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A rough outline

The Elliott classification program and strict comparison.

Radius of comparison.

Villadsen algebras of the first type.

Elliott-Li-Niu classification for Villadsen algebras.

Our theorem.

Multiseed Villadsen algebras and an outline of the proof.

Some open problems.
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Elliott classification program
The Elliott invariant of a unital C*-algebra A is

EllpAq “
`

K0pAq, K0pAq`, r1As, K1pAq, TpAq, ρA
˘

.

Here, TpAq is the tracial state space and ρA is the pairing between K0pAq
and TpAq.

Theorem (Work of many hands)

Let A and B be Z -stable simple separable nuclear unital C*-algebras that
satisfy the Universal Coefficient Theorem. If EllpAq – EllpBq, then A – B.

This fails without Z -stability (Rørdam, Toms).

Rørdam’s example is neither stably finite nor purely infinite.

Restricting to the stably finite case doesn’t help. The examples of Toms
are Villadsen algebras of the first type (described below; they are simple
AH algebras, so stably finite). They are distinguished by the radius of
comparison.
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Strict comparison
Recall Cuntz comparison. Let A be a C*-algebra, and let a, b P M8pAq`.
Then a is Cuntz subequivalent to b, written a À b, if for every ε ą 0 there
is v P M8pAq such that

}vbv˚ ´ a} ă ε.

If a and b are projections, this turns out to be just Murray-von Neumann
subequivalence.

For τ P TpAq, recall that τ8 : M8pAq Ñ C is given by, for
a “ paj ,kq

n
j ,k“1 P MnpAq, τ8paq “

řn
j“1 τpaj ,jq. For simplicity, just write τ .

Recall that the order on projections over A is determined by traces if
whenever p, q P M8pAq are projections and τppq ă τpqq for all τ P TpAq,
then p À q. (We are really supposed to use quasitraces, but, by Haagerup,
every quasitrace on every C*-algebra in this talk is a trace.)

We say that A has strict comparison of positive elements if whenever
a, b P M8pAq` and dτ paq ă dτ pbq (defined below) for all τ P TpAq, then
a À b. Part of the Toms-Winter conjecture says that, for suitable A, strict
comparison implies Z -stability.
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r -comparison
For a, b P M8pAq`, a À b if for every ε ą 0 there is v P M8pAq such that
}vbv˚ ´ a} ă ε.

Order on projections determined by traces: if p, q P M8pAq are projections
and τppq ă τpqq for all τ P TpAq, then p À q.

Strict comparison: if a, b P M8pAq` and dτ paq ă dτ pbq for all τ P TpAq,
then a À b.

Here dτ paq “ limnÑ8 τpa
1{nq. If a is a projection, then dτ paq “ τpaq. If

τ P TpC pX qq is τpf q “
ş

X f dµ, and f P C pX q`, then

dτ pf q “ µ
` 

x P X : f pxq ą 0
(˘

(measure of the open support of f ).

Definition
Let A be a stably finite unital exact C*-algebra. Let r P r0,8q. We say
that A has r -comparison if whenever a, b P M8pAq` satisfy
dτ paq ` r ă dτ pbq for all τ P TpAq, then a À b.
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Radius of comparison

For a, b P M8pAq`, a À b if for every ε ą 0 there is v P M8pAq such that
}vbv˚ ´ a} ă ε.

r -comparison: if a, b P M8pAq` and dτ paq ` r ă dτ pbq for all τ P TpAq,
then a À b.

If r “ 0, this is strict comparison.

Definition
Let A be a stably finite unital C*-algebra. The radius of comparison of A,
denoted rcpAq, is

rcpAq “ inf
` 

r P r0,8q : A has r -comparison
(˘

.

Strict comparison is rcpAq “ 0.

If A is a simple separable nuclear unital C*-algebra, then Z -stability
implies rcpAq “ 0. The converse is the still open part of the Toms-Winter
conjecture, known when TpAq is not too wild.
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Nonclassification

For a, b ě 0, a À b if for every ε ą 0 there is v such that }vbv˚ ´ a} ă ε.

r -comparison: if a, b ě 0 and dτ paq ` r ă dτ pbq for all τ , then a À b.

rcpAq “ inf
` 

r P r0,8q : A has r -comparison
(˘

.

