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Abstract. We define the equivariant Kazhdan-Lusztig polynomial of a matroid equipped with
a group of symmetries, generalizing the nonequivariant case. We compute this invariant for

arbitrary uniform matroids and for braid matroids of small rank.

1 Introduction

The Kazhdan-Lusztig polynomial Pys(t) € Z[t] of a matroid M was introduced in [EPWI6]. In
the case where M is realizable by a linear space V' C Cm, the coefficient of #' in Py(t) is equal
to the dimension of the intersection cohomology group IH?*(Xy;C), where Xy is the “reciprocal
plane” of V' [EPW16, Proposition 3.12]. In particular, this implies that Pys(t) € N[¢t] whenever M
is realizable. We conjectured [EPW16|, Conjecture 2.3] that Py (t) € N[t] for every matroid M. We
also gave some computations of Py (t) for uniform matroids and braid matroids of small rank.

The purpose of this paper is to define a more refined invariant. Given a matroid M equipped
with an action of a finite group W, we define the equivariant Kazhdan-Lusztig polynomial PAV}/ (t).
The coefficients of this polynomial are not integers, but rather virtual representations of the group
W. If W is the trivial group, the ring of virtual representations of W is Z, and PJ\V}/ (t) is equal
to the ordinary polynomial Py/(t). More generally, the polynomial Py/(t) may be obtained from
PJ\V}/ (t) by sending a virtual representation to its dimension. If M is equivariantly realizable by a
linear space V C C", the coefficient of ¢’ in P]\V}/ (t) is equal to the intersection cohomology group
IH?(Xy;C), regarded as a representation of W (Corollary . In particular, this implies that
the coefficients of P}V (t) are honest (rather than virtual) representations of W whenever M is
equivariantly realizable. We conjecture that this is the case even in the non-realizable case (Con-
jecture . We compute the coefficients of P}y (t) for arbitrary uniform matroids (Theorem [3.1)
and for braid matroids of small rank (Section [4.3)).

It is reasonable to ask why bother with an equivariant version of this invariant, especially since
there are still many things that we do not understand about the nonequivariant version. We have
four answers to this question, all of which are illustrated by the case of uniform matroids. To set
notation, let U, 4 be the uniform matroid of rank d on a set of m + d elements, which is equipped
with a natural action of the symmetric group Sy,1q. Let C;,, 4 be the coefficient of t* in the
equivariant Kazhdan-Lusztig polynomial of U,, 4, and let ¢; ;,, ¢ = dim C; ,,, ¢ be the coefficient of tt

in the nonequivariant Kazhdan-Lusztig polynomial.

e Nicer formulas: Our formula for C; ;,, 4 (Theorem [3.1)) is very simple; it is a multiplicity-free

sum of irreducible representations that are easy to describe. We could of course use the hook-



length formula for the dimension of an irreducible representation of S, 4 to derive a formula
for ¢; .4, but the resulting formula is messy and unenlightening. Indeed, we computed a
table in the appendix of [EPWI6] consisting of the numbers ¢; ,, 4 for small values of 4, m,
and d, and at that time we were unable even to guess the general formula. It was only by

keeping track of the extra structure that we were able to see the essential pattern.

e More powerful tools: After we figured out the correct statement of Theorem we
attempted to prove the formula for ¢; ,, 4 directly (without going through Theorem , and
we failed. The Schubert calculus techniques that we employ in the proof of Theorem [3.1
are considerably more powerful than the tools to which we have access in the nonequivariant

setting.

¢ Representation stability: The sequence of representations C; ,, ¢ is uniformly representa-
tion stable in the sense of Church and Farb |[CF13], which essentially means that it admits
a description that is independent of d, provided that d > m + 2i (Remark [3.6). This phe-

nomenon cannot be seen by looking at the numbers ¢; ,, 4.

e Non-realizable examples: It is difficult to write down examples of non-realizable irre-
ducible matroids for which we can compute the Kazhdan-Lusztig polynomial, and therefore
we had no nontrivial checks of our non-negativity conjecture in the non-equivariant setting.
On the other hand, the uniform matroid U,, 4 is equivariantly non-realizable provided that
both d and m are greater than 1. This means that Theorem provides good evidence for
Conjecture and therefore by extension for [EPW16, Conjecture 2.3].

The paper is structured as follows. In Section [2] we define the equivariant characteristic polyno-
mial and use it to define the equivariant Kazhdan-Lusztig polynomial. This section closely mirrors
Section 2 of [EPW16], but some of the basic lemmas are much more technical in the equivariant
setting. In particular, Lemma[2.4]is an equivariant version of a well-known statement that is usually
proved via Mobius inversion. This proof does not work in the equivariant context (due essentially
to the fact that the equivariant analogue of the Mobius algebra is not associative), so we needed to
find a different approach.

Section [3] is devoted to the study of uniform matroids, and in particular the statement and
proof of Theorem Our main technique is to express everything in terms of generating functions
that encode all three parameters i, m, and d, and then to manipulate our functional equations
until they can be solved using repeated applications of the Pieri rule. Section [4] treats the case of
braid matroids. In this case we are not able to give a general formula for the equivariant Kazhdan-
Lusztig polynomial, but we do derive generating function identities that allow us to compute the
polynomial explicitly in small rank.

