GENERALIZED LAGRANGIAN MEAN CURVATURE FLOWS ON
KIM-MCCANN METRICS.

MICAH WARREN

ABsTrRACT. We express the mean curvature flow of Lagrangian submanifolds of
the Kim-McCann-Warren metric in the setting generalized mean curvature flow
on Kim-McCann metrics. This allows us to tap into previously developed theory
to show that the Lagrangian condition is preserved along the flow.

1. INTRODUCTION

Our goal in this paper is to demonstrate that the setting of generalized La-
grangian mean curvature flows applies in a surprisingly satisfying way to the set-
ting of Kim-McCann metrics [KM10] introduced in the study of regularity theory
of optimal transport. Kim-McCann metrics can viewed as a pseudo-Riemmanian
analog of almost Calabi-Yau metrics. When adding a conformal factor depending
on the measures, it was shown in [KMW10] that graphs of optimal transport maps
are minimal surfaces. However as the ambient metric presented in [KMW10] is
not Einstein, the mean curvature flow is not at first glance expected to behave well.
We see here that the KMW metrics are almost Einstein manifolds and that much
of the theory developed for studying Lagrangian mean curvature flow in almost
Calabi-Yau metrics be carried over to the Kim-McCann setting.

In particular we prove that a Lagrangian manifold evolving under generalized
mean curvature flow in a Kim-McCann metric will stay Lagrangian. The stationary
points of generalized mean curvature flow will be stationary for the mean curvature
with the metric in [KMW10]

The Kim-McCann metric is still of much interest: See [LV23] for recent geo-
metric exposition of Kim-McCann metric, and also recent results.

Generalized MCF was introdced in [Beh11] and [SW11] (the approaches are
slightly different, one focus on a torsion connection, another on a Ricci potential)
We will take suggestions from the generalized mean curvature flow in paracomplex
manifolds. Some analogies will be used with justifcation, however the proofs of
our main result do not require results from this setting, rather they follow from
similar arguments, so we will present the arguments directly, without justifying the
full analogy. Our angle of approach differs from [CSS11] (which follows [SW11])
where generalized mean cuvature for paracomplex was given, we In [CSS11] the
geometry was understood through comparing different connections, as in [SW11].
We follow an approach closer to that of [Beh11] We instead focus an the analogy
suggested by the calibrating forms in [KMW10] The goal here is not to provide
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a complete dictionary of the paracomplex theory, rather simply to show that some
results in the optimal transport theory have some nice proof.

2. MAIN STATEMENTS AND OUTLINE

The following is the main result. For Ké#hler-Einstein manifolds, this result
was first mapped out in [Smo096], see also [Beh11] and [Wo0020].

Theorem 2.1. Suppose that L is a Lagrangian submanifold of a KM manifold,
with weighted p,p. Then flowing L according the GMCF with the KMW metric
preserves the Lagrangian condition.

This follows by a standard maximum principle argument using the following
observation.

Proposition 2.2. Let F be a generalized mean curvature flow for some short time
interval [0,8]. There are geometric quantities G (depending on the particular
solution to the flow) such that if we restrict the Kahler form to to a totally real
submanifold evolving along the flow we have

d
d—t|w|2:A|a)|2—anp-VIwIZ—IVa)I2+w*w*G

This is proved in several parts.

Proposition 2.3. Suppose that L is a totally real submanifold flowing by GMCF

dF\* N
(E) =N=H-n(Vy)
Then (see (4.1)) for definition of ay)
(1
d_tw =day
(2)

ay =ayg —nB+ny
for forms satisfying
3)
dag(ex, e)) = Ric(Keg,e)) + w * G + gijViijkl
ndp(ex, e;) = Ric(Key, e)
ndy(eg,e)) = Vi - Vo + G * w
We note here that the parabolic flow discussed in [KSW12] provides a vertical

flow of Lagrangian submanifolds. One can check that the projection of the flow is
onto the normal direction is mean curvature flow in the KMW setting.
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3. SeTUP

Recall [KM10]. Given a cost function on M" X M" we are considering a metric
of the form
1 0 —ci3
h:== B
2 ( Y )

When the mixed derivative ddc is non-singular, this provides a signature (n, n)
metric on the product space M" x M". The form

w = —c;zdx' A dx°
also provides a symplectic form. If we would like to view the symplectic form as
a para-Kihler form, consider the map
K:TppMxM - TpnMx M
which is represented as
Kpp=1Ir,u®(=Dr,i-
(For a basic introduction to para-Kéhler gometry see [CFG96]. The important fact

is that complex structure map J satisfying J> = —I is replaced by a paracomplex
structure map satisfying K> = I). Then we have
w(-,-) = (K-, ).