Assuming the Toms-Winter conjecture: suppose A and B are simple
separable nuclear unital C*-algebras with rcpAq “ rcpBq “ 0 that satisfy
the Universal Coefficient Theorem. If EllpAq – EllpBq, then A – B.

Let ∆ be the Poulsen simplex, and let ρ be the unique possible pairing of
pQ,Q`, 1q with ∆. Combining methods of Toms and Elliott-Li-Niu, for
every r P r0,8s there is a simple separable nuclear unital C*-algebra Ar

that satisfies the Universal Coefficient Theorem, with

EllpAr q –
`

Q,Q`, 1, 0,∆, ρ
˘

,

and such that rcpAr q “ r . These algebras are clearly pairwise
nonisomorphic, and only A0 is covered by the Elliott program.
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Classification with rcpAq

For a, b ě 0, a À b if for every ε ą 0 there is v such that }vbv˚ ´ a} ă ε.

r -comparison: if a, b ě 0 and dτ paq ` r ă dτ pbq for all τ , then a À b.

rcpAq “ inf
` 

r P r0,8q : A has r -comparison
(˘

.

EllpAr q –
`

Q,Q`, 1, 0,∆, ρ
˘

, but rcpAr q “ r .

Add the Cuntz semigroup CupAq to the invariant? CupAq is very
complicated and poorly understood outside the classifiable case.

Theorem (Elliott-Li-Niu)

Let A and B be Villadsen algebras of the first type, and of a special form
(described below). If EllpAq – EllpBq and rcpAq “ rcpBq, then A – B.

Villadsen algebras will be described below.

Our result (stated carefully below) shows that, for simple unital
AH algebras, EllpAq and rcpAq together are not sufficient for classification,
using a generalization of Villadsen algebras.
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A technical condition: solid spaces

We take dimpX q to be the covering dimension of X .

All compact metric spaces in this talk (except in the open problems) will
be finite dimensional and solid in the following sense.

Definition

A finite dimensional compact metric space X is solid if X contains a
subset homeomorphic to r0, 1sdimpX q.

Probably the right condition is dimQpX q “ dimpX q.

For any solid space, we have dimpX nq “ n dimpX q. (In general, one can
have dimpX nq ă n dimpX q.)
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Villadsen algebras 1
Villadsen algebras here are all of the first type. The nonsimple model:

1 Choose a compact metric space X , called the “seed space”

2 Choose a sequence pdpnqqnPZą0 in Zą0, with dpnq ě 2 for all n P Zą0.

3 Set spnq “
śn

k“1 dpkq, taking sp0q “ 1.

4 Set Xn “ X spnq, so X0 “ X and Xn`1 “ X
dpn`1q
n . Let

Pn,1,Pn,2, . . . ,Pn, dpn`1q : Xn`1 Ñ Xn

be the resulting coordinate projection maps.

5 Set An “ C pXn, Mspnqq.

6 Define ϕn`1, n : An Ñ An`1 by

ϕn`1, npf q “ diag
`

f ˝ Pn,1, f ˝ Pn,2, . . . , f ˝ Pn, dpn`1q

˘

.

7 Set A “ lim
ÝÑ

An.
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Villadsen algebras 2
For the nonsimple model, we start with X and pdpnqqnPZą0 , set
spnq “

śn
k“1 dpkq, set An “ C pX spnq, Mspnqq, let Pn,ν : X spn`1q Ñ X spnq

be the coordinate projections, set

ϕn`1, npf q “ diag
`

f ˝ Pn,1, f ˝ Pn,2, . . . , f ˝ Pn, dpn`1q

˘

,

and define A “ lim
ÝÑ

An.

Now assume X is solid, so dimpX spnqq “ spnq dimpX q. Then

dimpX spnqq

spnq
“ dimpX q.

Therefore the dimension rank ratio of the system is

lim
nÑ8

dimpX spnqq

spnq
“ dimpX q.

And, in fact, rcpAq “ 1
2 dimpX q.