Finally, in Section [5| we introduce the notion of equivariant log concavity, which is a gener-
alization of the usual notion of log concavity to the equivariant setting. The statement that the
coefficients of the characteristic polynomial of a matroid form a log concave sequence goes back
to the 1960s, and was only recently proved by Adiprasito, Huh, and Katz [AHK]. The statement



that the coeflicients of the Kazhdan-Lusztig polynomial of a matroid form a log concave sequence
was conjectured in [EPW16, Conjecture 2.5]. Here we make the two analogous conjectures in the
equivariant setting (Conjecture , and we prove equivariant log concavity of the characteristic
polynomial of a uniform matroid (Proposition . The notion of equivariant log concavity will be

further developed in a future paper.
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DMS-0950383 and DMS-1565036.

2 Definition

Let M be a matroid on the ground set Z, and let W be a finite group acting on Z and preserving

M. We will refer to this collection of data as an equivariant matroid W ~ M. Let
grVRep(W) := VRep(W) ®7 Zlt] and grRep(W) := Rep(W) @y NJt].
Note that, for any group homomorphism ¢ : W/ — W, we obtain ring maps
©* : VRep(W) — VRep(W') and ©* 1 grVRep(W) — grVRep(W')
taking honest representations to honest representations.

2.1 The equivariant characteristic polynomial

et . € Rep e the degree ¢ part of the Orlik-Solomon algebra o . e define the
Let OS);; € Rep(W) be the d j f the Orlik-Sol lgebra of M. We define th

equivariant characteristic polynomial

rk M
HY (1) := Z(—l)ptrkM_pOSA%p € grVRep(W).
p=0

Note that the graded dimension of H}Y (¢) is just the usual characteristic polynomial x s (t) € Z[t].
The following lemma is an equivariant version of the statement that y /(1) = 0 for any matroid M

of positive rank.
Lemma 2.1. For any equivariant matroid W ~ M of positive rank, H]\V}/(l) =0.

Proof. Let e = >, 7
OSJ\VZ’Z- and with differential given by multiplication by e. Then H}V(1) is equal to the Euler

e; € OSy 1, and consider the complex of W-representations with ith term

characteristic of this complex, which is equal to the Euler characteristic of its homology. But the

homology is zero provided that M has positive rank [Yuz95l 2.1]. O

Let L be the lattice of flats of M. Given a flat F' € L, let W C W be the stabilizer of F. For
any pair of flats F,G € L, let Wpg := Wp N Wqa. Let Mg be the localization of M at F; this is



the matroid on the ground set F' whose lattice of flats is isomorphic to Ly := {G € L | G < F'}.
Dually, let M be the contraction of M at F; this is the matroid on the ground set Z ~. F' whose
lattice of flats is isomorphic to L .= {G € L |G > F } The action of W on M induces an action
of Wg on both My and M¥F.

Lemma 2.2. For any equivariant matroid W ~ M,

HY = 3 (~yrFe mall (081 )
(FleL/w
‘WF| rkF crk F W 1%
= i 5 mall, (OSYE ) -
FelL

Proof. Brieskorn’s lemma says that the natural map

B 0Supp — OSuyp

FeL
rk F=p

is an isomorphism. When we incorporate the action of W, this map gives us the equation

w W w [We| W,
oslr, = Y ma, (osir) = 3 T aif, (osyr,) -
[FleL/W FeL
rk F'=p rk F=p
Our statement follows immediately from this. O

Lemma 2.3. For any equivariant matroid W ~ M of positive rank,
KF 1 W W, We| Kk F etk F 1 W 0%
D (A Indiy, (OSYE ) = 3 (U it (OSE ) = 0
[FleL/W FeL

Proof. This follows immediately from Lemmas [2.1] and 2.2} O

Lemma is an equivariant version of the statement that

Z w(@ F)=0

Fel

when M has positive rank. There is also a dual statement, which says that

ZM(FvI):O

Fel

n the matroid literature, M is often called a restriction instead of a localization. On the other hand, in the
hyperplane arrangement literature, M” is often called a restriction instead of a contraction (this was the terminology
used in [EPWT6]). In this paper we have used the words localization and contraction and eliminated the word
restriction to avoid any possible confusion.



when M has positive rank. Lemma[2.4]is an equivariant version of this dual equation. Surprisingly,
the proof of Lemma is much more difficult than the proof of Lemma

Lemma 2.4. For any equivariant matroid W ~ M of positive rank,

crk F w W, ‘WF| CrkF w %% _
> 0T, (0S)E p) = D0 T Indlf,, (OS}/E o) = 0.
(FleL/W FeL

Proof. Fix an ordering of the ground set Z. For any subset S C Z, let eg be the correspond-
ing square-free monomial, with the product taken in the order induced from that on Z. If S =

{i1,...,ix} in order, let deg := Z§:1(—1)jes\{ij}- For any flat F', we have
OSyrr ok = Cles | S a basis for My / C{dec | C a circuit for M of rank crk F}.
If F <G with etk F' = p and crk G = p — 1, we define a map
061 OSyr, — OSya

by the formula Lpg (es) := Deg for any basis S of M¥ | where we implicitly set e; = 0 for all i € G.
More precisely, we note that S can contain at most one element of G. If S contains no elements of
G, then ¢ (es) :=0es =0 € OSyc 1. If S = {i1,...,ir} and iy € G, then we put Sy := S\ {ir}
and ¢E(es) := (—1)*eg,. This is well defined because 9% = 0.

Let
B 0Sur,
crk F'=p

and combine the various maps % to obtain a map ¢, : Cp(M) — Cp_1(M). We claim that
(Ce(M), pe) is an exact sequence.
To show that ¢, o ppr1 = 0, we need to show that, for all £ < G with ctck ' = p + 1 and

ek G = p — 1, we have
> eliock =0
E<F<G

Let S be a basis for MP. Then ¢ o p%(es) = 0 unless F contains exactly one element of S and
G contains exactly two elements of S. Thus we can reduce to the situation where S = {i1,...,%,},
Fy, is the flat spanned by S and iz, Fy is the flat spanned by S and iy, and G is the flat spanned by
S, i, and ig, and we need to show that gpg’c o gpfj:k (es) + gog‘f o 901% (es) = 0. This is easily checked
by hand. Thus (Ce(M), @) is a complex.