It was noted in [KM10] that graphs (x, T(x)) of optimal transport maps are La-
grangian with respect to this symplectic form.

Now given some probability measures p and p that can be locally represented
as p(x)dx and p(x)dx (we are using double-dip notation, using p and p to define
both the measure and the density function representing the measure). It was show
in [KMW10] that the graph of the optimal transport map pairing p to p with cost c,
is a volume maximizing submanifold of M x M with the following metric:

-1 pp® " 0 —cy
3.1) h'_z(—det(—cm)) (_Cij 0 )

These are calibrated by the form n-form.
1
o= 3 (p(x)dx + p(x)dx)

In particular, if the graph of the map is Lagrangian and the map is measure pre-
serving, the graph will be a volume maximizing surface. Here we realize @ as the
real part of a para-holomorphic form.

The conformal factor is somewhat inconvenient, see [KSW12, Section 5, 7.1.2],
[Warll]. If we would like to view the symplectic form as a Kéhler form, the
conformal factor either destroys the Kihler compatibility w(X, Y) = A(KX,Y), or
destroys the closedness dw = 0 (One can also view this as a weighted manifold,
as noted[War14, section 3] and applied in [AK20, pg 2092]. In the para-Kéahler
setting [CSS11], one considers the different connections that arise. For proving
the Lagrangian condition is preserved, we feel it is easier to look directly at the
conformal factor and follow the approach in [Beh11].
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3.1. Almost Calabi-Yai metrics. Recall [Joy07, Section 8.4].

Definition 3.1. Let n > 2. An almost Calabi—Yau n-fold, or ACY rn-fold for short,
is a quadruple (X, J, g, Q) such that (X, J, g) is a compact n (complex)-dimensional
Kéhler manifold, and € is a non-vanishing holomorphic (#, 0)-form on X.

In [Joy07, 8.24] there will be a function ¥ such that

" i\" -
(3.2) e = R (D) and

n! 2
We would like to explore the analogy in the paracomplex setting. A para-complex
valued form 7 is (n, 0) type if

k . TI(VI, ey Vn) = U(KVI, cey Vn) = T](Vl’ KVZa ce Vl’l)

etc. Here k is an algebraic object aking to the more familiar i, but instead satifies
k? = 1. One can check that for (real valued u, v)

Q=ux)dx+v(x)dx + Kk (u(x)dx — v(x)dx)

this is para-holomorphic when u depends only on x and v only on %, so this satisfies
0Q = 0. Now we can consider

udx + vdx udx + vdx
+K (udx — vdx) -k (udx — vdx)

=0 -k (udx + vdx) A (udx — vdx) + K (udx — vdx) A (udx + vdx)
= 0 — Kudx (—vdx) — kvdxudx + kudxvdx — kvdxudx
= duvkdxdx

in particular if

QAQ:(

1 1
Q= 3 (p(x)dx + p(X)dx) + Ek (p(x)dx — p(X)dx)
we will have
QA Q = p(x)p(X)k.
With this set up, consider a function ¢ which satisfies

n 1 n _
A — 1y ) kQ A Q.
n! 2

now as :
_ e i =5
w= 7 Z( ciz)dx' N dx
5

we can check that ;
1
" = (5) n!(—l)"_1 det (—c;5) dxdx
and to satisfy our version of the equation (3.2), we want

ean — p/_)
det (—c;5)
or

1
W= > (Inp + Inp — Indet (—c;3))
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The following suggests some strength in the analogy:
Proposition 3.2. The Ricci form satisfies
Ric(KX,Y) = 2nddy(X,Y)
The proof is in the Appendix.

