) with the norm

lollow @y = sup sup BT (ARGl i <L,
la|=[v]—1 heR"\{0}

Iollongn = sup sup  BTHIAZOlle i = 1.
lal=[+1-1heR"\{0}

For example, if 0 < v < 1 then C7(R") is the usual Hélder space consisting of all
functions g satisfying

gl + h) — g(x)| < c|h|” for all x,h € R7,

and if v = 1 then C'I(R”) is the Zygmund class [Zy] consisting of all functions ¢
satisfying

lg(z +2h) — 2g(x + h) + g(x)| < c|h| for all 2, h € R™,
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60 1. ANISOTROPIC HARDY SPACES

9. Calderén-Zygmund singular integrals on H?

In this section we present the theory of Calderén-Zygmund singular integrals
on the anisotropic HP spaces for 0 < p < 1. For p > 1 this theory reduces
to studying LP spaces and therefore follows from the general theory of Calderén-
Zygmund singular integrals on the spaces of homogenecous type, see [St2, Chapter
1.5].

We start with some preliminaries. Let T : S(R™) — S’(R™) be a continuous
linear operator. By the Schwartz Kernel Theorem there exists S € S/(R™ x R™)
such that

(9.1) (T(f).9)=(S.g@f) forall f.gecSER").

Let Q@ = {(x,y) € R™ x R" : x # y}. We say that a distribution S is regular on Q
if there exists a locally integrable function K(z,y) on £ such that

(9.2) S(G)= / K(x,y)G(z,y)dzdy for all G € S(R™ x R™),supp G C Q.
9

DEFINITION 9.1. Let T : S(R") — S’(R™)} be a continuous linear operator.
We say that T is a Calderdn-Zygmund operator (with respect to a dilation A with
a quasi-norm p) if there are constants C' > 0, v > 0 such that
(i) a distribution S given by (9.1) is regular on Q with kernel K satisfying

(9:3) [K(z.y)| < C/p(x —y),
(i) If (z,y) € Q and p(2’ — ) < p(z — y)/b* then
ket e )
(9.4 K () - K] < 02

(iti) If (z,y) € Q and p(y' —y) < p(x — y)/b* then

5 2.4 — K(z.1 M
(9.5) Klo/) = K < ORI

(iv) T extends to a continuous linear operator on L?(R") with ||T|| < C.

A few remarks are needed. It can be shown that operators in the above class are
bounded from L* to weak-L!. This follows from the general theory of Calderén-
Zygmund operators defined on arbitrary spaces of homogeneous type, sce [St2,
Chapter 1]. By the Marcinkiewicz Interpolation Theorem they are bounded from
LP into LP for 1 < p < 2. By taking duals they are also bounded for 2 < p < oo,
hence in the range 1 < p < oc. To obtain these conclusions, conditions (ii) and (iii)
in Definition 9.1 can be relaxed to the weaker Hérmander integral conditions [HG).

The condition (iv) immediately implies that T : § — &’ is bounded. We adopt
this seemingly redundant definition because in many situations the boundedness of
T on L? is not automatic. The operators satisfying all the conditions in Definition
9.1 except (iv) are sometimes called generalized Calderon-Zygmund operators. The
famous T'(1) Theorem of David and Journé [DJ] gives a necessary and sufficient
condition for such T to be bounded on L2. This result was further generalized by
David, Journé and Semmes [DJS] to the setting of spaces of homogeneous type and
to the more general T'(b) Theorem, where b belongs to the special class of admissible
functions, see also [Dv].
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9. CALDERON-ZYGMUND SINGULAR INTEGRALS ON H?P 61

Since we are interested in boundedness results on H? spaces, 0 < p < 1, we must
require much stricter conditions on the kernel K (xz,y) than those given by (ii) and
(iii). These conditions are known in the case when the dilation A is diagonalizable
over R and they involve the appropriate decay of the directional derivatives taken
with respect to the eigenvectors of A, sce {St2, Chapter 13.5] and [FoS, Chapter
6]. For general dilations we must be more careful, requiring smoothness estimates
which hold uniformly after rescaling to the scale zero.

DEFINTION 9.2. We say that T' is a Calderdn-Zygmund operator of order m if
T satisfies Definition 9.1 with K (x,y) in the class C™ as a function of y. We also
require that there exists a constant C' such that for every (z,y) € Q

(96) 921K (- AF)(z, A M) < Clplaz—y) = Cb * for o] < m.

where k£ € Z is the unique integer such that x —y € Bgi1 \ Bx. More formally,
O[K (-, AF)|(z, A~*y) means 8;‘]?(:10, A*y), where K(z,y) = K (x, A*y).

In short, we say that T is (CZ-m) and the smallest C fulfilling conditions
(i)~(iv) of Definition 9.1 and (9.6) is denoted by {|T'{] ().

EXAMPLE. In the case when A is an isotropic dilation, in particular, if A is a
multiple of the identity, then (9.6) takes the familiar form

02K (z,y)| < Cla -y~ for |a| < m.

More generally, suppose A is a diagonal matrix with diagonal terms €%t ...  e®»,
where a1,...,a, > 0 and a = a1 + ...+ a,. Then p given by p(z1,... ,z,) =
Max)<i<n |xi|a/a2 is a quasi-norm associated with A. Pick any x,y € Q with
|det Al¥ < p(x —y) < |det A|*+! for some k € Z. Since

|85 (K (-, AR)](z, A™Fy) = eMlenatetanan)|ghid(z, y)| < Cp(z —y) 7,
where o = (01, ... , o), the condition (9.6) takes a more familiar form
02 K (2,y)] < Cplz — y) I (@rartetanan/e  for o] < m,

see [St2, Chapter 13.5]. However, if A has some non-trivial blocks in its Jordan
decomposition then (9.6) does not have a more explicit form due to the complexity
of the action of A on R™.

The following basic fact provides a sufficient condition for a function to belong
to HP.

LEMMA 9.3. Let (p,q,s) be admissible and § > max{1l/p,slnAy/Inb + 1).
Suppose that f is a measurable function on R™ such that for some constant C > 0

we have

(9.7) (L/ lf(r)iqu>1/q < C|Be| ™7 for some k € Z
| 1Bil Jo, B ’

(9.8) [f(@)] < CIBy| " Pp(A*2)™0  forz € By,

{(9.9) f(@)x®dz =0 forla} <s.

R™
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62 1. ANISOTROPIC HARDY SPACES

Then f € H? with ||f||gr < C', where C' depends only on C.

We remark that {9.9) is meaningful since |f(z)|(1 + |z|¥) is integrable by (9.7)
and (9.8). Indeed, by Lemma 3.2

|f(T)H$‘S < Cp(Aika?)iéc/p(l‘)SIn)\”L/lnb — Cc/bkép(l,)sln)ur/lnbfé for p(x) > 1.

PROOF. Given a ball B € B consider the natural projection g : L'(B) — P;
given by (8.8). Define the complementary projection 7 = Id — mpg, le., igf =
f—mpf. By (8.9) 7 is bounded on L%(B), i.e.,

(9.10) %8 fllLeBy < CollfllLe(m)

with the constant Cy independent of B € B. Moreover,
/ apf(z)z® =0 for |a| < s.
B

We want to represent f as a combination of atoms. To do this define the
sequence of functions (g;)%2, by g; = 7p,(f)1p,. Clearly, suppg; C B; for j > k.
Since ||gx|ly < Collf1B,|lq € CoC|Bx|Y/971/P and gi has vanishing moments up to
order s, g is at most CoC multiplicity of some (p, g, s)-atom (namely (CoC) gx).

We claim that g; — f in L' (and hence in &) as j — oo. It suffices to show
that ||7p, fllL1(s,) — 0 as j — oo. Indeed, let {Q, : |a| < s} be an orthonormal
basis of P, with respect to the L?(By) norm. By the argument used to show (8.9)
we have

i, f ~(Das o, Da)f = 3 ([ Das@@aieii ),

|l <s

-y ( / | f(x)Wdz) bIDa s Qa,

lee|<s

(9.11)

where D f(x) = f(Az). We also have ||D4-;Qallz1 () = ¥||QallL1(B,) < V¥ and

| $@QatATR e =~ [ f@Qa ATz 0 asj oo,
B; Be

5
by (9.9) and the uniform boundedness of coeflicients of the polynomials Q. (A™7x)
for 7 > 0. This shows

(9.12) f=g:+ Z(gj+1 —g5) with convergence in L*(R™).
j=k

In fact, we will prove that we also have convergence in H? by showing that g;11—g;
are appropriate multiples of (p, 0o, s)-atoms supported on B;.1. Indeed,
ng‘f‘l - gJHOC :Hﬁ-Bj-H (f)lB]+1 - 7~rBj (f)]-Bg HOO
(9.13) =f1p, B, = 1B,,,7B,, [ + 18,78, [l
§1|f13j+1\3] ||OO + ||1Bj+17TB]+1fHOO + HlBjﬂ-ijHOC'

By (9.8)
1B \B oo < Cb kippdlk=73) — cp=3/pp(6—1/p)(k~7)
SERY 5 11oo R
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9. CALDERON-ZYGMUND SINGULAR INTEGRALS ON HP 63

Since |[1p, D4-3Qallec = |QalB,llee < C1 for all ja| < s, by (9.9) and (9.11) we
have

115,78, flle < C1b77 Z
le|<s

Since |Qq(x)] < Colz}® for x € Bf for some constant Cy > 0

/ f(2)Qu(A-Iz)dx).
B3

f(@)Qu(A T x)dx

B;

<Gy /B @Al da

< Cy C’|Bk|*1/Pp(A*kx>-§p(A7jx)sln)\+/1nbdx
BC

2

:CQCb—k/pbé(k—j)/ p<A—jx>—6+sln)\+/lnbdx
B

c
3

< C,Cb Pty / o)+ A b gy oo pi(1=1/p) 8 =1/p) k=),
Bg

Inserting the last three inequalities into (9.13) we conclude that
llgi+1 = gilloo < Cab™UTHD/PHE=1PIE=D) for 5 >k,

for some constant Cy. Since g;’s have vanishing moments up to order s, gj+1 — g;
is a x; multiple of a (p, oo, s)-atom a; supported on B,i1, where g;41 — ¢; = K;a,,
Ky = Cyb0~1/PE=0) By (9.12)

=3 1/ Sl 1/
W ller, < <(Coc)p + Z l;gﬂp) ! _ ((COC)P + Cﬁ’zb@él)(ky‘)) P _o
i=k

i=k
which ends the proof of the lemma. o
REMARK. Since translations are isometries in HP we can immediately gener-

alize Lemma 9.3 to functions centered at arbitrary g € R™. Conditions (9.7) and
(9.8) can be substituted then by

1/q
019 (g, lan) < ClB e,
(9.15) |f(x)] < CIBrl"YPp(A *(x —x0))™°  for z € zo + BE.

A function f satistying (9.9), (9.14), and (9.15) with C = 1 is refferred to as
a molecule localized around the dilated ball zg + Bx € B. Hence, a molecule
satisfies all the properites of an atom as in Definition 4.1 with the exception of
compact support condition, which is replaced by a suitable decay condition (9.15).
Therefore, Lemma 9.3 says that, for fixed (p,q¢,s) and decay exponent ¢, every
molecule f belongs to HP with the HP norm bounded by some constant depending
only on (p, g, s) and §. Moreover, by examining the arguments of Lemma 9.3, one
can easily see that, for fixed 0 < p < 1, this constant depends only on é.

We also remark that our definition of molecule is more restrictive than what
normally is understood as a molecule. For properties of molecules we refer the
interested reader to [BS, CW2, GR, TW].
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64 1. ANISOTROPIC HARDY SPACES

Our next goal is to show that Calderén-Zygmund operators map atoms into
molecules. Generally, we can not expect this unless we also assume that our opera-
tor preserves vanishing moments. The precise meaning of this is given in Definition
9.4.

DEFINITION 9.4. We say that a Calderén-Zygmund operator T of order m sat-
isfies T*(x%) = 0 for all |a| < s, where s < mlInA_/In )\, if for every f € L? with
compact support and [ z®f(z)dz = 0 for || < m, we also have [2°T f(z)dz =0
for all |a| < s.

Note that we require that s < mInA_/In AL in Definition 9.4 to guarantee that
the integrals [ z®T f(z)dx are well defined for all |a| < s. Indeed, it follows from the
proof of Lemma 9.5 that |[Tf(x)] = O(p(x)~1="™MmA-/1n8) a5 |2| — o0, and hence
\Tf(z)| = O(p(x) x| ~mBA-/I0A) a5 |z| — oo. We also remark that Definition
9.4 overlaps with analogous property in the isotropic setting investigated by Meyer
in [MC, Chapter 7.4]. Furthermore, the condition T*(z%) = 0 is automatically
satisfied when T is a convolution singular integral operator, which explains why
this condition does not appear in this simpler situation, see [GR, Chapter I11.7].

LEMMA 9.5. Suppose that (p, 2, s) is admissible and an integer m satisfies m >
max((1/p—1)Inb/InA_,sIn Ay /InA_). Assume T is (CZ-m) and T*(z*) = 0 for
|| <'s. Then there exists a constant C, depending only on the Calderdn-Zygmund
norm |[Tl{(my of T, such that |[Tal|gz < C for every (p,2,m — 1)-atom a.

PROOF. Suppose a (p,2,m — 1)-atom a is supported in the ball zg + By. We
estimate T'a separately around and away from the support of an atom a.

(9.16) / (Ta(e)|2dz g/ (Ta(2)2dz < Clla|2 < |B|*-2/.
o+ Brtw RrRn

Suppose € xg + Bigtivwt1 \ Brrisw for some I > 0 and y € 29 + Bx. Then
x — Y € Bpyiyowt1 but £ — y & Biyy. Hence, by (9.6) and the chain rule

(9.17) |8§‘[K(-,Ak+l-)](:v,A_kfly)| <C'Jplx —y) =C'bF ! for |a] < m,

where C’ depends only on the constant C in (9.6). Away from the support of the
atom a, we estimate Ta by

018 irat)l=| [ . K(a:,y>a<y>dy‘ - ‘ [ Rwat i)

where K (z,y) = K(z, A"*!y). Now we expand K (z,y) into the Taylor polynomial
of degrec m — 1 (only in y variable) at the point (2, A~%~!zy). That is,
B;K(I,A*k_lxo)

al

(9.19) K(z,y) = Z

la<m—1

(y/AAkalxo)a_FRm(y/)_

Here we think that ¢/ = A7* !y and that y ranges over x¢ + By, as in (9.18). Since
we are going to apply (9.19) for y' € A~ ~!zy 4+ B_,;, the remainder R,, satisfies

BaG)l <G s sup (00K Dlly — A ol
€A lzg+B_ |aj=m

Sclb‘kil sup LZ|m’
zeEB

(9.20)

This document generated prior to electronic offprints.
Licensed to AMS.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



9. CALDERON-ZYGMUND SINGULAR INTEGRALS ON H? 65

because the partial derivatives of K(m, y) in the variable y of order m satisfy (9.17).
Combining (9.18), (9.19), and (9.20) and using the moment condition of atoms we
have

Ta<a:>|:f / Rm<A“y>a<y>dyrs/ R (A )a(y)dy
zo+ By Jxo+ By

<OV sup 7 [ aly)ldy < € Tk
z€B_,; zo+ B

_ C//b—k/pb—l)\:lm — C/v//bflc/pb—lﬁ7

where § = mInA_/Inb+ 1. Therefore, Ta satisfies (9.14) and (9.15). Furthermore,
we have T*(2%) = 0 for |a| < s meaning T f has vanishing moments up to order
s whenever f € L? with compact support has vanishing moments up order m — 1,
ie., f is a multiple of a (p,2,m — 1)-atom. By Lemma 9.3 this implies that there
is a constant C' independent of a so that ||Tal[gz < C. O

Lemma 9.5 strongly suggests that any Calderén-Zygmund operator T of order
m extends to a bounded operator on the Hardy space H?, where m is sufficiently
large and depends on 0 < p < 1. This requires a careful proof since potentially there
could be a problem with the well-definedness of T on HP, due to the non-uniqueness
of atomic decompositions. This problem is similar to the one we encountered when
dealing with the duals of HP. To overcome this difficulty we need to use an ap-
proximation of a given Calderén-Zygmund operator T' of order m by a sequence of
(CZ-m) operators with nonsingular kernels.

In the following theorem we impose the same constraints on integers m and s
as in Lemma 9.5.

THEOREM 9.6. Suppose T is a (CZ-m) with kernel K(x.y). Then there is a
sequence (T;)iez of uniformly bounded (CZ-m), i.e.. for any i € Z, ||Ti||m) < C,
with nonsingular C*° kernels K;(x,y) such that

(9.21) T.f@) = [ K@iy fors R,

where f € L? has compact support, and
(9.22) T.f = Tf inL? asi— —oo for all f € L?.

Furthermore, if T*(2%*) = 0 for |a| < s then also (T;)*(x®) = 0 for all o] < s and
ieN.

One possible approximation technique for Calderén-Zygmund operators in-
volves the truncation of the kernel. Given a C function ¢ such that ¢(z) = 0
for z € B_1, p(z) = 1 for € (By)° we can define kernels K; by K,(z,y) =
K(z,y)p(A (x — y)). By adapting arguments of Meyer in [MC] it is possible to
show, though it is not automatic, that the family of the corresponding operators
(Ti) is (CZ-m) with uniform constants. Furthermore, 7;,’s (after taking a subse-
quence) converge weakly to M, + T as i; — —oo, where Mj, denotes the operator
of multiplication by a function h € L™, see [MC, Chapter 7, Proposition 3]. How-
ever, if K (z,y) is not a convolution kernel then in general the T;’s might not pre-
serve vanishing moments. Thercfore, this approximation is not suitable for showing
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66 1. ANISOTROPIC HARDY SPACES

boundedness of T' : H? — HP. It can be used, though, to show boundedness of
T:HP — LP.