To prove that our complex is exact, we proceed by induction on rk M. The case tk M =1 is
trivial. Fix an M of rank strictly greater than 1, and assume that the statement is proved for all

smaller ranks. Choose an index ¢ € Z, and consider the sum

Co(M) := @D OSysr, i € Co(M)
eF



ranging over all flats F' that contain the index ¢. It is clear that this is a subcomplex, and that
CL(M) = G, (M),
where M’ is the contraction of F' at the unique flat of rank 1 containing i. Let
CJ (M) := Co(M)/Cy(M)
be the quotient complex. As a vector space, we have

CpM)= P OSyr,.
crk F'=p
i¢F

Furthermore, for each flat F' of corank p that does not contain 7, we have an isomorphism
D OSur, 1 = OSyr,

1¢G>F
crk G=1

given by multiplication by e;. (Indeed, if we choose an order on Z such that i is the maximal

element, then multiplication by e; gives a bijection from the nbc monomial basis for the left-hand

side to the nbc monimial basis for the right-hand sideEI) These isomorphisms fit together into an

isomorphism of complexes
M) = P Con(Mo).
i¢a
crk G=1

Now consider the short exact sequence of complexes

0— Co(M) — Co(M) — CJ(M) — 0.

Since tk M/ = rk Mg = tk M — 1 > 0, our inductive hypotheses imply that C,(M) and C" (M)

both have trivial homology. Then the long exact sequence in homology tells us that homology of

Co(M) vanishes, as well.
Finally, we note that the complex Co(M) admits an action of W with

C(M)= 3 mdl, (OS]\VZ?vp)eRep(W).

[FleL/W
crk F'=p

Since Co(M) has trivial homology, its Euler characteristic is zero. This proves the lemma.

The following lemma is an equivariant version of the statement that Y o, xar (£) = M.

2The abbreviation nbc stands for “no broken circuit”; see [Yuz0I, Theorem 2.8] for a discussion of this basis.



Lemma 2.5. For any equivariant matroid W ~ M,

W
[F]ez;‘/wlnd% (mye) = Z ‘mfy‘l Ay, (HYE ) = ey,

where Ty is the trivial representation of W.

Proof. Applying Lemma to Wr ~ M¥ | we have

> M matt, (e o)

FeL

_ Z \WFG’ rkG—rkFtcrkGIndW 0SWrc

- ‘W‘ Wra Mg,rkG rk F
F<G

|WG| kG erk G 1. AW [Wra| KE 1. W, W
- GZ ’W‘ r t IndWG ZG ‘WG‘ ( )r In dWiG <OSM§GrkG rk F)
= <

Applying Lemma 2.4 to W ~ Mg, we have

!WFcl 1)IEF Tl w
> |WG\ Indy, (OSMg?rkG rkF) 0
F<G

unless G is equal to the unique flat of rank 0, in which case it is equal to . O

Remark 2.6. Suppose that M is W-equivariantly realizable by a complex linear space V. More
precisely, suppose that we are given a linear subspace V C CZ, preserved by the action of W, such
that a subset B C T is a basis for M if and only if the projection of V onto C? is an isomorphism.
In this case, Lemma has a nice geometric interpretation. The right-hand side of the equation
is clearly isomorphic to the compactly supported cohomology of V. It is possible to compute this
cohomology via a spectral sequence whose E7 page consists of the compactly supported cohomology
groups of the various strata. By comparing the mixed Hodge structures on the various groups, we
can conclude that this spectral sequence degenerates at the Es page, which is given by the left-hand

side of the equation.

The following lemma is an equivariant version of [EPWI16, Lemma 2.1]. In the proof of this
lemma, and elsewhere in this paper, we make frequent use of the following standard fact. Suppose
that W” ¢ W' C W are groups, V' is a representation of W', and V" is a representation of W”.
Then

mdY, (IndWi, V" @ V’) — d¥,, (V” ® Res'V, (V’)) .

Lemma 2.7. For any equivariant matroid W ~ M of positive rank,

> Indjy, (tkoHAVE(t—l) ® H)E () ) > |ng| (tkoHXZ;T(t‘l) ®HAV4V§(t)) =0.
[FleL/w FeL W]



Proof. Applying Lemma 2.2] to Wr ~ Mp, we have

w
Z | F’I aw (trkFHA”g(t‘l) ®HAVZ§(t)>

FeL ‘W|
%
-y IWE;T |y oty (mayyz, (0S3En. ) @ HyE®)
E<F
_ |WEF| rkE rkEI d 05WE HWEF
o Z ’W’ ¢ n WEF( rkE® MF (t))
E<F
‘WEF| r r % %% 1%
- T DREERE all, (OSVE @ ndiye, (HyE" (1))
E<F
|WE\ )R EKE g W W |WEF\ W W
- 3 reEmal, (08 wp® Y e malle, (HypEr )
FEeL E<F

Applying Lemma to Wg ~ M¥ | this becomes

%
Z | E| rkEtrkEInd%E (OSWE E® tcrkETWE)
EcL

. Wk .
— tkMZ ‘ ‘ kEI d (OS]V\ZEJI(E>
Bet '

— trk M HM (1 )7
which vanishes by Lemma O

2.2 The equivariant Kazhdan-Lusztig polynomial

Now that we have established some basic properties of the equivariant characteristic polynomial,
we are ready to define the equivariant Kazhdan-Lusztig polynomial. In the non-equivariant case,
this polynomial is defined in [EPW16, Theorem 2.2]. The following theorem is a categorical version
of that result.

