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A rough outline

@ Introduction: The Rokhlin and tracial Rokhlin properties.
@ The naive construction of examples fails.

@ Actions of S on AT algebras.

@ An action of S on O.

Warning: Some definitions are not stated carefully, sometimes not stated
at all.
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The Rokhlin property

Definition

Let A be a separable unital C*-algebra, and let a: G — Aut(A) be an
action of a finite group G on A. We say that « has the Rokhlin property if
for every finite set F < A and every € > 0, there are mutually orthogonal
projections pgy € A for g € G such that:

Q [og(pn) — pgn| <eforall g,he G.
Q |pga—apg| <eforallge Gandall ae F.

o ZgGG Pg = L

The Rokhlin property is rare for finite groups. For example, no nontrivial
finite group has any action with the Rokhlin property on any irrational
rotation algebra. (There is an easy K-theoretic obstruction.)
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The tracial Rokhlin property

For simple unital C*-algebras, this generalization is much more common:
Definition (2011)

Let A be an infinite dimensional simple separable unital C*-algebra, and let
a: G — Aut(A) be an action of a finite group G on A. We say that « has
the tracial Rokhlin property if for every finite set F — A, every € > 0, and

every positive element x € A with ||x| = 1, there are mutually orthogonal
projections pgy € A for g € G such that:

Q [og(pn) — pgn| <eforall g,heG.
Q |pga—apg| <eforallge Gandall ae F.

Q@ With p = deGng we have 1 — p < x.
@ With p as in (3), we have ||pxp| > 1 —e.

v

There is a“small” “leftover” projection. The version of smallness probably
isn't quite right; see below. The name comes from Lin's “tracially AF".

Problem: What is the right definition when A is not simple?
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Compact groups: motivation

Q |ag(ph) — pgnl| < e forall g, he G.
Q |pga—apg| <eforall ge Gandall aeF.

Q@ With p = decpg' we have 1 — p < x.
© With p as in (3), we have |[pxp| > 1 —e.

Interpret the Rokhlin property as asserting the existence of approximately
central approximately equivariant (approximately) multiplicative unital
completely positive (from now on, “ucp”) maps from C(G) = C<rd(C)
to A. Here G acts on G by translation. Similarly, interpret the tracial
Rokhlin property as existence of such maps to “large” (invariant) corners
of A. This tells us what to do for compact (second countable) groups.

The next slide has our version of the tracial Rokhlin property. The name is
chosen to avoid conflicts with previous terminology.
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Compact groups: definition

Definition
Let A be an infinite dimensional simple unital C*-algebra, and let
a: G — Aut(A) be an action of a second countable compact group G
on A. Then « has the restricted tracial Rokhlin property with comparison
(from now on, rtRpc) if for every finite set F < A, every finite set
S < C(G), every e > 0, every x € AL \{0}, and every y € (A%)\{0}, there
exist a projection p € A“ and a ucp map ¢: C(G) — pAp such that:
Q pisan (F,S,e)-approximately equivariant central multiplicative map.
Q1l-p3ax.
QO 1-p=Zay.
Q1-p=Zap

The condition | pxp| > 1 — ¢ in the finite group version seems to be
overkill, but, in the purely infinite simple case, we at least need p # 0.

Question: Are the last two conditions really needed?

N. C. Phillips (U of Oregon) Circle actions with tracial Rokhlin property 18 June 2025 7 /15



Compact groups: are there examples?

Q ¢: C(G) — pApis an (F,S,e)-approximately equivariant central
multiplicative map.

Q1l-pzax
Q1—p=Zpy.
Q1-p=Zpp

Like the finite group case, we expect the rtRpc to be much more common
for compact groups than the Rokhlin property, and even finite Rokhlin
dimension with commuting towers. If G is a countable product of finite
groups, examples are easy to construct, as infinite tensor products of
actions on the tensor factors which have the tracial Rokhlin property but
not finite Rokhlin dimension with commuting towers. For connected G,
however, examples are surprisingly hard to find. We do this for G = S.
The methods presumably generalize to G = (S!)”.

Problem: Find an action of SU(2) which has the rtRpc but doesn’t have
finite Rokhlin dimension with commuting towers.
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Constructing examples: the Rokhlin property

One can construct Rokhlin actions of G on simple AH algebras. as follows.
Choose integers k(1),k(2),...> 1, set r(n) = k(1)k(2) --- k(n), set

A, = C(G, M,(), and let G act on A, by translation on G. Choose a
dense sequence z1,22,...in G. Let ¢,: A, — Api1 be

©n(a)(g) = diag(a(g), a(g), ..., a(g), a(gzn)),

with a(g) occurring k(n) — 1 times. Take A = lim A,. Density of the

sequence implies that A is simple. The approximately equivariant central
multiplicative maps are C(G) — C(G, M,(,)), by sending f € C(G) to the
function g — f(g) - 1p,.
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Constructing examples: point evaluations
@n: C(G, Mr(n) - C(G7 Mr(nJrl)) is

¢n(a)(g) = diag(a(g), a(g), - - -, a(g), a(gzn)).

