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Abstract. We express the mean curvature flow of Lagrangian submani-
folds in pseudo-Riemannian manifolds endowed with the Kim-McCann-
Warren metric within the framework of generalized mean curvature flow
on Kim-McCann manifolds. While generalized mean curvature flow has
been studied in Kähler geometry, our work shows that techniques from
para-Kähler geometry arise naturally in the Kim-McCann setting. Us-
ing this perspective, we prove that the Lagrangian condition is preserved
along the flow. By identifying generalized mean curvature flow with
Lagrangian mean curvature flow, we show that the Ma-Trudinger-Wang
regularity theory applies to this setting. In particular, the cross-curvature
positivity condition of Kim-McCann yields smoothly converging flows
of Lagrangian submanifolds. Under the cross-curvature condition, any
Lagrangian submanifold avoiding the cut locus converges exponentially
to a stationary submanifold, which locally arises as the graph of an op-
timal transport map. Our framework substantiates the analogy between
special Lagrangian geometry in almost Calabi–Yau manifolds and opti-
mal transport theory in the Kim-McCann setting. In particular, we show
that Kim–McCann manifolds equipped with a para-holomorphic volume
form serve as the natural counterpart to almost Calabi-Yau manifolds.
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1. Introduction

It was observed by Kim-McCann-Warren in [KMW10] that graphs of
optimal transport maps are calibrated submanifolds of a conformal mod-
ification of the Kim-McCann metric [KM10] introduced in the study of
regularity theory of optimal transport. The Kim-McCann metric is an (n, n)
signature metric on M×M̄ with a natural Kähler form in which graphs of op-
timal transportation maps are space-like Lagrangian submanifolds. While
this suggests an analogy to the special Lagrangian geometry occurring in
Calabi-Yau manifolds, neither the modified Kim-McCann-Warren metric
[KMW10] nor the Kim-McCann metric [KM10] is Ricci-flat.

In this paper, we make an observation that completes the analogy, open-
ing up a broader bridge between the theory of Calabi-Yau metrics and Kim-
McCann metrics. The Kim-McCann metrics should be thought not to cor-
respond to Calabi-Yau manifolds, but rather almost Calabi-Yau manifolds,
also called special Kähler manifolds by Bryant (cf. Bryant [Bry00] and
Joyce [Joy01, pg 43]). The Kim-McCann-Warren metric then corresponds
to conformal modifications of almost Calabi-Yau metrics, with a conformal
factor chosen so that special Lagrangian calibrations exist. Such almost
Calabi-Yau metrics have been studied in the Kähler setting for well over
two decades (see Goldstein [Gol02]) and give rise to generalized mean cur-
vature flow, which flows towards a special Lagrangian submanifold, pre-
serving the Lagrangian condition, even though the ambient metric is not
Einstein. Note that mean curvature flow fails to preserve the Lagrangian
condition when the ambient manifold is not Einstein (see Bryant [Bry87]).

Here we show that the exact analogue is true in the Kim-McCann set-
ting; the corresponding generalized mean curvature flow preserves the La-
grangian condition and is stationary on calibrated submanifolds. This anal-
ogy is rich with interesting avenues to explore.

The Kim–McCann metric continues to be of significant interest, as re-
flected in the recent geometric exposition in Léger-Vialard [LV23] and the
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advancements in Brendle-Legér-McCann-Rankin [BLMR24]. In this work,
we build on these developments by extending the results of [BLMR24] from
the elliptic to the parabolic setting, demonstrating that the Ma-Trudinger-
Wang [MTW05] regularity theory ensures not only the smoothness of sta-
tionary solutions, but also the regularity of the flow.

This generalizes and combines two aspects of regularity theory. The
first is the result of Brendle-Legér-McCann-Rankin in [BLMR24] (see also
Warren [War25] for the two-dimensional case), which shows that optimal
transport maps satisfying the Ma-Trudinger-Wang condition can be proven
regular using purely minimal surface techniques. Here, we generalize this
from the elliptic to the parabolic setting using generalized mean curvature
flow. At the same time, we extend the parabolic Monge-Ampère flow intro-
duced in Kim-Streets-Warren [KSW12] to spacelike submanifolds that do
not arise as the cost-exponential of a global scalar function, and show this
flow is well-behaved even without the global scalar potential function. In
particular, the result can be applied to a wide variety of spacelike immer-
sions, including non-graphical immersions.

Generalized mean curvature flow was introduced independently by Behrndt
[Beh11] and Smoczyk-Wang [SW11], with each approach highlighting dif-
ferent structural aspects: One centered on a torsion connection and the other
on a Ricci potential. While we draw heuristic insights from these general-
ized flows, particularly from the para-complex setting, our analysis does not
rely on their machinery. Instead, we present self-contained arguments that
mirror those in the elliptic case, providing direct proofs of our main results
without requiring the broader para-complex framework. Our perspective
differs from that of Chursin-Schäfer-Smoczyk [CSS11], which, following
Smoczyk-Wang [SW11], analyzes the geometry via comparisons between
different connections. In contrast, we adopt an approach more in line with
Behrndt [Beh11], emphasizing the role of calibrating forms as introduced
in Kim-McCann-Warren [KMW10].

We present our main results below, with formal definitions deferred to
later sections to keep the introduction streamlined. Our first result draws
inspiration from a result of Smoczyk [Smo99], subsequently extended by
Behrndt [Beh11] and Smoczyk-Wang [SW11].

Theorem 1.1. Suppose that M × M̄ is a Kim-McCann manifold endowed
with a para-holomorphic n-form Ω and L(t) is a family of immersed La-
grangian submanifolds flowing by the generalized mean curvature flow. If
L(0) is Lagrangian, then so is L(t) for t > 0.

For the precise definition of a Kim-McCann manifold, we refer the reader
to Definition 2.1. The definition of the para-holomorphic n-form is given
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in Definition 2.4, and the generalized mean curvature flow is defined in
Definition 3.2.

Our next result extends the elliptic regularity theory of Brendle-Legér-
McCann-Rankin [BLMR24] to the parabolic setting and generalizes the
parabolic Monge-Ampère flow of Kim-Streets-Warren [KSW12] to space-
like submanifolds beyond cost-exponentials of global potentials.

Theorem 1.2. Suppose that M × M̄ is a Kim-McCann manifold with a pos-
itive cross-curvature condition, and L(t) is a family of compactly immersed
Lagrangian submanifolds flowing by the generalized mean curvature flow.
If L(t) stays in a compact set in the complement of the cut-locus, on [0,T ),
then the flow extends beyond T . If the flow stays in a compact set avoid-
ing the cut-locus for all time, then it converges to an immersed calibrated
submanifold.

For the precise definition of the cut locus, we refer the reader to Defi-
nition 2.2. Here, the term “calibrated” is taken with respect to the metric
introduced by Kim-McCann-Warren [KMW10].

Remark 1.3. The convergence of Lagrangian mean curvature flow in the
Calabi-Yau setting has long been studied following the Thomas-Yau con-
jecture [TY02]; they conjectured that the Lagrangian mean curvature flow
in a Calabi-Yau manifold should exist for all time and converge to a special
Lagrangian, provided the initial Lagrangian is stable in an appropriate sense
(see Joyce [Joy15] for subsequent refinements of this conjecture). Here, we
show that the cross-curvature condition provides a framework in which an
analog of the Thomas-Yau conjecture holds.

Our proof of Theorem 1.1 uses an energetic method and is inspired in
part by a strategy first mapped out in Smoczyk [Smo96] (see also Behrndt
[Beh11] and Wood [Woo20]). Necessarily, we use para-complex numbers
and para-Kähler geometry.

The proof of Theorem 1.2 relies on a geometric maximum principle for
a Riemannian metric on the product space along the graph, building on
the work of Brendle-Legér-McCann-Rankin [BLMR24] while extending
their method to the parabolic setting. To obtain exponential convergence,
we apply a Li-Yau Harnack inequality, in the spirit of Kim-Streets-Warren
[KSW12] and Abedin–Kitagawa [AK20].

Rather than aiming to construct a comprehensive dictionary linking para-
complex geometry and optimal transport, our goal is more focused: To
demonstrate that key results in optimal transport theory admit self-contained
proofs within the framework of generalized Lagrangian mean curvature
flow. We direct the reader to Cruceanu-Fortuny-Gadea [CFG96] for a his-
tory of para-complex numbers and para-complex geometry.
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1.1. Relation to the Sinkhorn Algorithm. Recent work by Deb-Kim-Pal-
Schiebinger [DKPS23] has identified a continuous-time limit of Sinkhorn’s
algorithm for entropy-regularized optimal transport as the regularization pa-
rameter tends to zero, yielding a Wasserstein mirror gradient flow for the
transport cost on the space of probability measures. For smooth optimal
transport plans induced by a potential, that admits sufficient regularity, this
measure-valued flow can be formally rewritten in new coordinates, lead-
ing to a parabolic Monge-Ampère type flow; Berman [Ber20] shows that
Sinkhorn iterations, in a joint limit (mesh size→ 0, ε → 0, iterations ε−1),
converge to a parabolic Monge-Ampère equation for the optimal transport
potential.

From this perspective, the parabolic Monge-Ampère flow appearing in
optimal transport may be viewed as a refined, geometric realization of the
Sinkhorn limit, obtained after restricting to graphical Lagrangian subman-
ifolds and passing from Wasserstein space to the Kim-McCann geometric
framework. Our work operates directly at this geometric level: We interpret
the parabolic Monge-Ampère equation as a generalized Lagrangian mean
curvature flow on Kim-McCann manifolds, establish preservation of the La-
grangian condition, and prove long-time existence and convergence under
the positive cross-curvature condition.

1.2. Organization. In Section 2, we develop the appropriate notions and
constructions adapted from almost Calabi-Yau theory. We introduce the La-
grangian angle and the generalized mean curvature flow, and explain their
relationship. In Section 3, we prove that the Lagrangian condition is pre-
served along the flow by showing that the integral of the Kähler form re-
stricted to L vanishes identically, using a Gronwall-type argument. In Sec-
tion 4, we incorporate the MTW condition and present a parabolic analogue
of certain results from [BLMR24]. Finally, in Section 5, we establish higher
regularity and exponential convergence.

Acknowledgments. AB acknowledges the support of NSF grant DMS-
2350290, the Simons Foundation grant MPS-TSM-00002933, and a Bill-
Guthridge fellowship from UNC-Chapel Hill. DW acknowledges the sup-
port of the NSF RTG Grant DMS-2135998.

2. Geometric Background

2.1. Kim-McCann Manifold. We define a Kim-McCann manifold by slightly
generalizing the setting of [KM10].

Definition 2.1. A Kim-McCann manifold is a product manifold Mn × M̄n

equipped with a metric h satisfying the following property: for every point
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(x, x̄) ∈ Mn × M̄n \C , where C denotes the cut locus (defined below), there
exists a function c locally defined near (x, x̄) such that for all V ∈ TxMn and
W̄ ∈ T x̄M̄n,

h(V, W̄) := −1
2 VW̄c,

and moreover, h vanishes on pairs of vectors tangent to the same factor.

Definition 2.2. We define the set C where the metric is not well-defined to
be the cut-locus. The term derives from the set of points on a Riemannian
manifold at which the squared distance function encounters differentiability
issues.

We will assume the function c is at least C4 away from the set C . The
metric h can be written in the following form:

h :=
1
2

(
0 −cis̄

−cs̄i 0

)
.

Remark 2.3. By permitting the metric-defining function to be locally de-
fined, our framework extends naturally to cases like the flat torus. For in-
stance, the Kim–McCann metric derived from the squared distance remains
smooth, even though the underlying cost function has a singularity; singu-
larities that our definition is designed to bypass. A rationally-sloped geo-
desic in a torus, in this case, need not encounter the cut-locus.

Note that the form

ω = −
1
2

cis̄ dxi ∧ dx̄s

is a symplectic form. To interpret the symplectic form as a para-Kähler
form, consider the map

K : T(p,p̄)M × M̄ → T(p,p̄)M × M̄

which is represented as

(2.1) Kp,p̄ = ITp M ⊕ (−I)T p̄ M̄ .

For a basic introduction to para-Kähler geometry, we refer the reader to
[CFG96]. The important fact is that the complex structure map J satisfying
J2 = −I is replaced by a para-complex structure map, K, satisfying K2 = I.
Then one has

ω(·, ·) = h(K·, ·).
It was noted in [KM10] that graphs (x,T (x)) of optimal transport maps are
Lagrangian with respect to this symplectic form, and calibrated with re-
spect to a conformal metric depending on the mass densities [KMW10]. In
[War25, Claim 2.2], it was observed that K is parallel with respect to the
Kim-McCann metric.
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2.2. Para-complex Geometry. A para-complex valued form η is of (n, 0)
type if

k · η(V1, ..,Vn) = η(KV1, ..,Vn) = η(V1,KV2, ..,Vn), etc.

Here k is an algebraic object akin to the more familiar i, but instead satisfies
k2 = 1. Define the numbers τ and τ̄ by

(2.2) τ =
1
2

(1 + k) and τ =
1
2

(1 − k) ,

which satisfy

(2.3) τ2 = τ , τ 2
= τ , and ττ = 0 .