Theorem 2.8. There is a unique way to assign to each equivariant matroid W ~ M an element
PAV/([/(t) € grVRep(W), called the equivariant Kazhdan-Lusztig polynomial, such that the

following conditions are satisfied:
1. If rk M =0, then PAV}/(t) 1s equal to the trivial representation in degree 0.
2. Iftk M > 0, then deg Py} (t) < 3tk M.

3. For every M, t*™p¥ (1) = Z Ind%F (Hj\%f(t) ® PAVZE(t)) .
[FleL/W

4. Given a homomorphism ¢ : W' — W, PY'(t) = ¢* P{Y (t).



Proof. Let M be a matroid of positive rank. We may assume inductively that PAV}// (t) has been
defined for every matroid M’ of rank strictly smaller than rk M and every group W’ acting on M.
In particular, PJ‘V/II/E (t) has been defined for all ) # F € L(M). Let

Ry = Y md, (Hﬁ;(tmpﬂvﬁ(w);
0#£[FleL/W

then item 3 says that we want
MY () = PRI (1) = Ry (1),

It is clear that there can be at most one element P}y () € grVRep(W) of degree strictly less than
%rkM satisfying this condition. The existence of such a polynomial is equivalent to the statement
that

MRy (1) = — Ry (0),

so this is what we need to prove. We have

MR () =M Y Indyy, (HAVJV;T (™ ®PAV}’£(t—1))
0#£[FleL/W

- Y may, (trkFHXZg(t*l)®trkMFPAV4V£(t*1))
0AF]eL/W

= Y mdf, (ENe e Y mar (HVew e PR
0#[FleL/W [GleLY /W ¢

W . - Wra
= 3 [ma | ermire e S pendn, (meo o piew)

0#FeL |W| GeLF
Wra . _
-y ‘MF/‘ | malf, (e myr e @ mdyr (Hyre @) © PLEC®))
0£F<G
Wrg " -
=Y | \V[F/\ ‘Ind%m (t KE e ®HAV;’§G(t) ®P]\V/[[/£G(t)>
P£F<G
W,
-y v T  ndlf, (FF Hyre ) @ YRS (1) @ PYEC (1) — BRI ().
G40 F<@ “

Thus it will suffice to show that, for any flat G # 0,

Wrg . _
> | !Wi! ’Ind%m (t KEHy (470 @ Hy ko (1) ®PWFG(t)) = 0.
F<G



Indeed, fixing a flat G # 0, we have

%%
Z ’ FG| Ind%FG‘ <trk FH]‘(‘/[/;FG (t_l) ® HJI\/}[/EG (t) ® P]‘\’/(Ifgc (t))

Wra Kk F gy Wee (4— W
-y "W’ ‘Ind%c (pﬂvgg(t)mnd%gc (thHM;G(t 1)®HM§G(15)>>
F<G
Wel

Wral| . w, Wra (4— W,
SRR A G ICEDY |’WG"IndWﬁG (e Hyre ) @ Hyyee o)
FeLlg

Lemma applied to Wg ~ Mg, says that the internal sum is zero, as desired. O
Proposition 2.9. Let C’XZZ- € VRep(W) be the coefficient of t* in PYy (t). If i < %rk M, then
W j W W %%
CM,i = Z (=1 IndWF (OSME,J' ® CM? crkF—i—l—j)‘
[FleL/W

0<j<rk F

Proof. This follows immediately by looking at the coefficient of t"*# =% on both sides of the equation
in Theorem [2.§[(3). O

Corollary 2.10. For any equivariant matroid W ~ M,

Chro=mw and  Ciry = > Indjy, (rw,) — OSir;.
[FleL/W
crk F=1
Proof. We apply Proposition When 7 = 0, C’]\MJ/E etk Feitj # 0 only if j = 0 = crk F. The

proposition then says that C}; , is equal to CAMJF o» Where F' is the unique flat of corank 0. By part
1 of Theorem [2.8] this is equal to Ty .

When i = 1, we have C]\VZ?’ etk Fitj #0onlyif j=0and ctck F =1or j =1 and ctck F = 0.
The first case gives us a contribution of

Z Ind%F (Twy)
[FleL/W
crk F'=1

(the permutation representation given by the action of W on the set of corank 1 flats) and the

second case gives us a contribution of —OSAVZI. O

Remark 2.11. By taking dimensions of the representations in Corollary we recover Propo-
sitions 2.11 and 2.12 of [EPWI6].

Suppose that M is W-equivariantly realizable by a complex linear space V' C CZ. Let Xy be

the reciprocal plane, which is defined as follows:

Xy:={ze(C)T|z1eV}ccCh

10



The action of W on Z induces an action on Xy . The following corollary is an equivariant version
of [EPW16l, Proposition 3.12].

Corollary 2.12. If M is W -equivariantly realizable by a linear subspace V. C CT, then we have
C'J\%i = IH*(Xy;C) € grRep(W).

Proof. This follows from Proposition and [PWY16, Remark 3.6]. O

By definition, the coefficients C]\VZZ- are virtual representations of W. When M is W-equivariantly
realizable, however, Corollary implies that they are honest representations. We conjecture that

this is always the case, even if M is not equivariantly realizable.
Conjecture 2.13. For any equivariant matroid W ~ M, P}/ (t) € grRep(W).