The algebra A is not simple. We can remedy that by adding some point
evaluations to the maps of the system.
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Villadsen algebras 3
For the nonsimple model, we start with X and pdpnqqnPZą0 , set
spnq “

śn
k“1 dpkq, set Xn “ X spnq, set An “ C pXn, Mspnqq, let

Pn,ν : Xn`1 Ñ Xn be the coordinate projections, set

ϕn`1, npf q “ diag
`

f ˝ Pn,1, f ˝ Pn,2, . . . , f ˝ Pn, dpn`1q

˘

,

and define A “ lim
ÝÑ

An.

The direct system has dimension rank ratio dimpX q and
rcpAq “ 1

2 dimpX q, but A is not simple.

So choose a second sequence plpnqqnPZą0 with lpnq ą dpnq, set
rpnq “

śn
k“1 lpkq, take Xn “ X spnq as before, set An “ C pXn, Mrpnqq

(larger matrix sizes), and let hn,1, hn,2. . . . , hn, lpn`1q´dpn`1q : Xn`1 Ñ Xn

be continuous. Now set

ϕn`1, npf q “ diag
`

f ˝Pn,1, . . . , f ˝Pn, dpn`1q, f ˝hn,1, . . . , f ˝hn, lpn`1q´dpn`1q
˘

,

and define A “ lim
ÝÑ

An. With suitable choices of the maps hn,ν , for

example, with lpnq “ dpnq ` 1 and using suitable point evaluations, A will
be simple.
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Villadsen algebras 4

We start with X , pdpnqqnPZą0 , lpnq ą dpnq, set spnq “
śn

k“1 dpkq and
rpnq “

śn
k“1 lpkq, set Xn “ X spnq, set An “ C pXn, Mrpnqq, let

Pn,ν : Xn`1 Ñ Xn be the coordinate projections, and let hn,ν : Xn`1 Ñ Xn

be suitable continuous maps. Set

ϕn`1, npf q “ diag
`

f ˝Pn,1, . . . , f ˝Pn, dpn`1q, f ˝hn,1, . . . , f ˝hn, lpn`1q´dpn`1q
˘

,

and define A “ lim
ÝÑ

An. Then A is simple.

Set κ “ limnÑ8
spnq
rpnq , which (with suitable choices of dpnq and lpnq) can

be as close to 1 as we like. The dimension rank ratio is now

lim
nÑ8

dimpX spnqq

rpnq
“ dimpX q lim

nÑ8

spnq

rpnq
“ κ dimpX q.

And, in fact, rcpAq “ κ
2 dimpX q. If κ ą 0 then rcpAq ą 0, so A is not

Z -stable, and is not covered by the current form of the Elliott
classification conjecture.
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Villadsen algebras 5
We start with X , pdpnqqnPZą0 , lpnq ą dpnq, set spnq “

śn
k“1 dpkq and

rpnq “
śn

k“1 lpkq, set Xn “ X spnq, set An “ C pXn, Mrpnqq, let
Pn,ν : Xn`1 Ñ Xn be the coordinate projections, and let hn,ν : Xn`1 Ñ Xn

be continuous maps. Set

ϕn`1, npf q “ diag
`

f ˝Pn,1, . . . , f ˝Pn, dpn`1q, f ˝hn,1, . . . , f ˝hn, lpn`1q´dpn`1q
˘

,

and define A “ lim
ÝÑ

An.

For just this talk, call such a direct system and its direct limit “special” if:

1 A is simple.

2 X is contractible.

3 X is finite dimensional and solid (contains a subset homeomorphic to
r0, 1sdimpX q).

4 The additional maps hn,ν : Xn`1 Ñ Xn are all either coordinate
projections or constant maps (sending the whole space to a single
point).
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Elliott-Li-Niu theorem for Villadsen algebras 1
Xn “ X spnq, An “ C pXn, Mrpnqq,

ϕn`1, npf q “ diag
`

f ˝Pn,1, . . . , f ˝Pn, dpn`1q, f ˝hn,1, . . . , f ˝hn, lpn`1q´dpn`1q
˘

.