We note that two standard notational conventions collide here. In the opti-
mal transport literature, the bar is commonly used to denote the target man-
ifold, while in the complex and para-complex setting, the overline denotes
conjugation. The equations below necessarily employ both conventions,
although the distinction should be clear from the context.

We define
∂

∂zi = τ
∂

∂xi + τ
∂

∂x̄i

and
dzi = τdxi + τdx̄i.

Noting that

dz1 ∧ ... ∧ dzn = τdx1 ∧ ... ∧ dxn + τdx̄1 ∧ ... ∧ dx̄n

and using the relations in (2.3), one can check that any para-holomorphic
(n, 0)-form can be written as

η = f (z)dz

(using dz = dz1 ∧ ...dzn, etc.) for f satisfying
∂

∂zi
f = 0.

Writing
f (x) = τu(x, x̄) + τ̄v(x, x̄)

the Cauchy-Riemann equations become

∂yu = 0
∂xv = 0.

Thus for real valued u and v

(2.4) Ω = τ u(x)dx + τ v(x̄)dx̄

is a para-holomorphic (n, 0)-form.
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2.3. Almost Calabi-Yau Manifold. Our first goal is to demonstrate that
there is indeed a strong analogy between almost Calabi-Yau manifolds and
Kim-McCann manifolds.

As motivation, we now briefly recall the classical complex setting, for ex-
ample, see the work of Joyce [Joy07, Section 8.4]. Given n ≥ 2, an almost
Calabi-Yau n-fold is a quadruple (X, J, g,Ω) such that (X, J, g) is a com-
pact n (complex)-dimensional Kähler manifold, and Ω is a non-vanishing
holomorphic (n, 0)-form on X. In this setting, one defines a function ψ (see
[Beh08, (15)], cf. [Joy07, 8.24]) such that

(2.5) e2nψω
n

n!
= (−1)n(n−1)/2

( i
2

)n

Ω ∧Ω.

We would like to explore the analogy in the para-complex setting. Re-
calling (2.4) we see

Ω ∧Ω
k
=

(
τ u(x)dx + τ v(x̄) dx̄

)
∧

(
τ u(x)dx + τ v(x̄) dx̄

)
= τ2 uv dx ∧ dx̄ + τ 2 uv dx̄ ∧ dx

=
(
τ2 + (−1)n2

τ 2
)

uv dx ∧ dx̄

= uv kn dxdx̄.

In particular, if

Ω =
1
2
(
ρ(x)dx + ρ̄(x̄)dx̄

)
+

1
2

k
(
ρ(x)dx − ρ̄(x̄)dx̄

)
(2.6)

= τρ(x)dx + τρ̄(x̄)dx̄(2.7)

one has

(2.8) Ω ∧Ω
k
= ρ(x)ρ̄(x̄)kndxdx̄.

With this setup, consider a function ψ that satisfies an equation similar to
(2.5), replacing i with k

(2.9) e2nψω
n

n!
= (−1)n(n−1)/2

(
k
2

)n

Ω ∧Ω
k
.

Now as
ω =

1
2

∑
i,s̄

(−cis̄) dxi ∧ dx̄s

one can check that

ωn =

(
1
2

)n

n!(−1)n(n−1)/2 det (−cis̄) dxdx̄,

so to satisfy our version of equation (2.5), we require

e2nψ =
ρρ̄

det (−cis̄)
,
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that is

(2.10) ψ =
1
2n

(ln ρ + ln ρ̄ − ln det (−cis̄)) .

Recall (cf. [Joy07, pg 166]) that defining

g̃ = e2ψg

the (real) n-form Re(Ω) becomes a calibration that detects special Lagrangian
submanifolds in the conformal metric.

On our side of the analogy, this would suggest that (recalling (2.6))

Re(Ω) =
1
2

(ρ(x)dx + ρ̄(x̄)dx̄)

would be a calibration for the metric defined by

(2.11) h̃ :=
1
2

(
ρ(x)ρ̄(x̄)
det (−cis̄)

)1/n (
0 −cis̄

−cs̄i 0

)
.

But this is precisely the conclusion of [KMW10], namely that the graph
of the optimal transport map pairing ρ to ρ̄ with cost c, is a volume maxi-
mizing submanifold of M × M̄ with the above metric and calibration.

To continue exploring the analogy, we define a Generalized Kim-McCann
manifold.

Definition 2.4. Let n ≥ 2. A Generalized Kim-McCann (GKM) n-fold is a
quadruple (M×M̄,K, h,Ω) such that (M×M̄,K, h) is a compact n+n dimen-
sional Kim-McCann manifold, and Ω is a non-vanishing para-holomorphic
(n, 0)-form on M × M̄.

Given a GKM manifold, let ψ be defined implicitly by (2.9), and let L be
a Lagrangian submanifold. The generalized mean curvature is then defined
as

H⃗G := H⃗ − n (∇̂ψ)⊥

where H⃗ is the standard mean curvature. This coincides with the definition
used in the almost Calabi–Yau setting. We will later show that

LH⃗−n (∇̂ψ)⊥ω = 0

implying that the flow generated by this vector field preserves the Lagrangian
condition. A rigorous proof of this claim will be given using the maximum
principle.

We also remark that the mean curvature of L with respect to the conformal
metric (2.11) is

e−2ψH⃗G.
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2.4. Lagrangian Submanifolds of Almost Calabi-Yau Manifolds. We
consider the following immersions

F : Ln → Mn × M̄n.

For an arbitrary chart on L we may take ∂iF to be a basis for the tangent
space in M × M̄. Before proceeding, we make the following observation.

Lemma 2.5. Any spacelike submanifold is locally a graphical submanifold
over M.

Proof. Since the induced metric is Riemannian, we are free to choose an
orthonormal chart for T(x,x̄) at any point (x, x̄) ∈ L. Denote the basis at (x, x̄)
by

∂iF = (ξi, ζi) ∈ TxM × T x̄M̄.

We claim that {ξi} are independent: If not, then we have for some nontrivial
a j

ξi =
∑
j,i

a jξ j

in which case, we have the vector equality:

∂iF −
∑
j,i

a j∂ jF =

0, ζi −
∑
j,i

a jζ j

 .
Observe that the left-hand side has length∥∥∥∥∥∥∥∂iF −

∑
j,i

a j∂ jF

∥∥∥∥∥∥∥
2

= 1 +
∑
j,i

a2
j

whereas ∥∥∥∥∥∥∥
0, ζi −

∑
j,i

a jζ j


∥∥∥∥∥∥∥

2

= 0

a contradiction. It follows that {ξi} do form a basis for TxM. The tangent
space to L is then transverse to {x̄}× M̄ and it follows (see [Lee13, Corollary
6.33]) that L is locally a graph over M.

□

It is worth noting that if the graph (x,T (x)) is Lagrangian, it will be lo-
cally described via a cost-exponential: Consider the one-form

η = −ci(x,T (x))dxi.

One can check that η is closed when the graph is Kähler. Thus, locally, we
get

(2.12) Du + Dxc(x,T (x)) = 0
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for some (local) potential u. In fact, on any simply connected neighborhood
on which the Lagrangian submanifold is represented as a graph, the function
u will exist. Note that a differentiable Kantorovich potential, if it exists, will
satisfy (2.12). However, we do not assume a priori that such a potential is
available.

Thus, it is possible to invoke gradient-type graphs locally whenever a
disk-shaped region projects down to a simply connected neighborhood in
M. This can be accomplished by fixing a metric m on M and working locally
within balls whose diameters are smaller than the injectivity radius with
respect to m.

2.5. The Lagrangian Angle. Building on the framework introduced in
[Beh08], we define the Lagrangian angle θ through the relation

(2.13) Ω
∣∣∣
L
= ekθ+nψdVolL,

where

ekθ =

∞∑
l=0

θ2l

(2l)!
+ k

∞∑
m=0

θ2m+1

(2m + 1)!

= cosh θ + k sinh θ

= eθτ + e−θτ̄.

Note that, unlike in the Calabi–Yau setting, the angle is defined as a real
number.

Proposition 2.6. If L is a Lagrangian spacelike submanifold of a GKM,
then the Lagrangian angle is well-defined.

Proof. Take a basis of an immersion F that is locally defined as a graph,
that is Fi = ∂iF =

(
Ei,T s

i E s̄

)
, where Ei form a coordinate basis for TpM

and E s̄ form a coordinate basis for T ¯T (p)M̄ for some function T : M → M̄.
Then recalling

Ω = τρ(x)dx + τ̄ρ̄(x̄)dx̄

we have

Ω|L (F1, ..., Fn) = τρ(x)dx (E1, E2, .., En) + τ̄ρ̄(x̄)dx̄(T s̄
1E s̄,T s̄

2E s̄, ...)
= τρ(x) + τ̄ρ̄(x̄) det DT.

On the other hand

dVolL(F1, ...Fn) =
√

gi j



12 ARUNIMA BHATTACHARYA, MICAH WARREN, AND DANIEL WESER

for

gi j = Fi · F j =
(
Ei,T s

i E s̄
)
·
(
E j,T s

j E s̄

)
=

1
2

(
−cis̄T s

j − c js̄T s̄
i

)
.

= (
W +WT

2
)i j

where
Wi j = −cis̄T s

j .

Recall that W is symmetric when L is Lagrangian and positive definite when
L is spacelike. Thus

dVolL(F1, ...Fn) =
√

det W =
√

det (−cis̄) det DT .
By (2.10)

enψ =

√
ρ(x)ρ̄ (x̄)
det(−cis̄)

so

enψdVolL(F1, ...Fn) =

√
ρ(x)ρ̄ (x̄)
det(−cis̄)

√
det (−cis̄) det DT

=
√
ρ(x)ρ̄ (x̄)

√
det DT .

Next notice that

Ω|L (F1, ..., Fn) = τρ(x) + τ̄ρ̄(x̄) det DT

is a para-complex number, with norm equal to∥∥∥Ω|L(F1, . . . , Fn)
∥∥∥2

para
= (τρ(x) + τ̄ ρ̄(x̄) det DT ) (τ̄ρ(x) + τ ρ̄(x̄) det DT )

= ρ(x) ρ̄(x̄) det DT

whereas ∥∥∥enψdVolL(F1, ...Fn)
∥∥∥2

para
= |

√
ρ(x)ρ̄ (x̄)

√
det DT |2

=
∥∥∥Ω|L (F1, ..., Fn)

∥∥∥2

para
.

The following can be easily shown for para-complex numbers: Suppose
that a, b, α, β > 0 and

∥aτ + bτ̄∥2para = ∥ατ + βτ̄∥
2
para , 0

then there exists a unique unit para-complex number ekθ such that

aτ + bτ̄ = ekθ (ατ + βτ̄) .
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Thus, we can choose a unique θ such that

e−kθΩ
∣∣∣
L
= enψdVolL.

□

2.5.1. Expressing θ in terms of the graphing Jacobian. Observe that

e−kθΩ =
(
e−θτ + eθτ̄

)
(ρτdx + ρ̄τ̄dx̄)

= e−θρτdx + eθρ̄τ̄dx̄

=
1
2

(
e−θρdx + eθρ̄dx̄

)
+

1
2

(
e−θρdx − eθρ̄dx̄

)
k

using (2.3). So

e−kθΩ0 =
1
2

(
e−θρdx + eθρ̄dx̄

)
+

1
2

(
e−θρdx − eθρ̄dx̄

)
k.

From (2.13) the above expression should be real. The imaginary part van-
ishes when

(2.14) e−θρ = eθρ̄
dx̄
dx

where the ratio of the n-forms makes sense on the spacelike n submanifold.
This leads to

θ =
1
2

ln
(
ρdx
ρ̄dx̄

)
=

1
2

ln
(

ρ

ρ̄ det DT

)
when the manifold is described as the graph of a function T.

Remark 2.7. In the optimal transport case, one assumes that ρ and ρ̄ are
probability densities. For a GKM, these densities need not be probabilities,
nor need they give the same mass as each other.

Example 2.1. The triple-valued map

z→ z4/3

on the unit circle. This does not locally preserve the unit arclength ds, but
globally pushes forward ds to ds. This is a special Lagrangian submanifold
of S 1 × S 1 with KM metric given locally by c(x, x̄) = 1

2d2(x, x̄) with angle
log(3/4) . If we changed the underlying densities to 4ds and 3ds̄ (giving a
different GKM), the Lagrangian angle would become 0.
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Given the Kähler form ω, for any normal vector field V we can define a
1-form on L via

αV(·) = ω(V, ·).
We now relate θ to the generalized mean curvature form.

Proposition 2.8. Let L be a spacelike Lagrangian submanifold of a GKM
n-fold, and define θ as in (2.13) for Ω as in (2.6). Then, the identity

(2.15) dθ = αH⃗−n(∇̂ψ)⊥

holds. In particular, the generalized mean curvature form θ is exact on L
and

(2.16) ∇θ = K
(
H⃗ − n(∇̂ψ)⊥

)
.

