
MATH 618 (SPRING 2020) HOMEWORK 4

N. CHRISTOPHER PHILLIPS

This assignment is due Monday 27 April at 10:00 pm.
Conventions on measures: m is ordinary Lebesgue measure, m = (2π)−1/2m,

and in expressions of the form
∫
R f(x) dx, ordinary Lebesgue measure is assumed.

The following problem counts as four ordinary problems, and makes up the entire
assignment.

Notation: we generally use 〈·, ·〉 for scalar products. Thus, in particular, if

x, t ∈ Rk, then 〈x, t〉 =
∑k

j=1 xjtj .

Problem 1 (Rudin, Chapter 9, Problem 14). For k ∈ Z>0, let mk be the usual k di-
mensional Lebesgue measure on Rk, let mk = (2π)−k/2mk, and for f ∈ L1(Rk,mk)
define its k dimensional Fourier transform to be

f̂(t) =

∫
Rk

exp(−i〈x, t〉)f(x) dmk(x) =
1

(2π)k/2

∫
Rk

exp(−i〈x, t〉)f(x) dmk(x).

State and prove:

(1) The inversion formula for the k dimensional Fourier transform.
(2) The Plancherel Theorem for the k dimensional Fourier transform.
(3) The identification of all nonzero algebra homomorphisms from L1(Rk,mk)

with convolution to C.

Do this carefully, with proper details; don’t just write “as in the case k = 1” many
times. However, some parts of the work can be done by proving a reduction to
the case k = 1, rather than starting from scratch. (In these cases, though, careful
proofs of the reductions must be supplied.)

Going though and writing the proofs carefully for Rk in place of R will mostly
work, and help solidify the techniques in your mind. (There is at least one place

where I don’t think this works, namely proving that if f ∈ L1(Rk) then f̂ vanishes
at infinity. But the proof from an earlier homework problem will still work.)

In some ways it is better to reduce to the case of R when you can, but sometimes
this is tricky. You can certainly mix approaches, modifying proofs for R proofs for
some parts and reducing to the case of R for others.

You do not need everything in Rudin’s book. For example, nothing relating the
Fourier transform to derivatives is needed.

Date: 20 April 2020.
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