Proposition 3.3. The mean curvature vector for a metric

h=e"h
(which is the metric given in [KMW10]) is given by
(3.3) H=e¢(H-n(Vy)')

We will not prove this here, this is a standard exercise in conformal geometry.
Now recall the formula from Berndt [Beh11] in the almost Calabi-Yau setting:

Given a function i such that

Ric(JX,Y) = Aw + nddy

define the generalized mean curvature vector to be
(3.4a) H=H-n(Vy)*.

Comparing (3.4a) and (3.3) suggest the obvious analogy.

The generalized mean curvature flow is the normal flow
OF\*
— | =H-n(Vy)*
e

4. Proor or ProPOSITION 2.3

We need some setup and a few more Lemmas.

A total real submanifold L in para-Kihler setting is a submanifold whose tangent
space does not contain any para-complex planes, that is for every V € T, L we have
KV ¢T,L.

Given a totally real submanifold L, we define

R:T,L—(T,L)"
K(X) = (K(X))*
Taking {e;} to be a basis for the tangent space to L", one can check that defining
wf = w,-jgﬂ
for
wij = w(e;,e;)
and
gij = h(ej,ej)
the indcued metric, then
K(e) = K(ej) — w;e;.
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Notice that
KK = K%(e;) — w!Ke
=e; — wael.
We assume a Kihler condition
w=hK-")
Note that in a para-Kéhler manifold, we have
WKX,Y) = —h(K*X,KY) = —h(X, KY).

We will also use the (negative definite) metric on {f{ei} which forms a basis for the
normal space

nij = h(Ke;, Ke)).
Define components of the second fundamental form via
a(X,Y,Z) = l(VxY,KZ)
and then define an associated 1-form to any normal vector via
@.1) ag = o, "),
For the mean curvature vector, this gives
ay = w(H, ) =hWKH,-) =—-h(H,K-)
= —h(g'V,e;, K-)
SO

(4.2) ay = —g"a;jpdx*.

4.1. More Claims.

Claim 4.1.
V;ajk,- - Vkaﬂ,- = R(el, €, €j, f((el)) +w*xAxA
Claim 4.2.
Viaijx — Viaij = Rler, ex, ej, K(€) + w = G + VY, Viwy
Claim 4.3.

gR(er, ex, ej, K(e)) = Ric(Key, e)) + G % w
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4.2. Proof of Proposition 2.3 assuming claims. The first part is standard: Since
w is parallel, we have

d (6F OF) (aaF aF)+ (aF 66F)

ar“\ox axi ) = “\orox ax) T “\ox” or oxi
0 OF OF OF 0 OF
:w(ax’ or’ (’3x1) (@’%E)
3 0 7 oF oF 0
B w(ax’ (9xf) axi” dxi )

2¢

“la
ol 5o) <l 3
:% ( axf) w(

0 oF 7
+ [
axl 8x’

Xt Ox/
0 0

axi oxi %)
0

noting in the last line that

O A 2FN_ (P 9F), (5 B oF
Oxt > OxJ 6x’ T Ox) " Oxt Ox/

whenever the form is parallel. Now notice that

oF oF

ax) h(KN, o)

Q:|Q>
1

8_

a)(N,
= —h(N, K—) = —h(N, ka—F) = (a—F.)
ox/
sot

Oxi' dxi Oxi

o (3F) (29
Ox/ N oxi 6xf oxi’

Now w is alternating so the mixed terms are canceling. Recall that
da(X,Y) =Xa(Y)-Yao(X)—a([X,Y])

d (8F 8F) 0 oF (c’) - 0 8F)

dr \oxi® oxi

so we have

J BF oF d OF OF
a —_ -—, |-
M oxi” oxi Oxi” Axi
Next, we write the generalized mean curvature vector as follows

H=H-n(Vy)* = H-nVy +n (V)"
and associate the forms
B =w(Vy,)
y=w(V)',)