The system and its direct limit are “special” if:

1 A is simple.

2 X is contractible.
3 X is finite dimensional and solid (contains a subset – r0, 1sdimpX q).

4 The additional maps hn,ν : Xn`1 Ñ Xn are all either coordinate
projections or constant maps.

Theorem (Elliott-Li-Niu)

Let A and B be two special Villadsen algebras. Assume that there are a
contractible solid space Y and s, t P Zą0 such that the seed spaces are Y s

and Y t . If EllpAq – EllpBq and rcpAq “ rcpBq, then A – B.

For example, the seed spaces could be arbitrary finite dimensional cubes.
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Elliott-Li-Niu theorem for Villadsen algebras 2
The algebras are simple, the seed spaces are finite dimensional,
contractible, and solid, and all maps are coordinate projections or constant.

Theorem (Elliott-Li-Niu)

Let A and B be two special Villadsen algebras. Assume that there are a
contractible solid space Y and s, t P Zą0 such that the seed spaces are Y s

and Y t . If EllpAq – EllpBq and rcpAq “ rcpBq, then A – B.

One hopes that the seed spaces need not be finite dimensional, that the
extra maps hn,ν can be arbitrary (as long as A and B are simple), and that
A and B can use unrelated seed spaces, as long as they both satisfy the
hypotheses.

However, no such result holds for general AH algebras.

Theorem (with Hirshberg)

For every ω P p0,8q, there exists an uncountable family of pairwise
nonisomorphic simple unital AH algebras with the same Elliott invariant
and with radius of comparison ω.
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Idea of the proof 1

Theorem (Elliott-Li-Niu)

Let A and B be two special Villadsen algebras. Assume that both have
cubes as seed spaces, or both use the same seed space. If EllpAq – EllpBq
and rcpAq “ rcpBq, then A – B.

Theorem (with Hirshberg)

For every ω P p0,8q, there exists an uncountable family of pairwise
nonisomorphic simple unital AH algebras with the same Elliott invariant
and with radius of comparison ω.

The method of proof is to “merge” two special Villadsen systems, creating
what we call a two seed Villadsen algebra. (We define multiseed Villadsen
systems; any AF pattern with “large matrix sizes” is possible.)

Our distinguishing invariant is the radii of comparison of corners which can
be identified using the K-theory.
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Idea of the proof 2

Theorem (with Hirshberg)

For every ω P p0,8q, there exists an uncountable family of pairwise
nonisomorphic simple unital AH algebras with the same Elliott invariant
and with radius of comparison ω.

The method of proof is to “merge” two special Villadsen systems, creating
what we call a two seed Villadsen algebra.

Here is a picture of a conventional Villadsen system:

C pX ,Mrp0qq
//// //// C pX

sp1q, Mrp1qq
//////// C pX

sp2q, Mrp2qq
//////// ¨ ¨ ¨

The black arrows represent maps coming from coordinate projections
X spn`1q Ñ X spnq, and the red arrows represent point evaluations. (We
allow the matrix size at level zero to be greater than one for technical
reasons.)

We are going to put two of them next to each other, and then merge.
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Merging direct systems
A conventional Villadsen system:

C pX ,Mrp0qq
//////// C pX

sp1q, Mrp1qq
//////// C pX

sp2q, Mrp2qq
//////// ¨ ¨ ¨

Black arrows come from coordinate projections; red are point evaluations.
Two conventional Villadsen systems, one with more point evaluations:

C pX2,Mr2p0qq //////
//// C pX

s2p1q
2 , Mr2p1qq // ////

//// C pX
s2p2q
2 , Mr2p2qq //////

////
¨ ¨ ¨

C pX1,Mr1p0qq
//////// C pX

s1p1q
1 , Mr1p1qq

// ////// C pX
s1p2q
1 , Mr1p2qq

//////// ¨ ¨ ¨

A (somewhat special) two seed Villadsen system:

C pX2,Mr2p0qq

((

////
//// C pX

s2p1q
2 , Mr2p1qq

((

////
//// C pX

s2p2q
2 , Mr2p2qq

&&

////
////
¨ ¨ ¨

C pX1,Mr1p0qq

66

////// C pX
s1p1q
1 , Mr1p1qq

66

////// C pX
s1p2q
1 , Mr1p2qq

88

////// ¨ ¨ ¨ .
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Multiseed Villadsen systems
Our two seed Villadsen system:

C pX2,Mr2p0qq

((

////
//// C pX

s2p1q
2 , Mr2p1qq

((

////
//// C pX

s2p2q
2 , Mr2p2qq

&&

////
////
¨ ¨ ¨

C pX1,Mr1p0qq

66

////// C pX
s1p1q
1 , Mr1p1qq

66

////// C pX
s1p2q
1 , Mr1p2qq

88

////// ¨ ¨ ¨ .

