
MATH 252 (PHILLIPS): SOLUTIONS TO WRITTEN HOMEWORK 6.

This homework is due on Canvas on Friday 12 February 2021 (week 6), at 10:00 pm.
All the requirements in the sheet on general instructions for homework apply. In particular, show your work

(unlike WeBWorK), give exact answers (not decimal approximations), and use correct notation. (See the web
page on notation.) Be sure your Canvas submission is a single file, and that the file name contains no spaces,
parentheses, or other disallowed characters.

1. (10 points.) A postmodern monument consists of a flat slab of concrete in the shape of a circle of radius 10
meters. It is to be painted with a mixture of pale green paint and pale purple paint, with the proportions of the
two colors varying across the concrete, but using one liter of paint per square meter of surface. At distance r
meters from the center, the concrete is painted with e−r liters of pale green paint per square meter and 1− e−r
liters of pale purple paint per square meter. Set up an integral which represents the total amount of pale green
paint needed for this monument. Include an explanation. Don’t try to evaluate the integral.

Solution: Consider a thin annulus (ring shaped area) at distance r meters from the center of the monument,
and with width ∆r. The circumference of a circle with radius r is 2πr, so this annulus has area approximately
2πr∆r. (The exact area is

π(r + ∆r)2 − πr2 = 2πr∆r + π(Dtr)2.

Since ∆r is supposed to be very small, we can drop terms involving (Dtr)2.) The number of liters of pale green
paint used on this ring is about e−r · 2πr∆r.

Now consider a subdivision of [0, 10] into n intervals, each of length ∆r = 10/n. (We don’t have to use equal
length intervals; this is just for convenience.) For k = 1, 2, . . . , n let rk be the left endpoint of the k-th interval.
The total number of liters of pale green paint is approximately

(1)

n∑
k=1

e−rk · 2πrk ∆r.

This looks like a Riemann sum for

∫ 10

0

e−r · 2πr dr. So∫ 10

0

2πre−r dr

liters of pale green paint are required.

(To get full credit, a solution does not have to contain an explicit Riemann sum as in (1) above. But the
reasoning behind the expression

e−r · 2πr∆r or e−r · 2πr dr,
must be made clear.)

2. (10 points.) Let h be a continuous function defined for all real numbers, and let H be a function such that

H ′(x) = h(x) for all real x. Find

∫
h(arcsin(x))√

1− x2
dx. Your answer may involve h, H, or both.

Solution: We use the substitution u = arcsin(x), so du =
1√

1− x2
dx. This gives∫

h(arcsin(x))√
1− x2

dx =

∫
h(u) du = H(u) + C = H(arcsin(x)) + C.
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3. (10 points.) Consider the disk with center (5, 0) and radius 2. Form a solid by rotating it about the y-axis,
giving a donut shape. Set up an integral which represents the volume of this solid. Include an explanation.
Don’t try to evaluate the integral.

Solution: The equation of the circle is (x− 5)2 + y2 = 22, which we can write as the graphs of two functions
on [5− 2, 5 + 2] = [3, 7], namely

y =
√

4− (x− 5)2 and y = −
√

4− (x− 5)2.

It seems easiest to use the method of cylindrical shells. There are cylindrical shells corresponding to values
of x in [3, 7]. Here are pictures: the solid on the left, and on the right with the cylindrical shell at x = 4.

At each such x, the radius is x, the height is 2
√

4− (x− 5)2, and the thickness of the shell will be a small

number ∆x. So the volume is approximately 2πx · 2
√

4− (x− 5)2 · ∆x. Adding terms like this up gievs a
Riemann sum for the following integral:∫ 7

3

2πx · 2
√

4− (x− 5)2 dx =

∫ 7

3

4πx
√

4− (x− 5)2 dx.

Alternate solution: The equation of the circle is (x− 5)2 + y2 = 22.
We use horizontal slices which are shaped like washers. Here are pictures: the solid with the washer at

y = −1 on the left, and on the right the washer at y = −1 by itself.

The bottom of the torus is at y = −2 and the top is at y = 2. At height y, the inner and outer radii of a slice
are gotten by solving the equation (x− 5)2 + y2 = 22 for x, getting

x = 5−
√

4− y2 and x = 5 +
√

4− y2.

Therefore the area of the slice is

π
(
5 +

√
4− y2

)2 − (5−√4− y2
)2
.