Instead we are going to use an approximation based on smoothing by a convo-
lution with a compactly supported smooth function ¢. Indeed, suppose ¢ is C*°,
supp ¢ C Bp and [ ¢ = 1. For any i € Z define a convolution operator R; : 8’ — &',
by

(9.23) Rif = f*p,.

By Lemma 6.6 for every 0 < p < co we have

(9.24) 1R fllm» < Cllfllme,

and by Theorem 6.8,

(9.25) 1_1}11100 NRif — fllur =0 for every f € HP.

We are now ready to present the proof of Theorem 9.6.

PRrROOF OF THEOREM 9.6. We define operators T; by T; = R, T R;, where R; is
given by (9.23). Since T; : § — &’ it has a kernel K; € S'(R™ xR") by the Schwartz
Kernel Theorem. We claim that K is a regular distribution which is identified with
the function K; given by

(9.26) Ki(z,y) = (T(1ypi)s TP,

where @;(z) = vi(—2). Indeed, recall that for any f € &', R;f = f * ¢, is a regular
distribution identified with R, f(x) = f(7.%:). For any ¢ € S, R;TR;(%) is also
regular distribution and

(RioT o Ri)y(x) = (TRi(¥), 7 @) = (T * ¥), 7 f1)

= <T(/¢(y)%(. —y)dy>,n<ﬁi> = </¢ (ry0:) )dyﬁrz¢i>
/d) T(1y @), TaPi)dy.

The next to last equality is justified by approximating the integral in L? by finite
linear combinations of functions ¢(- — y) for y € R™. This shows (9.26). Moreover,
if x —y ¢ 2B; C B,y then supports of 7,¢; and 7,¢; are disjoint and

Ki(x,y) = (T(1yps), T ds) = / K (u,v)pi(v — y)dvp,(z — u)du
(9.27) n e

= /n - K(z — u,y + v)pi(w)(v)dudv.

Fix (zo,y0) € Q and suppose that zo — yg € Birow+1 \ Biyo, for some [ > 3.
Since u and v range over B; in (9.27) 2 —u — (yo+v) = To — Yo — U —V €
Bf o, + Biyw C Bf, . Also xg — yo —u — v € Bjy3,+1. Note that for la] < m

(9.28) O [K(-, A2 / / OS[K (- —u, AT 40)](z, y) i (u)ii (v)dudv,
by moving the differentiation inside the integral. By the chain rule and (9.6) there

is a constant C' so that

(9.29) 02K (-, A2 (0 — u, A2 (o +0)] < €672
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9. CALDERON-ZYGMUND SINGULAR INTEGRALS ON HP 67

for all |a| < m and u,v € B;. Combining (9.28) and (9.29) we obtain
(9.30) |0y [K (- AN (2o, AT 2y0) | <O = Clplao — o)

Suppose next that o —yo € Bi+1 \ By for some | < i+ 2w. We claim that there
is a constant C’ such that

(9.31) 05K (-, A)](z, )| < C'b7F < C'vplag — yo) ~*

for all (z,y) € R* xR™ and |a| < m. In particular, by choosing (z,3) = (20, A~ o)
we obtain the estimate (9.6) for the kernel K;. To see (9.31) for @ = 0 we use (9.26)
and the Cauchy-Schwarz inequality

(K, )| < 1T11eall = ITIIel1367 = C'b "

For o # 0 we need an additional argument. Define the mapping H : R® — L2(R")
by H(y) = Tat,pi- Clearly, H is a C*° function on R™ with values in the Hilbert
space L?(R™). Moreover, To H is also C* and 9%(T o H) = T o8*H for any multi-
index «, since bounded linear maps commute with the differentiation. Consider
also the function h(x,y) = Ta,pi(x). For fixed y € R™, supph(-,y) C Aly + B;.
Also for |a] <m

|05 bz, y)| = b7'195 o(A™ (@ ~ AT))(y)| = BT 0 (AT e — AT ) (y)| < C"b7,

by the chain rule since ¢ is "> with compact support and [ — ¢ < 2w. Therefore,
for any y € R™,

032 G - [ oghm)Par - [ jogne s < o
R J Aly+B;

Therefore, by (9.32) and the Cauchy-Schwarz inequality

O [Ki (-, A ()| = [(0°(T o H)(y), 20)| < [|THI[(0° H (), 7283)|
< ITM16g Hw)ll2llwillz < CIITIell2b7",

which shows (9.31). The estimates (9.30) and (9.31) cover the whole range of
(z0,y0) € Q and they imply that the T}’s are (CZ-m) with norms |[T|(,,) inde-
pendent of i € Z. Clearly, T;’s are uniformly bounded on L? since the R;’s are
uniformly bounded on L? by (9.24). Moreover, (9.22) holds by (9.25). Moreover,
K;(x,y) is a smooth kernel function on R™ x R™ by (9.26). Hence, T; has a nonsin-
gular kernel K;(x,y) satisfying (9.21) initially for f € S. By a density argument,
(9.21) holds for all f € L? with compact support.

Finally, we ought to show that given a function f € L? with compact support
and [ f(z)z® = 0 for |a| < m — 1 we have [T;f(z)z* = 0 for |a| < s. Thisis a
consequence of Lemma 9.7. Indeed, R;f is also in L? with vanishing moments up
to order m — 1, hence it is a multiplicity of some (p, 2,m — 1)-atom. By Lemma 9.5,
TR, satisfies the decay estimate (9.15) and has vanishing moments up to order s.
Therefore, by Lemma 9.7, R;TR; f has also vanishing moments up to order s. This
ends the proof of Theorem 9.6. U

LEMMA 9.7. Suppose [ satisfies f(z)(1+ |z|™) € L! and [ f(z)z*dz =0 for
|al < . Then we also have [ R; f(z)x%dx =0 for |af < m.
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68 1. ANISOTROPIC HARDY SPACES

ProoF. For any |a| < m by the Fubini Theorem
| Rtz = [ [ 5o~ vl)dyds
Rn n n
= / / (z +y)* f(z)pi(y)dzdy = 0,

because the integrand belongs to L' (R™ x R™) since the support of ¢ is bounded.[]

We are now ready to prove the main result of this section.

THEOREM 9.8. Suppose T is a Calderon-Zygmund operator of order m. If p
satisfies
2
(InA_) m,
Inbln Ay

then T extends to the continuous linear operator T : HP(R™) — HP(R™) provided
T*(x*) =0 for|la| <s=[(1/p—1)Inb/InA_].

(9.33) 0<1/p-1<

Proor. Note that (9.33) guarantees that p and m satisfy the assumptions of
Lemma 9.5 and Theorem 9.6, i.e., m > max((1/p — 1)Inb/InA_.slnAy/InA_).
Let (T;)iez be the sequence of operators with kernels K;(z,y) given by Theorem
9.6. We claim that for any (p,2,m — 1)-atom a we have

(9.34) Tia — Ta in HP as i — —oc.

Indeed, if a is supported in the ball zq + By then R;a is supported in zg + By
for i < k. Since |la - R;alla — 0 as i — —o0, therefore a — R;a is a x; multiple of
some (p,2,m — 1) atom for ¢ < k by Lemma 9.7. Furthermore, k; — 0 as i — —oo.
By Lemma 9.5, |[T'(a — R;a)|{gz  — 0 as i — co. By (9.24) and (9.25),

[|Ta — RTR;all%, <||Ta— RiTall%, + |Ri(Ta — TR a)||%, — 0 asi— —o0,

which shows (9.34).

The kernel function K;(x,y) of T}, given by (9.26), is C*°. Furthermore, by
the Cauchy-Schwarz inequality all partial derivatives of K;(x,y) of order < N are
uniformly bounded for any natural number N. By taking N > (1/p—1)Inb/InA_
we conclude by Proposition 8.7 that K;(x,-) belongs to the Campanato space Crl)o,s
with I =1/p — 1 for any fixed z € R™. Furthermore,

(9.35) 1K (2, )| ammr < C())  for all @ € R,

and for some constant C' = C(i) depending only on i € Z.

Take any f € L? with compact support and vanishing moments up to order
m—1, thatis f € ©2 ;. Let f = 2 jen fja; be an atomic decomposition of f into
(p,2,m — 1) atoms with 3~y |s;[P < 2[|f[|%» . By the duality Theorem 8.3,

2,m-—1
K;(z,-) defines a bounded functional on H? and by (8.18) and (9.35),
{9.36) T f(z) = Z k;Tia;(x) for every x € R”.
JEN

Furthermore, the convergence in (9.36) is uniform on R™ by (8.15) and (9.35), and
hence the series in (9.36) converges in &’. By Theorem 9.6, T;’s are uniformly
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9. CALDERON-ZYGMUND SINGULAR INTEGRALS ON HP 69

bounded (CZ-m) and hence by Lemma 9.5, ||T;a;|lu» < C for some constant C'
independent of ¢ and j. Therefore,

(9.37) T,f = Z k;Tia; convergence in H?,
jeN
Moreover,

T3 W < 7 Iis PITias e < 2C7NAIEy

1

Combining this with (9.34), (j9€.§7), and letting ¢ — —oo, we obtain
(9.38) T fllur < ClIfllge for f€O©Z_,
for some constant C’ independent of f. Moreover,
(9.39) Tf= Z k;Ta; convergence in HP.
JEN

Since ©2,_, is a dense subspace of HP, T extends uniquely to a bounded operator
in H? by (9.38). U

As a consequence we conclude that for any f € HP with f =3 jen
> jen |KjIP < 0o and a;’s are (p, 2, s)-atoms, we can compute T f by applying the
formula (9.39).

In the case when T does not necessarily satisfy T*(z®) = 0 for Ja| < s, we still
have a boundedness result which is analogous to Theorem 9.8.

Kja;, where

THEOREM 9.9. Suppose T is a Calderén-Zygmund operator of order m. If p
satisfies (9.33) then T extends to the continuous linear operator T : HP(R™) —
LP(R™).

PRrROOF. The proof follows along the lines of the proof of Theorem 9.8 with
the exception that (9.34) may not hold, since Ta may not even belong to H? for a
{p,2,m—1) atom a. Nevertheless, Ta(x) satisfies the same size estimates (9.14) and
{9.15) as in Lemma 9.5. Therefore, ||Ta||r» < C for some constant C depending on
[|T'f](sn), but independent of an atom a. Moreover, (9.36) still holds for f € ©2 _,
and consequently ||T;f||z» < C||f|lg» for all i € Z and f € ©2,_,. By (9.22)
we have T;f(z) — Tf(z) for a.e. z € R™ as i — —oco (possibly after taking a
subsequence). Therefore, by Fatou’s Lemma ||T f||z» < C||f||z» for all f € ©2

m—1-
Therefore, T has a unique extension from HP into LP, which concludes the proof
of Theorem 9.9. O
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70 1. ANISOTROPIC HARDY SPACES

10. Classification of dilations

In this section we investigate the question when two different dilations generate
the same anisotropic Hardy space H? for some 0 < p < 1. We give a necessary and
sufficient condition for this to happen in terms of the spectral properties of these
dilations. We start with two basic lemmas.

LEMMA 10.1. Suppose D is an n x n matriz. If ||D|| < ¢1 and |det D| > ¢
for some ¢1,co > 0 then there is a conslant ¢z = c3(c1,¢2) > 0 independent of D
such that |Dz| > cs|z| for all z € R™. Similarily, if |Dz| > ¢1]z| for oll z € R™
and |det D} < ¢y for some ¢1,co > 0 then there is a constant cs = c3(cy,c2) > 0
independent of D such that || D] < cs.

LEMMA 10.2. Suppose we have two dilations A1 and Ay on R™. Let p; and
p2 be the quasi-norms associated to A1 and As, respectively. Then p1 and po are
equivalent if and only if

. . k lek]
(10.1) zenéf}f{o}iré% |AYzl/|A3 2 > 0,
or
(10.2) sup sup|A’fz\/|A2LEsz| < 00,
zeR™\{0} k€Z
where
(10.3) e =¢e(A41,As) = In|det A1|/In|det As|.

PROOF. Note that for every k € Z
1= |det A |*|det As|™F < |det A1|¥| det Ay|~ L~

(10.4) _Lek]
= | det(AYAS ") < | det A;|F|det Ap| 1 = | det Ay).

By Lemma 10.1 applied to A’fA;LEkJ we obtain (10.1) is equivalent to (10.2).

Assume that (10.1) and hence (10.2) holds. Let ¢ and d denote the values of
(10.1) and (10.2), respectively. Fix r > 0 so that for every z € R™\ {0}, and i = 1,2,
there exists k € Z such that 1 < |AFz| < r. Clearly, r = max(||A1]/,||Az||) works.
Denote

g =inf{p1(2): 1 < |z| < r}, dy =sup{p1(z) : 1 < |z| < r},
co = inf{p2(2) : 1/d < |z| < r/c}, da = sup{p2(z) : 1/d < |z| <r/c}.
Fix z € R™ \ {0} and choose k € Z such that 1 < |A¥z| < r. Clearly
(10.5) | det Allfkcl < p1(z) < |det A1|*kd1.
By (10.1) and (10.2)
1/d < |AS* 2| < /e,
thus by (10.4) and (10.5)
pa(w) = | det As|~L*) oy (A7) < | det Ao| ~LM sup{pa(2) : 1/d < |2 < v/c}
< |det Ay| 7| det Ag|da < py(z)ey da| det Ag.
Similarily

pa(x) = pr(@)dy inf{pa(2) 1 1/d < [z < v/c} = pi(x)d] ea.

This document generated prior to electronic offprints.
Licensed to AMS.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



10. CLASSIFICATION OF DILATIONS 71

Since z € R™ \ {0} was arbitrary the quasi-norms p; and ps are equivalent.
Conversely, assume p; and py are equivalent, i.e., there is a constant C > 0 so

that 1/Cpe(x) < p1{x) < Cpa(z). For any z € R™ with |z] = 1 we have by (10.4)

pr(ARAT IR ) = det Ay Fp1 (A5 1) 2) < O det AP po(Ay 1 2

(10.6) o )
< Cldet Aq|*| det Ag)1¥ py(2) < Cdet Ag|sup{pa(x) : |z =1} = D

Clearly, for any » > 0, {z : p1(z) < r} is a bounded set in R™ if p; is a step
homogeneous quasi-norm. By Lemma 2.4 the same is true for any quasi-norm.
Hence there is a constant d > 0 so that {z : p1(z) < D} C {z : |z| < d}. Therefore

by (10.6), IA’fAQ_LCsz| < d. Since z was arbitrary we obtain (10.2). This finishes
the proof of the lemma. (]
Our next goal is to show the following theorem.

THEOREM 10.3. Let p1 and py be the quasi-norms associated to dilations Aq
and Az, respectively. Then p1 and ps are equivalent if and only if for all T > 1 and
allm=1,2,...

(10.7) span | ) ker(A; — Ad)™ =span | | ker(Ay — AId)™,
(A|=re Al=r

where € is given in (10.3). In (10.7) we think of A; and Az as linear maps on C™.
Since A; (i = 1,2) is a real matrix then the complex subspace
span(ker(A; — AId)™ U ker(A; — A[d)™) C C™,
is in fact a complexification of the real subspace
span(ker(A; — AId)™ Uker(A4; — A d)™) NR",

for any A € C, and m = 1,2,... Moreover, the conditions (10.1) and (10.2) are
equivalent to respectively

10.8 £ inflAkz|/|ASM 2] > 0,
(10.8) cedf oy nf |ATz]/]A5 2
(10.9) sup Sup]A]le/|A£6sz| < 0.

2€C™\{0} kEZ

LEMMA 10.4. Suppose A is n x n complex matriz. For any z € C*, r > 0, and
m=0,1,...

(10.10) zeE(r,m+ 1)\ E(r,m), where
(10.11)
E(r,m) = E(A;r,m) —span< U ker(A—Ad)™u | ) ker(A - Ald)" )
|Al=r |Al<r

if and only if [Akz| ~ EMrE gs kb — 00, d.e., there is a constant ¢ > 0 and kg € N
so that

(10.12) 1/ck™r* <|AFz] < ck™rF  for all k > ko.
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72 1. ANISOTROPIC HARDY SPACES

PROOF. Suppose J is a 7 by j Jordan block associated with an eigenvalue A,

ie.,
A1 0
A1l 0
(10.13) J= IR
A 1
A
The kth iterate of J is equal to

pg(k)Ak pl(k))\k_l pg(k‘)/\k_2 - pj_l(k))\kwj+1
po(R)NF pr(R)ASTY pa(k)ART2 :

(10.14) J* = ' L L ; :

Po(RIAE pr(R)AFT

po(k)A*
where p;(k) is given by the recursive formula
1 i=0, k=0,1,...,
pik)=¢ 0 i=1,...,5—1,k=0,...,i—1,

pi_l(k—l)—i—pi(k—l) 1=1,...,7—1, k=id1+1,...
In particular, pi (k) =k, p2(k) = k(k — 1)/2, and by induction

k(k—1)...(k—i+1)

1!

(10.15) pi(k) =

Take any 0 # z = (z1,. .. ,zj)E(Cj. Let m =0,...,j — 1 be such that
z € ker(J — AId)™! and =z ¢ ker(J — A[d)™.

Equivalently, m is the unique index which satisfies 2,41 # 0 and 2;41 = 0 for all
i > m. If A\ # 0 then by (10.14) and (10.15)

752 Jomal
kmAF A mm

as k — oo.

This shows Lemma 10.4 in the case when the matrix A is a single Jordan block.