Remark 2.14. When W is the trivial group, Conjecture says that the coefficients of the
ordinary Kazhdan-Lusztig polynomial are natural numbers rather than just integers. This conjec-
ture appeared in [EPW16l, Conjecture 2.3]. We note, however, that it is much easier to construct
non-realizable examples of equivariant matroids than it is to construct non-realizable examples of
ordinary matroids. For example, let U,, 4 be the the uniform matroid of rank d on m + d elements.
This matroid is always realizable. However, it has an action of the symmetric group Sy,+4, and it
is equivariantly realizable if and only if d € {0,1} or m € {0,1}. In the following section, we will

prove Conjecture [2.13] for arbitrary uniform matroids.

3 Uniform matroids

Let Uy, 4 be the the uniform matroid of rank d on m + d elements, which admits an action of the

symmetric group Sp,+q4. Let

Sim S Sm
Hy, q(t) := HUm,Zd (1), Ppa(t) == PUm,Zd (1), and  Cpa;:= CUm;'fi.

For any partition A of m + d, let V[A] be the irreducible representation of S, 14 indexed by A. The

purpose of this section is to prove the following result.
Theorem 3.1. For alli >0,

min(m,d—27)
Cmdgi = >, Vld+m=2i-b+1,b+1,2""] € Rep(Spa)-
b=1

Corollary 3.2. Conjecture holds for all uniform matroids.
Remark 3.3. When m = 1, Theorem [3.1| specializes to the main result of [PWY16].

Remark 3.4. One can use Theorem [3.1], along with the hook length formula for the dimension of
V, to compute the coefficients of the ordinary Kazhdan-Lusztig polynomial of Uy, 4. (The formula

is unenlightening, so we will not reproduce it here.) This is a computation that we were unable to

11



do in [EPW16]; see Section 2.4 and the appendix of that paper. Indeed, we still know of no way to
compute these numbers that does not go through Theorem

Remark 3.5. One immediate consequence of Theorem is that, for any triple (m,d, i), we have
Cmdi = Ci—2im+2i- This was first observed empirically in the non-equivariant setting by Max
Walkefield, based on computer calculations. We still have no philosophical explanation for which

this symmetry should exist.

Remark 3.6. Another consequence of Theorem is that the sequence (Cjy, 4,i)den is uniformly
representation stable in the sense of Church and Farb [CE13| Definition 2.3], with the stable range
beginning at d = m + 2i.

3.1 Translating to symmetric functions

The Frobenius characteristic is an isomorphism of vector spaces
ch : grVRep(S,) — A,]t],

where A, is the space of symmetric functions of degree n [Mac95, Section 1.7]. It has the property

that, given two graded virtual representations V; € grVRep(Sy,) and V2 € grVRep(S,,), we have
ch IndS”“;;? (v1 X V5) = ch(V;) ch(Va).
Let
Hm,a(t) == ch Hp, q(t), Prm.d(t) == ch Py, 4(t), and Crmdi = chChy g

Applying the Frobenius characteristic to the equation in Theorem (3) (and applying Corollary
2.10)), we obtain the statement

d
P d(t™) = Hona(t) + > Hod—k(t)Prmi(t). (1)

3.2 Generating functions

In this section we will work in the ring A[[t, u, z]] of completed symmetric functions with coefficients

in the ring of formal power series in ¢, u, and z. Let

[o¢] o0
H(t,u,z) := ’Hmvd(t)ud:cm and P(t,u,x) := Z Z Prn.alt)
d=1m=0 d=1m=0

Then Equation for all values of m and d is equivalent to the generating function equation

Pt tu,x) = H(t,u,z) + (1+ H(t,u,0))P(t, u, z). (2)

12



Remark 3.7. Once we have Equation ([2)), we obtain for free the corresponding functional equation

involving the (non-equivariant) exponential generating functions. Let

d
d=1m=0 d=1m=0
and
P - dim P j2 uta™
() = 3 3 i Pt o =325 R
d=1m=0 d=1m=0
Then we have
Pt~ tu,z) = H(t,u,z) + (1 + H(t,u, 0))P(t, u, ). (3)

Equation . ) follows from Equation (|2 using the following easy observation: Let V; be a represen-
tation of Sy, for i € {1,2}, and let V = Inds"”x"g (Vi ®V3). Then dmV_ — dimV,  dimlp

(nl—i-ng)! ni! na!

The remainder of this section is devoted to deriving explicit expressions for H(¢,u,x) and
H(t,u,z). Given a partition A of n, let s[A] := ch V][] be the Schur function associated with .

Let
o
= Z t"s[n]
n=0

and recall the well-known identity

oo o0
1 s(u)
Lemma 3.8. > > t“u™s[m+1,1° = (—1 + ) :
par it t+u s(—t)

Proof. We have

—1+Ss((f2) = 1+ ith[lj] (iuks{k]>

where the last equality follows from the Pieri rule. Next, observe that

oo o0 o0 oo
ZZtu slk+1,1771) = tZZteums[m—i—l,le]

7=1k=0 e=0 m=0
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and

i itjuks[k, V] = ui i tu™s[m + 1,1°].

j=0 k=1 e=0 m=0

Adding them together and dividing by ¢ + u, we obtain the desired equation. ]

Proposition 3.9. We have

Mt u,z) = —" <_1+S<x))+ tu <8(tu)_8(x)>

u—x s(u)

and

1+ H(t,u,0) =
Proof. If i < d, then
OSgmtt = NC™ e = Vim +d —i, 1]+ VIm+d —i+1,11),
Applying the Frobenius characteristic, we have
chOS{j:;‘fi =s[m+d—i, 1 +s[m+d—i+1,1"7") = s[1"]s[m +d —i],
where the second equation follows from the Pieri rule. We also have
OSgmt, = Vim +1,1%71],

and therefore
ch OSSZ;‘?CI = s[m + 1,191,

By definition,

H(t,u,x) i i ChOSUmJ;‘f

[c o NNe Sl o]