Then the decomposition in (2) follows.
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Now using (4.2) we have
dag(ey, e)) = ey (_gijaijl) —e (_gijaijk)
evaluating in normal coordinates, this becomes
day(e, er) = g'ajj; — g/aijx
=R(e ep,ej, K(e)) +wxAxA+VViog +R*w
by Claim 4.2. Then by Claim 4.3
dcxH(ek, el) = RiC(Kek, e]) +Gxw+ Vjvia)]k
proving the first part of (3).
The second part is Proposition 3.2 together with Claim 6.2.
The third part is on the immersed manifold: compute y
Yem) = (V)" en)
= h(K (V)" en)
= —h (V)" Key)
= —h (V)" Kew + (K = K)en)
= —h (V)" (K = K)en)
= h(V)T, wpye) = (Vg whe,)
= ‘U;’l’p
So
dy(ex,e)) = e (wf¢p) —e (wfl//p)
= w*D2$+(w‘le —a)fl);bp
=W * Dzi,b + (a)lm,kgmp - wkm,lg'"p) lﬂp
Now use closedness (in normal coordinates can ignore derivative from upper in-
dices)
Wik + Wkl + Wktm = 0
so we have
(Wim k8" = Wkm 8" ) p = —wrim& Y p.

5. PUTTING IT TOGETHER

IT can be shown that

d -
U —2h(N, Aij)
(cf. anywhere evolution equations are proved)
So
d > d
- lwl* = —2h(N,A;)) * w * w + 2w"ld—twk,

= wxw+ 20" (dag — ndB + ndy) (ex, e;) .
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Then from Proposition 2.3 we get

d
d—tlwlz:G*w*w+A|a)|2—|Vw|2—nV|w|2-V(//.

Now we apply the standard maximum principle argument: Let

fo = lof® — 8!

and compute

d
T e SClol® + Alwl? = nV |l - Vi = 2Cee™!
= Clw* —2Cee™ + Af; —nVy - Vf;
=Cf,— Cee®™ + Af, —nVi - Vfs < Cfo + Afy —nViy - V.

So the function f; which is negative at t = 0 if L is Lagrangian, satisfies a para-
bolic maximum principle:The function f, must be negative for all ¢ in the domain.
Taking & — 0 proves that |w|> must always be 0 along the flow.

6. APPENDIX

We will use use E; is a basis for T,M and E; and a basis for T,—,M . Together
these form a basis for the product T, ;M x M. Note that if we fix a coordinate
system for M near a point p and given a choice of chart near p we may choose a
local change of coordinates for M such that

—Cis = 0Ojs.

Note that we may do this wehile choosing a normal set of coordinates for the
induces metric on M at the point p.

Lemma 6.1. (This is [KM10, Lemma 4.1] In a KM metric we have
(D
FIZC = Ckscib,c

and all mixed Christofel symbols vanish.
(2) For curvature, if the indices a, 3,7y, 6 are E; or E;

unless two of afyo are the same type and two are of the opposite type.
(3)

| R 1
RZlbaz = Ec CamaCsb,ec — Eccib,ca

Proof. Recall

1 .
h= 5(—C,‘§dxl ® d)_CS)
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In this case

Now
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V. Ve —V,V,c, d)
Valj e = Volheer. d)
daTf ex + Th Thenm — OpTsoex — Tk Ten. d)
AaTx . — abrac) Qe + (r’gcrak ¥ rbk) Gmd

=
=
=
=

1
F]Zc = Ehkm (hmb,c + hmc,b - hbc,m)

hkf =2 (_CkE)

Fl[jc = (—Ckg) (hs_‘b,c + hS‘c,b - hbc,s_‘)

1 _
k
= ) (—C S) (Csb.e + Csep = Cheys)

so if all b, ¢, kthe same type

1 <
F’;C = —5 (—Ck‘s) (2C§b,c)
= Mg

k k k k
Raped = (aarbc - abr?zc) 8kd (rbcrglk - rz‘lcr;)nk) 8md

. 1
= aar’,;cgkg =0z (Ckscib,c) 5 (=cxa)

- - 1
k k
= (—c Pe™ CpmaCspe + € SCgb,ca) 3 (—cra)

1
= Ecmscﬂmacﬁbﬁ - Ecd_b,ca

= Rbc'u?c

6.1. Proof of Proposition 3.2. First observe that

Claim 6.2.

dp = 2ddy.

