
MATH 618 (SPRING 2020): FINAL EXAM

Instructions: All lemmas, claims, examples, counterexamples, etc. require proof,
except when explicitly stated otherwise.

Closed book. In particular, no notes or books and no calculators. Computers, cell
phones, or other electronic devices are only allowed for the purpose of retrieving
and submitting the exam or asking me questions, as described in the separate
instruction sheet; not for any kind of communication except between you and me.
Communication with anyone other than me is prohibited.

1. (a) (10 points) State Rouché’s Theorem.
(b) (10 points) State the general version of Cauchy’s Theorem.
(c) (10 points) State the Open Mapping Theorem. (The one from complex

analysis, not the one about surjective bounded linear maps.)

2. (30 points) Show that the Fourier Transform of the characteristic function of
[0, 1] is not an L1 function.

3. (40 points) Find all entire functions f such that |f(z)| ≤ |z|4/3 for all z ∈ C.

4. (30 points) Let

f(x) =

{
0 x ≥ 1
(1− x)1/2ex/2−i arctan(x) x < 1.

Show that the Fourier Transform f̂ of f is in L2(R), and compute ‖f̂‖2.

5. (40 points) Set U = {z ∈ C : |z| < 2} and set D = {z ∈ C : |z| < 1}. Let
(gn)n∈Z>0

be a sequence of meromorphic functions on U , all of whose poles lie in D.
Assume further that supn∈Z>0

supz∈U\D |gn(z)| is finite. Suppose that there is a

meromorphic function g on U such that gn(z)→ g(z) for all z ∈ ∂D, and such that
the sum of the residues of g at poles in D is nonzero. Prove that there is n ∈ Z>0

such that the sum of the residues of gn at poles in D is nonzero.

6. (40 points) Let D = {z ∈ C : |z| < 1}. Let A(D) be the vector space of func-
tions f ∈ C

(
D
)

such that f |D is holomorphic, with the norm ‖f‖ = supz∈D |f(z)|,
and let H ⊂ A(D) be the set of all functions f ∈ C

(
D
)

such that there is an open

set U containing D and a holomorphic function on U whose restriction to D is f .
Prove that A(D) is complete, and that H is a dense subspace of A(D).

Extra Credit. (40 extra credit points.) Let D = {z ∈ C : |z| < 1}. Let A(D)
be the Banach space of functions f ∈ C

(
D
)

such that f |D is holomorphic, with
the norm ‖f‖ = supz∈D |f(z)|. (In this problem, you need not prove that A(D)
is a Banach space.) Let ω : A(D) → C be a continuous linear functional. Prove
that there is a complex measure µ on ∂D such that, for all f ∈ A(D), we have
ω(f) =

∫
∂D

(f |∂D) dµ.
(Grading will be considerably stricter than on the regular problems.)
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