Proof. Equation (2.15) is an equation of one-forms on TpL, so it suffices
to check this equality against a basis for TpL. To that end, let Fi = ∂iF =(
Ei,T s

i E s̄

)
be a standard basis as before for TpL.

Differentiate (2.13) as a tensor: that is

∇FiΩ
∣∣∣
L
(F1, ..., Fn) = ∇Fi

(
ekθ+nψdVolL

)
(2.17)

=
(
kdθ + ndψ

)
[Fi] ekθ+nψdVolL(F1, ..., Fn)(2.18)

where the second line follows because the volume form is parallel along L.
Distinguishing between the ambient and intrinsic connections, the left-

hand side can be written as follows
(2.19)

(∇FiΩ)(F1, ..., Fn) = (∇̂FiΩ)(F1, ..., Fn) +
n∑

j=1

Ω
(
F1, , ...,

(
∇̂Fi F j

)⊥
, ...., Fn

)
.

Recalling (2.1) and (2.2), consider the following operators on the tangent
space to the product manifold:

πH :=
I + K

2
, πV :=

I − K
2

,

and
♠ = τπH + τ̄πV .

We claim that

(2.20) (∇̂FiΩ)(F1, ..., Fn) = 2ndψ[♠Fi]Ω(F1, ..., Fn)

and

(2.21)
n∑

j=1

Ω
(
F1, , ...,

(
∇̂Fi F j

)⊥
, ...., Fn

)
= kαH(Fi)Ω(F1, ..., Fn).

To prove (2.20), note that the expression is tensorial, and we can extend
the vector fields Fi from a point (x, x̄) to constant coefficient vectors in a
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product neighborhood of the ambient manifold (both vertically and hori-
zontally), so that det

(
T s̄

i
)

is constant. Then we will use the expression

(2.22) (∇̂FiΩ)(F1, ..., Fn) = FiΩ(F1, ..., Fn) −
∑

k

Ω(F1, ..., ∇̂Fi Fk, ..., Fn).

Recalling (2.7), we have

EiΩ(E1, ..., En) = Eiρτ

E s̄Ω(E1̄, ..., En̄) = E s̄ρ̄τ̄ ,

and thus the first term in (2.22) can be written as

(2.23) FiΩ(F1, ..., Fn) = (Fiρ) τdx(F1, ..., Fn) + (Fiρ̄) τ̄dx̄(F1, ..., Fn).

Next, we expand∑
k

dx(E1, . . . , ∇̂Ei Ek, . . . , En) =
∑

k

Γk
ik

= cks̄cs̄ki

= Ei ln det(−cks̄)
= πH(Fi) ln det(−cks̄)

and similarly for the barred directions, using [KM10, Lemma 4.1, stated as
Lemma 3.3 below]. Therefore, for the second term of (2.22) we obtain

−
∑

k

Ω(F1, ..., ∇̂Fi Fk, ..., Fn)

= −
∑

k

ρτdx(F1, ..., ∇̂Fi Fk, ..., Fn)

−
∑

k

ρ̄τ̄dx̄(F1, ..., ∇̂Fi Fk, ..., Fn)

= −
(
πH(Fi) ln det(−cks̄)

)
ρτdx(F1, ..., Fk, ..., Fn)

−
(
πV(Fi) ln det(−cks̄)

)
ρ̄τ̄dx̄(F1, ..., Fk, ..., Fn).

Combining this expression with (2.23), we find

(∇̂FiΩ)(F1, ..., Fn) =
(
πH(Fi)

[
ln ρ − ln det(−cks̄)

])
ρτ dx(F1, ..., Fn)

+
(
πV(Fi)

[
ln ρ̄ − ln det(−cks̄)

])
ρ̄τ̄ dx̄(F1, ..., Fn).

It is easy to check that

πH(Fi)
[
ln ρ − ln det(−cks̄)

]
= 2n πH(Fi)ψ

πV(Fi)
[
ln ρ̄ − ln det(−cks̄)

]
= 2n πV(Fi)ψ.
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Expanding using the relations (2.3), we arrive at (2.20):

2n
[
(♠Fi)ψ

]
Ω(F1, ..., Fn)

= 2n
[
τ πH(Fi)ψ + τ̄ πV(Fi)ψ

](
ρτdx(F1, ..., Fn) + ρ̄τ̄dx̄(F1, ..., Fn)

)
= (∇̂FiΩ)(F1, ..., Fn).

For (2.21), recall that

ai jk = h(∇̂Fi F j,KFk) ,

H⃗ = gi jai jk(−gkl)KFl ,

αH( · ) = −gi jai jkgklh(Fl, · ) .

Fix j and compute

Ω
(
F1, ...,

(
∇̂Fi F j

)⊥
, ..., Fn

)
= Ω

(
F1, ...,−ai jkgklKFl, ..., Fn

)
= −ai jkgklΩ(F1, ...,KFl, ..., Fn)

= −ai jkgkl kΩ(F1, ..., Fl, ..., Fn)

= −ai jkgkl δl j kΩ(F1, ..., Fn) ,

so that, summing over j, we obtain
n∑

j=1

Ω
(
F1, ...,

(
∇̂Fi F j

)⊥
, ..., Fn

)
= −

n∑
j=1

ai jkgkl δl j kΩ(F1, ..., Fn)

= −ai jkgk j kΩ(F1, ..., Fn)
= αH⃗(Fi) kΩ(F1, ..., Fn) ,(2.24)

where we used the fact that ai jk is fully symmetric in all three indices be-
cause L is Lagrangian; this gives (2.21).

Now combining (2.17 - 2.21), we get(
kdθ[Fi] + ndψ[Fi]

)
Ω(F1, ..., Fn) =

(
2ndψ[♠Fi] + kαH(Fi)

)
Ω(F1, ..., Fn).

Expanding the definition of ♠,

♠ =
I + kK

2
,

we may compare real and non-real parts to obtain

dθ[Fi] = ndψ[KFi] + αH(Fi) .

Finally, we observe

ω(n(∇̂ψ)⊥, Fi) = −h(n(∇̂ψ)⊥,KFi)

= −nh(∇̂ψ,KFi)
= −ndψ(KFi)



OPTIMAL TRANSPORT AND FLOWS ON KM METRICS 17

and hence we conclude

dθ|L(Fi) = −αn(∇ψ)⊥(Fi) + αH(Fi)

as desired. □

3. Short-time Existence and Preservation of Lagrangian Condition

We rely on standard results for mean curvature and generalized mean
curvature flow in the Riemannian setting to establish short-time existence.
This is well known in the Riemannian case (see [Smo12, Prop 3.2]), and
an analogous result for spacelike surfaces in pseudo-Riemannian manifolds
appears in [LS11, Prop 5.1]. The extension to generalized mean curvature
flow involves only lower-order terms, so short-time existence follows by
standard arguments (cf. [SW11, Proof of Theorem 1]).

The following formulas allow us to perform an energetic argument to
show that the Lagrangian condition is preserved. Necessarily, these compu-
tations need to be in the setting of totally real submanifolds (those contain-
ing no para-complex planes), which is an open set containing Lagrangian
submanifolds.

We briefly recall the following definition for the reader’s convenience:

Definition 3.1. A totally real submanifold L in the para-Kähler setting is
a submanifold whose tangent space does not contain any para-complex
planes; that is, for every V ∈ TpL we have KV < TpL.

For our purposes, it is convenient to consider immersed submanifolds
with flows determined locally. Namely, given some abstract manifold L0,
consider a family of immersions

F : L0 × [0, t0)→ M × M̄

governed by a flow that is determined locally by geometric quantities in L0.

Definition 3.2. An immersed submanifold of a GKM manifold flows by
generalized mean curvature flow if

(3.1)
(
∂F
∂t

)⊥
= H⃗ − n

(
∇̂ψ

)⊥
where ψ is as defined in (2.10).

We note here that the parabolic flow discussed in [KSW12] provides a
vertical flow of Lagrangian submanifolds. One can check that the normal
projection of the flow is the generalized mean curvature flow. This flow
requires the map T [KSW12] to be globally described as a cost-exponential
of a potential.
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In this section, we will show that the Lagrangian condition is preserved.
The mean curvature flow itself evolves in the space of totally real subman-
ifolds. We use a Gronwall type argument to show that the integral of the
Kähler form must remain 0 for any short time on which the flow exists.

We also recall [KM10, Lemma 4.1].

Lemma 3.3 (Riemann curvature tensor and Christoffel symbols). Use a
non-degenerate cost c ∈ C4(N) to define a pseudo-metric on the domain
N ⊂ M × M̄. In local coordinates x1, . . . , xn on M and x1̄, . . . , xn̄ on M̄, the
only non-vanishing Christoffel symbols are

(3.2) Γ
m

i j = cmk̄cki j and Γ
m̄

i j̄
= cm̄kcki j̄.

Furthermore, the components of the Riemann curvature tensor vanish ex-
cept when the number of barred and unbarred indices is equal, in which
case the value of the component can be inferred from Ri jk̄l̄ = 0 and

(3.3) 2Ri j̄k̄l = ci j̄k̄l − cli f̄ c
a f̄ ca j̄k̄.

3.1. Special Coordinates. We begin by developing the coordinates we
will need in this section and in the sequel.

Lemma 3.4 (Special coordinates of type I). Suppose that L is locally a
graph over M in M × M̄ near (p, p̄) for p̄ = T (p). Given any coordinate
system on M, it is possible to choose coordinates for M̄ near p̄ such that

cis̄ (p, p̄) = −δis̄

and
cs̄q̄i(p, p̄) = 0 for all s̄, q̄, i.

Proof. Fixing the chart for M, and taking any arbitrary chart for M̄ (assum-
ing (p, p̄)→ (0, 0)) compute

Qi
s := −cis̄(0, 0)

and consider first a linear change of coordinates

ys
(
z1, ...zn

)
=

(
Q−1

)s

p
zp.

One can then check that

∂zp∂xic(0, 0) = cis̄
∂ys

∂zp = cis̄

(
Q−1

)s

p
= −δip.

Next, we modify these slightly to eliminate the particular third derivatives.
Start by assuming cis̄ = −δis̄ holds at the origin for coordinates (x, ȳ) and

set

ys̄ = zs̄ +
1
2

csm̄p̄(0, 0)zp̄zm̄
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which is a diffeomorphism in a small neighborhood. Here

csm̄p̄(0, 0) :=
∂3c

∂ym̄∂y p̄∂xs (0, 0).

Note that
∂ys̄

∂zp̄ = δ
s̄
p̄ + csm̄p̄(0, 0)zm̄

∂2ys̄

∂zq̄∂z p̄ = csq̄p̄(0, 0).

Then compute

∂2c(x, z̄)
∂zp̄∂xi =

∂2c(x, ȳ(z̄))
∂ys̄∂xi

∂ys̄

∂zp̄ (x, z̄)

and take one more derivative

∂3c(x, z̄)
∂zq̄∂zp̄∂xi (0, 0) =

∂3c
∂ym̄∂ys̄∂xi (0, 0)

∂ym̄

∂zq̄

∂ys̄

∂zp̄ (0, 0) +
∂2c
∂ys̄∂xi (0, 0)

∂2ys̄

∂zq̄∂zp̄ (0, 0)

= cm̄s̄i(0, 0)δm̄
q̄ δ

s̄
p̄ + (−δis̄)csqp̄(0, 0)) = cq̄ p̄i − ciq̄p̄ = 0.

□

To be clear, we define Special coordinates of type I to be a coordinate sys-
tem where we have taken an arbitrary coordinate system on M and chosen
a chart for M̄ so that the conclusions of Lemma 3.4 hold.

We will also introduce Special coordinates of type II, defined as follows.

Corollary 3.5 (Special coordinates of type II). Suppose that L is locally a
graph over M in M × M̄ near (p, p̄) for p̄ = T (p). We may choose normal
coordinates for M with respect to the induced metric on L and a coordinate
system for M̄ such that at (p, p̄) we have

gi j(p) = δi j

∂xkgi j(p) = 0
cis̄(p, p̄) = −δis̄

R̂is̄ p̄ j =
1
2

cis̄ p̄ j

T j̄
i = δ

j̄
i − ω|Li j.

Proof. Inspecting the expression in Lemma 3.3 expression, eliminating the
third derivatives with 2 barred indices, eliminating the second term, and we
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are left with 1
2cis̄ p̄ j. Next, noting that

gi j = Fi · F j

=
(
Ei + T s

i E s̄
)
·
(
E j + T p̄

j E p̄

)
=
−1
2

(
cis̄T s

j + c js̄T s
i

)
=

1
2

(
T ı̄

j + T j̄
i

)
and

ω(Fi, F j) = h(KFi, F j)

=
(
Ei − T s̄

i E s̄

)
·
(
E j + T p̄

j E p̄

)
= −

1
2

T j̄
i +

1
2

T ı̄
j

we have
gi j = T j̄

i + ωi j

or
T j̄

i = δi j − ωi j.

□

3.2. Totally Real Submanifolds. Next, we need to develop our setup in
the totally real setting. First, given a totally real submanifold L, we define

K̃ : TpL→
(
TpL

)⊥
K̃(X) = (K(X))⊥ .

