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Weight 2

LetMn :=
⋃

gMg,n, V := W0H∗c(M1), W := W0H∗c(M2)

Theorem (P–, Willwacher 2024)

grW
2 H∗c(M) =

(
Λ2V

)
[0,−3] ⊕

(
Λ2V

)
[−1,−4] ⊕(

(W ⊗ sgn)[−1,−3] ⊕ (W ⊗ sgn)[−2,−4]
)S2

Proof uses graph complexes plus knowledge of H2(M
n
) 	Sn



The weight spectral sequence as a graph complex
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∏
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Weight 11

2023

Theorem (Canning, Larson, P–)

H11(Mg,n) �

{
Vλ ⊗ S12 for g = 1, n ≥ 11, and λ = (n − 10, 110)
0 otherwise

Theorem (P–, Willwacher 2024)

Generating function for
∑

g χ11(Mg)

I Derived using [BFP24], [CLP23] and the graph complex E∗,11
1

I Grows in absolute value like Θ(gg)
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Higher weights in H∗c(Mg,n)

I Many further results in collaboration with CLW, studying one
motivic structure at a time

I Inductive arguments driven by recursive combinatorial
aspects of compactified moduli spaces and graph complexes

Theorem (CLPW 2024)
I #Mg(Fq) is a polynomial function of q if and only if g ≤ 8
I H∗c(Mg,n) is of Tate type if and only if 3g + 2n ≤ 24



Weight zero cohomology for Ag

A trop
g := moduli space of principally polarized tropical abelian

varieties of genus g

I Parametrizes skeletons of p.p.a.v.s over nonarchimedean k
I Skeleton of any toroidal compactification Ag ⊂ A

Σ
g :

H∗c(A trop
g ) � W0H∗c(Ag)

Theorem (Brown, Chan, Galatius, P– 2024)
W0H∗c(A) is a bigraded, connected, co-commutative Hopf algebra,
and dim H2g+k

c (Ag) grows at least exponentially with g for all but
finitely many k ≥ 0
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Stratification spectral sequence

I Dense open subset Å trop
g � Pg/GLg(Z) ⊂ A trop

g

I Stratification A trop
g =

⊔
j≤g Å trop

j
I Spectral sequence:

E j,k
1 =

{
Hk

c (Pj/GLj(Z)) for j ≤ g
0 otherwise

⇒ H∗c(A trop
g )

Theorem (Brandt, Bruce, Chan, Melo, Moreland, Wolfe 2024)

Degenerates at E2, zero outside of Eg,∗
2

Consequence of “inflation” (Elbaz-Vincent, Gangl, Soulé 2013)



The acyclic limit and relations to K -theory

A trop
∞ :=

⊔
g Å trop

g , A :=
⊔

gAg

E j,k
1 = Hk

c (Pj/GLj(Z))⇒ 0 (vanishes at E2).

Corollary

E∗,∗1 � W0H∗c(A) ⊗ Q[ε]/(ε2)

Quillen’s spectral sequence

QE j,k
1 = Hk

c (Pj/GLj(Z))⇒ H∗BK(Z) (Hopf algebra!)
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A filtered coproduct on the Waldhausen S-construction

S-construction: Rank-filtered model for BK(Z) built from the
Waldhausen category of projective Z-modules

I Diagonal ∆ : BK(Z)→ BK(Z) × BK(Z) is not filtered

Theorem (Brown, Chan, Galatius, P– 2024)
There is a filtered map es : BK(Z)→ BK(Z) × BK(Z), homotopic to
∆, making QE∗,∗∗ a spectral sequence of Hopf algebras
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Edgewise subdivision

Theorem (BCGP 2024)
There is a filtered map es : BK(Z)→ BK(Z) × BK(Z), homotopic to
∆, making QE∗,∗∗ a spectral sequence of Hopf algebras

I QE1,0
1 is primitive and generates a Hopf ideal I

I QE∗,∗1 � W0H∗c(A) ⊗ Q[ε]/(ε2) identifies I = (ε)

Corollary
Quotient W0H∗c(A) is a Hopf algebra!



Thank you