In the general case we can use the Jordan Theorem to write A as A = UBU !,
where U is a nonsingular n x n matrix and B = @%_, J;, where J; is a Jordan block
of size j; associated with the eigenvalue A;. We can assume that [A;| < ... <[\
and j1 + ...+ jp = n. For the convenience we define i =0, {; = j, + ...+ ji—1 for
i=2,...,p. We define the basis {v; : { = 1,... ,n} of Jordan decomposition by
vy = Uey, where {e; : Il =1,... ,n} denotes the standard basis in C™.

Note that E(r,m) C E(r',m/) if r < v or if r = v’ and m < m/, where
E(r,m) is given by (10.11). Also if r £ [X\;| for all ¢ = 1,... ,p, or m = 0, then
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10. CLASSIFICATION OF DILATIONS 73

E(r,m) = {0} if r < [M] and otherwise E(r,m) = E({A;],n), where i is the largest
index so that |A;] < 7. Since E(|A,],n) = C™ therefore we can express C" as

p n-1
(10.16) c"=EQ0n)u |J [ EWlm+1)\E(N],m).
i=1

m=0
PA 170

If 2 € E(0,n) then (10.10) can not be fulfilled for any r > 0 and |A*z| = 0 for
all k > n. Suppose that z € E(JA;|,mo + 1) \ E(|Ai,|, mg) for some i = 1,... ,p,
[Aip] # 0, and mg = 0,... ,n — 1. Let i1 = min{i : [A;] = |Ai, |}, and ie = max{i :
IAi| = |Aig|}. Observe that E(|\;, |, m) consists precisely of vectors >, a;u;, where
a; € C, and a; = 0 if either [, <lorl;+1+m <[ <[;+j; for some 4, i1 <1 <.
Hence, we can write z as 25:21 a;v;. By (10.14) we have for k € N,

iz Li+di iz li+js
Akz = ZA’“( Z awl> = Z U( Z alBkel>
i=1

I=l;+1 =1 I=l;+1
in Li+ds Lit3s
k—(l'—1
(0.7 =Y (X S et a)
i=1 I=l;+1 I'=l
i Li+d: Lt
k—(l'—1
S 3D Sl b ST
i=11l=l+1 - I'=l

Since z € E{| A |, mo+ 1)\ E(| A ], mo), we have a; =0 [, +1+mo+1 < I < i+
for some 14, 11 < ¢ < ig. Also there exists 7/, 11 < ¢’ < iy, mg + 1 < ju such that
a;p # 0, where I’ = I + 1 + mg. Therefore, all the coefficients of the v’s in
the brackets (10.17) are dominated asymptotically by k™| \g|* as & — oo and at
least one coefficient (the coefficient of v;, ;) behaves asymptotically as k™0 |Ao|*
as k — oo by (10.15). Since the norm |U -] is equivalent to the standard norm | - |,
this shows that there exists a constant ¢ > 0, and kg € N so that

1/ck™ | Ag|F < |ARz| < ck™|Nol®  for all k > ko,

i.e., (10.12) holds.
This combined with (10.16) also shows the converse implication. O

PROOF OF THEOREM 10.3. Lemma 10.2 says that the quasi-norms p; and pg
are equivalent if and only if (10.8) and/or (10.9) hold. Assume that this hap-
pens. For r > 0 and m = 0,1,..., let E(A;;r,m) be the linear space given
by (10.11) corresponding to the dilation A;, ¢ = 1,2. By Lemma 104, if z €
E(A;r,m+1)\ E(Ay;r,m) then |AF2| ~ k™r* as k — oo and by (10.8) and (10.9),
IAgeszl ~ k™rk so |Akz| ~ E™rF/€ as k — oco. Therefore, z € E(Ag;rt/¢,m +
1)\ E(Ag; /¢, m). Since the sets E(A;;r,m+ 1)\ E(Ay;r,m), r>1, m=0,1,...
partition C™ \ {0} for ¢ = 1,2, we have E(Ay;7r°,m) = E(Aq;r,m) for all » >
0, m = 0,1,.... Analogously, by considering matrices Al_1 and A; L we have
E(A{Y ¢ m) = E(AyYr,m) for all » > 0, m = 0,1,... Since E(A;;r,m) N
E(Ai_l;r_l,m) = spanUw:r ker(A; — M Y™ for all > 0, m = 0,1,..., we have
(10.7). By reversing this argument we obtain the converse implication. O

We are ready to state the classification theorem for dilations generating the
same anisotropic Hardy space H?, 0 < p < 1.
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74 1. ANISOTROPIC HARDY SPACES

THEOREM 10.5. Suppose we have two dilations A1 and As on R™. The follow-
ng are equivalent:
(i) the quasi-norms py and ps associated to A1 and As, respectively, are equivalent,
(i) (10.7) holds for allr > 1, m=1,2,...,
(iii) the anisotropic Hardy spaces HP associated to Ay and As are the same for some
0<p<l,
(iv) the anisotropic Hardy spaces HP associated to A1 and As are the same for all
0<p<l.

REMARK. We claim that the atoms introduced in Definition 4.1 can be alter-
natively defined as follows. Suppose A is a dilation and p its associated quasi-norm.
We say a triplet (p,q,s) is admissible (with respect to dilation 4) if 0 < p < 1,
1<g<oo,p<qg,s€N,and s> [(1/p—1)Inb/InA_|, where b = |det A|, and A_
is such that (2.1) holds. A (p,q, s)-atom (associated with dilation A) is a function

a such that
(10.18)
suppa C {z: plzg —z) <r} for some r > 0,20 € R",
(10.19)
lally < 7072,
(10.20)

/ a{z)zrdr =0 for |a} < s.

Indeed, if p is the step homogeneous quasi-norm then the above conditions for
r = b, j € Z coincide with Definition 4.1. If p is a general quasi-norm then by
Lemma 2.4 there is a constant ¢ > 0 so that for every atom a satisfying (10.18),
(10.19), and (10.20), ca is an atom in the sense of Definition 4.1. And vice versa.
Therefore, the definition of atoms is independent of the choice of a quasi-norm up
to the equivalence of a multiplicative constant.

We can also replace conditions (10.18) and (10.19) by

(10.21) suppa C xg + AB(0,1) for some j € Z,z¢ € R”,
(10.22) llallg < [A7B(0, |77,
where B(0,1) = {z : |z| < 1}.

ProoF. Theorcm 10.3 states that (i) <= (ii). (i) = (iv) is a consequence
of the above Remark. (iv) = (iii) is automatic. It suffices to show (iii) == (ii).

Assume that (iit) holds for some 0 < p < 1. Our goal is to show (ii). Denote
the Hardy space associated to the n x n dilation matrix A by H%(R™) or simply
HY. We claim that H) = HY implies that there is a constant C' > 0 so that

(1023)  1/Clflluz, <z, < Cllflluy,  forall f e B = HY,.

By Theorem 6.9 and the following Remark, (10.23) is equivalent to the same condi-
tion being satisfied for all bounded, compactly supported functions f with vanishing
moments up to order s, where s is large enough so that triplet (p, 0o, s) is admissible
for both A; and As. The family of such functions consists precisely of scalar mul-
tiples of (p, 00, 8)-atoms (associated with A or As). It is not hard to see that the
equivalence of norms for atoms implies the corresponding statement for all elements
of Hf&1 = Hﬁz, ie., (10.23).
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10. CLASSIFICATION OF DILATIONS 75

If (10.23) fails then we could find a sequence of elements (f;)ien in Hfh 80
that HfiHHﬁl < 27" and ||fz'HH£2 =1 for all ¢ € N (or the similar statement with
the norms || - HHZI’ l - HHﬁz interchanged). For any choice of vectors k; € R™ the
series Y, Tk, fi converges in HYj (and hence in §'), since )7, HfiHI;{Zl < 00,

see Proposition 4.5. Here 7. f(x) = f(x — k) denotes the translation of f by the
vector k € R™. We claim that for some choice of k;'s, ),y T, fi does not belong
to H 22. Indeed, if M denotes the {grand) maximal function associated to Ay then
find the sequence of numbers (r;);en 50 that

(10.24) / Mfi(z)Pdr >1—-2""1  forallieN.
B(0,r;)

Choose k;’s so that the balls B(k;, ;) are mutually disjoint. Let f =3, 7% fi €
S'. Foreach jeN, 7, f; = f ~ Z#j Tk, Ji with convergence in &', hence

1/p
M, () < MFa) + X Ml f)(0) < (MFP + X M )P )
i#j i#j

for all z € R™. In particular
Mf(@)P > M(7i, fi)(@)P = > M(s, fi)(x for z € B(k;, 7).
i#]

Integrating the above and using 7,01 = M7, we have

/B(kﬂj) M f(z)Pdr > /B(k“m (A[(Tkjfj)(m)p - Z]\'f(Tk[fi)(m)p) dx

i#j

:/B(o.r])]\[fj :L“)de—Z/ Mf,(x)Pda

iz Bk —kiry)
>1 Z/ M fi(a)Pde > 3/4 =271 =1/4,
iy 7 BOT) €N
by (10.24) and f,, M fi(z)Pdz = 1. Summing the above over j € N we have
/ Mf(x dr>Z/ M f(z)Pdz = oo
R™ jEN B(k;,r;)

Hence, f ¢ HY which is a contradiction of (iii). Therefore (10.23) holds.

We remark that if A is a dilation then D4 f(x) = | det A|'/? f(Az) is an isometry
on H'. More precisely, if f € &’ and ¢ € S then we define D4 f by

(Daf.p) = [det AP f p(AT1)).
Indeed, by a simple calculation we have
MO f(Az) = |det A|VPMI(Daf)(z)  for x € R",
and by the definition of the grand maximal function and a change of variables

(10.25) fllms = DSl for all f € HE,
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76 1. ANISOTROPIC HARDY SPACES

Consider the family of functions f on R™ so that

(10.26) supp f C zg + A{IAgQB(O, 1) for some j1,j2 € Z, x5 € R,
(10.27) [ flloe < | det Ay|791/P| det Ag| 77277,
(10.28) (x)z%dx =0 for all |of < s.

R'Vl

We claim that there is a constant C’ > 0 so that || f||zz < C’ for every f satisfying
1

(10.26)-(10.28). Indeed, for any such f, D 5

2

Az_j2A1_j1:r0 + B(0, 1), has L* norm less than 1, and has vanishing moments up
to order s, hence is a constant multiple of an atom (satisfying (10.20)—(10.22) with
j =0 and g = o¢). The claim now follows from (10.23) and the iterative form of
(10.25). Finally, let fo be a fixed function satisfying (10.26)—(10.28) with z¢ = 0,
J1=7J2=0,

D 45 [ has support contained in
1

dg for all z € B(3/4e;1,1/4),

(10.29) folz) = { 0 forall z ¢ B(0,1/2) UB(3/4e1, 1/4).

It is clear that if §p > 0 is sufficiently small a function fy satisfying the above
constraints exists.

To finish the proof, assume on the contrary that (ii) fails. By (10.2) this means
that either

limsup || 45 A5 )| =00 or limsup||AfA, "M)| = cc.
k—o00 k——00

Tt is not hard to see the limsup can be replaced by lim using the idea in the proof
of Theorem 10.3. For any k € Z define d(k) as the smallest integer so that

| Ak Ay R <
Clearly, we have
—~|ek|—d(k —|ek]—d(k - -
|| A A5 LEITA = Ak A, LR A Ag 7 > (] Ag] L

We either have d(k) — oo as k — oo or d(k) — oo as k — —oo. We will fix our
attention on the case when d(k) — oo as k — o0; the other case is identical.

For simplicity denote Q = A¥A, Lek=d(k) T et 2 € R™ |2i] = 1, be such that
|Qrzi] = ||Qrl| =: c(k). We know that ||A2]|7* < c(k) < 1. Let Ug be a unitary
matrix such that Uge; = z,. Consider function

(10.30) fr =Dy fo=Dg 1Dy fo,

The function fi clearly satisfies (10.26)—(10.28) with xo =0, j1 =k, jo = —|ek]| —
d(k) Since QkUkB(O, 1/2) C B(O,C(k)/Q) and QkUkB(B/Zlel, 1/4) = QkB(3/4zk,
1/4) then by (10.29) and (10.30)

x € B(0,c¢(k)/2) and fi(z)#0 =

(10.31) r € QpB(3/42,.1/4) and  fi(x) = 6,
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10. CLASSIFICATION OF DILATIONS 77

FIGURE 3. THE SUPPORT OF f IS CONTAINED IN THE SHADED
REGIONS. THE FUNCTION f; IS EQUAL TO § IN THE DARKER
ELLIPSE.

where 8, = 8| det A1|*/P| det Ay|LF)/P+dk)/P Let € S be a nonnegative func-
tion such that

(10.32) o(z) = { 1 for z € B(0,1/8||42||7%),

L0 forz & B(0,3/16]] Az 1).

We claim that ||[MJ fi|l, — o0 as k — co. Indeed, if z € B(3/4Qxzk,1/16||A2|| ")
then

M fi(2) = | fi x p(2)] =

fe(@)o(z — x)dx
R~

10.33
( ) = 5k/ 10, B(3/42.1/4)(2)0(2 — z)dx
R"L

> 6k |B(z, 1/8]| 42| 7") N QuB(3/42x, 1/4)],
by (10.31) and (10.32) since ¢(z — z) # 0 implies
z € B(0,3/16][A|| 1) + B(3/4Qxzk, 1/16{| As||71) = B(3/4Qx 2k, 1/4]|A2|| ),

and hence x € B(0,¢(k)/2)¢. By (10.33) and Lemma 10.6 applied to P = 1/4Q
and r = (2¢(k)||Az|]) 1
Mgfk(z) > 0,|B(z — 3/4Qr 21, 1/8]|A2)| 1) 1 PB(0, 1)| > 61 (r/2)"|PB(0, 1)]
> | det Qr||B(0,1/4)[6x (4[| A2|]) ™"
> §o| det Ap| (@R =DA/P=1B(0, 1/4)[(4]] A2]]) ™™ = ¢| det A ¥ E/P=1)
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78 1. ANISOTROPIC HARDY SPACES

by {10.4). Therefore, if p < 1 then

[ mesora:= | MO felzPd
R B(3/4kak,1/16||A2H71)

> ?|B(0,1/16|| A||71)|| det Ay *FE-P) 00 as k — .

By Theorem 7.1, ka”Hi — o0 as k — oo which contradicts ka“Hj; < (.
1 1

Therefore, (ii) must necessarily hold if p < 1.

The case p = 1 requires a special argument. We have [|fk|l1 = ||foll1 and
supp fr C @xB(0,1) for all k € N. Since S is a separable space there is a subse-
quence ( fx, Jicn converging to some f € &', and r = limy o ¢(k;) exists. Clearly f
is a regular Borel measure with compact support which is singular with respect to
the Lebesgue measure since | supp fx| — 0 as k — oo, Furthermore, f # 0 which
can be verified by testing f with an appropriate (nonnegative, radial) test func-
tion ¢ € S vanishing on B(0,7/2). Let M denotes the (grand) maximal function
associated to A;. By Fatou’s Lemma

M f(z)dz < / liminf M fi,(z)dz < lim inf/ M fr, (x)dx
R 00 i—0 n

Rn
< liminf || fi, ||y < C7.
100 ’ Al

Hence f € H)y . But f ¢ L' which is a contradiction of Hj (R™) C L'(R"). This
finishes the proof of Theorem 10.5. g

LEMMA 10.6. Suppose I' = PB(0,1) = {x € R" : |P~'z| < 1} is an ellipsoid,
where P is some nondegenerate n X n matriz. For any 0 <r < 1/2 we have

B(z [[Pllr) N T
Tl

> (r/2)"  for all z € B(0,||P||r/2).

PROOF. Let ¢ = ||P||. For any z € B(0,cr/2), B(0,cr/2) C B(z,cr) hence

B(z,cr)NT| S |B(0, cr/2) N PB(0, 1)] _ |P71B(0,cr/2) N B(0,1)|

Ll - \PB(0,1)] B0, 1)]
IB(0,7/2)nBO,1)] _, .
> B =(r/2)". O

We close this section with a simple example of a distribution that differentiates
most anisotropic HP spaces. Although this example gives only a necessary condition
for H) = HY% ,0 <p <1, it motivated the author toward Theorem 10.5.

LEMMA 10.7. Suppose 0 < p < 1 and A is a dilation. For fized z € R" \ {0},
let f=00—0, €S8, where 5, denotes the point mass at z. Then

(10.34) / M2 f(z)Pde < 0o <= Z|A_lz|7’1detA|(1_p>l < o0,
R =1

where € S, [ #0.
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10. CLASSIFICATION OF DILATIONS 79

PROOF. Since M2dy(z) ~ 1/p(x), where p is a quasi-norm associated to A,
M3 is locally in L? (0 < p < 1). Therefore, only the behavior of M at infinity is
of importance. For simplicity we choose a nonnegative p € S so that ¢(z) =1 for
all x € By and supp ¢ C By, where B;’s come from Definition 2.5. By the Mean
Value Theorem

/ [(Vp(z), wyPde > 0 for any w € R™ \ {0},
Bi\Bo
where Vo is the gradient of ¢. By continuity

inf (V(z), w)|Pdx > 0.
lwl=1JB\B,

Since {p(z) — ¢z —w)— (Vo(z), w)|/|w| — 0 as Jw| — 0 uniformly over z € B;\ By,
there is a constant ¢ > 0 so that

(10.35) / lo(z) — p(z — w)|Pdx > cjw|P for all Jw| < 1.
Bi\Bo
We have

MO f(x) =supb™*
keZ

/ F@)o( A — y)dy

= sup b~ "|p(A ) — (A7 (@ - 2)),
keZ

(10.36)

where b = | det A|. Without loss of generality we can assume that |z| < 1. Suppose
z € Bi11\ By for some | > Iy, where [ is sufficiently large so that (B;)¢+B(0,1) C
(By-1)€ foralll > lg. Since x—z € (B;_1)¢ the supremum in (10.36) runs effectively
only for £k > 1 — 1, and

]ng(m) < b sup |Ve(y)| sup |AFz < Cb YA~z
yeRn k>l—-1

Therefore

/ ML f(a)Pde < CPHTIH 1P| AT 2P = CPpU P AP,
Biy1\B;
On the other hand by (10.35)

/ MO f(z)Pdz > b*lp/ lp(A™" ) — (A (2 — 2))|Pdz
Biyi\B Bir1i\B

= byt / lp(z) — oz — A7) Pde > b3 P A~ 2P,
B1\Bg
Summing the last two estimates over [ > I vields (10.34). O

COROLLARY 10.8. Suppose 0 < p < 1, A is a dilation, and z € R™*\ {0}. The
following are equivalent:
5() — 5z € Hi,
|A™z]| det A|Y/P~ VNS0 asl — oo,

2 € span < U ker(A — Md)”).