Taking {Fi} to be a basis of the tangent space of Ln, one can check that
defining

ωl
i = ωi jg jl

for
ωi j = ω(Fi, F j)

and induced metric
gi j = h(Fi, F j),

we get

(3.4) K̃(Fi) = K(Fi) − ωm
i Fm.

Notice that

KK̃ = K2(Fi) − ωl
iKFl

= Fi − ω
l
iKFl.
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As always, we assume a Kähler condition

ω = h(K·, ·).

Note that in a para-Kähler manifold, we have

h(KX,Y) = −h(K2X,KY) = −h(X,KY).

We will also use the (negative definite) metric on
{
K̃Fi

}
which forms a basis

for the normal space
ηi j = h(K̃Fi, K̃F j).

Next, we state the following proposition. The proof will be deferred to
subsection 3.3, where it will be established through a series of lemmas.

Proposition 3.6. Suppose that L is flowing by generalized mean curvature
flow on a time interval [0, t0] . There are bounded G,G′ quantities such
that

d
(
αH⃗ − nα(∇ψ)⊥

)
= −dd|∗Lω + ω ∗G + ∇ω ∗G′.

Here G,G′ are not a priori bounded, but are bounded depending on the
particular flow and the time interval, and ∗ refers to some geometric con-
traction.

Assuming Proposition 3.6, we now prove the main result of this section.

Proposition 3.7. Suppose that L is flowing by generalized mean curvature
flow on a time interval [0, t0] . Then

d
dt

∫
∥ω|L∥

2
g dVg(t) ≤ C(G,G′, t0) ∥ω|L∥2g (t).

Proof. Note that along the flow,

dF
dt
= H⃗ − n (∇ψ)⊥

we have
d
dt
ω = LH⃗−n(∇ψ)⊥ω = d

(
ιH⃗−n(∇ψ)⊥ω

)
+ ιH⃗−n(∇ψ)⊥dω

= d
(
αH⃗ − nα(∇ψ)⊥

)
= −dd|∗Lω + ω ∗G + ∇ω ∗G′.

Thus
d
dt

∫
∥ω|L∥

2
g dVg(t) =

∫
2⟨ω,

d
dt
ω⟩gdVg(t) + ∥ω|L∥2g

d
dt

dVg(t).
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Now∫
2⟨ω,

d
dt
ω⟩gdVg(t) =

∫
2⟨ω,−dd|∗Lω + ω ∗G + ∇ω ∗G′⟩gdVg(t)

= −2
∫
⟨d|∗Lω, d|

∗
Lω⟩dVg(t) +

∫
2⟨ω,ω ∗G + ∇ω ∗G′⟩gdVg(t)

≤ −2
∫ ∥∥∥d|∗Lω

∥∥∥2
dVg(t) +C1(G)

∫
∥ω|L∥

2 dVg(t)

+
C2(G′)
ε

∫
∥ω|L∥

2 dVg(t) + ε
∫
∥∇ω|L∥

2 dVg(t).

By The Weitzenböck Formula [MMMT16, Theorem 9.8, see Definition
9.6, Proposition 9.7 and (2.1.26, 2.1.28, 9.3.1, 1.0.3) ] we know that

−∇∗∇ω = −dd∗ω − Ric(ω)

where Ric is a linear operator Λ2(L)→ Λ2(L) with coefficients that depend
linearly on the Riemannian curvature tensor of (L, g):

Ric =
∑
i, j,k,l

Ri jkldxi ∧ (dx j ∨ (dxk ∧ (dxl ∨ ·))).

Next∫
∥∇ω|L∥

2 dVg =

∫
⟨∇∗∇ω,ω⟩gdVg

=

∫
⟨dd∗ω + Ric(ω), ω⟩gdVg

≤

∫ ∥∥∥d|∗Lω
∥∥∥2

dVg(t) +C3(Ric)
∫
∥ω|L∥

2 dVg(t).

Putting this together, we get

d
dt

∫
∥ω|L∥

2
g dVg(t) ≤ −

∫ ∥∥∥d|∗Lω
∥∥∥2

dVg(t) +C4

∫
∥ω|L∥

2 dVg(t).

□

Corollary 3.8. Suppose that L is flowing by generalized mean curvature
flow on a time interval [0, t0] and ω|L ≡ 0 when t = 0. Then ω|L ≡ 0 for all
t in the interval.

Proof. This follows from applying a Gronwall argument:

d
dt

(
e−C4t

∫
∥ω|L∥

2
g dVg(t)

)
≤ 0.

□
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3.3. Differential of the Mean Curvature Form in the Totally Real Set-
ting. In this subsection, we prove Proposition 3.6.

Lemma 3.9. The mean curvature form is related to the codifferential (on
the submanifold) via

αH⃗ = −d|∗Lω + β
where

β(Fk) = gi j ω
(
Fi, A

(
F j, Fk

))
.

Proof. Using
d|∗Lω(·) = − gi j ∇Fiω(F j, ·)

we compute on both the ambient manifold and the submanifold:

∇̂Fiω(F j, ·) = Fiω(F j, ·) − ω
(
∇̂Fi F j, ·

)
− ω

(
F j, ∇̂Fi(·)

)
,

∇Fiω(F j, ·) = Fiω(F j, ·) − ω
(
∇Fi F j, ·

)
− ω

(
F j, ∇Fi(·)

)
.

Taking the difference and using that ∇̂Fiω(F j, ·) = 0 (since ω is parallel),
we get

∇Fiω(F j, ·) = ω
(
∇̂Fi F j − ∇Fi F j, ·

)
+ ω

(
F j,

(
∇̂Fi − ∇Fi

)
(·)

)
= ω

(
A(Fi, F j), ·

)
+ ω

(
F j, A(Fi, ·)

)
.

Tracing in i, j gives

d|∗Lω(Fk) = − gi j ω
(
A(Fi, F j), Fk

)
− gi j ω

(
F j, A(Fi, Fk)

)
= −ω(H⃗, Fk) − gi j ω

(
F j, A(Fi, Fk)

)
,

as desired. □

Lemma 3.10. Suppose that L evolves by mean curvature flow and is totally
real. For any fixed t ∈ [0, t0],

dβ = R̂ic(·,K·) + ω|L ∗G

where ω|L ∗G denotes a contraction of terms, each containing at least one
factor of ω|L, while all remaining factors are bounded by constants depend-
ing only on the given flow on [0, t0].

Proof. We take normal coordinates for the induced metric at the point and
time-slice. We compute

β(Fk) = gi j ω
(
Fi, A(F j, Fk)

)
= gi j h

(
KFi, A(F j, Fk)

)
= gi j h

(
K̃Fi, A(F j, Fk)

)
= gi j h

(
KFi, A(F j, Fk)

)
− gi j ω

p
i h

(
Fp, A(F j, Fk)

)
.
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The third line follows since the second fundamental form is normal. The
fourth line follows from the expression for K̃ given in (3.4). Notice the last
term pairs tangential with normal, so vanishes. Now

Fkβ(Fl) = gi j Fk h
(
KFi, A(F j, Fl)

)
= gi j h

(
K ∇̄Fk Fi, A(F j, Fl)

)
+ gi j h

(
KFi, ∇̄Fk A(F j, Fl)

)
.

To be clear, we are differentiating A(F j, Fk) as an ambient vector field,
rather than as a tensor or as a section of the normal bundle.

If we are assuming normal coordinates for the induced metric at a point,
the vector ∇̄Fk Fi is the second fundamental form, and is normal. That is (at
the point)

∇̄Fk Fi = A(Fk, Fi) · K̃Fmη
mlK̃Fl = akimη

mlK̃Fl

and the first term becomes

gi j h
(
K∇̄Fk Fi, A(F j, Fl)

)
= akim η

ml gi j h
(
KK̃Fl, A(F j, Fl)

)
= akim η

ml gi j h
(
K
(
KFl − ω

p
l Fp

)
, A(F j, Fl)

)
= akim η

ml gi j
[

h
(
KFl, A(F j, Fl)

)
− ω

p
l h

(
KFp, A(F j, Fl)

) ]
.

The first term of this expression is normal paired with tangential, so it van-
ishes, and the second term is of the form ω ∗G. Computing

Fkβ(Fl) − Flβ(Fk) = ω ∗G + gi jh
(
KFi, ∇̄Fk A

(
F j, Fl

)
− ∇̄Fl A(F j, Fk)

)
.

Next we get

∇̄Fk A
(
F j, Fl

)
− ∇̄Fl A(F j, Fk) = ∇̄Fk

(
∇̄F j Fl − ∇F j Fl

)
− ∇̄Fl

(
∇̄F j Fk − ∇F j Fk

)
= ∇̄Fk∇̄F j Fl − ∇̄Fl∇̄F j Fk − ∇̄Fk

(
Γm

jlFm

)
+ ∇̄Fl

(
Γm

jkFm

)
= ∇̄Fk∇̄F j Fl − ∇̄Fl∇̄F j Fk − FkΓ

m
jlFm − Γ

m
jlA(Fk, Fm)

+ FlΓ
m
jkFm + Γ

m
jkA(Fl, Fm)

= ∇̄Fk∇̄F j Fl − ∇̄Fl∇̄F j Fk − FkΓ
m
jlFm + FlΓ

m
jkFm

again using that Christoffel symbols vanish at the point.
So

h
(
KFi, ∇̄Fk A

(
F j, Fl

)
− ∇̄Fl A(F j, Fk)

)
= h(∇̄Fk∇̄F j Fl − ∇̄Fl∇̄F j Fk,KFi) + h(−FkΓ

m
jlFm + FlΓ

m
jkFm,KFi)

= h(∇̄Fk∇̄F j Fl − ∇̄Fl∇̄F j Fk,KFi) + (−FkΓ
m
jl + FlΓ

m
jk)ωim.
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The second term is ∗ω, so we focus on the first. Using torsion free and
vanishing of Lie brackets, we get

h(∇̄Fk∇̄F j Fl − ∇̄Fl∇̄F j Fk,KFi) = h(∇̄Fk∇̄Fl F j − ∇̄Fl∇̄Fk F j − ∇̄[Fk ,Fl]F j,KFi)

= R̂(Fk, Fl, F j,KFi).

So
dβ(Fk, Fl) = gi jR̃(Fk, Fl, F j,KFi) + ω ∗G.

The proof of the Lemma is complete modulo the following claim: □

Claim 3.11.

gi jR̂(Fk, Fl, F j,KFi) = R̂ic(Fk,KFl) + ω ∗

=
∑

i

(
C(k, l̄, ı̄, i) −C(l, k̄, ı̄, i)

)
+ ω ∗G

where the notation
C(k, l̄, ı̄, i) = ckl̄ı̄i

is computed at the point in special coordinates (recalling Lemma 3.3 and
Corollary 3.5), is given the symmetries of the curvature tensor, and repre-
sented like this to be lighter on the eyes.

Proof. Choose an induced orthonormal basis (at the point) for the subman-
ifold which is described at a point via

Fl = El + T s̄
l E s̄.

In this case, assuming special coordinates type II, we get (3.5)

gi jR̂(Fk, Fl, F j,KFi) =
∑

i

R̂
(
Ek + T s̄

k E s̄, El + T p̄
l E p̄, Ei + T r̄

i Er̄, Ei − T q̄
i Eq̄

)
=

∑
i

R̂(Ek + Ek̄, El + El̄, Ei + Eı̄, Ei − Eı̄) + ω ∗G.

Using
R̂kls̄p̄ = 0

we expand

=
∑

i

R̂(Ek + Ek̄, El + El̄, Ei + Eı̄, Ei − Eı̄)

=
∑

i

(
1
2

C(k, l̄, ı̄, i) −
1
2

C(k, l̄, i, ı̄) +
1
2

C(k̄, l, ı̄, i) −
1
2

C(k̄, l, i, ı̄)
)

=
∑

i

(
C(k, l̄, ı̄, i) −C(l, k̄, ı̄, i)

)
.
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On the other hand, we can compute Ricci directly: Note that {Fi} is an
orthonormal basis for the tangent space. The set of tangent vectors

{
K̃Fi

}
is normal to Fi but not necessarily orthonormal. We can write the trace as
follows

R̂ic(Fk,KFl) = giiR̂(Fi, Fk,KFl, Fi) + ηi jR̂(K̃Fi, Fk,KFl, K̃F j)

=
∑

i

R̂(Fi, Fk,KFl, Fi) − δi jR̂(K̃Fi, Fk,KFl, K̃F j) +
(
δi j + ηi j

)
R̂(K̃Fi, Fk,KFl, K̃F j)

=
∑

i

R̂(Fi, Fk,KFl, Fi) − δi jR̂(KFi, Fk,KFl,KF j) + ω∗

using the fact that

K − K̃ = ω ∗G

and (
δi j + ηi j

)
= ω∗G.