One can define an m seed Villadsen system, using spaces Xj , sequences
psjpnqqnPZą0 of powers, and sequences prjpnqqnPZą0 of matrix sizes, so that

An “ C
`

X
s1pnq
1 , Mr1pnq

˘

‘ C
`

X
s2pnq
2 , Mr2pnq

˘

‘ ¨ ¨ ¨ ‘ C
`

X
smpnq
m , Mrmpnq

˘

.

Setting κj “ limnÑ8
sj pnq
rj pnq

, and requiring that X1,X2, . . . ,Xm be solid, one
gets

rcpAq “
1

2
max

1ďjďm
κj dimpXjq.
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Construction 1

Theorem (with Hirshberg)

For every ω P p0,8q, there exists an uncountable family of pairwise
nonisomorphic simple unital AH algebras with the same Elliott invariant
and with radius of comparison ω.

Our algebras will in fact be parametrized by an interval in R.

In this talk, assume ω ą 1
2 .

Let h P Zą0 be the least integer such that h ą 2ω. Define
κ1 “

2ω
h P p

1
2 , 1q. Take X1 “ X2 “ r0, 1s

h. Choose pr1pnqqnPZą0 and

ps1pnqqnPZą0 for a two seed Villadsen system so that limnÑ8
s1pnq
r1pnq

“ κ1,
that is, κ1 is as on the previous slide. We also require technical conditions
on these sequences to make the rest of the construction possible. We
further take r2pnq “ r1pnq (call it rpnq), and fix the number of cross maps
at each stage. We get our uncountably many algebras by varying
ps2pnqqnPZą0 . Taking r2pnq “ r1pnq and always the same number of cross
maps ensures that we always get the same Elliott invariant.
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Construction 2
Our two seed Villadsen system with choices so far, and X “ r0, 1sh:

C pX q

&&

////
//// C pX s2p1q, Mrp1qq

((

////
//// C pX s2p2q, Mrp2qq

&&

////
////
¨ ¨ ¨

C pX q

88

////// C pX
s1p1q, Mrp1qq

66

////// C pX
s1p2q, Mrp2qq

88

////// ¨ ¨ ¨ .

We will require s2pnq ď s1pnq, so κ2 ď κ1, whence rcpAq “ 1
2hκ1 “ ω.

Let p1, p2 P A be the images of p1, 0q, p0, 1q P A0. Calculate rcpp1Ap1q
and rcpp2Ap2q by the same method as before. (This is why we allowed
general matrix sizes at level zero.) It turns out that rcpp2Ap2q is always
the same; call it ρ. For β in a suitable interval pβ1, β2q, with β2 ă 1, we
can choose ps2pnqqnPZą0 so that rcpp1Ap1q “ βρ.

Call our algebras Aβ and projections p
pβq
1 and p

pβq
2 . Thus,

rc
`

p
pβq
1 Aβp

pβq
1

˘

“ βrc
`

p
pβq
2 Aβp

pβq
2

˘

ă rc
`

p
pβq
2 Aβp

pβq
2

˘

. We use K-theory to
get an isomorphism invariant out of this.
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K-theory
We have rc

`

p
pβq
1 Aβp

pβq
1

˘

“ βrc
`

p
pβq
2 Aβp

pβq
2

˘

ă rc
`

p
pβq
2 Aβp

pβq
2

˘

.

The technical conditions imply K0pAβq – Q‘Q with the following

positive cone (for some λ ą 1; the red points are
“

p
pβq
1

‰

and
“

p
pβq
2

‰

):

x

y y “ λx

y “ ´λx

p1, 0q “ r1Aβ
s

p12 ,
1
2q

p12 ,´
1
2q

One can check that K0pAβq has a unique nontrivial automorphism, and it

exchanges
“

p
pβq
1

‰

and
“

p
pβq
2

‰

. So the unordered pair
 “

p
pβq
1

‰

,
“

p
pβq
2

‰(

is
uniquely determined.
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Local radius of comparison
We have rc

`

p
pβq
1 Aβp

pβq
1

˘

“ βrc
`

p
pβq
2 Aβp

pβq
2

˘

ă rc
`

p
pβq
2 Aβp

pβq
2

˘

.