IAl>ldet A|t/P—1
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80 1. ANISOTROPIC HARDY SPACES
Proor. Corollary follows easily from Leminas 10.4 and 10.7. g

EXAMPLE. Suppose A; and A are dilations. Let A!,... A} be eigenvalues of
A; (taken according to multiplicity) so that [\ < ... < |M|,i = 1,2. Suppose that
HY = HE forall 0 < p < 1. By Corollary 10.8 this implies (r = | det Ay M1

span U ker(A4; — A[d)" = span U ker(As — AId)" for all r > 1,

| X|>r IX|>rt/e
where ¢ is given by (10.3). In particular, by counting dimensions we have
(10.37) [AJ[F/Inldet Aul — \B /Il det Azt for all j =1,

Naturally this condition falls short of sufficiency (in comparison with (10.7), for
example). Nevertheless, it does give a quick way of checking whether two dilations
might generate the same anisotropic HP spaces. In fact, (10.37) comes very close
to characterizing those Hardy spaces which are equivalent up to a linear transfor-
mation, as we will see in Theorem 10.10.

DEFINITION 10.9. We say that H and HY are cquivalent up to a linear
transformation, and write HY = HY if there is a nonsingular n x n matrix P such
that Dp is an isomorphism between Hﬁl and H ﬁz. We say that two quasi-norms
are equivalent up to a linear transformation if there is a constant ¢ > 0 and a
nonsingular n X n matrix P such that

1/ epi(z) < pa(Px) < cpr{z) for all z € R".

THEOREM 10.10. Suppose we have two dilations Ay and As on R™. The fol-
lowing are equivalent:
(i) the quasi-norms p1 and pa associated to Ay and As, respectively, are equivalent
up to a linear transformation,
(i) forallr >1 and m=1,2,... we have

(10.38) > dimker(A; — Md)™ = Y dimker(A; — Md)™,
[X|=re [A|=r

where € is given by (10.3),
(i) HY = HY forall0<p<1,
(i) HY = HY  for some 0 <p < 1.

PrOOF. Without loss of generality we can assume that the dilations A; and
Aoy have only positive eigenvalues and det A; = det As = b by Theorem 10.5.

Assume (i) holds. Note that p2(P-) is a quasi-norm associated with the dilation
P~1A,P. Indeed,

p2(P(P7YAoPz)) = | det Ay|po(Px) = |det(P 1 A P)|pa(z).
Since the quasi-norms p; and pa(P-) are equivalent
ker(A; — rId)™ = ker(P ' AyP — rId)™ =ker(P~(Ay — rId)™P)
=P~ !(ker(Ay — rId)™),
for any 7 > 1, m = 1,2,... by Theorem 10.5. Hence (ii) holds.
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10. CLASSIFICATION OF DILATIONS 81

Assume (ii) holds, i.e.,
(10.39) dimker(A; — rId)™ = dimker(Ag — r1d)™, forallr >1,m=12,...

If r is an eigenvalue of A; then the number of Jordan blocks of size > m corre-
sponding to 7 is equal to dimker(A4; — rId)™ — dimker(A; — rId)™ 1. If r is not
an eigenvalue of A; this number equals 0 regardless of m. By (10.39) the number
of Jordan blocks of size m corresponding to the eigenvalue r is the same for both
A; and A and therefore the matrices A; and As have equivalent Jordan decompo-
sitions. So there is a nonsingular n x n matrix P such that 4; = P~ !4, P. Choose
any ¢ € S with [ # 0. Let @p(x) = b Fp(ATFz) and ¥y (x) = b~ *y (A5 ),
where 1(2) = |det P~1@(P~1z). Given any f € S’ we have

(f * or)(a) = b / F)e(PHAT* Pz — y))dy
—7¥det P [ S e Ay (P — )y

= [ S P — )y = et PRP(Dp s f ¢ ) (Pa).

Therefore, [|M2 fl, = [|MgDp-: fl|,, where the maximal functions are associated
to A1 and Ao, respectively. Thus, ||f|(H/p;1 ~ ||DPAlfi|H22 for any f, and H} =
HY, for any 0 < p <1, thus (iii) holds. Since (iii) trivially implies (iv), it suffices
to show (iv) = (i).

Assume (iv) holds, i.e., for some 0 < p < 1, ||f]|H§;1 ~ HDP—IfHsz for any
feH il. Consider the family of functions f on R™ such that

(10.40) supp f C xo + A{lp—lAg2PB(O, 1) for some 7y, 72 € Z,xg € R™,

(10.41) 1 £]loo < b91/P732/P,

(10.42) f(z)x®dz =0 for all |a] < s.
Rn

We claim that there is a constant C’ > 0 so that ||f||H£ < ' for every [ satisfying
1

(10.40)—(10.42). Indeed, for any such f, D ,,

2

A;hPAl_jlxo + PB(0,1), has L™ norm less than |det P|~/?, and has vanishing
moments up to order s, hence is a constant multiple of an atom. The claim now
follows from the hypothesis and the iterative form of (10.25). By the proof of
Theorem 10.5 we conclude that the dilations A4; and P~'A3;P have equivalent
quasi-norms p; and po, respectively. Define ps(z) = po(P~1x). Clearly po is a
quasi-norm associated with the dilation As and p; and po(P-) are equivalent. This
shows (i) and ends the proof. O

DpleAil [ has support contained in
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CHAPTER 2

Wavelets

1. Introduction

In this chapter we present constructions of orthogonal and tight frame wavelets
in the Schwartz class. We investigate the limitations on regularity of orthogonal
wavelets imposed by the form of a dilation. We show that sufliciently regular
wavelets form an unconditional basis for the anisotropic Hardy space associated
this dilation.

Historical background. The theory of wavelets is a relatively new area of
mathematics. The first example of an object now called a wavelet is the Haar func-
tion introduced by Haar [Ha] in 1910. Haar showed that the appropriate translates
and dilates of Haar function form an orthonormal basis of L?([0,1]). The second
example of wavelets has been introduced by Stromberg [S6] in 1981. Strémberg
wavelets can be constructed to be C” smooth with exponential decay at infinity for
any integer r > 1. Stromberg has also shown that they form an unconditional basis
for the Hardy space HP(R™), 0 < p < 1.

The theory of wavelets has taken off with the construction of wavelets in the
Schwartz class by Meyer [Me] in 1985. Soon after Daubechies [Dal, Da2] has
constructed compactly supported wavelets in C7 class for any integer » > 1. In the
first few years of its existence the theory of wavelets has grown exponentially and
it is still a very active area of research both in pure and applied mathematics. For
example, wavelets turn out to have many advantages in studying various function
spaces. They form an unconditional bases for a variety of function spaces, e.g. LP,
Hardy, Holder, Sobolov, and Besov spaces. In the applied sciences wavelets are
successfully used in many areas of signal analysis, e.g. image compression, noise
reduction, feature extraction, etc., see [JMR]. Here we are going to discuss only the
part of the theory concerned with wavelets in Euclidean spaces.

Description of the chapter. Dai, Larson and Speegle [DL, DLS| have shown
the existence of orthogonal wavelets (minimally supported in frequency) for all
dilations. However, the construction of more regular wavelets is a complex process
which is apparently impossible for “most” of dilations, see Theorem 3.1.

Our initial goal is the construction of regular orthogonal wavelets for a general
dilation matrix A preserving some lattice I'. Strichartz [Sr] has constructed r-
regular wavelets with an associated r-regular multiresolution analysis for every r
and for a wide class of dilations having a Haar type wavelet basis, or equivalently
a self-affine tiling, see [GM]. This result was extended to all dilations preserving
some lattice in [Bod].

However, the problem of finding oo-regular multiwavelets, i.e., in the Schwartz
class, for a general dilation A preserving some lattice is still open. Nevertheless,

82
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1. INTRODUCTION 83

we arc able to show the existence of orthogonal wavelets in the Schwartz class
associated with some positive power of A. This is the content of Section 2.

In Section 3 we show that if move beyond the class of dilations preserving some
lattice, regular wavelets may not exists. In fact, we show that for a large class
of dilations all multiwavelets must be combined minimally supported in frequency.
Nevertheless, in Section 4 we show that oo-regular tight frame wavelets exist for
any dilation matrix.

In Section & we show that r-regular wavelets associated with a dilation A form
an unconditional basis for the anisotropic Hardy space HY associated with A. This
generalizes the result of Meyer [Me] who showed this in the isotropic case. We
remark that unconditionality of multiwavelets with arbitrary dilations in LP space
(1 < p < o0) was shown by Pompe [Po].

In the following section we study the sequence space of coefficients of elements
of H? in the wavelet expansion. In the isotropic case this sequence space was studied
by Meyer [Me] and Frazier and Jawerth [FJ1, FJ2] in the scale of Triebel-Lizorkin
spaces.

Wavelet preliminaries. Throughout Section 2, we are going to assume that
we have a lattice I' (I' = PZ"™ for some nondegenerate n X n matrix P) and a
dilation matrix A preserving I', ie., all eigenvalues A of A satisfy [A| > 1, and
ATl C T'. Without loss of generality, we will assume that I' = Z™.

DEFINITION 1.1. Let ¥ be a finite family of functions ¥ = {y!, ... ¢¥} C
L?(R™). We say that W is a wavelet family (or a multiwavelet) if {wé‘,k 1 j €Tk €
Z",l=1,...,L} is an orthonormal basis for L?(R"™). Here, for v € L?(R") we use
the convention

Yju(z) = Dasep(x) = | det A|j/2¢(Aj;v — k) jeZ ke,

where 7, f(z) = f(z — y) is a translation operator by the vector y € R", and
Df(x) = +/|det A|f(Azx) is a dilation operator by the matrix A.

DerFINITION 1.2. By a multiresolution analysis we mean a sequence of closed

subspaces (V;);ez C L?(R™) satisfying:

(i) ViC Viyq fori € Z,

(ii) Vi=DaiVp fori e Z,

(i) Upez Ve = L2(R"),

(iv) Nicz Vi = {0},

(v) there exists ¢ called a scaling function such that {7 }rez is an orthonormal
basis of Vj.

We say that a wavelet family ¥ = {4!,... 4"} is associated with a multires-
olution analysis (MRA), if the spaces

(1.1) V=W,  where W, =span{¢!, : kez"l=1,... L},

J<s

form an MRA. This happens precisely when V4 as a shift invariant subspace of
L?*(R™) has dimension function Dy (€) = 1 for a.e. £ € R™. For the definition of
the dimension function for general shift invariant spaces, see [BDR, Bo3]. However,
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84 2. WAVELETS

the dimension function of Vj is given by the explicit formula,

L
(1.2) Dy(©) =Y > WHB(E+ k),

(=1 j=1keZn

where B = AT, see [Ba, BRS]. Since

L
_ _ 2
(13) [, petere =1/ DYl

a wavelet family ¥ = {¢!,... %"} can be associated with an MRA only if L = b—1,
where b = | det A|.

DEFINITION 1.3. We say that a function f on R™ is r-regular, if f is of class
C",r=0,1,... ,00 and

(1.4) 0 f(2)] < canl(l+|z)7F,

for each k € N, and each multi-index «, with |a| < 7. A wavelet family ¥ =
{¥, ..., 9L} is r-regular, if ', ... T are r-regular functions. An MRA is r-
regular if the subspace Vy given by (1.1) has an orthonormal basis of the form
{mkp : k € Z™} for some r-regular scaling function .

If a wavelet family ¥ is r-regular for r sufficiently large, or more precisely
b1 (€)] are continuous and ¢! (€)] < C(1+ [€])~™/27¢ for some £ > 0, then the sum
(1.2) converges uniformly on compact subsets of R™\ Z" to the continuous function
Dy () having integer values. Therefore, by Z™-periodicity Dy is constantly equal
d for some d € N. If d = 1 then r-regular wavelet family ¥ comes from some
MRA (more generally, ¥ comes from an MRA with multiplicity d). This result was
essentially shown by Auscher [Au2, Au3, Theorem 10.1] (under slightly stronger
assumptions on zﬁl ’s). In general, we can not expect that this MRA is also r-regular;
for a counterexample see [MC, Chapter 8, Proposition 2]. Conversely, having an
r-regular MRA we can not, in general, deduce the existence of r-regular wavelet
family associated with it, see [Wo2, Theorem 5.10, Remark 5.6]. Nevertheless, we
can deduce the existence of r-regular wavelet family by using the following result,
see [Wo2, Corollary 5.17] which also holds for r = .

PROPOSITION 1.4 (Wojtaszezyk). Assume that we have a multiresolution ana-
lysis on R™ associated with an integral dilation A with |det A| = b. Assume that
this MRA has an r-regular scaling function o(2) such that $(&) is real for some
r = 0,1,...,00. Then there exists a wavelet family associated with this MRA
consisting of a (b — 1) r-regular function.

Starting in Section 3 we relax the assumption that a dilation A has integer
entries and we only assume that A is expansive in the sense of Definition 2.1 in
Chapter 1. In Section 3 we show that in this setting r-regular orthogonal wavelet
bases may not exist in general. Consequently, starting in Section 4 we consider also
tight frame wavelets.
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2. WAVELETS IN THE SCHWARTZ CLASS 85

2. Wavelets in the Schwartz class

In this section we are going to construct an MRA which has a scaling function
@ in the Schwartz class and p(&) is real for some special class of dilations satisfying
a kind of expansiveness property. By Proposition 1.4, we can then find a wavelet
family in the Schwartz class associated with this MRA.

DEFINITION 2.1. We say that the integral dilation B is strictly expansive if
there exists a compact set K C R™ such that
e 0 € K°, where K° is the interior of K,
e [KN(I+K)| =04, forleZ
s K C BK".

DEFINITION 2.2. Given a set Y C R™ and € > 0 we define its e-interior Y ¢
and e-neighborhood Y ¢ by
Y ={{cR":B(,¢e) CY},
yte = {£eR":B(,e)NY £ 0},

Note that Y ~¢ is closed, Y *¢ is open, and the interior of Y satisfies Y° =
U.»0 Y 7°. If the dilation B is strictly expansive and the compact set K satisfies
Definition 2.1, then there exists ¢ > 0 such that

(2.1) Kte c B(K™°).
We shall prove the following existence theorem.

THEOREM 2.3. Suppose A is a dilation matriz with AZ™ C Z™ with b = | det A].
If the dilation B = AT is strictly expansive then there exists a multiresolution
analysis with a scaling function and an associated wavelet family of (b—1) functions
in the Schwartz class.

For the sake of completeness, we recall the proof of Theorem 2.3 from [BSI,
Theorem 3.2].

ProOOF. Let K and ¢ > 0 satisfy Definition 2.1 and (2.1). Choose a C'™
function g : R™ — [0, c0) such that [, g =1 and

(2.2) supp g := {£ € R" : g(§) # 0} = B(0,¢).
Define the function f by

(2.3) f(&) = (1k % g)(§).

Clearly f is in the class C*, 0 < f(£) < 1, and

(2.4) supp [ = {¢€ € R™: f(¢) # 0} € K,
(2.5) [EeR": f(&) =1} = K.
Moreover,

26) Y fle+k) = Z/W (€ +k—nglndy =1  for all € € RY,

keZn ke

since )y ozn 1k (€ +k) = 1 for a.e. £ € R™ by Definition 2.1.
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86 2. WAVELETS

Finally, define the function m : R™ — [0, 1] by

(2.7) > HBE+K)

kez‘n
CraiMm 2.4. The function m given by (2.7) is C°°, Z"-periodic, and

(2.8)
S mE+B )PP =1 forallcR",

deD
(2.9) m(E) >0 — £cZ"+ B HKTY),
(2.10) m(&) =0  foré€ (BT'Z"\Z") + B YK ™),
where B = AT, and D = {d1, ... .dy} is the set of representatives of different cosets

of Z"/ BZ"™, where b = | det A|.

Proor oF Cram 2.4. To guarantee that m is C*°, the function f must “van-
ishes strongly”, i.c., if f(&) = 0 for some &y then 6% f(&;) = 0 for any multi-index
a. It is clear that if nonnegative function f in C°° “vanishes strongly” then /[ is
also C*°.

The condition (2.8) is a consequence of

SNmE+BT AP =Y FBE+BTM+ER) =Y > f(€+d+Bk) =
deD keZ" deD keZr deD
by (2.6).

To see (2.9), take £ such that m(£) > 0. By (2.4) and (2.7), B(§ + k) € KT¢
for some k € Z", and hence (2.9) holds.

We claim that (2.10) follows from (2.8) and

(2.11) m) =1 foré€Z™+ B 1K ®).