Thus

R̂ic(Fk,KFl) − ω ∗G =
∑

i

R̂(Fi, Fk,KFl, Fi) − δi jR̂(KFi, Fk,KFl,KF j)

=
∑

i

R̂(Ei + Eı̄, Ek + Ek̄, El − El̄, Ei + Eı̄)

−
∑

i

R̂(Ei − Eı̄, Ek + Ek̄, El − El̄, Ei − Eı̄)

=
1
2

∑
i

(
C(i, k̄, l, ı̄) +C(i, k̄,−l̄, i) +C(ı̄, k, l, ı̄) +C(ı̄, k,−l̄, i)

)
−

1
2

∑
i

(
C(i, k̄, l,−ı̄) +C(i, k̄,−l̄, i) +C(−ı̄, k, l,−ı̄) +C(−ı̄, k,−l̄, i)

)

=
∑

i

C(i, k̄, l, ı̄) −C(ı̄, k, l̄, i)

We can check that this is exactly the expression derived above. □

Claim 3.12. In special coordinates, we have

dαn∇ψ⊥(Fk, Fl) =
∑

i

[
C(k, l̄, ı̄, i) −C(l, k̄, ı̄, i)

]
+ ω ∗G + Dω ∗G′.



OPTIMAL TRANSPORT AND FLOWS ON KM METRICS 27

Proof. We compute

αn∇ψ⊥(Fl) = ω((n∇ψ)⊥ , Fl)
= h(K (n∇ψ)⊥ , Fl)
= −h((n∇ψ)⊥ ,KFl)
= −h((n∇ψ)⊥ , K̃Fl + ω

p
l Fp)

= −K̃Flnψ

= −
(
KFl − ω

p
l Fp

)
nψ

= −
(
Fl − 2T s̄

l E s̄ − ω
p
l Fp

)
nψ

= −Flnψ + 2T s
l E s̄nψ + ω

p
l Fpnψ

so

dαn(∇ψ)⊥(Fk, Fl) = Fkω((n∇ψ)⊥ , Fl) − Flω(K (n∇ψ)⊥ , Fk)
= − (FkFl − FlFk) nψ
+Fk

(
2T s

l E s̄nψ
)
− Fl

(
2T s

k E s̄nψ
)
+

Fk

(
ω

p
l Fpnψ

)
− Fl

(
ω

p
k Fpnψ

)

= 2
(
T s

lk − T s
kl
)

E s̄nψ + 2T s
l
∂2 (nψ)
∂xk∂x̄s + 2T s

l T p
k

∂2 (nψ)
∂x̄p∂x̄s − 2

(
T s

k
∂2 (nψ)
∂xl∂x̄s + T s

k T p
l

∂2 (nψ)
∂x̄p∂x̄s

)
+

(
ω

p
l FkFp − ω

p
k FlFp

)
nψ +

(
Fkω

p
l − Flω

p
k

)
Fpnψ

= 2δs
l
∂2nψ
∂xk∂x̄s − 2δs

k
∂2nψ
∂xl∂x̄s + ω ∗G + Dω ∗G′.

Now recall that

nψ =
1
2

(ln ρ + ln ρ̄ − ln det (−cis̄))

so

∂ (nψ)
∂x̄s =

1
2
ρ̄s

ρ̄
−

1
2

(car̄car̄s̄)

∂2 (nψ)
∂xk∂x̄s = −

1
2

(car̄car̄s̄k − cam̄cbr̄cbm̄kcar̄s̄)
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and in our special coodindates, get

dαn(∇ψ)⊥(Fk, Fl) − ω ∗G − Dω ∗G′ = 2δs
l

[
−

1
2

(car̄car̄s̄k)
]
− 2δs

k

[
−

1
2

(car̄car̄s̄l)
]

=
∑

a

C(a, ā, l̄, k) −C(a, ā, k̄, l)

=
∑

i

C(i, ı̄, l̄, k) −C(i, ı̄, k̄, l)

=
∑

i

C(k, l̄, ı̄, i) −C(l, k̄, ı̄, i).

□

Proof of Proposition 3.6. The proof follows as a consequence of the above
lemmas. □

We end this section by noting that on Lagrangian submanifolds, we get
the analogue of Dazord’s Theorem [Daz81]:

Theorem 3.13. Along L , we get

(3.5) d
(
F∗αH⃗

)
= F∗R̂ic(K·, ·)).

4. Long-time Existence and Regularity

In this section, we solve the more interesting problem of long-time exis-
tence. The Ma-Trudinger-Wang condition (A3) was originally introduced
while developing maximum principle methods for Monge-Ampère equation
[MTW05]. It was given a geometric formulation by Kim-McCann [KM10]
to be equivalent to the condition

(4.1) R̂
(
ξ ⊕ 0̄, 0 ⊕ ξ̄, ξ ⊕ 0̄, 0 ⊕ ξ̄

)
> 0

for all points (x, x̄) ∈ M × M̄ and all nonvanishing tangent vectors ξ ∈ TxM
and ξ̄ ∈ T x̄M̄ satisfying h(ξ ⊕ 0̄, 0 ⊕ ξ̄) = 0. Here, 0 ∈ TxM and 0̄ ∈ T x̄M̄
denote zero vectors (see [KMW10, Remark 4.2]). Note that condition (4.1)
is not affected by a conformal change of the pseudo-metric h.

We now restate our main theorem in a more precise form.

Theorem 4.1. Suppose that L is an immersed compact spacelike Lagrangian
submanifold of a GKM. Suppose that the GKM satisfies a positive cross-
curvature condition on a compact set avoiding the cut locus. Then, if the
generalized Lagrangian mean curvature flow stays in this compact set away
from the cut-locus along the flow, then the flow exists for all time; uniform
estimates are preserved, and the flow converges exponentially to a station-
ary submanifold.
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In the sequel, we assume that M and M̄ are compact, that L is compactly
immersed, and the immersion lies in a compact region avoiding the cut lo-
cus. By Lemma 2.5 and the discussion following it, we may assume that
locally the immersion can be represented as the graph over M of a function
T , which in turn can locally be written as a cost-exponential. For many
geometric computations, we therefore work in such neighborhoods, view-
ing the immersion locally as a map from M.

Double-dipping notation, as before, we write

ρ(x) =
dρ

dx1 ∧ ... ∧ dxn

ρ̄(x) =
dρ̄

dx̄1 ∧ ... ∧ dx̄n .

Recalling Proposition 2.6 and (2.14) we define

(4.2) θ = −
1
2

(
ln det gi j − ln ρ + ln ρ̄ − ln det (bis)

)
taking gi j to be the induced metric on the graph. as shown in Proposition
2.6. This function is geometric, i.e, this quantity is well-defined regardless
of the coordinate system we use.

First, observe that this quantity satisfies a maximum principle. To see
this, we do the following geometric computation.

Claim 4.2.
d
dt
θ(x, t) = ∆gθ(x, t) + n g(∇ψ(x),∇θ(x, t)).

Proof. To be clear, this is computed along a normal flow where the location
x(t) is moving along a normal trajectory (not a vertical one). Recall that
along L,

Ω|L = ekθ(x,t)+nψ(x) dVolL.

Thus,
d
dt

(
Ω|L

)
= F∗LH⃗−n(∇ψ)⊥Ω

= F∗d
(
ιH⃗−n(∇ψ)⊥Ω

)
= F∗d(ιK∇θΩ)
= d F∗(ιK∇θΩ)
= d F∗(k · ι∇θΩ),

using that Ω is para-holomorphic.
Hence

d
dt

(
Ω|L

)
= d

(
k · ι∇θ

(
ekθ+nψdVolL

))
.
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Since

ι∇θdVolL = ∗ dθ,

we obtain

d
dt

(
Ω|L

)
= d

(
k ekθ+nψ ∗ dθ

)
= k

(
(k dθ + n dψ) ekθ+nψ ∧ ∗dθ + ekθ+nψd(∗dθ)

)
= ekθ+nψ [

dθ ∧ ∗dθ + k (n dψ ∧ ∗dθ + d(∗dθ))
]
.

On the other hand,

d
dt

(
ekθ+nψdVolL

)
=

(
k

d
dt
θ(x, t) + n

d
dt
ψ(F(x, t))

)
ekθ+nψdVolL+ekθ+nψ d

dt
dVolL.

Matching real and imaginary parts, we obtain

d
dt
θ(x, t) dVolL = n dψ ∧ ∗dθ + d(∗dθ),

and

n
d
dt
ψ(F(x, t)) +

d
dt

dVolL = dθ ∧ ∗dθ.

Therefore,

d
dt
θ(x, t) = ∗−1d(∗dθ) + ∗−1(n dψ ∧ ∗dθ

)
= −d∗dθ + n g(∇ψ,∇θ)
= ∆gθ + n g(∇ψ,∇θ).

Finally,
d
dt

dVolL = |∇θ|
2 − n

d
dt
ψ(F(x, t)).

□

It follows from Claim 4.2 that θ must satisfy a maximum principle.

Corollary 4.3. Given a generalized Lagrangian mean curvature flow, the
value of θ is bounded above and below by its initial values.

4.1. Slope Estimates for the Graph. To make a global sense of slope
bounds, we follow the approach of [BLMR24] and introduce a global Rie-
mannian metric Ŝ on the product space. In this framework, the slope can be
measured by computing the Ŝ -length of tangent vectors to the immersion
that have unit length with respect to the pseudo-Riemannian metric.
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4.1.1. Construction of the Auxiliary Metric Ŝ . We use the indefinite metric
to define a fully Riemannian metric on M×M̄. Pick an arbitrary Riemannian
metric m on M. For vectors W̄i ∈ T x̄M̄ define

m̄(W̄1, W̄2) = 4 mi j h(Vi, W̄1) h(V j, W̄2),

where the trace is taken over some basis {Vi} for TpM. We can check that m̄
defines a positive definite symmetric bilinear form on the tangent space of
M̄ at any point in the product where h is defined.

Now define the auxiliary metric

Ŝ = m + m̄,

which is a positive definite metric on the product space. Note that this is not
a product metric, as the second factor depends on the first point.

Our goal is to bound the ratio

(4.3) R(V) =
Ŝ (V,V)
h(V,V)

over all vectors V in the tangent space to the graph.
Note that this quotient can be maximized for two different geometric rea-

sons. One is that the tangent vector is very flat, in which case h(V,V) is
small relative to Ŝ (V,V). The other is that the tangent vector is very steep.

4.1.2. Coordinates at the Maximum Point. Since L is compact, the quantity
defined by (4.3) is bounded whenever the immersion is spacelike, in which
case it represents the ratio of two Riemannian metrics on the same tangent
space. Consequently, (4.3) attains a maximum on the unit tangent bundle.
Let (x, x̄) be a point where this maximum is achieved. We now describe the
tangent space at this point more precisely.

At this point, take normal coordinates with respect to m. Then choose
Type I special coordinates for M̄. We have a product coordinate chart with

h =
1
2

(
0 δis̄

δs̄i 0

)
at the point (x, x̄). We also know that the first chart was chosen normal by
m. Note that all derivatives in the chart are determined by normal coordi-
nates in the original metric, linearly modifying by the inverse of cis which is
controlled on a compact region. In this choice of coordinates, at the point,
we have

Ŝ
(
Ei, E j

)
= δi j

Ŝ (Ek̄, El̄) = 4δi j 1
2
δki

1
2
δl j = δkl.
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We know that the Kähler form at the point is still

ω(·, ·) = h(K·, ·)

so a graphical tangent vector over M of the form

F̃i = Ei + T s̄
i E s̄

must satisfy ω(F̃i, F̃ j) = 0 which, using cis̄ = −δis̄ yields

T j̄
i = T ı̄

j

at the point x. In particular the matrix DT is symmetric, and we may diag-
onalize

DT = (λ1, ..., λn)
where we are choosing the order of the eigenvalues λ1 ≥ ... ≥ λn and noting
that the space-like condition requires the eigenvalues of DT to be positive.
Thus at a point we have

F̃i = Ei + λiEı̄

and
Ŝ (F̃i, F̃i)

h(F̃i, F̃i)
=

1 + λ2
i

λi
.

Next we claim that the maximum of the ratio must occur at either λ1 or λn.
First, we note that the functiom

λ→
1 + λ2

λ

is convex so the maximum over a set of finite values is either at the largest
or the smallest. So either

1 + λ2
1

λ1
≥

1 + λ2
i

λi

or
1 + λ2

n

λn
≥

1 + λ2
i

λi
.

A basic linear algebra argument gaurantees that the quotient will be max-
imized along one of the these two eigenvectors. So at the point where the
maximum occurs, we have chosen coordinates F̃i = Ei + λiEı̄ and the max-
imum ratio R(V) is either at F̃1 or F̃n

Rescale the tangent vectors diagonally by F̃i 7→
1
√
λi

F̃i. The resulting
vectors form an orthonormal basis with respect to the induced metric g. We
then exponentiate these vectors with respect to g in a neighborhood, obtain-
ing a new coordinate system on M that agrees with the original coordinates
at the point x and is normal there. The purpose of this construction is to
allow us to carry out computations in normal coordinates at the point.
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Define the set of tangent vectors Fi, to be the coordinate tangent frame
obtained by exponentiating as

1
√
λi

Ei

with respect to the induced metric. Note that at this point, these are repre-
sented in the ambient (original coordinates) as

1
√
λi

Ei +
√
λiEī.

4.1.3. Maximum Principle Formulas for the Slope Ratio. The following
is a general statement concerning the maximum of ratios for tensors on a
Riemannian manifold; it does not depend on any specific properties of the
manifold or submanifolds considered here.