H(t,u,x) = i i (—u)?z™ ch OSg:i;‘fd + Z (=t 5 (tu) 2™ ch OS :t::“

d=1m=0 k=1m=0 i=0

= D ) (—whamsm 4+ 1L,1 ) 0D (—u) (tu) 2™ s[1]s[m + K]
d=1 m=0 k=1m=0 =0

= Z Z (—u)dz™s[m + 1,171 + (Z(—u)’s[l’]) ( (tu)*2™s[m + k])
d=1m=0 i=0 k=1 m=0

B u L, s@) tu_ s(tu) — s(z)

N u—x< 1+s(u)>+tu—az s(u) 7’

where the last equation follows from Lemma The second statement is obtained from the first
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by setting x equal to zero. O

The following Corollary follows immediately from Proposition [3.9] as in Remark [3.7 We use

the fact that s(t) is the Frobenius characteristic of the trivial representation in every degree, so the

exponential generating function for its dimensions is e’.

Corollary 3.10. We have

(—1+€"™) + fu (e —e" )

H(t,u,x) = P—

U—x
and
1+ H(t,u,0) = e,
Proposition combines with Equation to tell us that
t t t
(1420t (00 ) g

Pt tu,z) =
( U:E) tu—x

u—a

Rearranging terms, this is equivalent to the equation

(u i P(t_l,tu,x)> () — ——s(x) = (tutﬁ — P(t,u,x)) s(tu) — tutﬁ Ss@). (@)
Let
Rit,uz) = (tutf -+ P(t,u,az)) s(tu) — tutf —s(a)
_ (tutf 4Pt u, a:)> Ti(tu)”s[n] - ix"s[n]

be the expression on the right-hand side of Equation . Then Equation becomes
Rt tu, ) = R(t,u, x).

The results of this section can be summarized as follows.

Proposition 3.11. The element P(t,u,z) € A[[t,u,x]] is uniquely characterized by the following

properties:
e P(t,0,x) =0,
o the coefficient of t'ud in P(t,u,z) is zero if 2i > d,
o R(t7 1 tu,x) = R(t,u,x), where R(t,u,x) is defined above.

Remark 3.12. It is interesting to observe exactly what our manipulations of generating functions
has bought us. The straightforward approach to proving Theorem would have been to apply

Proposition [2.9] and proceed by induction on d. This works in theory, but it involves repeated
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applications of the Littlewood-Richardson rule for hooks, and the combinatorics very quickly gets
out of hand. Instead, we will prove Theorem by taking our “guess” for P(t,u,x) and verifying
the equation R(t~!,tu,z) = R(t,u,z). From the definition of R(t,u,x), we see that this will
involve repeated applications of the Pieri rule, which is much simpler than the general Littlewood-

Richardson rule. This simplification is exactly what makes our proof possible.

3.3 Proving the theorem

We are now ready to prove Theorem Let

o oo oo min(m,d—21)
"(t,u, ) Zus —i—ZZth x™ Z sf[d4+m—2i—b+1,b+1,271.
i=0 d=1m=0 b=1

Here and throughout this section we adopt the notational convention that
s[a, 2,271 = s[a] and sla,b+ 1,271 =0 if b> 1;

in particular, the coefficient of t®u?x™ in P’(t,u, ) is equal to s[d +m] for any d > 1 and m > 0.
Let

R/ (t,u,x) = (tutﬁ . +P'(t,u, z)) Z(tu)”s[n] — tutﬁ - ans[n]
n=0 n=0

By Proposition Theorem [3.1]is equivalent to the statement that R'(t~1, tu, ) = R'(t, u, ).
The coefficient of tu?x™ in R'(t,u,z) is equal to

mo 1 slilsld—1i] ifm=0<d—i
Z > slklsld+k+m—2i—b+1,b+ 1,275 4
=1 k=b—d+2i 0 otherwise
sim+d] ifi=d>0

0 otherwise.

Thus we need to show that this expression is invariant under the substitution ¢ <> d — 4. If d =0
or ¢ > d, the expression is equal to zero. If d > 0 and ¢ = 0 or ¢ = d, then the expression is equal
to s[d +m]. Thus, we may assume that 0 < i < d. If m = 0, the expression is equal to s[i|s[d — 1],
which is clearly invariant. Thus, we may further assume that m # 0, which means that we can

restrict our attention to the expression

Z Z s[d+k+m—2i—b+1,b+1,27F1],
b=1 k=b—d+2i
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Letting r = d — 2i, we can rewrite this expression as

U (i, r,m) ::Z slkls[r+k4+m—-b+1,b+ 1’2i—k—1]’
b=1 k=b—r

and we want to show that it is equal to
m . .
O(i,r,m) =V +r,—r,m) = Z s[j+r)slj+m—b+1,b+1,27971.
The Pieri rule tells us that any Schur function appearing ¥(i,7,m) must be of the form
s[A, B,C,2P] or s[A, B, C,2P,1], where we continue to adhere to our notational convention:
s[A,B,2,27 =s[A,B],  s[A,2,2,27% = s[A],

and so on.