Indeed, if £ € B~ 'd + k + B Y(K°) for some d € D\ BZ" and k € Z", then
by (2.11) we have m(¢ — B~'d) = 1. Hence by (2.8) m(£) = 0 and (2.10) holds.
Finally, (2.11) is the immediate consequence of (iii) and (2.7). This ends the proof
of the claim. O

We can write m in the Fourier expansion as

(2.12) m(§) = 1 A z o= 2milk 5)

kezZr

where we include the factor | det A|~1/? outside the summation as in [Bol]. Since
m is C*°, the coeflicients hj decay polynomially at infinity, that is for all N > 0
there is Cy > 0 so that

h| < Cnlk|™N for ke z™\ {0}.

Since m satisfies (2.8) and m(0) = 1, m is a low-pass filter which is regular in the
sense of the definition following [Bol, Theorem 1]. By [Bol, Theorem 5] ¢ € L*(R™)
defined by

(2.13) 2(6) = [[ (B
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2. WAVELETS IN THE SCHWARTZ CLASS 87

has orthogonal translates, i.e.,
(@, Tip) = 010 forl € Z",

if and only if m satisfies the Cohen condition, that is there exists compact set
K C R™ such that
e K contains a neighborhood of zero,
o [KN(l+ K)| =8, forl € 7",
e m(B &) #0forEc K, j>1.
The first guess for K to be K is in general incorrect, e.g. if K has isolated
points. Instead we claim that there is 0 < § < 1 so that

(2.14) K={te K:B({e)nK|>d§B(e)}

does the job. Clearly, if £ € K then h(£) # 0, hence f(§) # 0 and thus m(B1E) #
0. By (2.1) B7'K ¢ B7'K*¢ ¢ K¢ C K and thus m(B™7¢) # 0 for all j > 1.
Finally, it suffices to check that
(2.15) S 14k 21 forall EER™

kezn

By the compactness of K there is a finite index set I C Z™ such that

(2.16) S 1k(E+k) =1 forall&e[-1,1]"
kel

Take any £ € [—1/2,1/2]" and integrate (2.16) over B(¢, ¢) to obtain
D IB(E +k,e) N K| > B(£,¢)].

kel
Therefore, if we take § = 1/#1I then there is k € I such that [B({ + k,e) N K| >
§|B(£, )| and hence € + k € K. Thus, (2.15) holds and K given by (2.14) satisfies
the Cohen condition. Therefore, ¢ is a scaling function for the multiresolution
analysis (V});ecz defined by

V; =span{Dimp:l € Z"} for j € Z.

It remains to show that ¢ € S. We are going to prove that ¢ is band-limited,
i.e., ¢ is compactly supported. By (2.9) and (2.13)

(2.17) G(E) #£0 = €€ BZ"+ K.
On the other hand, by (2.10) m(B7¢) =0 for £ € BI71Z™\ BIZ" + B/~ (K ~¢).
Since

(B2 BIZ™) = BZ™\ {0},

s

Jj=2

and '

K™ cB(K ®)c B ™YK%  forj>2,
we have
(2.18) HE)=0 for £ € BZ™\ {0} + K*=.

Combining (2.17) and (2.18) we have ¢(§) = 0 for € € (K*¢)°. Therefore,
supp® C K¥¢ and ¢ is in the Schwartz class. To conclude the proof it suffices
to use Proposition 1.4 for r = co. 0l
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88 2. WAVELETS

As a corollary of Theorem 2.3 we have the following.

COROLLARY 2.5. Suppose A is a dilation with integer entries with b = | det A|.
Then there exists m € N and a multiresolution analysis with a scaling function
and a wavelet family of (b™ — 1) functions in the Schwartz class associated to the
dilation A™.

PrOOF. It suffices to notice that B™ = (AT)™ is strictly expansive for suffi-
ciently large m € N and K = [-1/2,1/2]™. O

Even though the number of functions in the multiwavelet in the above corollary
could be much bigger than b—1, Corollary 2.5 still has great significance. By results
of Section 5, a multiwavelet ¥ in the Schwartz class generates an unconditional basis
of HY = HY,. for the whole range of 0 < p < co. This can not be achieved if we
use an r-regular multiwavelet instead. Finally, note that Corollary 2.5 also holds
for a larger class of dilations, e.g., dilations A such that some positive power of A
has integer entries.

It is not known whether there exist orthonormal wavelets in the Schwartz class
for dilations with integer entries that do not necessarily satisfy the strict expan-
siveness property. Speegle and the author [BS1] showed that one can construct an
oo-regular MRA associated with oo-regular wavelet family for all 2 x 2 dilations
with integer entries. Since the case n = 1 is trivial, this problem remains open in
dimensions n > 3.

Nevertheless, one can always show that there exist r-regular multiwavelets for
7 < oo and general dilations with integer entries.

THEOREM 2.6. Suppose A is a dilation with integer entries. For every r € N
there exists an r-regular multiresolution analysis and an associated r-regular wavelet
family of (| det A} — 1) functions.

Theorem 2.6 was shown by Strichartz [Sr] under an additional hypothesis that
A admits a self-affine tiling, see [GM, LW1-LW3|. This assumption was removed
by the author; the proof of Theorem 2.6 can be found in [Bo4].

Finally, we mention that Daubechies’ construction of arbitrarly smooth com-
pactly supported wavelets was extended to certain non-dyadic dilations in higher
dimensions, see [Ayl, Ay2, BW].
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3. LIMITATIONS ON ORTHOGONAL WAVELETS 89

3. Limitations on orthogonal wavelets

The construction of Section 2 applies only when the dilation A has integer
entries, or more generally, A preserves some lattice I' = PZ”, where P isann x n
nonsingular matrix. If the dilation A does not preserve any lattice then there
could be no well localized wavelets, even O-regular. Chui and Shi [CS] have shown
that all orthogonal wavelets associated with “almost any” irrational dilation in the
dimension n = 1 must be MSF (minimally supported in frequency). We are going
to show that the analogous statement holds for general multiwavelets.

We say that a multiwavelet U = {¢!,... ¢’} associated with A is MSF, if
4! = 1y, for some measurable sets W;. By [BRS, Theorem 2.4] these sets are
characterized by

Z Ty, (E+k)1w, (E+k) =8y ae R, 1I'=1,...,L,
keZ™
(3.1)

L
ZZle(Bj@ =1 a.e. £ € R",

jE€Z 1=1

where B = AT. We say that a multiwavelet ¥ = {9, ... L} associated with A
is combined MSF if

L
(32) DEP =1w(€)  forae £€RT
=1
for some multiwavelet set W of order L, i.e., W = UzL:1 W, for some Wy,... , W

satisfying (3.1). By [BRS, Theorem 2.6] a multiwavelet set W of order L is char-
acterized by

(3.3) S iw(+k) =L ae £€RT
kezr
(3.4) diw(BE) =1 ae £€R",
i€z
where B = AT

THEOREM 3.1. Suppose that a dilation A is such that for every integer j > 1
the rows of A~ (treated as vectors in R™) together with the standard basis vectors
€1,... ,en are linearly independent over Q. Then any orthogonal multiwavelet ¥ =
{yt, ... WL} associated with A is combined MSF, i.e., (8.2) holds for some set W
satisfying (3.3) and (3.4).

PrROOF. By the orthogonality
81,005,000 0 = (Wh Wb o) =02 | i (Aa — k) (z — K)dz
Rn
= b7/2/ YH AT + AR — k)Yl (z)dx
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90 2. WAVELETS

forall j € Z, k, k' € Z™, 1,I'! =1,... , L. By Plancherel’s formula
/ B () (BTIE)ATHBTIEATR k) g

(3.5)
h / GV (€Y (BTIg)e2mHER AT e,

By Lemma 3.2 we conclude that Z™ + A~7Z" is dense in R™ for all j > 1. Therefore,
by the Fourier Inversion Formula and (3.5), ¢ (€)¢!(B~7¢) = 0 for a.e. £ € R™ and
all 5> 1,00 =1,...,L. Let W = Ulesuppirl. We have |W N BIW| = 0 for
7 > 1, and hence for all j € Z\ {0}. Now (3.4) holds because the multiwavelet

U satisfies the discrete Calderén formula 25:1 [WH(BIE)|2 = 1 for a.e. &, see [Bo2,
CMW]. For j € Z let

W; =span{y}, :keZ", I=1,... L}

Naturally we have Wy C {f € L? : supp f € W}. But by (3.4) and & W, =

JEZ
L?(R™) we must have

(3.6) Wo = {feL?:suppfc W}
The range function of a shift invariant space Wy is given by
J(€) = span{(' (€ + k))pezn 1 L= 1,... L} C £3(Z7),
see |BDR, Bo3, Proposition 1.5]. Also by [Bo3, Proposition 1.5] and (3.6},
J(€) = {(sk)rezn € (L") 1 sp =0for £+ kg W}

Since the vectors (¥'(€ + k))kezn, L = 1,... , L form an orthonormal basis of J(£)
we have

L
D s @M+ M) )mezn) WHE+E)kezn =5 forall s € J(€).

=1

By taking s = e € J(£), where £ + k € W and ep’s are the standard basis vectors
of £2(Z™), we conclude that 3/ |¢'(€ + k)|> = 1 for £ +k € W. This shows (3.2).
(3.3) is a consequence of (3.2) since >, czn [t (€ + k)2 =1 for ae. £ O

It is worth noting that the above argument may be simplified if one applies the
spectral function introduced by Rzeszotnik [BR, Rz].

LEMMA 3.2. Suppose D is n x n real matriz such that the rows of D (treated

as vectors in R™) together with vectors ey, ... ,e, are linearly independent over QQ.
Then the set Z™ + DZ"™ is dense in R™.

Since the author does not know an elementary proof of this result we are going
to show something more, namely that that a sequence obtained by a certain ordering
of DZ™ is uniformly distributed mod 1. We are going to follow the excellent book
of Kuipers and Niederreiter [KN].
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3. LIMITATIONS ON ORTHOGONAL WAVELETS 91

DEFINITION 3.3. Suppose a = (a1,... ,a,), b = (b1,... ,b,) € R*. We say
thata < b(a < b)ifa; < b; (a; <bj)forall j=1,... ,n. Thecube [a,b)is defined
as {& € R" : @ < x < b}. The fractional part of @ € R” is {x} = ({x1}, ..., {xn}),
where {z} = = — [z]|. Given a sequence (zx)rey C R™, F C I = [0,1)", and
N €N, let #(E; N) denote the number of points xx € E, 1 < k < N. We say that
a sequence (xx)ren C R™ is uniformly distributed mod 1 if

n

(3.7) lim *#([aﬁ);N) =TI - ap)

N—oc .
Jj=1

for all intervals [a,b) C I"™ = [0, 1)™.

The Weyl Criterion, see [KN, Theorem 6.2, Chapter 1], says that a sequence
(2 )reny € R™ is u. d. mod 1 if and only if for every h € Z™ \ {0},

N
(3.8) Jim % > ermithen) =,
k=1

Therefore, a sequence (xp)reny C R™ is u. d. mod 1 if and only if for every
h € Z™ \ {0}, the sequence of real numbers ((h,x))ren is u. d. mod 1. By the
Weyl Criterion, see [KN, Example 6.1, Chapter 1], given 8 = (61, ... ,0,,) with the
property that the real numbers 1,8,,... ,8,, are linearly independent over QQ, the
sequence (k@)ren is u. d. mod 1.

We are now ready to present the proof of Lemma 3.2.

ProOF OF LEMMA 3.2. Given k = (ky,...,k,) € R” let ||k||oc = max(|k1],
.. s]kn]). Let ky, ko, ... be the ordering of all elements of Z™ such that ||k;||o <
l|k;||oc implies ¢ < j. It suffices to show that the sequence (x;)ieny = (Dk;)ien is
u. d. mod 1. By (3.7) it suffices to show that

. #(a,b); 2N +1)") T |
J\}E»rcl)o (2N + 1)» = jl;[l(bj - aj)

for all intervals [a,b) C I™ = [0,1)". Therefore, by the Weyl Criterion (3.8) we
must show that for every h € Z™ \ {0},

1 .
39 i 2ni{h,Dk) _ 0.
(3:9) Vo 2N + 1) kezf ¢
klloo <N

Fix any h € Z™ \ {0}. By our hypothesis there exists mg = 1,... ,n such that
0 = > hjdjm, & Q, where D = (d]m);"::llnn Otherwise we would have
Z?:I hi(dj1s-.. ,djn) € Q" which contradicts the linear independence of the rows
of D together with the standard basis vectors of R™ over Q. Since the sequence

(kB)gen s u. d. mod 1, for every ¢ > 0 there is M such that for all N > M

< €.

N 1
3.10 2mifk
(3.10) ‘ k_Z_N IN +1°
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92 2. WAVELETS

We also have

(QNirl)n Z o2mi(h.Dk)

keim
koo SN
N
Z Z PRLIDDIEND DY T PR
2N 1)m»
ki=—N kn=—N +
= Z I 27”21 1 mstmg P djmEm Z e2mi0kmg
. (2N 4+ 1)n—! IN +1

Eiyokimg e kp=—N kmg=-N

where kmo means we omit the index k,,,. Therefore, by (3.10) we have

I(ZNirl)" Z (2rilh.Dk)

kezn
HEelloc <N

<& forall N > M.

Since £ > 0 is arbitrary this shows (3.9) and ends the proof of the lemma. |

REMARKS. It is not hard to see that linear independence over Q of the rows
of A=7 together with basis vectors e1, ... ,e, is equivalent to B~7Q" N Q" = {0},
where B = AT. This, in turn, is equivalent to B~7Z" N Z™ = {0}. Therefore, the
hypothesis of Theorem 3.1 can be written in a short form as

(3.11) (ATYZM" Nz ={0}  forall j € Z\ {0}.

Combined MSF multiwavelets are not well localized in the direct domain. In-
deed, if ! € L! for all [ = 1,... , L then ¢! is continuous and (3.2) can never hold.
Hence, combined MSF multiwavelets are of little use in other spaces than L?. A
notable exception is the Shannon wavelet 1&(5 ) =11, _1/9up /2,1], which generates
an unconditional basis for LP spaces with 1 < p < 00, see [Wo4]. Therefore, The-
orem 3.1 says then that orthogonal multiwavelets associated with “most” dilations
have some limitations in applications to other function spaces than L2.

It also turns out that biorthogonal wavelets are not a good surrogate. Indeed,
a slight modification of the proof of Theorem 3.1 shows that all biorthogonal multi-
wavelets ¥ = {1!, ... ¢} associated with a large class of dilations, satisfying the
hypothesis of Theorem 3.1, must necessarily be combined MSF. As a consequence,

alw (& (©))? < clw (&) for a.e. £ € R™,

HMh

for some multiwavelet set W of order L and 0 < a < ¢ < o¢. This can be shown by
adapting the proof of Theorem 3.1; for an alternative approach, see [Bo5]. There-
fore, biorthogonal wavelets associated with dilations satisfying (3.11) can not be
well localized in the direct domain.

Moreover, Speegle and the author showed that Theorem 3.1 is sharp in the
sense that it has a converse. For the proof of Theorem 3.3, see [BS2, Theorem 5.4].
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3. LIMITATIONS ON ORTHOGONAL WAVELETS 93

THEOREM 3.3. Suppose A is a dilation such that every orthogonal multiwavelet
¥ associated with A is combined MSF. Then A must satisfy the hypothesis of The-
orem 8.1, t.e., (8.11) holds.

Another interesting issue is to determine the class of dilation matrices that
allow regular orthogonal wavelets. As we have seen in Theorems 2.6 and 3.1, this
class certainly includes all dilations with integer entries and excludes all dilations
satisfying (3.11) and thus far from preserving the lattice Z™. This still leaves a large
class of dilations for which it is not known whether there exist regular wavelets.

In one dimension, the above problem goes back to Daubechies [Da2] who asked
whether there exist orthonormal wavelet bases with good time-frequency local-
ization for irrational dilation factors a. This question was partially answered by
Chui and Shi [CS]. The complete answer was given by the author who showed
that all orthonormal wavelets associated with irrational dilation factors have poor
time-frequency localization, see [Bo6]. Combining this with the construction of
oo-regular orthogonal wavelets for rational dilations due to Auscher [Aul, KL], we
obtain the complete picture in one dimension.

The higher dimensional version of this problem remains open. It is not even
known whether there are regular wavelets for diagonal 2 x 2 dilations such that one
entry is rational while the other is irrational. Therefore, it is perfectly conceivable
that there are dilations A such that all other dilations with the same quasi-norm
do not allow regular wavelet bases. A good candidate is the dilation 4 = g g),
where a > 0 satisfies the condition that Vr > 0, 27 € Q = da" ¢ Q. By
Theorem 10.5 in Chapter 1, all dilations A’ with HY = H%,, 0 < p < 1, must be

, +a” 0
of the form A’ = ( 0 por
irrational for all integers j > 1. Thus, it is very likely that there are no regular
wavelets associated with such dilations A’. This shows the importance of having a
substitute for orthonormal multiwavelets.

), for some real r > 0. Hence, either o’/ or 277 is
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94 2. WAVELETS

4. Non-orthogonal wavelets in the Schwartz class

The results of Section 3 show the demand for an alternative to orthogonal
wavelets. In the theory of wavelets a natural substitute for an orthogonal basis is a
frame. In this section we show the existence of tight frame wavelets for all dilations.
This fact is probably a part of the folklore.

Frames were originally introduced by Duffin and Schaeffer {DS] to study non-
harmonic Fourler series. More recently, frames have found applications in many
other areas such as wavelets, Weyl-Heisenberg (Gabor) systems, sampling theory,
signal processing, ete. For a good introduction to frames, see [Da2, HeW, Yo|. For
a more extensive treatment of frame theory, see [Cz, HL]. We start by recalling the
notion of a Bessel family and a frame.