Proposition 4.4. Let S be a symmetric (0, 2)-tensor on M. Suppose p0

is a point where the function R(V) achieves its maximum, and let Fξ be a
maximizing vector. If S is diagonal at p0 with respect to normal coordinates
{F1, . . . , Fn} containing Fξ, then

∇Fi∇FiS (Fξ, Fξ) ≤ 0 for all i.

Proof. Working entirely intrinsically, we get

∇∇S (Fξ, Fξ, Fi, Fi) = Fi∇S (Fξ, Fξ, Fi)
− ∇S (∇Fi Fξ, Fξ, Fi) − ∇S (Fξ,∇Fi Fξ, Fi) − ∇S (Fξ, Fξ,∇Fi Fi).

Evaluating this at the origin (note all intrinsic connection terms vanish),
we get

∇∇S (Fξ, Fξ, Fi, Fi) = Fi∇S (Fξ, Fξ, Fi)

= Fi

(
FiS (Fξ, Fξ) − S (∇Fi Fξ, Fξ) − S (Fξ,∇Fi Fξ)

)
= S ξξ,ii − 2

[
∇S (∇Fi Fξ, Fξ, Fi) + S (∇Fi∇Fi Fξ, Fξ) + S (∇Fi Fξ,∇Fi Fξ)

]
= S ξξ,ii − 2S (∇Fi∇Fi Fξ, Fξ).

Let
v =

[
(∇Fi∇Fi Fξ) · Fξ

]
Fξ = βFξ.

Since S is diagonal,

∇∇S (Fξ, Fξ, Fi, Fi) = S ξξ,ii − 2S (βFξ, Fξ)
= S ξξ,ii − 2βS ξξ.

Next compute derivatives of
S (Fξ, Fξ)
g(Fξ, Fξ)

.
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The first derivative is:

Fi

(
S (Fξ, Fξ)
g(Fξ, Fξ)

)
=

S ξξ,igξξ − gξξ,iS ξξ

g2
ξξ

.

The second derivative is:

FiFi

(
S (Fξ, Fξ)
g(Fξ, Fξ)

)
=

S ξξ,iigξξ + S ξξ,igξξ,i − gξξ,iiS ξξ − gξξ,iS ξξ,i

g2
ξξ

−
2(S ξξ,igξξ − gξξ,iS ξξ)

g3
ξξ

gξξ,i.

At the origin, this simplifies to

FiFi
S (Fξ, Fξ)
g(Fξ, Fξ)

= S ξξ,ii − gξξ,iiS ξξ.

Next compute

gξξ,ii = FiFig(Fξ, Fξ)
= Fi 2g(∇Fi Fξ, Fξ)
= 2g(∇Fi∇Fi Fξ, Fξ) + 2g(∇Fi Fξ,∇Fi Fξ)
= 2g(∇Fi∇Fi Fξ, Fξ) (at origin)
= 2g(βFξ, Fξ) = 2β.

So we get

0 ≥ FiFi
S (Fξ, Fξ)
g(Fξ, Fξ)

= S ξξ,ii − 2βS ξξ

= ∇∇S (Fξ, Fξ, Fi, Fi).

Thus, the tensorial statement is

∇Fi∇FiS (Fξ, Fξ) ≤ 0.

□

Next, we state the following proposition, which is based on [BLMR24,
Proposition 1].

Proposition 4.5. Let L be a Lagrangian submanifold and let Ŝ be a tensor
on the ambient manifold. Denote by S = Ŝ |L its restriction to L. Sup-
pose that at a point p ∈ L the induced metric g is diagonalized by a frame
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{F1, . . . , Fn}. Then at p we have

gmm∇Fm∇FmS (Fξ, Fξ) = gmm∇̂Fm∇̂Fm Ŝ (Fξ, Fξ) + ∇̂H⃗Ŝ (Fξ, Fξ)

+ 4gmm∇̂Fm Ŝ (A(Fm, Fξ), Fξ)

+ 2gmmŜ (A(Fm, Fξ), A(Fm, Fξ))

+ 2gmmŜ
(
(∇̂FξA)⊥(Fm, Fm), Fξ

)
+ 2gmmgklR̂(Fm, Fξ, Fm,KFk) Ŝ (KFl, Fξ)

− 2gmmA(Fm, Fξ) · A(Fm, F j)gi j Ŝ (Fi, Fξ),

where {KFl} denotes a basis for the normal space.

Proof. The proof follows from the argument used in Proposition 1 of [BLMR24].
For the convenience of the reader, we include the details here.

Take tangent vectors {V, X,Y,W} (assume these are in normal coordinates
at a point with respect to the induced metric):

∇VS (X,Y) = VS (X,Y) − S (∇V X,Y) − S (X,∇VY)

∇̂V Ŝ (X,Y) = VŜ (X,Y) − Ŝ (∇̂V X,Y) − S (X, ∇̂VY).

Then

∇VS (X,Y) = ∇̂V Ŝ (X,Y) + Ŝ (∇̂V X,Y) + S (X, ∇̂VY) − S (∇V X,Y) − S (X,∇VY)

= ∇̂V Ŝ (X,Y) + Ŝ (A(V, X),Y) + S (X, A(V,Y)).

and

∇W∇VS (X,Y) = W∇VS (X,Y) − ∇∇W VS (X,Y) − ∇VS (∇W X,Y) − ∇VS (X,∇WY)

= W
[
∇̂V Ŝ (X,Y) + Ŝ (A(V, X),Y) + S (X, A(V,Y))

]
− ∇∇W VS (X,Y) − ∇VS (∇W X,Y) − ∇VS (X,∇WY)

∇̂W∇̂V Ŝ (X,Y) = W∇̂V Ŝ (X,Y) − ∇̂∇̂W V Ŝ (X,Y) − ∇̂V Ŝ (∇̂W X,Y) − ∇̂V Ŝ (X, ∇̂WY).
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So

∇W∇VS (X,Y) = ∇̂W∇̂V Ŝ (X,Y) + ∇̂∇̂W V Ŝ (X,Y) + ∇̂V Ŝ (∇̂W X,Y) + ∇̂V Ŝ (X, ∇̂WY)

+W
[
Ŝ (A(V, X),Y) + S (X, A(V,Y))

]
− ∇∇W VS (X,Y) − ∇VS (∇W X,Y) − ∇VS (X,∇WY)

= ∇̂W∇̂V Ŝ (X,Y)

+
[
∇̂∇̂W V Ŝ − ∇∇W VS

]
(X,Y)

+ ∇̂V Ŝ (∇̂W X,Y) − ∇VS (∇W X,Y)

+ ∇̂V Ŝ (X, ∇̂WY) − ∇VS (X,∇WY)

+W
[
Ŝ (A(V, X),Y) + Ŝ (X, A(V,Y))

]
.

Since ∇̂WV = A(W,V), this becomes

∇W∇VS (X,Y) = ∇̂W∇̂V Ŝ (X,Y) + ∇̂A(W,V)Ŝ (X,Y)

+ ∇̂V Ŝ (A(W, X),Y) + ∇̂V Ŝ (X, A(W,Y))

+W
[
Ŝ (A(V, X),Y) + Ŝ (X, A(V,Y))

]
.

Expanding the last term:

WŜ (A(V, X),Y) = ∇̂W Ŝ (A(V, X),Y)+Ŝ
((
∇̂W A

)
(V, X),Y

)
+Ŝ (A(V, X), ∇̂WY).

Now (
∇̂W A

)
(V, X) = ∇⊥W A(V, X) + gi jh

(
(∇̂W A)(V, X), F j

)
Fi

and by the Codazzi equation

∇⊥W A(V, X) = ∇⊥X A(W,V) + gklR̂(W, X,V,KFk)KFl

(here using the fact the K is a sign inverting isometry to the normal space,
giving a positive sign)

Also note that

h
(
(∇̂W A)(V, X), F j

)
+ h

(
A(V, X), ∇̂W F j

)
= 0

Thus

WŜ (A(V, X),Y) = ∇̂W Ŝ (A(V, X),Y)

+ Ŝ
(
∇⊥X A(W,V) + gklR̂(W, X,V,KFk)KFl,Y

)
− gi jŜ

(
h
(
A(V, X), ∇̂W F j

)
Fi,Y

)
+ Ŝ (A(V, X), ∇̂WY).
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and we have

∇W∇VS (X,Y) = ∇̂W∇̂V Ŝ (X,Y) + ∇̂A(W,V)Ŝ (X,Y)

+ ∇̂V Ŝ (A(W, X),Y) + ∇̂V Ŝ (X, A(W,Y))

+ ∇̂W Ŝ (A(V, X),Y) + ∇̂W Ŝ (X, A(V,Y))

+ Ŝ (A(V, X), A(W,Y)) + Ŝ (A(W, X), A(V,Y))

+ Ŝ
(
∇⊥X A(W,V) + gklR̂(W, X,V,KFk)KFl,Y

)
− gi jŜ

(
h
(
A(V, X), A(W, F j)

)
Fi,Y

)
+ Ŝ

(
X,

(
∇̂Y A

)⊥
(W,V) +

∑
R̂(W,Y,V,KFl)KFl

− gi jŜ
(
X, h

(
A(V,Y), A(W, F j)

)
Fi

)
Tracing over V = W = Fm, we obtain

gmm∇Fm∇FmS (X,Y) = gmm∇̂Fm∇̂Fm Ŝ (X,Y) + gmm∇̂A(Fm,Fm)Ŝ (X,Y)

+ gmm∇̂Fm Ŝ (A(Fm, X),Y) + gmm∇̂Fm Ŝ (X, A(Fm,Y))

+ gmm∇̂Fm Ŝ (A(Fm, X),Y) + gmm∇̂Fm Ŝ (X, A(Fm,Y))

+ gmm2Ŝ (A(Fm, X), A(Fm,Y))

+ gmmŜ
( (
∇̂XA

)⊥
(Fm, Fm) + gklR̂(Fm, X, Fm,KFk)KFl

− A(Fm, X) · A(Fm, F j)gi jFi, Y
)

+ gmmŜ
(
X,

(
∇̂Y A

)⊥
(Fm, Fm) + gklR̂(Fm,Y, Fm,KFk)KFl

− A(Fm,Y) · A(Fm, F j)gi jFi

)
.

Plugging in X = Y = Fξ yields the result.
□

Next we compute the time derivative.

Proposition 4.6. Along the generalized Lagrangian mean curvature flow,
at a point where S is diagonalized, the following holds:

d
dt

S ξξ − gmm∇Fm∇FmS (Fξ, Fξ)

(4.4)

= − n∇̂(∇ψ)⊥S (Fξ, Fξ) − 2nŜ
(
(∇̂Fξ (∇ψ)⊥)T , Fξ

)
− 2nŜ

(
∇⊥Fξ (∇ψ)⊥ , Fξ

)
− gmm∇̂Fm∇̂Fm Ŝ (Fξ, Fξ) + 2Ŝ ξξ

(
(∇̂Fξ H⃗)T , Fξ

)
− 4gmm∇̂Fm Ŝ (A(Fm, Fξ), Fξ)

− 2gmmŜ (A(Fm, Fξ), A(Fm, Fξ)) − 2gmm
∑

R̂(Fm, Fξ, Fm,KFl)Ŝ (KFl, Fξ)

+ 2gmmA(Fm, Fξ) · A(Fm, Fξ)Ŝ ξξ.
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Proof. First, recall the formula for evolution in the normal direction V

d
dt

S i j = ∇̂V Ŝ
(
Fi, F j

)
+ Ŝ

(
∇̂FiV, F j

)
+ Ŝ

(
Fi, ∇̂F jV

)
.

Let V = H⃗ − n (∇ψ)⊥ . Choosing i, j = ξ we get

d
dt

S ξξ = ∇̂VS (Fξ, Fξ) + 2Ŝ
(
∇̂Fξ

(
H⃗ − n

(
∇̂ψ

)⊥)
, Fξ

)
= ∇̂VS (Fξ, Fξ) + 2Ŝ

(
(∇̂Fξ(H⃗ − n(∇̂ψ)⊥))T , Fξ

)
+ 2Ŝ ((∇̂Fξ(H⃗ − n(∇ψ)⊥))⊥, Fξ)

= ∇̂VS (Fξ, Fξ) − 2nŜ ((∇̂Fξ(∇̂ψ)⊥)T , Fξ) − 2nŜ ((∇̂Fξ(∇̂ψ)⊥)⊥, Fξ)

+ 2Ŝ ((∇̂FξH)T , Fξ) + 2Ŝ ((∇̂FξH)⊥, Fξ).

Next, recall the formula

gmm∇Fm∇FmS (Fξ, Fξ) = gmm∇̂Fm∇̂Fm Ŝ (Fξ, Fξ) + ∇̂H⃗Ŝ (Fξ, Fξ)

+ 4gmm∇̂Fm Ŝ (A(Fm, Fξ), Fξ)

+ 2gmmŜ (A(Fm, Fξ), A(Fm, Fξ))

+ 2gmmŜ
(
(∇̂FξA)⊥(Fm, Fm), Fξ

)
+ 2gmmgklR̂(Fm, Fξ, Fm,KFk)Ŝ

(
KFl, Fξ

)
− 2gmmA(Fm, Fξ) · A(Fm, F j)gi jŜ

(
Fi, Fξ

)
.