Proof. For 8 we look at the ambient manifold

B(EY) = w (Vi, Ep) = h(KVy, Ey)
= —h(Vy, KE) = —h(Vi, E)

= —Yi
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meanwhile
B(Ep) = —h(Vy, KEj)
= h(Vy. Ep)
=¥p
SO
B = —ypdx* + Y pdxl
and then
dB = —pdxPdx* + ypdx*dx?
= 24 prdx*dxP
This proves the claim. O

Next we prove Proposition 3.2

Proof. Obviously,
dp(E;,Ej) =0
dp(Es, E;) =0
dB(Ey, Ep) = 2 pk
We compute an expression for this directly: recall
1
¥ = n (Inp + Inp — Indet (—c;3)) .
n

First note that because p depends only and x and p only on X, the first two terms to
do not survive differentiation in both variables. Thus

U =~ lindet (i)l
1 is
= 5 [(=¢") (~eip)],
1 ~ ~
=~ [(=¢") (=eispt) = (=), (=eisp)]
1 . .

SO

1 . o _
dp =—- [CtSCigﬁk - CmeSCabkC,‘gﬁ] dx*dxP
n

1 .- S
(6.1) dp(Ex, Eﬁ) = —; [Clsciipk - CmeSCabkCiip]

1
= Z o [Ciiﬁk + Ciskciiﬁ]
i
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Here and in the following assume that at a point we have
(6.2) —Cis = Ois
Next we compute Ric(KEy, Ej). Using (6.2)

E,‘+E7
Ei-E;

form an orthonormal basis, and we can compute the Ricci
Ric(KEy, Ep)
= > R(Ei + Ey, KEy, Ep, E; + Ey) = > R(E; - Er, KEy, Ep, Ei - Er)
i i

= Z R(E; + Ey, Ex, E5, E; + E7) — Z R(E; — Er, Ey, Ep, E; — Ey)
; i
using KEy = Ej then using KM relations (Lemma 6.1)
= " R(E:, Ex, Ep. E) - » . R(~E;, Et. Ep, Ey)
i i
=2 Z R(E;, Ex, Ep, E))
i
=2 Z R(Ey, Er, E5, E;)
i

o plug this in

Ric(KEx, Ep) = =2 " R(Ex, Ex, Ep, Ey)

1
| - 1
=-2 Zsz‘pi = —22 EC CpmiCsk,i — Ecpk,ii
i i

= Z (Cﬁk,iz' - cmscﬁmicik,i)

i
= Z (C pk,it T C ﬁsiciki)

i

Recall (6.1) we confirm that

ndB(Ex, Ep) = Ric(KEy, Ep)

6.2. Proof of Claims.
Claim 6.3.

ajjk = ajii + Vjwii
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Proof. Symmetric in first two, so
aij = h(Ve,ei Ke) = h(Vo e, Ke) — h(V, e, wien)
= ejh(e;, Key) — h(ei, KV, er) — wih(Ve e, e))
= 0jwy; + h(Ke;, ?ejek) - wih(?ejei, ey)
= 0jwi; + h(Ke; — wﬁel, Vejek) + h(wfel, vejek) - wih(?ejei, ey
= 0jwyi + h(Ke;, Vejek) + wfh(el, Vejek) - w,l(h(vejei, ey
=ajy + 0jwy; + wfh(el, Vejek) - wih(vejei, e))

Now we may assume at point at the Christoffel symbols vanish on the induced
manifold. Then the ambient connection on pairs of tangent vectors lies in the
normal direction, and we also have 0;wi; = V jwy;. Conclusion follows O

Proof of Claim 4.1:
Viaji — Viaj; = R(ey, e, ej, Ke)+wxAxA
Proof. In normal coordinates, just need to compute
0ia ki — Oraji;
now
Oaji = Oiagji = 0h(Ve.ej, K(e)))
= h(V/Vej, K(e)) + h(Veej, ViK(er))
so (using aj;; = ayj;
Oia ki — Orajii = Oiayji — Orayji

= h(V.Veej, Ke) + h(Veoej, ViK(e;)

— (Ve Ve Ke) — h(Veej, ViK(e))