To get tracial Rokhlin but not Rokhlin, the obvious thing is to take

An = Myy(n) ® C(G, M, ()), with trivial action on M, (,), and partial
embedding multiplicities chosen such that the parts in A = Ii_m)A,, coming
from the summands M, () are “small” in trace. It is easy to map M, (,
equivariantly to M, (,11). We saw how to map C(G, M, () equivariantly
to C(G, My (n41))- We can map M, () equivariantly to C(G, M, (p11))
using constant functions.

There is trouble with C(G, My, () — M (n41). We need to evaluate

o

f e C(G,M, ) at some point g € G. For equivariance, one can check
that we in fact need to use every point in G. (If we used a compact free
G-space X in place of G, and used ev, for some x € X, then we need to
also use evy, for every he G.) We then need to introduce an action of G
on My (n+1) which suitably permutes the positions in which we put these
point evaluations.
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Constructing examples: the problem

Ap = Mro(n) @ C(G, Mrl(n))-
We need equivariant maps:

Mro(n) - Mro(nJrl)a C(Ga Mrl(n)) - C<G7 Mrl(nJrl))v

Mro(n) — C(G, M,l(n+1)), and C(G, Mrl(n)) — M,O(n+1).

The last one needs card(G) point evaluations.

If G is finite, this can be done. One needs inner actions on the summands
which are constructed recursively, but it works. If G is not finite, this fails:
there is no room for infinitely many point evaluations.
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Actions of S! on AT algebras 1

For G = S!, fix the point evaluation problem as follows. Fix N, define

o1 o0 --- 00
oo 1 --- 00
w = exp(27i/N) and 5= o ey,
o . .10
00 01
10 00

and in place of M, use matrix algebras over

R = {f e C(S',Mp): f(wz) = sf(z)s* for all ze St}.

Let St act on R by rotation. (This is really a copy of C(S', M) with
¢ € St acting by multiplication by ¢V.)
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Actions of S! on AT algebras 2
We take

R={fe C(SY, Mp): f(wz) = sf(z)s* forall z € S,
with S acting by rotation and A, = Miy(m (R) ® C(G, My, ().
For one type of “cross map” in the direct system, use the inclusion of R in

C(S*, My). In place of the point evaluation construction, use the
homomorphism &: C(S!) — R given by

&(f)(z) = diag(f(z), flwz), ..., f(wN_lz)).
(Omit argument for equivariance.)

With suitable partial embedding multiplicities, one can show that the
resulting action has the rtRpc.

Obstructions from equivariant K-theory show it doesn’t have finite Rokhlin
dimension with commuting towers. Also, even if the underlying algebras
happen to be isomorphic, equivariant K-theory shows that different choices
of N give nonconjugate actions.
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An action of S on O,

In the purely infinite simple case, there actually is space for infinitely many
point evaluations. We only give the starting point, which is to find an
action 3 of S* on Oy, an invariant projection p € Oy, with [p] = 0 in
Ko(Owx), and a unital equivariant homomorphism C(S?) — pOyp. It is
enough to find a unitary u € pOyp such that B¢ (u) = Cu for all ¢ € St.

Formulas, without proofs. Let s1,p,... € Oy be the standard generators.
Then v: St — Aut(Oy) is

Sj j= 1
Csj Jj=2

Yels) =14 .- :
(7l j=3
S;j j=4,5,....

Further set
Te=7¢ "
e=1-—ss], Vi = Spe, and vo =1— 515 — 585 + 8155,

p=e®ReRe and U=v®v ®e+wnEV Re.
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An action of S on O, continued
We found 3: S* — Aut(Oy), an invariant projection p € O with [p] =0
in Ko(Oy), and a unital equivariant homomorphism C(S1) — pOyp.

This is used in an equivariant direct system in which the algebras are
C(S',05) ® Ou. Details omitted. One gets an action with the rtRpc.

A result with Hirshberg, using the Atiyah-Segal completion Theorem for
C*-algebras, shows that there is no action of S on @, which has finite
Rokhlin dimension with commuting towers. So the action we just
constructed doesn’t have finite Rokhlin dimension with commuting towers.

Problem: Compute the equivariant K-theory. Is it just R(S1)?

If one tensors this action with one of the AT algebras above, with the
trivial action, the result is not conjugate to the tensor product of the
trivial action on O, with one of the actions above. The proof uses the
Atiyah-Segal completion Theorem for C*-algebras.

Problem: Is there an action of S on a simple unital stably finite
C*-algebra which “K-theoretically” looks like our action of S on 0y,?
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