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Linear Spaces and Matroids

L = k[y : -- - ym] a linear ideal .
involves all variables

Trop (2) - IRm Tropicalized linear space
-

-tropical cycle of degree1

My is the matroid on [m] = El . -- , m3
where I= [m] is independent
it) & % : / is 13 is indepulent

modulo L



(Feichtner-Sturmtels) :

Trop(L) is the support of Berg (1)

Linear space Tropicalize
cutout by L
-> Barg (1)

-Eur's full

#
↑

"non representable"





Vector Bundles

E
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fit
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projective
smouth
dimension = d

Over R = E rank(3) : dim ,Ep



Vector Bundles

Global Sections :

⑨

E ⑦

↑ &

X

its = idx

Space of Ho(X, E)
Global Sections



Vector Bundles

Euler Characteristic :

X (2) = [H)h : (X
, E)

hi (X
, 2) = dimmH"(X, 3)



Vector Bundles

Let Le Pic(X) be ample

N -> X(202) is computed
by the Hilbert Polynomial Peg(N)

for N o

↑ (202) = h °(X , [02Y



Vector Bundles

Chern Classes

** (x) - chow cohomology ring

ciE = A"(X)

Hinzebruch-Riemann-Roch :

X(z) = S ch(E)Td(x)
X

Td(X) - Todd Class

Ch(3) = 1 + c , 3 +c



Vector Bundles (Positivity (
E is

① globally generated if

erp : Ho(X,2)
-+ Ep

is surjective for all peX .

② ample (nef) if

OpE(1) is ample (nef) on IPE



Questions for the rector bandle
who you
met in

he wo

What is your runk?

What is your space of global sections ?

What is
your Euler characteristic ?

What are your Chern classes ?

Are
you globally generated ? ample? net ?





Toric Vector Bundles

T-algebraic torus

N = Hom (6m
,
T)

M = Hom (T
, (n)

[E NOR polyhedral fan
n= ([(x))

* - toric variety/b



Toric Vector Bundles

IE
&

B



Line Bundles

For re[Ur :X
2 lea = Ur - &

To UrureM

If On : Y
cr

doly = May
Nor

integral

Piecewise linear+ E functions

XI ↑ :[ -> IR



Klyachto Data
El-vector space
dimE = rank

① For each ray pe[(l)

E.. - =F Fi ? --- o

② For each face of [(d)

E =DL

③ If peO(1) If N = Exovp

Fr :⑦Li
[Vp , u> r



Example : TIP2 2
⑳

Fan of IPC O
SP

ed52

= [i] e: (o] es : [i] = K2

r7 /Fi = Seei r = 1

3 r < 1



Toric Vector Bandles and Buildings

K lyach to data can be repackaged
into a piecewise-linear map

Es : 11->Bron(E)
- Payne Spherical building
- Karch

,
M of GL(E)

This pattern has been generalized to :
Toric Principal G-Bundles (Garch ,M)

+V.Bundles/foric Schemes (Kaveh ,M,Tsrelikhouskiy)
TV . Bundles/complexityvarieties
(Dasgupta, Gangopadhyay, Karch,M)



(L , D) data form Toric Vector Bandle
For any linear ideal (with

o-> L + k[y ,
-
- - ym) - SynCE) -> O

there is a 1-1 map

Trop(1)> Bsph(E)



(L , D) data form Toric Vector Bandle

For
a toric vector bundle E

,

we can always findL so that

I EBsph(E)
has Eg(2) = & (Trop (1))



(L , D) data form Toric Vector Bandle
so we may replace

11< Bspu(E)
with a piecewise linear map

#E(Trop (1) IRM
This map can be recovered from

The values on the ray generators,
which we organize into an integral

((i)) = n bym matrix D .



Example : TIP2

20 + 2, + 2z = 0

TP2 (e+ e , +y,[i]



(L , D) data form Toric Vector Bandle

(L
,
D) data is equivalent

to choosing a certain kind

of presentation by a split bundle :

O(Di)->- o

columns of Dare Weil divisors onX[
rows of D are integral points on Trop (L]





Tropical Vector Bundles
see :

Khan
,Maclagan

Tropical Vector Bundles

Kareh
,
M

Tropical VectorBundles and Matroids

hopefully coming soon:

(kmj2



Tropical Vector Bundles
Structure of Berg (B)

Let IB = [m] be a basis of M.