= h(VeVeej — Ve Veej, K(e))

+h(Vee;, ViK(e) — h(Vee), ViK(er))
Now the first line is just curvature: Note that

ler, ex] = Veex — Ve
by the torsion free. We also know that by the choice of normal coordinates, we
have =(?ele;€)L = Ve,ek and because the normal parts are symmetric, we must have
ler, ex] = 0.
So we get
diajii — Okajii = Riey, ex, e, K(e;))

+ h(Vee ), ViK(e) — h(Vee ), ViK(e))

Now using formula
?e,ej = Fﬁlen - nm"amljff(en)
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(easily derived)
h(Veej, ViK(e) = h(Veej, KVie; — Viwiey))
= h(Ve,e. K [Then = "™ aniK (en)])
— h(Veej, Viwiey))
now at origin conditions
h(Vee;,ViK(e) = h(Veej, -1 amiKK (ey))
- h(?ekej, owies + a)fvles))
Now for tl}e first term, because Vek ej is normal, we only need to look at the normal
part of KK(e,) which has a w component, so this is A * w. But pairing with the

second fundamental form gives A * w * w. For the second term, we have again
normal V., e; and the other term is w * A * A.Combining all the above

diajui — Okaji = Riey, ex, e, K(e))

+tAxwrw+A*xw*w.

Proof of Claim 4.2:
Viaijk — Viaij = R(ey, e, ej, Ke)+w*G + VViwy
Proof. From Claim 6.3
Viajji = Viaji; + ViV jwy;
Viaiji = Viaj + ViVjw;
Thus
Viajji — Viaij = Viaj; — Viaj;
+ ViV wii — ViV jw;
=Viaji — Viaj;
+ ViViwi = ViV jwir
=R(e er,ej, K(e)) +w=AxA
+ ViVjwi = ViV
Now using Ricci identity
ViVwi = VViwy + R*w
o)
ViViwi = V\Viwi =V Viw; —VVjwy + R*w
=V;Viwj - VViwix + R+ w
again using the Rlcci identity so we have

VijCUil - V[ij,-k = Vj (Vka),-l + V[a)k,-) +R*xw
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Now by closedness of the Kéhler form

Viwi + Viwg + Viwg =0

so we get
ViViwi = ViVjwix = -V;Viog + R+ w
=ViVioy+R*w
So
Viaijk — Viaiji = R(ej, ex, e, K(e)) + w G + V;Viwy
O
Proof of Claim 4.3:

gi-il_?(el, e, €j, K(e)) = Ric(Keg, e)) + G * w

Proof. Consider - 3
g8R(X.Y,e;, K(e)))
use Bianchi identity
= —g"R(ej, X, Y, K(e) — g"R(Y, ¢, X, K(e)
Now for the first term, hit with K both of the first, for the second hit the last two

(checking that the parallel operator K behaves on pairs of vectors in the curvature
tensor as it would in the metric)

= ¢R(Ke;, KX, Y, K(e;)) + g"R(Y, e, KX, KK(e,)
= g/R(Ke, KX, Y, K(e:) — g"R(e;, Y, KX, KK(e)))
= g"R(Kej, KX, Y, K(¢) - ¢"R(ej, ¥, KX, €)
+ ¢"R(K - K) ei, KX, Y, K(e))) — g"R(ei, Y, KX, (KK — 1), e;)
= (8" + ") R(Re;, KX, Y, K(e) - nR(Ke;, KX, Y, K(e:))
— 8"R(e;, Y, KX, e;)
+§"R(K - K) e, KX, Y, R(e) - —g"Reei, Y. KX, (KK ~ 1. ;)
Now by using the symmetric of the trace in i, j and Bianchi, we may swap the
E;, KE) and get
= (¢ + 1) R(Re;, KX, Y, R(e1) - Ric(KX, Y)
+ 8"R((K - K)e;, KX, Y, K(e)) - g"R(er, Y, KX, (KK — 1), &)
= —Ric(KX,Y)+w * R
Applying this
3R(ey, ey, e K(e)) = —Ric(Kej, e) + w * R
= Ric(Key,e)) + w * R

using the fact that this Ricci form is alternating. O
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