DEFINITION 4.1. A subset X of a Hilbert space H is a Bessel family if there
exists ¢ > 0 so that

(4.1) STHEME<fIP for f e

neX

If in addition there exists 0 < a < ¢ such that

(4.2) alfIP < Y- WAmP <eifl®  for f e LA(R™),

neX
then X is a frame. A frame is tight if a, ¢ can be chosen so that a = c.

Given a Bessel family X C 'H we define an analysis operator as a mapping H >
[ = ({fim))yex € £2(X). The dual of this map is the synthesis operator mapping
(en)nex € (X)) — ZneX cpn € 'H, where the series converges unconditionally in

H.

DEFINITION 4.2. Let ¥ be a finite family of functions ¥ = {¢* ... %L} C
L?(R™). We say that ¥ is a tight frame multiwavelet (or a Bessel multiwavelet) if
{wé,k 1§ €Z,kcZ™1=1,...,L}is a tight frame with constant 1 for L?(R") (or
a Bessel family).

It is relatively easy to construct a tight frame multiwavelet for an arbitrary
dilation. Here we present a simple construction of multiwavelet consisting of a

single function v which is in the Schwartz class and 2& is C'*° with compact support
based on the example in [Bo2|.

THEOREM 4.2. Given an arbitrary dilation A there is a tight frame wavelet i
in the Schwartz class.

PROOF. For 0 < a < (4||B|])~! consider n : R* — [0, c0) of class C* such that
supp7 = {£ € R" : a < [¢] < 2a[| B[}

It is not hard to give an explicit example of such function. Since the set {j € Z :
a < ||BE]] < 2||B|la} has at least one element for all £ € R™\ {0} we conclude that
(&) = 2 ez n(BE) > 0 for all € # 0 and 77 is C°° on R™\ {0}. Define ¢ € L*(R™)

by 9(8) = /n(€)/ii(§). Clearly,
(4.3) STIBIGP = n(BE)/A(BIE) = n(BE)/ii(€) = 1.

JEZ JEZ JEZ
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By [Bo2, Lemma 3.1] we have

DD DNTEINIES Sl LRI

(4.4) semren e
w3 f(ij)uS@){ ST B+ m))iiE+m) |de,
jez R” meZm\{0}

for any f € D, where
D={fcL*R"): fe LOO(]R”),suppf C K for some compact K C R™\ {0}},
is a dense subspace of L?(R™). Since supp¢) € B(0,1/2) C (—1/2,1/2)" we have

Do KSR =Ifl5 forall feD,

JEL KEL"
and hence for all f € L?(R™) by (4.3) and (4.4). Therefore, {¢; x } jez ez~ forms a
tight frame with constant 1 in L?(R"™). Note that this frame is not an orthogonal
basis since |||z < 1. O
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96 2. WAVELETS

5. Regular wavelets as an unconditional basis for HP

Preliminaries in functional analysis. In this subsection we recall some
basic facts about quasi-Banach spaces.

DEFINITION 5.1. Suppose X is a vector space over K (K is either R or C). We
say that the map || - || : X — [0,00) is a quasi-norm on X if
(i) [Jz]l =0 <= 2 =0,
(ii) ||ax|| = o] - ||z]| for all 0 € K, 2 € X,
(iii) there is ¢ > 0 so that ||z + y|| < cmax(||z|l, [|yl]) for all z,y € X.
We say that (X,||-]|) is a quasi-Banach space if || - || is a quasi-norm and X
equipped with || - || is complete as a metric linear space.

It is well-known, see [KPR], that the (Hausdorff) topological linear space which
is locally bounded, i.e., it has a bounded neighborhood of the origin, has a quasi-
norm. Conversely, the topology associated with any quasi-norm is locally bounded.

Obviously the condition (iii) is equivalent to the more common
(iii) there is ¢/ > 0 so that ||z 4+ y|| < /({]z]| + ||y]]) for all z,y € X.

DEerFINITION 5.2, For 0 < p <1 we say that the quasi-norm || - || on the vector
space X is p-subadditive if

(5.1) lz +yll” < llz|” + |lyll? forz,y € X.

We say that a (X, ||-||) is p-convex space it || - || is p-subadditive. If, in addition, X
equipped with || - || is complete we say X is a p-Banach space. A 1-Banach space
is simply called a Banach space.

Naturally, every p-subadditive norm on X is a quasi-norm. Surprisingly, this
has a converse statement. By the Aoki-Rolewicz Theorem (see [KPR]) every vector
space X with a quasi-norm || - || has an equivalent quasi-norm ||| - ||| which is p-
subadditive for some 0 < p < 1. Here p satisfies 21/? = ¢, where ¢ is the same as in
(iii). Therefore, every quasi-Banach space is p-Banach for some 0 < p < 1.

One could define a notion of a basis (sometimes called a Schauder basis) on
any F-space (a complete metric linear space), see [KPR]. Nevertheless, we are only
interested in unconditional bases in quasi-Banach spaces. Here we are following
[KLW, Wo3].

DEFINITION 5.3. Let (e, €5, Jmens be a biorthogonal system in a quasi-Banach
space X, i.e., we have e, € X, e, € X*, and

er(€es) = 0m.s for m,s ¢ M.

The system (€,,, €5 )mens 18 an unconditional basis in X if for every x € X the series
Y men Em(T)en converges unconditionally to x, that is regardless of the ordering
of index set M. This implies that there exists a constant K such that

(5.2)

Z ﬁm(z:‘n(m)emH < K sup |Bm| - ||z|| for all z € X.
meM meM
The smallest such constant K is called an unconditional basis constant of the system
(em, € )ment-

Since actually the elements (€., )mear determine the functionals (€7, )mear it is
customary to speak about (e, )measr as being an unconditional basis.

The following fact is going to be very useful.
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5. REGULAR WAVELETS AS AN UNCONDITIONAL BASIS FOR HP 97

LEMMA 5.4. For a series ).y Tm in a quasi-Banach space X, the following
are equivalent:
(i) the series is unconditionally convergent, i.e., > BmZm converges for any
choice of B € {0,1}.
(ii) for each permutation o of N/ the series ) .\ To(m) 15 convergent,
(iii) for each bounded sequence (B )men of scalars the series Y, -1/ BmTm s con-
vergent. Furthermore, there is a constant C' > 0 such that

> Bnm

meN

(5.3)

‘ < C sup Bl
meEN

Proor. The equivalence of (i) and (ii) is a well known fact due to Orlicz, see
[Ro, Theorem 3.8.2]. (iii) == (i) is trivial, whereas (iii} == (ii) follows from an
argument involving binary expansions.

Indeed, let || - || be a p-subadditive quasi-norm defining the topology on X,
0 < p < 1. For a finite subset F' C N denote z(F) = >, .p Tm. Without loss
of generality we may assume 0 < 3,, < 1. For each m let 8,, = > =, B (k)27F,
Bm(k) € {0,1} be a dyadic expansion of 3,,. Since the series >~y 2, is uncondi-
tionally Cauchy, given € > 0 there exists N such that ||z(F)|| < & whenever FF C N
is finite and min F' > N. For any such F we have

o0

Z ﬁmxm = Z Z ﬁm(k)Qikxm - Z2~kZ(Fk)7
k=1

meEF k=1meF

where Fy, = {m € F': 5,,(k) = 1}. Therefore,

H Z BmTm|| < iQikax(Fk)H < 5i2_kp~
k=1 k=1

meF
Hence, the series ) v BmTm is unconditionally Cauchy. Since the last estimate
is independent of the choice 0 < 3,, < 1 we have (5.3). O

Calderén-Zygmund operators associated with wavelet expansions. In
this subsection we are going to show that a wide class of operators associated with
wavelet expansions are Calderén-Zygmund, and hence they are bounded on HP.
The first result of this type was shown by Strémberg [S6] for a particular class of
wavelets with exponential decay at infinity. Meyer extended this result to the class
of (isotropic) dyadic r-regular wavelets, see [Me, Chapter 6]. Our goal is to show
that Meyer’s approach works also for non-isotropic wavelet expansions for general
dilations. The results of this subsection are valid if we replace the orthogonality
condition of wavelets by a Bessel condition.

Suppose that ¥ = {¢*,... 9%} ¢ L2(R") and & = {¢!,...,¢"} are two
Bessel multiwavelets, see Section 4. We assume that ¥ and & which are r-regular
for some r € N. We will also require that all ¢/!’s and ¢'’s have vanishing moments
up to a certain, see Theorem 5.6. Define the index set

A={{l.j,k):l=1,... ,L,j€Z, ke Z"}.

We consider the operators being a composition of three simple operations of analy-
sis, multiplication of the sequence spacc, and synthesis. Namely an analysis operator
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98 2. WAVELETS

is a mapping
(5.4) LER™) > f o ([0 ) wgmen € £2(A).

A multiplication operator by a sequence of bounded scalars € = (fé,k)(l,j.k)eA €
¢*°(A) is a mapping

(5.5) C(A) D (5 ) agmen = (€568t ) g men € F(A).

Finally, a synthesis operator is a mapping

(5.6) AINE (‘Sélk)(l,j.k)eA — Z 53,k¢2‘,k € L*(R™).
(Ljk)EA

Given two Bessel multiwavelets ¥ and @, and a sequence of bounded scalars
€= (eék)i]:i)eziz we define the operator T, : L?(R™) — L*(R™) by
(5.7) T(f) = D dulfivudin

(Lj.k)EA
The operator T, is bounded as a composition of bounded operators.

LEMMA 5.5. Suppose W and ® are r-regular Bessel multiwavelets. Then for any
sequence of scalars € = (€ €5 k) (Ljk)en With [e ki < 1 the operators T, given by (5.7)
are Calderon-Zygmund of order r with umformly bounded constants independent of
€. Moreover, the kernels K (x,y) of T. satisfy the symmetric (CZ-r) condition, i.e.,
there exists a constant C' such that for every x # vy

(5.8) [0, 07K (A AM(A™ 2, Ay)| < Cfplz —y) = Cb™" for|a],|B] <,

where | € Z is the unique integer such that x —y € Bjaq \ By.
Furthermore, if ® consists of functions with vanishing moments up to order
s<rind_/InAy then T (xz*) =0 for all |a} < s.

PrOOF. For the sake of simplicity we are going to present the calculations only
when ¥ and @ consist of a single function. The kernel K, of the operator T, given
by (5.7) is given by

K (z,y) = Z €560,k (2)05k(y)
(G,K)ETXTn

= > Gablo(Az—k)w(Aly —k).

(.k)EZXTN

(5.9)

The formula (5.9) makes perfect sense if all but finitely many of ¢; s are zeroes. In
general, the above series converges absolutely for all x # y and for any boundedly
supported f € L*(R™)

(5.10) T.f(z) = o Ke(z,y)f(y)dy  for z & supp f.

Furthermore, we claim that the convergence in (5.9) is uniform on compact subsets
of @ = {(z,9) € R® x R™ : x # y}. Suppose that p(z —y) > b, ie., z —y € (B})©
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5. REGULAR WAVELETS AS AN UNCONDITIONAL BASIS FOR HP 99

for some [ € Z. By the Cauchy-Schwarz inequality

ST leudin@bia)l = >V Y [@(Alz — k)p(Ay — k)|

<1 kezn j<—1 kezn
_ _ 1/2 ' 1/2
sy = P Tiewis-np) (X - o)
j<=1  Nkezr keLn

. b,

< E =C——b"

_C’. b’ Cb~1b
j<—1

Here the constant C is such that
S z-kPP<C and > |pz—k)P<C  forall z€ R
kezn kezn

To estimate the sum over j > —[ we use the inequality
(5.12)  |¢(ATz — k)p(Ay — k)| < O+ | Az — k) " 11+ A (@ -y,

for some N satisfying bA~Y < 1. (5.12) holds since both ¢ and ¢ decay polynomially
fast and

(T+]zD(1+ 12D > 1+ ]2 = 2] for any 2,2’ € R™.
By (5.12)

D> lesndsn(@)dp(y)l

§>—1keZn

SOY VY (LA —k) 1+ A @ —y)) N

i>—-l kezZnr

<C Z VA (z—y) ™V <C Z bj(l/c)\jfl)“N
>l >l

<ChHY AN <,

>0

(5.13)

since A7(x — y) € (Bj41)¢. Combining (5.11) and (5.13) we see that the series in
(5.9) converges absolutely and uniformly in the region p(z — y) > b'. Since [ € Z
is arbitrary, we have uniform convergence on compact subsets of 2. Furthermore,
the estimate (5.8) holds for @ = 3 = 0. Since (5.10) holds for €’s with all but
finitely many nonzero coefficients it holds for any € by the Lebesgue Dominated
Convergence Theorem.

Suppose now that  — y € Bj41 \ By for some | € Z. Formally, for any multi-
indices |o, |B] < r we have

2K (AL A (A™ e, A Yy)

(5.14) — Z €. kb 0P p(ATT . —B)|(AL2) Do (AT - —K)[(A Ly).
(j.R)EZXZN

To justify (5.14) we will show that the above series converges absolutely to some
value smaller than Cb~!. As before we estimate separately the sum over j < —I
and j > —[. By the chain rule

9 [(AF - —R)(AT )| < AT DI g (ATy — k)| < ClIDMy(ATy - R,
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100 2. WAVELETS

for 3 < —[. Since ¢ and v are r-regular, by the Cauchy-Schwarz inequality

SV [9P[p(AT - —R)(AT D)0 [ (AT —k))(ATYy)]

j<=1  keZn
5.15 ; j v : v
(5.15) <C Z b?( Z 1D1Plg(Alz — k)il2> < Z Dl (ATy — k)|12>
j<—1 kezr kezn
< Cbl

To estimate the sum over j > —[ we use the inequality
P [P(ATH - —R)(A™ )07 [ (AT —R)] (A7)l
< CHlAH PRl gp(Ae — k)| - (1D (Aly - k)|
< ONTUM (A4 e — KT 1+ (A (@ - )Y,

for some N satisfying b)\?[/\:N < 1. The above holds since both ¢ and 1 are
r-regular. Therefore

STH S 01647 - k(A )]0° (AT k(A7)

j<—1 kezn

(5.16) < 3T ONTUIY ST (14 AT — k)T A (- )|
j<—1 kezZn
<Cb Y ATAYY <cb
>0

since A7(x —y) € Bjiiy1 \ Bji. Thus, the series in (5.14) converges absolutely
and we have equality there. By (5.15) and (5.16) the estimate (5.8) holds.

Finally, suppose ¢ has vanishing moments up to order s < rlnA_/In Ay, ie,
[ ¢(x)z*dx = 0 for |a] < s. Take any f € L? with compact support and vanishing
moments up to order r — 1. Assume that supp f C B; for some | € Z. Since T, are
(CZ-r) with uniform constants

/ T.f(x)Pde < ©
Biiw

Tef(x)] < CP(A_Z_WJJ)_(S for z € (Bijw)©

(5.17)

by the proof of Lemma 9.5 in Chapter 1, where the constant C is independent
of the choice of e. Here § = rlnA_/Inb+ 1. To guarantee the integrability of
T.f(z)(1+ |x|)® we must have § > sInA./Inb+1 and thus s < rlnA_/InA;. By
(5.7) we have

(5.18) /Tff(a:)xo‘dm =0 for |a| < s,

if €; x = O for all but finitely many (j, k)’s. Given a general € = (¢; ;) with |¢; x| <1
we define the sequence (¢*);en by

3 €5,k if |.]|» |k‘ <1,
ik ™ ~
0 otherwise.
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5. REGULAR WAVELETS AS AN UNCONDITIONAL BASIS FOR HP 101

Since K.:(z,%) converges to K (x,y) as i — oo uniformly on {(x,y) : p(x —y) > b'}
we have

T.f(x) = T.f(z) asi— oo foraxe (B,

Since [T..f(z)x*dz = 0 for all ja| < s, ¢ € N we have (5.18) by the Lebesgue
Dominated Convergence Theorem and (5.17). This ends the proof of Lemma 5.5.0

THEOREM 5.6. Suppose W and ® are r-reqular Bessel multiwavelets for some
r. Suppose also that p satisfies

(Inx_)?
1 <l/p—-1<—" -7
(5.19) Oslp=1<ioma"
If ® consists of functions with vanishing moments up to order s = [(1/p —

Dinb/InA_| then for any sequence of scalars ¢ = (eé’k)(lfj_,k.)e,\ with ‘€§,k| <1
then the operator T. given by (5.7) extends to a bounded operator from HY(R™)
into HY (R™) with the norm independent of €.

PRrOOF. The proof is an immediate consequence of Lemma 5.5 and Theorem
9.8 in Chapter 1 since s < rlnA_/In .. O

We shall need one more result.

LEMMA 5.7. With all the assumptions of Theorem 5.6 we also assume that
we have a sequence (e%);en in the unit ball of {°(A), i.e., le;lk[ <1 forieN,
(1,5,k) € A such that € — € weak-x in € as i — oo. In other words,

(5.20) e;lk — eék asi— oo forall (1,4,k) € A.
Then for any f € HY(R™)
(5.21) T.f—T.f inHY asi— oc.
PROOF. Suppose first that f € L? is compactly supported with vanishing

moments up to order s, say supp f C B; for some [ € Z. By (5.7}, (5.17), and
(5.20)

/ (T —T.)f(x)]?dr — 0 asi— oo,
Bl+w

[Tecf(@)], [Tef (2)] < Cp(A™722)™0 for x € (Bivw)®,
(T —T)f(x)] =0 asi— o0 for x € (Bj4.,)°.