The apartment AB = Berg (m)
isthe collection of faces of

such that BBeFi is a basis of Fi

for each flat Fi in F.

~Ap is piecewise-linear isomorphic
to the permutahedral fan [r , where
r = rank(2) ·
- Rincon calls Desc

~local tropical linear spaces .
"



Tropical Vector Bundles
Definition : Fix a matroid& on [m] ·

A tropical rector bundle It over XS
with general fiber Il is a piecewise-linear mup !

E:1 -> Bergkan)
such that for every of [ Dere is an

apartment A with Elo)-A .

-E is determined by values on ray generators
-We organize this data into a matrix D .

I < (M
,D)



Tropical Vector Bundles

It ·-
m

⑨

↓ % gro

X &
p

-

·

Po
ranklE = rankM

= wank gigdel



Tropical Vector Bundles
Tropicalization

E = trop E

- +
X

(L
,
D)- (m

, D)

Khan
, Macayan do this by tropicalizing

Cox equations for E .



Example : TIP2

TP2 (e+ e , +y,[i]
tropTIP" (Uas , [007)



Tropical Vector Bundles

E Tropicalize TropE = IE

X
- S

#
↑

"non representable"
Tropical Vector Bundles



Tropical Vector Bundles
Global Sections

Fix It with (M,D)
- It defines a "sheafof matroids on X
~ the global sections are computed by
a parliament of polytopes:

Each column Dj of D defines

a polytope Di = MOR

for ue M

Hi(X, (E) = [i/ueDi3 = [m]

-this is a flat ofM

~

Canbeusedaration



Tropical Vector Bundles
Global Sections and tropicalization

If <(2,D) /EGs (Mc
,D)

12 IE is a tropicalization of Es

the
no(X

,
2) > ho(X2

,
IE)

- h
O

(Xg
,
IE) = rank Ho(XIIE)

Equality holds if (2 ,D) is a
Di Rocco

,
Jabbusch

,
Smith (DJS)

presentation of Ea



Tropical Vector Bundles
Equivariant Chern classes

Paywe : integral

piccewise polynomialA* (xc) = functions on [

For 12 i < F = rantI

There is a piecewise polynomial function

Ei : Bary(m) -> IR

with the property that for any apartment A,
Gila is Re i-th elementary symmetric
function ina variables·

4,
+ - + 4r

c
,my+ - - + (n- ,Wr

i

4 , .. -- Up



Tropical Vector Bundles
Equivariant Chern classes

Let E: -Berg(om) correspond to lE
Definition!

citE : ticEeA(X)

# It is a tropicalization of E

Then

:E = LilE

by Payne's computation of C: E.



Tropical Vector Bundles
Equivariant Euler characteristic

forwe M

Xu(IE) : [GodimohMa, Flaw)
Gt[

X(IE) =&XuLIE
~ "Tech cohomology" definition

~ If It is a tropicalization of E

Then

hi(Uo, Elno) = hi(lo, Elen)
So

X(2) = X(IE)



Tropical Vector Bundles
Tensoring with a line bundle

Let i = (arc --- , an)T

&(a) - The T-linerized
line bundle on X2

If It<(m
,D)

Then IEQO()

(er, (D , + a
,
- -

-

, Du +a])
- compatible with trapicalization



Tropical Vector Bundles
Let I be an ample linebodle,

Theorem the function

N-X(02)

is polynomial of degree d : dimXo

Theorem for N > o

X(IEIN) = ho(X,2)



Example : Bundles on IPCwith maroid Has

E= (Un
, D)

dow
D : Ido d,a diz 1daz

20(IPC
,
IE) =
-0

& joj-dis-dui)
- minddio,di ,diy e2



Tropical Vector Bundles
The techniques used for Rose

results involve the

#horanski- Puthlikov theory of

convex chains .

Their theory includes a variantof

HRR
,
which leads to !

Theorem (Chong, Kareh)

X (IE) = Sch(IE)Tax



Tropical

Questions for therector bandle
who you
met in* The wo

What is your runk?

What is your space of global sections ?

What is
your Euler characteristic ?

What are your Chern classes ?

Are
you globally generated ? ample? net ?