Let us focus on the case of s[A, B,C,2"] with D >0 and A+ B+ C +2D = 2i +r +m. The
Schur function s[A, B, C,2P] can appear in the k& summand of ¥(i,7,m) when k =i — D — 2 or
k =i— D —1. In each of these summands, the number of times that s[A, B, C, 2P] appears is equal

to the number of values of b < min(m, k + r) satisfying the inequalities
A>r+k+m—-b+1>B>b+1>C > 2,

which ensure that the partitions [r 4+ & 4+m —b-+1,b+ 1,27%=1] and [A, B, C, 2P] interlace. More

precisely, let
g1 :=min(m, B —1)+min(0,r+i— D —1— B), €9 := min(m, B — 1)+ min(0,r +i— D — B),

Ti:=max(C—-1,r+i—D—1+m—A), and Yo :=max(C—1,7r+i—D+m—A).

A priori, we would want to let
er =min(m,B—1,r+i—D—-14+m—B,i—D—-2+r).

The fact that m < B—1lifandonlyifr+i—D+4+m—1—B <r+1i— D — 2 tells us that the two
expressions for €1 are the same. A similar argument holds for 9.
The coefficient of s[A, B,C,2P] in ¥(i,r,m) is then equal to

max(0,e; — T1 4+ 1) + max(0,e9 — To + 1),

where the first summand represents the number of possible values for b when £k =47 — D — 2, and

the second summand represents the number of possible values for b when £k =47 — D — 1.
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Similarly, let
gl == min(m, B — 1) + min(0,i — D — 1 — B), gh :=min(m, B — 1) + min(0,i — D — B),

Y} :=max(C —1,i— D —1+m— A), and bi=max(C —1,i— D +m — A).

Then the coefficient of s[A, B, C,2P] in ®(i,r,m) is equal to
max(0,&] — T} + 1) +max(0,e5 — Y5 + 1),

where the first summand represents the number of possible values for b when j =i — D — 2, and
the second summand represents the number of possible values for b when j =i — D — 1. Our plan
is to show that

g1 — Ty =¢h -0 and gg — Yo =¢) — T},
which will tell us that s[A, B, C,2P] appears with the same coefficient in W(i,r,m) and ®(i,r, m).
Lemma 3.13. We have
1. T1 =C -1 if and only if ¢y, = min(m, B — 1),
2. Yo =C —1if and only if €| = min(m, B — 1),
3. Yy =C —1if and only if e = min(m, B — 1),
4. Yo =C —1if and only if e1 = min(m, B — 1).

Proof. We prove the forward direction of Lemma [3.13(1) and and note that the other cases are

identical. Since T1 = C — 1, we have
C-1>r+i—-D—-14m—-—A=B+C+D—i—1,

which implies that i — D —1 > B — 1. Adding m + 1 to both sides and subtracting B tells us that
i—D+m— B>m,hence ¢hb =mor B — 1. O

Now consider the expression
g1 — T1 — &b + T4 (5)

we will use a case-by-case analysis to prove that this expression is equal to zero.
Case 1: e1 — ey, =0. Then T1 =C —1 =T}, and vanishes.

Case 2: e —eh =r —1. We have ¥ # C — 1 # T, and hence Y, — Ty = 1 — r, which tells

us that the expression (b)) vanishes.
Case 3: ¢1 —ej) = =i+ D+ B. Then ¥y = C—1,and ¥y =r+i—D—1+m— A, and
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therefore that the expression isequal tor +2i+m—-A—-B—-C—-2D =0.

We have now shown that the expression is equal to zero, and therefore that e; — Yy = &}, — T}.
A similar argument allows us to conclude that e — Yo = &} — T). This completes the proof that
s[A, B, C, 2P] appears with the same coefficient in ¥ (i, 7, m) and ®(i,r,m). The other cases, namely
Schur functions of the form s[A, B,C,2P,1] and Schur functions of the form s[A, B, C,2P] with
D < 0, can be analyzed in a similar fashion; we leave the details of these cases to the reader. This
completes the proof of Theorem O

4 Braid matroids

Let B,, be the braid matroid of rank n — 1. Equivalently, B,, is the matroid associated with the
complete graph on n vertices. The ground set is equal to the set of all 2-element subsets of [n], and
the lattice of flats is equal to the lattice of set-theoretic partitions of n; the rank of a flat is equal
to n minus the number of parts of the partition. The group S, acts on B, in the obvious manner.
Let
. 175 . pSn e (VS
Ky(t) :== Hp" (1), Qn(t) == Pg" (1), and Dy i :=Cg ;.

For any partition A - n, let S\ C S,, be the stabilizer of a set-theoretic partition of type A. Then
Theorem [2.8|3) says

tn_lQn(t_l) = Zlndg’; (KM (t) R ® KAK(A) (t) ® Qe()\)(t)) . (6)
AFn

The polynomial K, (t) is well understood, going back to Lehrer and Solomon [LS86]. An explicit
formula for ch K,,(¢) appears in [HR], Theorem 2.7]. We cannot give an explicit formula for Q(¢)
in the same way that we did for uniform matroids, but we will decribe the recursion that can be

used to compute it and calculate some examples for small n.

Remark 4.1. As defined above, B,, is not equivariantly realizable. However, let B/, be the anal-
ogously defined matroid with ground set Z,, equal the set of ordered pairs of distinct elements
of [n], with {(i,7), (j,7)} a dependent set. Then B, is the underlying simple matroid of BJ, so
they have isomorphic lattices of flats, the same equivariant characteristic polynomial, and the same
equivariant Kazhdan-Lusztig polynomial. Let V,, = C"/Ca, and consider the embedding of V;, into
CIn given by z; — x; in the (i, j)-coordinate. This embedding is an S,-equivariant realization of
Bl,. Tt follows from Corollary that

Qu(t) = P51 (1) = Ppr(t) € grRep(Sy).