The unordered pair
 “

p
pβq
1

‰

,
“

p
pβq
2

‰(

in K0pAβq is uniquely determined.

For any C*-algebra A, we can define the local radius of comparison
function lrc : V pAqzt0u Ñ r0,8s by

lrcAprpsq “ rcppApq.

(In general, one should use rpAp, following Blackadar and coauthors.) If A
has stable rank one (true here), then A has cancellation, and we get
lrcA : K0pAq`zt0u Ñ r0,8s. If Aβ – Aγ , then there is an isomorphism
K0pAβq Ñ K0pAγq, that is, an automorphism σ of Q‘Q (ordered as
above), compatible with lrcAβ

and lrcAγ .

Since rc
`

p
pβq
1 Aβp

pβq
1

˘

ă rc
`

p
pβq
2 Aβp

pβq
2

˘

, we have σ
`“

p
pβq
j

‰˘

“
“

p
pβq
j

‰

for
j “ 1, 2. Since

rc
`

p
pβq
1 Aβp

pβq
1

˘

“ βrc
`

p
pβq
2 Aβp

pβq
2

˘

, rc
`

p
pγq
1 Aγp

pγq
1

˘

“ γrc
`

p
pγq
2 Aγp

pγq
2

˘

,

this implies that β “ γ.
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The rest of the Elliott invariant

We have shown that Aβ fl Aγ when β ‰ γ, that rcpAβq “ ω for all β, and
that

`

K0pAβq, K0pAβq`, r1Aβ
s
˘

is always the same.

We always have K1pAβq “ 0, since the spaces are all contractible.

Recall that if A is a Villansen algebra with rcpAq ą 0, then TpAq is the
Poulsen simplex ∆. Using results of Thomsen, one can show that TpAβq is
always the join ∆ ˚∆ of two copies of ∆, and that the pairing with
K0pAβq is always the same.

This completes the outline of the proof.

By Elliott-Ho-Toms, these algebras all have stable rank one.
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Open problems 1
What are the abstract properties of lrcA? Easy:

rps ď rqs implies lrcAprpsq ě lrcAprqsq.
lrcApnrpsq “

1
n lrcAprpsq.

(So maybe rps ÞÑ 1{ lrcAprpsq is a better function.)

The function lrcA could be extended to CupAq. Is this useful or
interesting? Can it be used to distinguish algebras which are not
distinguished by lrc : V pAqzt0u Ñ r0,8s?

Can the method of proof here be reformulated in terms of “comparison
functions”. Here say that r : TpAq Ñ r0,8q is a comparison function if
whenever a, b P M8pAq` and dτ paq ` rpτq ă dτ pbq for all τ P TpAq, then
a À b. Question: if r1 and r2 are (continuous) comparison functions, is
τ ÞÑ minpr1pτq, r2pτqq a comparison function?

Is there a simple stably finite unital C*-algebra A with stable rank one and
strictly positive radius of comparison such that TpAq is a Bauer simplex?
(It can’t have diagonal maps.)
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Open problems 2
The method does not work for infinite radius of comparison, since then all
corners also have infinite radius of comparison. Can something still be
done?

Can this phenomenon happen for dynamical systems? For example, are
there minimal homeomorphisms h : X Ñ X and k : Y Ñ Y of compact
metric spaces X and Y such that

EllpC˚pZ,X , hqq – EllpC˚pZ,Y , kqq and rcpC˚pZ,X , hqq “ rcpC˚pZ,Y , kqq,

but C˚pZ,X , hq fl C˚pZ,Y , kq?

The immediate obstruction is determining the space of invariant measures
of minimal subshifts as produced by the standard construction. (It should
be the Poulsen simplex.)

So far, we don’t even know such examples with the same Elliott invariant
but different radii of comparison.
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