(5.22)

Furthermore [(T.: — T.)f(z)z*dz = 0 for |a| < s. To show that
(5.23) |(Tes =T fllz, — 0 asi— oo,

a slight modification of the proof of Lemma 9.3 in Chapter 1 is required. The proof
proceeds in the same manner, except that we are going to show that g; 1 — g; are
appropriate multiples of (p, 2, s)-atoms. We not only have

||gj+1 — ng2 < C4b(j+1)(1/2—1/P)b(5—1/P)(l+W~j) for j > [+ w,
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102 2. WAVELETS

where g; = Tp, ((Te: — Te) f)1p,, but also {|g;41 — gjlls — 0 as i — oo by (5.22)
and the Lebesgue Dominated Convergence Theorem. This shows (5.23) for all
(p,2,s)-atoms f. In particular, for any (p, 2, s)-atom a we have

(5.24) T(a)= D €& platfp)dhn

(L5, k)eA

with the unconditional convergence in HY. Given a general clement f € HY we
find its atomic decomposition f = > . yrja; with 3.y [r;[P < co and a;’s are
(p,2, s)-atoms. By {5.23) and the uniform boundedness of T,:’s

T.f= E kiTea; — g kilea; =T.f asi— oo,
JEN jeN

Therefore (5.21) holds. This ends the proof of Lemma 5.7. ]

As a corollary of the above considerations we have for all f € HY

T.(f) = Z'%’Teai = Z Kq Z Gg',k<ai7 wﬁ-,kwﬁ-,k

ieN i€N  (Lj,k)EA

(5.25)
= Z eéAk<ZHi<aiﬂ¢§,k>>¢l‘,k: Z Elj,k<f-,wé‘,k>¢§',ka
(Ljk)EA ieN (Ljk)eA

since the above series converges unconditionally and the 1/19 i.’s belong to the Cam-

panato space Céo/ifl. The formula (5.25) is of practical importance because it says
that (5.7) holds also if f € HY for an appropriate range of p’s.

Wavelets as an unconditional basis. We are now ready to harvest the fruit
of our labor.

THEOREM 5.8. Suppose V¥ is an r-regular multiwavelet consisting of functions
with vanishing moments up to the order |rlnA_/In Ay |. Then (zbé-yk)(l,j#k)e/\ forms
an unconditional basis for HY for all p satisfying (5.19).

ProOF. We can apply Theorem 5.6 and Lemma 5.7, since
s=|(1/p—1)Inb/InA_| <{rlnA_/InA |

By Lemma 5.7 and (5.25)

[ = Z <f7¢;,k>¢’;,k7

(L k)eA
and the convergence is unconditional in H’. Therefore, the system (wé-Ak)(l,j,k)eA
is a basis for H%, since ¥ is an orthonormal multiwavelet. O

We remark that the assumption in Theorem 5.8 that ¥ consists of functions
with vanishing moments is, in fact, a consequence of ¥ being an r-regular multi-
wavelet. This is a well-known fact for dyadic wavelets which can be found in [Bt,
Da2, Me]. This result was extended to general dilations with integer entries by the
author [Bo4, Theorem 4].
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5. REGULAR WAVELETS AS AN UNCONDITIONAL BASIS FOR HP 103

THEOREM 5.9. Suppose A is a dilation with integer entries and ¥ is an r-
reqular orthonormal multiwavelet for some r € N. Then

/zo‘lbl(z)dr:() foralll=1,... L, |o| <rlnA_/InA,.

Therefore, the assumption in Theorem 5.8 that W has vanishing moments is an
automatic consequence of r-regularity of ¥. Even though the proof of Theorem 5.9
in [Bo4] works only for integer dilations, it is very likely that Theorem 5.9 holds
for all dilations. For example, Theorem 5.9 holds trivially for dilations A satisfying
(3.11), since such dilations do not allow r-regular wavelets. Hence, we conjecture
that Theorem 5.9 is valid for all dilations.

By Theorem 5.8 and standard interpolation theory we can also conclude that a
1-regular multiwavelet generates an unconditional basis in L? for 1 < p < co. This
can be shown to hold under fairly minimal decay conditions on ¥, sce [Po, Wodl.

What can we say if for some dilation A we cannot find an orthonormal r-regular
multiwavelets, e.g. when A does not preserve any lattice? Even though Theorem 5.8
still holds, it may become a vacuous statement due to the lack of r-regular wavelets,
see Theorem 3.1. Nevertheless, by Section 4 we can always find a non-orthonormal
wavelet ¢ € S such that (¢;k)jezrezn forms a tight frame in LZ(R™) and ¢ has
all vanishing moments. We can now show that this wavelet forms a “tight frame”
for HY.

THEOREM 5.10. Suppose ¥ is an r-regular tight frame multiwavelet and p
satisfies (5.19). If U consists of functions with vanishing moments up to the order
s=[(1/p—1)Inb/InA_|, then W’;,k)(l,j,k)eA forms a tight frame for HY, i.e.,

(5.26) f= Y (AWl forall f e HY,
(1.4,k)eA
and the convergence is unconditional in HY.

The proof follows verbatim the proof of Theorem 5.8.
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104 2. WAVELETS

6. Characterization of H? in terms of wavelet coefficients

In this section we will characterize the sequence space of wavelet expansion
coefficients ({f, 1/;5.7,6>) for f € HY, where A = {(l,j,k):l=1,... ,L,j € Z,k € Z"}.

Let (Eé',k)(l,j,k)eA be the sequence of independent identically distributed (i.i.d.)
random Bernoulli variables with P(eé.,/,c =1) = P(eé-,k = —1) = 1/2. In other
words, if we consider the probability space ([0, 1], dt) then we can think of 62’, ()=
To(5,k)(t), where 0 : A — N is a bijection and (r;(t))ien are the Rademacher
Junctions defined by 7;(t) = sign(sin(2'nt)) for ¢t € [0, 1].

The fundamental result concerning the means of i.i.d. random Bernoulli vari-
ables is Khinchin’s (Xunauwun) inequality.

THEOREM 6.1. For any 0 < p < oo there are positive constants A,, By, such

P 1/p 1/2
dt) ng(Z|ci|2> :

ieN

that

(6.1 AP(DQP)W < (/

iEN

iEN

for any sequence of scalars (c;).

The inequality (6.1) means that >_, ¢;r; converges unconditionally in L? if and
only if EZ c;T; converges in L2, i.e., Zl ](:1-|2 < 0. It diverges in the L? norm to
infinity if 3, [¢;|? = .

We shall also need the Fefferman-Stein vector-valued maximal inequality, for a
proof see [FS1, St2]. Here M is the Hardy-Littlewood maximal operator on a space
of homogeneous type.

THEOREM 6.2. Suppose 1 < p <00 and 1 < q < oo. Then there is a constant
Cp,q depending on p and g such that
1/q
(i)

(6.2) H (Z |Mf1-|q>1/q 2

i€EN

<Cpq
Le

Lr

Our goal is to show the following lemma.

LEMMA 6.3. Suppose 0 < p <1 and ¥ is an 0-regular Bessel multiwavelet con-
sisting of nonzero functions with vanishing moments up to the order s = |(1/p —
Dlnb/InA_|. Given a sequence of scalars (ij,k)(l,j,k)eA, the following are equiva-

lent:
(6.3) Z cé-’kw;’k converges unconditionally in HY,
(Lg.k)EA
1/2
(6.4 (X @) e,
(L,3,k)eN

1/2
(6.5) ( > lcé-,klzl(lEl)j,k(x)F) € LP(R"),

(L3, k)eA

for any (or some) bounded measurable sets E; C R™ with |Ey| >0,1=1,...,L.
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6. CHARACTERIZATION OF HP IN TERMS OF WAVELET COEFFICIENTS 105

Before proceeding with the proof of Lemma 6.3 we need to introduce some
terminology. Let 7 be the family of dilated cubes, i.e.,

IT={A([0,1]" +k):je€ZkeZ}
Given I = AJ([0,1]™ + k) € T we define the scale of I by scale(I) = j. Let g be the
square function given by (6.5) for E; = [0, 1]",

L

1/2 1/2
(6.6) g(a:):( ) 1c§,k|2|<1El>j,k<x>|2) :<22|c921;111<x>) ,
(

Li,kyeA 1=11I¢eZI

where we use the convention ¢f = ¢!, for a cube I = A¥([0,1]" + k), j € Z,
k ez

DEFINITION 6.4. Suppose 7' C Z. We say that the cube I is stacked below
the cube J within the family Z’, and write I <z J, if there is a chain of cubes
I=1y1,...,I,=J €T such that

scale(l;) < scale(l;11) and |I;NI;11]#0 foralli=0,...,s—1.

The relation <7+ induces a partial order in 7’. Let max(Z’) be the set of maximal
elements in 7’ with respect to <7-.

If a subfamily Z’ does not contain arbitrary large cubes, i.e., sup 4 scale(I) <
00, then for any cube I € 77 there is always a cube J € max(Z') with I <z J. In
general, a maximal cube is not unique unless, for example, the dilation A = 2Id
and we work with nicely nested dyadic cubes. We shall need a simple lemma.

LEMMA 6.5. There is a universal constant n € N such that whenever we have
two cubes I,J € I' with I <7 J = AJ([0,1]" + k) then I C A¥(B, + k).

In the above lemma a family 7’ does not play any role and can be substituted
by the whole family 7.

PROOF. Suppose first that J = [0,1]" + k for some k € Z. For any integer the
diameter of a cube with scale() = j is at most

diam(7) = diam(A’[0,1]") < ||47|| diam([0, 1]™) = 2| A7]].

Whenever we have a chain of cubes Iy, I1,... ,I; = J € T satisfying Definition 6.4
then
s s 0
diam (U IZ-> < Zdiam([,-) <2n Z ||A7|] < oo.
i=0 i=0 j=—o0

Therefore, there exists 7 € N such that I C B, + k whenever I <7 J. If J =
AJ([0,1]" +k) is arbitrary then [ %7 J <= A™9] <z A79J. Thus, A~ C B,+k
and hence I C A¥(B, + k). O

We also need the following elementary lemma.

LEMMA 6.6. Supposeri,rg > 0 and P is an nxn real matriz with |Px| > ri|z|
for all z € R™. Then there is a constant ¢ = ¢(r1,79) depending only on r1 and 79
such that

#(Z™ N PB(z,1r32)) < c¢|det P| for any z € R™.
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106 2. WAVELETS

PrROOF. Note that

#(Z" 0 PB(z,73)) = #(P~'Z" N B(2,72))
<#keZ: PHE+(0,)")NB(0,73) # 0}
<#keZ: P Y E+(0,1)™) Cc B(0,ry +27/m1)}
IB(0,72 +2"/r1)]
= [PTH(0, 1))

= |B(0,ro +2"/r1)| - | det P|,

since diam P~1((0, 1)) < 2"/ry and the family {P~1(k+(0,1)") : k € Z™} consists
of pairwise disjoint sets. 0

PROOF OF LEMMA 6.3. Assume that (6.3) holds. Let (eéyk) be a sequence
i.i.d. random Bernoulli variables. By Lemma 5.4 there exists a constant C such
that for any subset F C A

(6.7) Z € )kt

(Lik)eFr

<C for any t € [0,1].
Hp

The identity on L?(R") is a Calderén-Zygmund operator (of any order) hence it
extends to a bounded operator from H? to LP with norm 1 by Theorem 9.9 in
Chapter 1. If F C A is finite then by Khinchin’s inequality, the Fubini Theorem
and (6.7)

p/2 1 p
o [ (X ) ws [ [ dundaiao)] dd
R N jk)er "0 L kyer
1 p
< / SOt | de<cm
O W ker Le

Since F' C A is arbitrary, by Fatou’s Lemma we have

p/2
/R( > ICé,kI2l¢§,k(x>l2> dx < C7 /4,

(i k)en

which shows (6.4). )
Assume now that (6.4) holds. Let § > 0 be sufficiently small so that E; = {z €
R™ : |9 (x)] > 6} has nonzero measure for every [ = 1,..., L. Since

> 1P Wla@P 26 3T 1Gullg)ix@) forallz e R,
(1.7,k)EA (Lj.k)EA

(6.5) holds for some Ej’s. Choose any other bounded E;’s with nonzero measure.
We can then find 6" > 0 so that M(1z )(x) > §'1g,(x) for all z € R", where M
is the Hardy-Littlewood maximal operator associated to the dilation A given by
(3.15) in Chapter 1. Since M commutes with translations and dilations by the
power of A we have (M(1z ));x(x) = ‘M((lﬁl)gﬁk)l/r(x) for any r > 0. Hence, for
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6. CHARACTERIZATION OF HP IN TERMS OF WAVELET COEFFICIENTS 107

0 <7 < p by Lemma 6.2

v [ Y arawe)

(Lg.k)eA
/2
<[ ( 3 |c§,k|2M<<1El>§,k>2/f<x>> dx
R N (15, k)ea
(r/2)(p/r)
-/ ( 3 |M<cz,kr<1,;l>;,k><x>|2/’“) da
R N5, 0ea
p/2
< Conap?” [ (X aPIg)s0R) an

(Lg.k)eEA

which shows (6.5).

Finally, assume (6.5) holds with E; = [0,1] for [ = 1,..., L. We shall show
that after some rearrangement the series in (6.3) is an appropriate combination of
molecules.

For each r € Z define £, = {z € R™ : g(x) > 2"}, where g(z) is given by (6.6).
Clearly, 2,1 C 2, and

ST =32 Y0, 0\l =0 DT 270\

(6.8) rcZ TEZI s=r SEZL r:fo;
= 2751009\ Q] < / lg(x)|Pdx.
1—2*1736% 1277 Jpa

We also define a subfamily of dilated cubes
L, ={IeZ:|INQ.| > |1|/2 and |[INQ, 1| < |I|/2}.

Note that for any I € 7 with clI #£ 0 for some [ = 1,... L, there is a unique r € Z
such that I € Z,.
For each r € Z, we have

L= |J (eI :Ixg J}
Jemax(Z,)

since the subfamily Z, does not contain arbitrary large cubes by || < oco. By
induction on J € max(Z,) we can find pairwise disjoint subfamilies Z,. ; satisfying

LyCc{lel.: 1< J}y, I,= ] Z.,
(6.9) Jemax(Z,)
IT’J ﬂIT’J/ =0 forJ;«éJ’EmaX(IT).

We are now ready to rearrange the formal series in (6.3) as a combination of
molecules. Using the convention ¢} = cl_j’k, Y1 =¥ foracube I = A7([0, 1] +k)
we can write

> Cé',k%k:iZCiﬂ%:Z 3 <i Z ClI/%)’

(1,4,k)EA iI=11€T r€Z Jemax(Z,) I=11€l, 4

This document generated prior to electronic offprints.
Licensed to AMS.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



108 2. WAVELETS

where Z, and Z, ; are given by (6.9). To show that this series converges in HY it
suffices to show that _;.; iy} is an element of H and

(6.10) >Ny Z > c,w,

r€Z Jemax(Z,) ' l=1I€l, 4

< o0,

by the completeness of HY and p-subadditivity of || - || g».
Fix 7 € Z and J = A»([0,1]™ + ko) € max(Z,). We claim that there is a
constant C' (independent of r and J) such that

Z Z C1¢1

l=11€Z, 4

(6.11) ; g o2 |JMP,

By Lemma 6.5 we have

L L
Yoo P <2y > G Qe

=11cZ, =1 €T, ;
L
(6.12) <2y > /A R (2)de
I=11€Z, s (By+ko))\2ri1
§2/ |g(37)|2d:17 < 9piotno2(rt1)
(AI0 (B, +ko))\Qpt1
:8[;j0+17227»7

since outside of Q,41 we have g(x) < 271
Since {1t} is a Bessel family by (6.12) we have

L 2
Ll
B / > D i@
|Bjo+n+w Bjo+ntwtAW0ko | 11 1e7, ;
2 27’
_bJ0+?7+w Z Z CI"‘/’I S bJo+n+wZ Z ehf* < 2
I=11I€Z, s =1 Ity

For any I € Z, ; by Lemma 6.5 we have I = A7([0,1]" + k) C A7(B, + ko)
and thus A’k € A%ky + Bj, 4. Therefore, for fixed j < jo the number of such k’s
is bounded by Lemma 6.6

(613) FZP O (A Ty By 1)) S b,
Also for x € A%kg + (Bjo+n+4w)€ we have
plz — A%ko) < b*p(x — A'k),

since A0kog— A’k € Bjytn. Since W is O-regular, for any § > 0 there is C = C(6) > 0
such that | (z)] < Cp(x)~? for all z € R™. In particular, we can take § satisfying
the hypothesis of Lemma 9.3 in Chapter 1. Therefore, for x € A7k + (Bjo+n1w)S,

7 (@)* =l 1 (@)P = b [ ATz — k)P < Cb I p(A T — k)7
<SCH* b7 p(A™ (x — A0k)) %
:Cb*jb’%(jﬂ’j+’7)p(A’j0‘”‘w(q: _ Ajokzo))‘%
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6. CHARACTERIZATION OF HP IN TERMS OF WAVELET COEFFICIENTS 109

Combining the above with (6.12) and (6.13), by the Cauchy-Schwarz inequality we

have
L L 1/2 , L 1/2
S Y due)< (X X 14r) (XX wer)
I=11€Z, s =11l ; =117, s

1/2
< b(jo+n)/22r< Z cbjg—jJrnOb—jb—2<§(jovj+77)p(A*jo—n—w(‘r _ Ajoko))%)
J<Jjo
1/2
< CQT( ) b(226)<jo—j>> p(A™I01 (g — ATogg)) S,
7<jo

for x € A%ky + (Bjyty+w)S. By the Lebesgue Dominated Convergence Theorem
we also have

/ (Z S x))x“dmzo for || < s.