Multiplying out and simplifying gives the area 20π
√

4− y2. If we use a slice of thickness ∆y, we get volume

20π
√

4− y2 ∆y.



Adding terms like this up gievs a Riemann sum for the following integral:∫ 2

−2
20π

√
4− y2 dy.

4. (10 points.) The population density along a long straight section of Nograbore River is modelled as 20(100−x)
people per mile, where x is measured in miles from the mouth of the river, and 0 ≤ x ≤ 100. Find the total
population along the Nograbore river between 10 and 80 miles from its mouth.

Solution: Consider the section of the river between x and x+ ∆x. The population density is approximately
20(100− x) people per mile in this interval, provided ∆x is small.

Now consider a subdivision of [10, 80] into n intervals, each of length ∆x = 70/n. (We don’t have to use equal
length intervals; this is just for convenience.) For k = 1, 2, . . . , n let xk be the left endpoint of the k-th interval.
Then the total population along the Nograbore river between 10 and 80 miles from its mouth is approximately

(2)

n∑
k=1

20(100− xk)∆x.

This looks like a Riemann sum for

∫ 80

10

20(100− x) dx. The actual total population is thus∫ 80

10

20(100− x) dx =

∫ 80

10

(
2000− 20x

)
dx =

(
2000x− 10x2

) ∣∣∣∣80
10

= 2000 · 80− 10 · 802 −
(
2000 · 10− 10 · 102

)
= 160000− 64000− 20000 + 1000 = 77000.

So there are 77000 people living along the Nograbore river between 10 and 80 miles from its mouth. (The units
are required.)

(To get full credit, a solution does not have to contain an explicit Riemann sum as in (2) above. But the
reasoning behind the expression

20(100− x)∆x or 20(100− x) dx

must be made clear.)

5. (10 points.) Consider the region in the first quadrant between the curve y = sin(x), the line y = x, and the
line x = 1. It is rotated about the y-axis. Set up an integral which represents the volume of this solid. Don’t
try to evaluate the integral.

Solution: Here are three pictures. The solid lies between the two surfaces shown at the left, in the middle are
the graphs of y = x and y = sin(x) on the relevant interval, and on the right is a “symmetrized” version of this.
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We use cylindrical shells. For 0 ≤ x ≤ 1, the cylindrical shell at this value of x and with thickness ∆x has
radius x and height x− sin(x), hence volume approximately 2πx

(
x− sin(x)

)
∆x. This leads to the integral∫ 1

0

2πx
(
x− sin(x)

)
dx.



Alternate solution: We use washer shaped slices. Consider a height y with 0 ≤ y ≤ 1. If sin(1) ≤ y ≤ 1,
then the horizontal cross section at height y has inner radius y (from x = y) and outer radius 1, hence area
π(1− y2). The corresponding washer shape with thickness ∆y has volume π(1− y2)∆y.

If 0 ≤ y ≤ sin(1), then the horizontal cross section at height y has inner radius y (from x = y) and outer
radius arcsin(y) (from y = sin(x), so x = arcsin(y)), hence area π

(
(arcsin(y))2−y2)

)
. The corresponding washer

shape with thickness ∆y has volume π
(
(arcsin(y))2 − y2)

)
∆y.

These calculations lead to∫ sin(1)

0

π
(
(arcsin(y))2 − y2)

)
dy +

∫ 1

sin(1)

π
(
1− y2

)
dy.

Second alternate solution: We consider the solid S gotten by rotating the region between y = x, x = 1, and
the x-axis about the y-axis, and the solid T gotten by rotating the region between y = sin(x), x = 1, and the
x-axis about the y-axis. Then T is contained in S. The solid we want is what remains of S after T is removed,
so the volume we want is the volume of S minus the volume of T . So we find the volumes of S and T separately.

Using cylindrical shells for T , we find that its volume is∫ 1

0

2πx sin(x) dx.

We use washer-like horizontal slices for S. At height y, the outer radius is 1 and the inner radius is y. So the
volume is ∫ 1

0

π(1− y2) dy.

Therefore the volume we want is ∫ 1

0

π(1− y2) dy −
∫ 1

0

2πx sin(x) dx.

Depending on the choices of whether to use washers or cylindrical shells, there are three other versions of
the second alternate solution.