Compute the difference:

d
dt

S ξξ − gmm∇Fm∇FmS (Fξ, Fξ)

= ∇̂VS (Fξ, Fξ) − 2nŜ ((∇̂Fξ(∇̂ψ)⊥)T , Fξ) − 2nŜ ((∇̂Fξ(∇̂ψ)⊥)⊥, Fξ)

+ 2Ŝ ((∇̂Fξ H⃗)T , Fξ) + 2Ŝ ((∇̂Fξ H⃗)⊥, Fξ)

− gmm∇̂Fm∇̂Fm Ŝ (Fξ, Fξ) − ∇̂HŜ (Fξ, Fξ)

− 4gmm∇̂Fm Ŝ (A(Fm, Fξ), Fξ)

− 2gmmŜ (A(Fm, Fξ), A(Fm, Fξ))

− 2gmmŜ
(
(∇̂FξA)⊥(Fm, Fm), Fξ

)
− 2gmmgklR̂(Fm, Fξ, Fm,KFk)Ŝ (KFl, Fξ)

+ 2gmmA(Fm, Fξ) · A(Fm, Fξ)Ŝ ξξ.

Finally, collecting terms and using that S is diagonalized, also noting that

gmmŜ
(
(∇̂FξA)⊥(Fm, Fm), Fξ

)
= Ŝ ((∇̂Fξ H⃗)⊥, Fξ)
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the expression becomes

= −n∇̂(∇ψ)⊥S (Fξ, Fξ) − 2nŜ ((∇̂Fξ(∇ψ)⊥)T , Fξ) − 2nŜ (∇⊥Fξ(∇ψ)⊥, Fξ)

− gmm∇̂Fm∇̂Fm Ŝ (Fξ, Fξ)

+ 2Ŝ ξξ((∇̂FξH)T ) · Fξ − 4gmm∇̂Fm Ŝ (A(Fm, Fξ), Fξ)

− 2gmmŜ (A(Fm, Fξ), A(Fm, Fξ))

− 2gmmgklR̂(Fm, Fξ, Fm,KFk)Ŝ (KFl, Fξ)

+ 2gmmA(Fm, Fξ) · A(Fm, Fξ)Ŝ ξξ.

This completes the proof. □

4.2. The Maximum Principle Applied to the Slope Ratio. Suppose that
(x0, t0), with x0 ∈ L and t0 ∈ (0,T ), is a point at which the maximum of R is
attained. At this point and time we again choose a frame that diagonalizes
the metric and the tensor S , so that

h(Fi, F j) = δi j,

and

S (Fi, F j) = δi j

(
1
λi
+ λi

)
.

Let ξ = 1 or ξ = n be chosen so that

S ξξ = max
{

1
λ1
+ λ1,

1
λn
+ λn

}
.

For simplicity, define the function

Q(x, t) =
S (Fξ, Fξ, t)
g(Fξ, Fξ, t)

in a neighborhood of (x0, t0). We now state the following key claim.

Claim 4.7. There exist constants C̄ > 0 and κ > 0 such that the following
holds. If S ξξ ≥ 10 and Fξ is the maximizer of the ratio R(Fξ), then at the
maximum point we have

∂tQ(Fξ, Fξ) ≤ C̄ S 2
ξξ − κ S 2+ 1

n−1
ξξ .

Proof. We start by computing

∂tQ(Fξ, Fξ) = ∂t

(
S (Fξ, Fξ, t)
g(Fξ, Fξ, t)

) ∣∣∣∣
x0,t0
= S ξξ,t − S ξξgξξ,t.
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We subtract the nonpositive quantity (nonpositive by Proposition 4.4) to
obtain

∂tQ(Fξ, Fξ) ≤ ∂tQ(Fξ, Fξ) −
∑

i

∇Fi∇FiS (Fξ, Fξ)

= S ξξ,t −
∑

i

∇Fi∇FiS (Fξ, Fξ) − S ξξgξξ,t.

Next, we plug in (4.4):

∂tQ(Fξ, Fξ) ≤ −∇̂n(∇ψ)⊥S (Fξ, Fξ) − 2Ŝ
(
∇⊥Fξn (∇ψ)⊥ , Fξ

)
−

∑
i

∇̂Fi∇̂Fi Ŝ (Fξ, Fξ)

− 4
∑

i

∇̂Fi Ŝ (A(Fi, Fξ), Fξ)

+ 2Ŝ ξξ

(
(∇̂Fξ H⃗)T · Fξ

)
− 2Ŝ

(
(∇̂Fξn (∇ψ)⊥)T , Fξ

)
− S ξξgξξ,t

− 2
∑

i

Ŝ (A(Fi, Fξ), A(Fi, Fξ)) − 2
∑

i,l

R̂(Fi, Fξ, Fi,KFl)Ŝ (KFl, Fξ)

+ 2
∑

i

A(Fi, Fξ) · A(Fi, Fξ)Ŝ ξξ.

We rearrange the above quantities as follows:

+ 2
∑

i

A(Fi, Fξ) · A(Fi, Fξ)Ŝ ξξ(1)

+ 2Ŝ ξξ

(
(∇̂Fξ H⃗)T · Fξ

)
− 2Ŝ

(
(∇̂Fξn(∇ψ)⊥)T , Fξ

)
− S ξξgξξ,t(2)

− 4
∑

i

∇̂Fi Ŝ (A(Fi, Fξ), Fξ) − 2
∑

i

Ŝ (A(Fi, Fξ), A(Fi, Fξ))(3)

− ∇̂n(∇ψ)⊥S (Fξ, Fξ) −
∑

i

∇̂Fi∇̂Fi Ŝ (Fξ, Fξ)(4)

− 2Ŝ
(
∇⊥Fξn(∇ψ)⊥, Fξ

)
(5)

− 2
∑

i,l

R̂(Fi, Fξ, Fi,KFl)Ŝ (KFl, Fξ)(6)

We will deal with these lines in order. For lines 1-5 we will show that
each expression is bounded by

C(1 + S 2
ξξ)

for some controlled constant C.
Line 1: Note that this is the sum of metric pairings of two time-like

vectors, so this is non positive.
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Line 2: Note that
d
dt

gξξ = 2h(∇̂Fξ

(
H⃗ − n (∇ψ)⊥

)
, Fξ)

= 2(∇̂Fξ H⃗)T · Fξ − 2
(
∇̂Fξn (∇ψ)⊥

)T
· Fξ

and that

Ŝ
(
(∇̂Fξn (∇ψ)⊥)T , Fξ

)
= (∇̂Fξn (∇ψ)⊥)T · Fξ S (Fξ, Fξ).

So

+ 2Ŝ ξξ

(
(∇̂Fξ H⃗)T · Fξ

)
− 2Ŝ

(
(∇̂Fξn(∇ψ)⊥)T , Fξ

)
− S ξξgξξ,t

= 2Ŝ ξξ

(
(∇̂Fξ H⃗)T · Fξ

)
− 2Ŝ

(
(∇̂Fξn(∇ψ)⊥)T , Fξ

)
− S ξξ2(∇̂Fξ H⃗)T · Fξ + S ξξ2

(
∇̂Fξn(∇ψ)⊥

)⊥
· Fξ

= 0.

Line 3: Note that as a fixed tensor on the ambient manifold, we have

∇̂Fi Ŝ (X,Y) ≤ C1 ∥Fi∥Ŝ ∥X∥Ŝ ∥Y∥Ŝ ,

so

−4
∑

i

∇̂Fi Ŝ (A(Fi, Fξ), Fξ) ≤ 2
∑

i

Ŝ (A(Fi, Fξ), A(Fi, Fξ))+2
∑

i

C2
1Ŝ (Fi, Fi)Ŝ (Fξ, Fξ)

hence

−4
∑

i

∇̂Fi Ŝ (A(Fi, Fξ), Fξ − 2
∑

i

Ŝ (A(Fi, Fξ), A(Fi, Fξ)) ≤ 2
∑

i

C2
1Ŝ (Fi, Fi)Ŝ (Fξ, Fξ)

≤ CS 2
ξξ.

Line 4:
−∇̂n(∇ψ)⊥S (Fξ, Fξ) −

∑
i

∇̂Fi∇̂Fi Ŝ (Fξ, Fξ).

Note that the first term involves a projection, so∥∥∥n (∇ψ)⊥
∥∥∥

Ŝ
=

∥∥∥h(n (∇ψ)⊥ ,KFl)glmKFm

∥∥∥
Ŝ
≤ S ξξ.

This shows that the first term is bounded by S 2
ξξ. The second is an ambient

4 tensor, so is bounded byS 2
ξξ.

Line 5: This is Claim 4.9 below.
We finally claim that the contribution from line 6 is bounded above by

−κS 2+ 1
n−1

ξξ +CS 2
ξξ,

for some constant κ > 0, bounded away from zero, depending on the cross-
curvature condition.
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To set this up, recall
m + m̄ = δi j + δı̄ j̄

at the point, and the orthonormal basis with respect to g has the expression

Fi =
1
√
λi

Ei +
√
λiEı̄.

Next, we observe the term∑
i,l

R̂(Fi, Fξ, Fi,KFl)Ŝ (KFl, Fξ)

and note that

Ŝ (KFl, Fξ) =
(

1
λξ
− λξ

)
δlξ.

and

R̂(Fi, Fξ, Fi,KFξ) = −
λξ

λi
R̂iξiξ +

λi

λξ
R̂ıξıξ.

Thus (see Claim 4.8 below)∑
i,l

R̂(Fi, Fξ, Fi,KFl)Ŝ (KFl, Fξ) =
∑

i

(
−
λξ

λi
R̂iξiξ +

λi

λξ
R̂ıξıξ

) (
1
λξ
− λξ

)
= −

∑
i

1
λi

R̂iξiξ + λ
2
ξ

∑
i

1
λi

R̂iξiξ

+
1
λ2
ξ

∑
i

λiR̂ıξıξ −
∑

i

λiR̂ıξıξ.

If ξ = 1 then the term

λ2
1

∑
i

1
λi

R̂i1̄i1̄

dominates. Recall (here we use Corollary 4.3)

det DT = λ1 · · · λn =
e−2θρ

ρ̄
≤ Λ0

so
Λ0 ≥ λ1(λn) n−1

and hence
1
λn
≥

(
λ1

Λ0

) 1
n−1

.

Thus

λ2
1

∑
i

1
λi

R̂i1̄i1̄ ≥ λ
2
1

(
λ1

Λ0

) 1
n−1

R̂n1̄n1̄ ≥ κS
2+ 1

n−1
ξξ −C.
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Of the remaining terms,
1
λ2
ξ

∑
i

λiR̂ıξıξ

is positive, and the other two are bounded by
∑

i S ii.
If ξ = n, then

det DT = λ1 · · · λn =
e−2θρ

ρ̄
≥

1
Λ0

so

λ1 ≥
1

Λ0(λn) n−1

and
1
λ2

n

∑
i

λiR̂ı̄nı̄n ≥
1
λ2

n

1
Λ0(λn) n−1 R̂1̄n1̄n

≥ κS 2+ 1
n−1

ξξ −C.

□

Claim 4.8.
R̂(Fi, Fξ, Fi,KFξ) = −

λξ

λi
R̂iξiξ +

λi

λξ
R̂iξiξ.

Proof. This can be verified by expanding

R̂

 1
√
λi

Ei +
√
λiEī,

1√
λξ

Eξ +
√
λξEξ,

1
√
λi

Ei +
√
λiEī,

1√
λξ

Eξ −
√
λξEξ


= R̂

(
1
√
λi

Ei,
√
λξEξ,

1
√
λi

Ei,−
√
λξEξ

)
+R̂

 1
√
λi

Ei,
√
λξEξ,

√
λiEī,

1√
λξ

Eξ


+R̂

√λiEī,
1√
λξ

Eξ,
1
√
λi

Ei,−
√
λξEξ


+R̂

√λiEī,
1√
λξ

Eξ,
√
λiEī,

1√
λξ

Eξ


= −

λξ

λi
R̂iξiξ + R̂iξīξ − R̂īξiξ +

λi

λξ
R̂īξīξ

= −
λξ

λi
R̂iξiξ +

λi

λξ
R̂īξīξ.

□
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Claim 4.9.

2Ŝ
(
∇⊥Fξn (∇ψ)⊥ , Fξ

)
≤

∥∥∥Fξ

∥∥∥
S

∥∥∥∥(∇̂Fξn (∇ψ)⊥
)⊥∥∥∥∥

Ŝ
.

Proof. Unwinding

−n (∇ψ)⊥ = (n (∇ψ) · KFi) gi jKF j

and

∇̂Fξ

[
(n (∇ψ) · KFi) gi jKF j

]
= Fξ

(
(n (∇ψ) · KFi) gi j

)
KF j

+ (n (∇ψ) · KFi) gi jK∇̂FξF j.