=11l

Therefore, all the hypotheses of Lemma 9.3 in Chapter 1 are satisfied and thus,

S C2"|Bjgtniw| /P < C2|J VP,

Cﬂ//[

1=11€T, ;

This proves (6.11). To show (6.10) we use |J| < 2[JNKQ,.| for J € max(Z,) to obtain
DD PO SR EFED SR SEECTAIS
r€Z Jemax(Z,) ' =1 1€, reZ Jemax(T,)

<207 2|0, < -

rEL

207
— lgllZs

Since the above estimate depends only on a magnitude of coefficients ¢! ’s, we obtain
the unconditional convergence in (6.3). This ends the proof of Lemma 6.3. O

Note that the assumption that ¥ is O-regular in Lemma 6.3 can be slightly
relaxed. It follows from the proof that it suffices to assume |1 (z)| < Cp(z)~° for
I=1,...,L with § > max(1/p,slnA,/Inb+ 1} in order to apply Lemma 9.3 in
Chapter 1.

We are now ready to prove the characterization of the sequence space of wavelet
expansion coefficients of elements in HY.

THEOREM 6.7. Suppose p satisfies (5.19), and U is an r-regular tight frame
multiwavelet with vanishing moments up to order s = [(1/p—1)Inb/InA_|. Then
for any f € HY the series 2 ajmeatss 1/1] k>w & converges unconditionally to f in
HY, and

1l ~ H( (. wg-,kn%w;,k(-)\?)m

(1,4, k)EA

Ly
(6.14)

bl

Lr

NH( Z |<f’¢§’k>|2|(1E1)j,k(.)12>1/2

(Lj.k)en
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110 2. WAVELETS

Jor any (or some) bounded measurable sets E; C R™ with |Ey| > 0,1 =1,...,L.
The equivalence constants in (6.14) do not depend on f.

If, in addition, ¥ is an orthonormal multiwavelet then for any (Cé',k)(l,jAk)eA
satisfying

1/2
(6.4) (T Marvlawr) e
(

1,j,k)EA

there is a unique f € HY such that Cé»’k = (f, wé.‘k> forall (I,5,k) € A and (6.14)
holds. '

Proor. By Theorem 5.10 we have (5.26). By Lemma 6.3 we have (6.14). The
fact that the equivalence constants in (6.14) do not depend on the choice of f follows
by analyzing the proof of Lemma 6.3.

Suppose, in addition, that ¥ is an orthogonal multiwavelet. Given a sequence
(Cé‘,k)(l,j,k)EA satisfying (6.4) by Lemma 6.3, Z(l,j,k)eA cé-’kwé-’k converges uncondi-
tionally to some element f € HY. Since ¢'’s belong to the dual of HY, we conclude
that for any (I/, 5/, k") € A

0 Lo Lol 1%
<f7¢k’,j’>:< Z Cj,k¢j,k7¢jf,k/> Z W5 s Vo ) = Co g

(Li.k)eA (g k)eA

Finally, {6.14) holds by Lemma 6.3. ]

Wavelet expansion coeflicients for LP. It comes as no surprise that The-
orems 5.8, 5.10, and 6.7 can be extended for exponents p > 1. In fact, orthogonal
wavelets with very mild decay conditions already form an unconditional basis for
LP, 1 < p < oo, see [Po|. Analogously, we can characterize the sequence space of
wavelet expansion coefficients for LP. This sequence space is given by exactly the
same formula, e.g., (6.4) or (6.5). To show this, we will need two simple lemmas
which hold for arbitrary measures, see [Wo2, Corollary 7.10]

LEMMA 6.8. Suppose 0 < p < 0o and (fi)ien C LP. If 3,y fi converges
unconditionally in LP then |[(3_;cy fil$)Y?)|, < 00, Moreover,

(6.15) Q1A 2]l < (Ap) 7 sup

ieN t€[0,1]

> ity fs

€N

p

Proor. By Khinchin’s inequality and the Fubini Theorem we have

(st?)m :< / s (Zmﬁ’)m

i€F i€F i€F
for any finite I C N. If ). fi converges unconditionally in L? then by Lemma
5.4,

P
4, ,
p

r
dt < B,
p

C = sup
te(0,1]

< Q.
4

Y orit)fi
‘€N
Hence, Ap||(3;cr Ifi?)'/2]|B < CP. Since F C N is arbitrary this shows (6.15). ]
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6. CHARACTERIZATION OF HP IN TERMS OF WAVELET COEFFICIENTS 111

LEMMA 6.9. Suppose 0 < p < 0o and (fi)ieny C L is such that ||fi|l, > & for
some d >0 and all i € N. Then there is a sequence of coefficients (€;)ien, € = +1
such that

N

Zfz‘fz‘

=1

= Q.
p

(6.16) limsup

N—ooc

PRrRoOOF. We claim that it suffices to show
p/2
(6.17) /(Zw?) = oc.
ieN

Assume for the time being that (6.17) holds. We claim that for any j € N and

r > 0 there is N > j and a sequence ¢;,... ,enxy with €; = £1 such that
N
Zeifi >
i=j p

Tndeed, it suffices to take N such that ||(Zf\;j £l > r(Ap)~ P and apply
(6.15). By a simple induction we can now produce a sequence (¢;)ien, € = *1
satisfying (6.16).

In order to show (6.17) we need to consider two cases. Suppose first that
(6.18) limsup [{z : |fi(z)] >n} =0 for every n > 0.

1—0C

If (6.18) holds then there is a subsequence (f;, ) and a decreasing sequence of positive
numbers 1 =1y > 7 > ..., such that

(6.19) / |fi, P> 6/2 forall j =1,2,...
7]_7<|f1]‘<77j‘]

Indeed, we are going to proceed by induction. Let ¢; be such that fml <1 [ fi, [P >
3/48. Choose 7; such that f\fillém |fi,|P < 1/48. Hence, (6.19) holds for j = 1.
Assume (6.19) holds up to some j > 1. By (6.18) we can pick 4;11 such that
flfi]HKn] | fi, 1P > 3/46. Choose 7,41 such that f\fzjﬂlémﬂ |fi, 1 |P < 1/48. This

completes the induction step since

/ o l? > 6/2.
Nitr<|fi; q 1<n;

Define sets S; = {z : ;41 < |fi,,,(x)] < n;}. Again by induction we can find a
subsequence (ji) such that

(6.20) / fi, P> 8/4  forallk=1,2,...
S.

g \(Sj U US;,

Indeed, by (6.18) and (6.19) for any set S with |S| < oo,
liminf/
J—oc S
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112 2. WAVELETS

since 7; — 0 as j — oo. Therefore by (6.20},

/ (th?)w >3 /S [fiy, [P = oo.

ieN keNY S5 NS5,V 55, 1)

On the other hand, if (6.18) fails then there exist n,u > 0 such that [{z :
| fi(2)] > n}| > u for infinitely many ¢’s. After taking a subsequence we can assume
that this holds for all # € N. Let S; = {z : [fi(z)] > n}. If |U,enSil < o0
then necessarily > ;. y1s,(z) = co on a set of positive measure. Therefore, the
square function in (6.17) is infinite on a set of positive measure. Otherwise, if
| Uen Sil = oo then the square function is at least 1 on a set of infinite measure.
This shows (6.17) and ends the proof. O

The analog of Lemma 6.3 in the range 1 < p < o is the following lemma.

LEMMA 6.10. Suppose 1 < p < co and V¥ is an 1-reqular Bessel multiwavelet
consisting of nonzero functions. Given a sequence of scalars (cg-’k)(l’j$k)€/\, the fol-
lowing are equivalent:

6.21 ot conwerges unconditionally in LP,
7.k 73k
(Ljk)EA
1/2

(6.22) (T tePiia@Pr) e,

(LjkyEA

1/2

(6.23) ( > rcé,k|21<1a>]—,k<x>|2) e IP(R"),

(Lj.k)EA
for any (or some) bounded measurable sets £} C R™ with |Fy] >0,1=1,...,L.

Before we present the proof we need to introduce the standardized version of
the sequence space under consideration. We also need a description of its dual
which can be found in [NT, Section 9].

DEFINITION 6.11. Given 0 < p < oo, a dilation 4, and L € N we define
& = £5(A) as the space of all sequences ¢ = (c . )q1,;.k)en Such that

Hcmi:”( 2 lcé»k'Ql(l[O,l]")j,kﬁ)]/2

({L.5,k) €A

- H(iZ|ch*h)m

I=11€1

(6.24) ’

< 0.
P

If the dilation A = 2Id and L = 1 then the sequence space 5 coincides with
the space £? introduced by Frazier and Jawerth in [FJ2]. Obviously we could
have defined a whole scale of spaces f7? for a general dilation A. However, the
investigation of anisotropic homogeneous Triebel-Lizorkin spaces F;'? is beyond
the scope of this work. For the isotropic theory we refer the interested reader to

[FIW, Tr1, Tr2]; for the function space theory on spaces of homogeneous type, see
[Hn, HS, HW].
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6. CHARACTERIZATION OF H? IN TERMS OF WAVELET COEFFICIENTS 113

LEMMA 6.12. Suppose A is a dilation and 1 < p < oo. The dual of &% is
isometrically isomorphic to £%, where 1/p+1/q = 1. The duality is given by

L

(6.25) (e.dy = Z céka = ZZ clldTI force b, d ety

(1,j,k)EA =1 I€T

Proo¥F. Consider the space LP(#?) = LP(R™, ¢2(Z)®%) of functions f : R" —
2(Z)®t. The norm of f = (f,...,f%), where f! : R®™ — (2(Z) in this space is

given by
B . L l ) p/Qd 1/p
o= ( [ (S0 ) ae)

We can identify ¢ as a subspace of LP({?). Indeed, given ¢ € % consider the

function f = (f*,..., fY) whose j'th coordinate is given by
(6.26) flz); = Z Y21 (x) fori=1,...,L.
IeT

scale(I).=j

This identification defines an isometric inclusion of ¢ into LP(£?). Functional
analysis tells us that the dual of LP(¢?) is isometrically isomorphic to L9(¢?), where
1/p+1/q = 1. Furthermore, the duality is given by

L
e (L= [ SUf@)ge)ds  for fe L(E)g € L),
=1

Also (£9)* is isomorphic with the quotient of LI(¢?) and the annihilator of ¢,
which consists of functions f € L9(¢2) with fI fiz)jdz =0foralll =1,...,L,
I € I, j = scale(I). Therefore, the dual of £ can be identified with ¢%. Moreover,
the dual of the inclusion ¢, — LP(¢?) is a projection P : L9(¢?) — (¢%)* given by

(Pf)(x)j:lz; > (|I[_1/Ifl(y)idy>11.

Iez
scale(I)=j

The duality (6.25) follows from (6.26) and (6.27). N

PrROOF OoF LEMMA 6.10. (6.21) = (6.22) follows from Lemma 6.8. (6.22)
< (6.23) is shown in the same way as in Lemma 6.3. However, (6.23) = (6.21)
is shown in a different manner since we do not have an atomic decomposition at
our disposal for p > 1.

By Lemma 5.5 for any sequence of bounded scalars € = (Eé‘,k)(l,j,k)eA the oper-
ator T, : L(R") — L?*(R"™) given by

(6.28) T.(f)= Y exlfithvln

(g, k)EA

is Calderén-Zygmund of order 1. Hence, T. is a Calderén-Zygmund operator in the
sense of Definition 9.1, Chapter 1. Therefore, T, extends to a bounded operator
on L? for 1 < p < oo. Furthermore, if 16;’]‘71 < 1 then T¢’s are uniformly bounded
on LP. We are going to show that (6.28) holds also for f € LP with unconditional
convergence in LP.
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114 2. WAVELETS

If the series Z(l,j,k)eA (f, ¢;k>1/}§k does not converge unconditionally in LP then
there are pairwise disjoint finite sets F; C A and coeflicients eé-_k =41, (l,5,k) € F;
such that

Loyl
fi= Z 6;’,k<fv wj,k>wj,k’
(L.j.k)EF;
satisfies || f;]|, > 0 for some § > 0 and all ¢ € N. By Lemma 6.9, there are coefficients
e; = %1 such that limsupy_, || Z;N:l ¢;fillp = oo. This clearly contradicts the
uniform boundedness of T.’s. Finally, Z([J,k)e/\ eé-yk<f, wé-_’kﬂbé-’k converges to T, f
by considering f ¢ L? N L?. By Lemma 6.8,

L '<f’¢§,k>lglwé,k<x>12)p/2dx

(1,7.k)EA
p
< (A7 sup || DD €O vl < CLANfIE,
L0 1 s kea P

for any f € LP. Therefore, ||({f, wé- I < ClIfllp. In other words, the analysis
° A

operator is bounded from L? to ¢%,. By Lemma 6.12, the dual of analysis operator
is a synthesis operator

> (Cgl,k)(l,j,k)eA — Z cé-.kwik e LY(R"),
(Lj.k)eA

where 1/p+ 1/g = 1. We also have
’ > Gt

(Lg,k)eA
This shows (6.23) = (6.21). O

< Cllelles, for all ¢ € ¢%.
a

We are now ready to prove the characterization of the sequence space of wavelet
expansion coefficients of functions in LP.

THEOREM 6.13. Suppose 1 < p < o0, and ¥ is a 1-regular tight frame multi-
wavelet. Then the series Z(l,j,k)eA<f7 wé’,k>7/}§'.k converges unconditionally to f in
LP? for any f € LP, and

it~ (

1/2
3 |<f,w;,k>|2|¢;-,k<->x2)

(Lj.k)eA Lr
(6.29) 12
~ H( > I, wé».k>|2|<1El>j,k<->|2) ,
(Lj.k)EA Lr
for any (or some) bounded measurable sets By C R™ with |Ej| > 0,1 =1,...,L.

The equivalence constants in (6.29) do not depend on f.
If, in addition, ¥ is an orthonormal multiwavelet then for any (Cé‘,k)(l,j,k)eA
salisfying
1/2
(6.4 (X ldatular) e,

(Lg,k)en
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6. CHARACTERIZATION OF HP IN TERMS OF WAVELET COEFFICIENTS 115

there is a unique f € LP such that cé-’k = (f, 11}2-7,6) for all {I,7,k) € A and (6.29)
holds.

ProoOF. The first part of the theorem follows from Lemma 6.10, see the proof
of (6.23) = (6.21).

Suppose, in addition, that ¥ is an orthonormal multiwavelet. If (Cg,k)(l,j,k)e A
satisfies (6.4) then by Lemma 6.10, 3 ; 1yea ¢k ¥k . converges unconditionally to
some f € LP. Since ¢’s belong to the dual of LP we must have ¢} , = (f, ¢} ) for
all (I,7,k) € A. This completes the proof of Theorem 6.13. |
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Notation Index

|| the standard norm in R™ or the Lebesgue measure of a subset in R"

B(z,7) the Euclidean ball with center z and radius r

() the scalar product in R?, L2(R"™), or {f,¢) = f(¢) for f€ S, o€ S
{e:}7 4 the standrad orthonormal basis in R™

f the Fourier transform of f, f(£) = Jgn f(z)e 248 dy

supp f the support of f, supp f = {z : f(z) # 0}
DF f(x) the derivative of f at the point z thought of as a symmetric
multilinear operator (R")* — R™

1 the indicator function of the set £ C R™

A the dilation, i.e., n x n matrix with all eigenvalues A, [A] > 1

A the absolute value of the smallest eigenvalue of A

Ay the absolute value of the biggest eigenvalue of A

b the number equal to | det A|

By, the dilated balls of the form By = A*A, k € Z, where A is a special
ellipsoid tailored to the dilation A with |A| =1

B the family of dilated balls of the form xg + By, zo €« R*, k€ Z

w the smallest integer such that 2By C B,

p the quasi-norm associated to the dilation A

Ok the dilate of ¢ to the scale k € Z, i (x) = b~Fp(A™*x)

Wik the dilate and translate of ¥ given by
Yixk(x) = |det AP/ 2p(Alx — k) where j € Z, k € Z

v the collection ¥ = {*,... L} C L2(R")

T the collection of dilated cubes {A7([0,1]" + k) : j € Z,k € Z"}

Yy is ¢_;x for I = AI(]0,1]™ + k) € Z; the exception to this rule is 1;

A the index set A= {(l,7,k):l=1,... ,L,j€Z, ke Z"}

D4 the dilation operator (usually on H?), D4f(z) = |det A|'/? f(Az)

Ty the translation operator, 7, f(z) = f(z —y)

(p,q,s) an admissible triplet with respect to the dilation A, e, 0 <p <1,
1<g<oo,p<qg, seN,and s> |[(1/p—1)Ind/InA_]

M,f the nontangential maximal function of f with respect to ¢
Mg f the radial maximal function of f with respect to ¢
Tév f(z)  the tangential maximal function of f with respect to ¢
My f the nontangential grand maximal function of f
MY f the radial grand maximal function of f
Myrf the Hardy-Littlewood maximal function of f
Ccr the space of functions with contimious partial derivatives
up to order 7, r =0,1,... ,00
116
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NOTATION INDEX 117

S the space of test functions (the Schwartz class)

S the space of tempered distributions

Sy the subset of S consisting of all ¢ satisfying
SUDPepn SUP|o < v max(1, p(z)V)]0%p(z)| < 1

Ps the space of polynomials of degree < s

Lp the space of functions with [¢, |f(z)[Pdz < 00, 0 <p < o

Ifll,  the quasimorm in L2, [[flly = (fyn |f(2)|Pda) /7

H» the anisotropic Hardy space HY associated with the dilation 4

£l the norm of £ & HP, |||l = || My fll,

HY the atomic anisotropic Hardy space associated with the dilation A
for an admissible triplet {p, q, s)

Cl s the Campanato space for [ >0,1< ¢ < o0, s =0,1,...

o1 the space of functions in L? with bounded support and vanishing

moments up to order s
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