Projecting this to the normal direction, we note that ∇̂FξF j is already
normal at the point, so K projects that to the tangential direction, and this
term doesn’t survive the projection. We are left with

Ŝ
(
∇⊥Fξn (∇ψ)⊥ , Fξ

)
= −Fξ

(
(n (∇ψ) · KFi) gi j

)
Ŝ

(
KF j, Fξ

)
.

We have taken diagonalizations so that only the j = ξ term survives, so
suffice to control

Fξ

(
n (∇ψ) · KFξ

)
Ŝ

(
KFξ, Fξ

)
.

Next compute

(4.5) Fξ

(
n (∇ψ) · KFξ

)
= ∇̂Fξn (∇ψ) · KFξ + n (∇ψ) · K∇̂FξFξ.

To get control of
∇̂FξFξ

observe that

(4.6)
(
∇̂FξFξ

)⊥
= A(Fξ, Fξ)

is tensorial, so we may compute using

Fξ =
1√
λξ

F̃ξ at x,

(
∇̂FξFξ

)⊥
= A(Fξ, Fξ) =

1
λξ

A(F̃ξ, F̃ξ)

= −
1
λξ

(
A(F̃ξ, F̃ξ) · KF̃k

)
g̃kkKF̃k

= −
1
λξ

(
A(F̃ξ, F̃k) · KF̃ξ

)
g̃kkKF̃k.

Recall that
F̃i = Ei + T s̄

i E s̄.
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Compute directly

A(F̃ξ, F̃k) = ∇̂(
Eξ+T s̄

ξE s̄
) (Ek + T s̄

k E s̄

)
= Γαξ kEα + T s̄

ξΓ
α
s̄kEα + T s̄

k ξE s̄ + T s
kΓ

α
s̄ ξEα + T p̄

k (E p̄T s̄
ξ )E s̄ + T s̄

ξT
p̄
k Γ

α
p̄s̄Eα.

After simplification,

A(F̃ξ, F̃k) = Γm
ξ kEm + T s̄

k ξE s̄.

Thus

A(F̃ξ, F̃k) · KF̃ξ =
(
Γm
ξ kEm + T s̄

k ξE s̄

)
· (Eξ − λξEξ)

= T ξ
k ξ

(
−

1
2

cξ ξ

)
− λξΓ

ξ
ξ k

(
−

1
2

cξ ξ

)
= −

1
2

(
T ξ

k ξ − λξΓ
ξ
ξ k

)
(4.7)

Now differentiate
S (F̃ξ, F̃ξ)

h(F̃ξ, F̃ξ)

in any Ek direction, using

S (F̃ξ, F̃ξ) = mξξ + m̄s̄ p̄T s̄
ξT

p̄
ξ , h(F̃ξ, F̃ξ) = −cξ s̄T s̄

ξ ,

(recalling we’re using special coordinates type II (recall Corollary 3.5) and
evaluating at the point) gives

EkS (F̃ξ, F̃ξ) = m̄ξ ξ,kλ
2
ξ + 2λξT

ξ
ξ k,

Ekh(F̃ξ, F̃ξ) = −cξξ kλξ + T ξ̄
ξ k.

Using that the maximum occurs at this point,

h(F̃ξ, F̃ξ)EkS (F̃ξ, F̃ξ) = S (F̃ξ, F̃ξ)Ekh(F̃ξ, F̃ξ)

we obtain (
2λξ − (1 + λ2

ξ)
)

T ξ
ξ k = −(1 + λ2

ξ)cξξ kλξ − m̄ξ ξ,kλ
3
ξ ,

hence

T ξ
ξ k =

−λξ
(
(1 + λ2

ξ)cξξ k − m̄ξ ξ,kλ
2
ξ

)
−(1 − λξ)2 .
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From (4.7) and (4.6)(
∇̂FξFξ

)⊥
=

1
λξ

(
1
2

(T ξ
k ξ − λξΓ

ξ
ξ k)

)
1
λk

KF̃k

=

(
1
2

1
λξ

T ξ
k ξ −

1
2
Γ
ξ
ξ k

)
(Ek − λkEk̄)

λk

=

1
2

λξ
(
(1 + λ2

ξ)cξξ k − m̄ξ ξ,kλ
2
ξ

)
(1 − λξ)2 −

1
2
Γ
ξ
ξ k

 (Ek − λkEk̄)
λk

.

Thus (we may assume that λn <
1
2 ))∣∣∣n (∇ψ) · K∇̂FξFξ

∣∣∣ ≤ ∥nDψ∥Ŝ C
(
1 +

λ1

λn

)
≤ C

(
S 2
ξξ + 1

)
.

Finally, recall (4.5)

Ŝ
([
∇̂Fξ (n(∇ψ))⊥

]⊥
, Fξ

)
≤ ∥nDψ∥Ŝ ∥Fξ∥

2
Ŝ +C

(
S 2
ξξ + 1

)
.

□

We conclude that there is a universal bound on DT as shown below.

Proposition 4.10. Suppose that (x,T (x)) locally represents the generalized
mean curvature flow. Assume that the flow remains in a compact set Z that
avoids the cut locus and on which the cross-curvature condition is positive.
Then

∥DT∥ = sup
m(V,V)=1

∥DT (V)∥m̄ ≤ C(Z, κ, c, ρ, ρ̄, F0).

Proof. At the initial time there is an initial bound on DT. Observe that by
taking normal coordinates for m and diagonalizing

F̃i = Ei + λiEı̄

we get
sup

m(V,V)=1
∥DT (V)∥2m̄ ≤ λ

2
1.

Recall that
1
λn
≥

(
λ1

Λ0

) 1
n−1

so if λ1 is large we will have

S ξξ = max
{

1
λn
, λ1

}
> C2

big enough so that

C1S 2
ξξ − κS

2+ 1
n−1

ξξ < 0
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in which case, the ratio given by (4.3) must be decreasing at the maximum
point by the previous Proposition. An upper bound on the ratio gives an
upper bound on λ1. □

5. Higher Regularity and Convergence

5.1. Preliminary Estimates. For the remainder, we assume the submani-
fold is flowing under a cross-curvature condition.

Recalling (2.12), we note that locally there exists a scalar function u sat-
isfying

Du + Dxc(x,T (x)) = 0.

Claim 5.1. Let u be as in (2.12). The GMCF is the projection of a vertical
flow described by

ut = −2θ.

Proof. Since θ is geometric, we can choose any coordinates for M̄ and ver-
ify this at that point. We compute the vertical change of T by differentiating

ui + ci(x,T (x)) = 0

uit + cis̄(x,T (x))T s̄
t = 0.

So at the origin, in special coordinates, we have

T s̄
t = −2θs.

That is for the vertical flow
d
dt

(x,T (x, t)) = (0,−2Dθ).

Project this to the normal direction.

(0,Dθ)⊥ = −
(
(0,−2Dθ) · KF̃i

)
g̃i jKF̃ j

= θig̃i j(KF j)

= K
(
θig̃i jF j

)
= K∇θ

= (H⃗ − n (∇ψ)⊥).

□

Observe that differentiating, we get

(5.1) ui j + ci j + cis̄(x,T (x))T s̄
j = 0

or
det(ui j + ci j) = det(−cis̄) det T s̄

j .
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Recall

2θ = ln ρ − ln ρ̄ − ln det DT
= ln ρ − ln ρ̄ − ln det(ui j + ci j) + ln det(−cis̄)

so plugging in, we get

ut = −2θ.
= ln det(ui j + ci j) − ln ρ + ln ρ̄ − ln det(−cis̄).

Thus u locally solves a Monge-Ampère type equation, and enjoys C2 es-
timates (from the estimate on DT and (5.1)) in choices of coordinates. On
a compact manifold, every domain is interior, and by the Evans-Krylov the-
orem, we conclude that u enjoys C2,α estimates. Then, by Schauder theory,
we obtain uniform bounds of all orders.

At this stage, we have uniform C1,α bounds for T up to time t0. Because
the coefficients of the parabolic system are uniformly parabolic and Hölder
continuous, Schauder theory applies and yields bounds on derivatives of
all orders. In particular, the flow extends past any time t0, and global Ck,α

bounds hold for all k.
Once we have fixed a set of charts, interior estimates will apply along the

flow. We have shown:

Claim 5.2. Suppose that S is bounded above along the flow on [0, t0). Then
all higher-order derivatives exist and the flow extends past t0.

5.2. Harnack Inequality and Exponential Convergence. Recalling claim
4.2, we note that θ satisfies

θt − ∆−nψθ = 0
where ∆−nψ is the weighted Laplacian. Note that this flow tracks the change
of θ as x evolves under the normal flow. This is different from the vertical
flow, which produces a similar weighted operator. Note that the vertical and
normal evolution expressions for a quantity will always differ by a gradient
term for that quantity.

Given the bounds on third derivatives of T , we obtain a lower bound on
the weighted Ricci curvature associated with the operator ∆−nψ. We are
therefore exactly in the setting of [AK20, Prop. 2.7]. The argument given
there applies directly, and we conclude the same by defining

f = log (θ + c)
for an appropriate c and

F = t
(∥∥∥∇g f

∥∥∥2

g
− α∂t f

)
.
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So we get (for α = 2)

LF + 2⟨∇ f ,∇F⟩ ≥
1
t

(
C1F2 − F −C2t2 +C3t ∥∇ f ∥2g F

)
.

Applying this at the maximum for F we get

C1F2 − F −C2t2 +C3t ∥∇ f ∥2g F ≤ 0

that is
C1F2 − F −C2t2 ≤ 0

or

F(x, t) ≤
1 +

√
1 + 4C1C2t2

2C1
≤ C̃1 + C̃2t.

That is, for positive t (
|∇ f |2 − 2 ft

)
≤

C̃1

t
+ C̃2

so we have

ft ≥
|∇ f |2

2
−

1
2

(
C̃1

t
+ C̃2

)
.

Now consider a path γ : [0, 1]→ L × [t1, t2] such that

γ(0) = (y, t2)
γ(1) = (x, t1) .

Assume that the path projects to a geodesic in the metric on L at t1 with
constant speed. Then

f (x, t1) − f (y, t2) ≤
∫ 1

0

{
|∇ f (γ(s), s)| d(t1)(x, y) + (t1 − t2) ft(γ(s), s)

}
ds.

As t1 < t2, we have

(t1 − t2) ft(γ(s), s) ≤ (t1 − t2)
(
|∇ f |2 −

(
C̃1

t
+ C̃2

))
= − (t2 − t1)

(
|∇ f |2 −

(
C̃1

t
+ C̃2

))
= (t2 − t1)

(
− |∇ f |2 +

(
C̃1

t
+ C̃2

))
and

f (x, t1)− f (y, t2) ≤
∫ 1

0

{
|∇ f (γ(s), s)| d(t1)(x, y) + (t2 − t1)

(
− |∇ f |2 +

(
C̃1

t(s)
+ C̃2

))}
ds.
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Using

|∇ f (γ(s), s)| d(t1)(x, y) ≤ |∇ f (γ(s), s)|2 (t2 − t1) +
d2

(t1)(x, y)

4 (t2 − t1)
we have

f (x, t1) − f (y, t2) ≤
∫ 1

0

 d2
(t1)(x, y)

4 (t2 − t1)
+ |∇ f (γ(s), s)|2 (t2 − t1) − |∇ f |2 (t2 − t1) + (t2 − t1)

(
C̃1

t(s)
+ C̃2

) ds

≤

∫ 1

0

 d2
(t1)(x, y)

4 (t2 − t1)
+ (t2 − t1)

(
C̃1

t(s)
+ C̃2

) ds

≤
d2

(t1)(x, y)

4 (t2 − t1)
+ C̃2 (t2 − t1) −

∫ t1

t2

C̃1

t
dt

=
d2

(t1)(x, y)

4 (t2 − t1)
+ C̃2 (t2 − t1) + C̃1 log

(
t2

t1

)
noting that

dt
ds
= − (t2 − t1) ds

t(0) = t2

t(1) = t1.

This gives us that

log (θ + c) (x, t1) ≤ log (θ + c) (y, t2) +
d2

(t1)(x, y)

4 (t2 − t1)
+ C̃2 (t2 − t1) + C̃1 log

(
t2

t1

)
which we can exponentiate to get

(θ + c) (x, t1) ≤ (θ + c) (y, t2) exp

 d2
(t1)(x, y)

4 (t2 − t1)
+ C̃2 (t2 − t1)

 ( t2

t1

)C̃1

.

If we assume that θ > 0 we can let c→ 0

θ(x, t1) ≤ θ(y, t2) exp

diam2
gt1

(M)

4 (t2 − t1)
+ C̃2 (t2 − t1)

 ( t2

t1

)C̃1

.

Thus for t1 ≥ 1 and t2 = t1 + 1/2 we have

θ(x, t1) ≤ C3θ(y, t2)

for all x, y.
Now we may apply the standard convergence argument - see for example

[KSW12, Section 7.1]. It follows that the oscillation of θ decreases expo-
nential to a constant. The convergence of the flow is in all orders, so we
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conclude that the limit as t → ∞ must be a manifold satisfying

Dθ ≡ 0

that is

H⃗ − n (∇ψ)⊥ = 0.
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