4.1 Generating functions

Let K be the (virtual, graded) linear species that assigns to the set [n] the (virtual, graded)
representation K, (t) of S,. Similarly, let @ be the (graded) linear species that assigns to the set
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[n] the (graded) representation @Q,(t) of S,. Finally, motivated by Equation @, let Q be the
(graded) linear species that assigns to the set [n] the (graded) representation t"~1Q,(t~1) of S,.
In the language of species, Equation @ says that Q = Q o K.

Consider the following six generating functions:

):ZdimKn( — Q) Zdlan — Q) Zdlan — € Q[ft, ],
n=1 n!

=S K, (1), Q ZChQn ), ZChQn e A[lt]].

Note that dim K,(t) = xp,(t) = (t —1)---(t —n + 1), dimQ,(t) = Pg,(t), and dim Q,(t) =
t"~1Pg (t71). Since we have Q = Q o K, the theory of species tells us that

%Q(t_l, tz) = Q(t,2) = Q(t, K(t,2))  and  Q(t) = Q(t)[K(t)], (7)

where square brackets denote plethysm. See, for example, [Mén91l Proposition 2.1], which can be

extended to virtual species as in [Joy86].

Remark 4.2. Equation (7)) can be derived directly from Equation @ The second half of Equation
(7) follows from the fact that, for any representation V; of S; (i € {1,2}), ch Ind?’ o S <V] ® V;@j ) is
equal to ch Vj[ch V;]. The first half follows then from the second half by computing the effect of this
induction on the dimension of a (virtual, graded) representation. The language of species simply

provides a tidy formalism for these observations.

Remark 4.3. The generating functions K (¢, z) and K(¢) can be understood very explicitly. We

have
— ('t o n
(z+1) 7;)(”)2 + nZ::lXBn()n +tK(t, 2)
Based on the work of Lehrer and Solomon, Getzler gives the following analogous formula for &C(t):
1+tK(t) = H(l 4 pk)% S ap w(k/d)t?
k=1

where py, is the k' power sum symmetric function. See the second displayed equation in the proof
of Proposition 2.4 of [Get].

4.2 Linear term

Though we have no general formula for @,,(¢), we can use Corollary to calculate D, ;.

Proposition 4.4. Whenn <3, D1 =0. When n > 4, we have

Dy = V[n]@LnT_QJ ®&Vin-1, 1]@“T_BJ ®Vin -2, 2]@VT_4J ® @ Vin —4,i]4m0),
3<i<|n/2]
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where
n/2—i if n is even and i is odd,

d(n,i) = (n+1)/2 —i if n is odd,
(n+2)/2—1 if n and i are both even.

Proof. Let W = §,,. By Proposition [2.10
Dni= Y Indy, (rw,) — OSy ;.
[FleL/W

crk F'=1

We have
085 | =Sym*(C") = C" = Sym*V[n — 1,1] = Vin — 2,2 @ Vin — 1,1] @ V[n].

Let Fj be the partition of [n] into [k] and its complement; then {F1, ..., F|,/5|} is a complete set
of representatives of S,-orbits of corank 1 flats.
Suppose that n is odd. Then Wg, = Si, x S;,—i, so

‘3
||
—

chD,, = slk]s[n — k] — (s[n — 2,2] + s[n — 1,1] + s[n])

3
Il
=

v ‘

|

sln —i,i] — (s[n — 2,2] + s[n — 1,1] + s[n])

k=1 1=0
n—1
n—3 n—3 n—>5 (n+1
= ~ 11 - — i) sl — il
5 s[n] + 5 sln—1,1] + 5 s[n 2,2]—1—;( 5 z) s[n —1,1]

If n is even, then Wg, = Si x Sp—j, for all k < n/2, but V[/]r:n/2 = Sp/2152. We therefore have

chDp1 = > slklsln— k] + (2] [sn/2]] = (sln = 2,2] + sln — 1,1] + s[n))
k=1

= n74s[n] + n;4s[n— 1,1+ n;GS[n—2,2] + i (% —i) sln — 1,1 + s[2] [s[n/Q]}
=3

We also have

and the proposition follows. ]

Remark 4.5. Proposition implies that the sequence {D,, 1} of S,-representations is not rep-

resentation stable in the sense of Church and Farb.
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4.3 Calculations

We conclude our discussion of braid matroids with a calculation of D, ; for n <9 and i > 2 (since
D, o = V[n] by Proposition and D,, 1 is computed in Proposition . These computations
were performed in SAGE [S*14], using Equation ().

Des = VI[2,2,21 @ V[4,2]® V6]

Dry = V[2,2,2,1]6V[3,2,2 & V4,2, 1| a V(4,3 e V[5,2* e V(6,1 & V(7]

)

Dgy = VI[2,2,2,2]®V[3,2,2,1] @ V[4,2,1,1]® V[4,2,2)% & V[4,3,1]% @ V4,4
aV5,2,1* e V[5,3% e V6, 1,1 @ VI[6,2]*7 ¢ V[7,1]%* @ V[8]%4

Doo = V[3,2,2,2]©V[4,2,2, 1P @ V[4,3,1,1] 2 V[4,3,2]" o V[4,4,1]%° o V[5,2,1,1]*2 @ V[5,2,2]®7
oV[5,3,1°T e V5,4 e V[6,2,11 ¢ V(6,32 @ V[7,1,1]* @ V7,212 @ V[8,1]%8 @ V[9]®°

Dgz = VI[2,2,2,2]9V[3,2,2,1]®V[3,3,1,1] @ V[4,1,1,1,1] ® V[4,2,1,1] ® V[4,2,2]®3
oV4,3,10V[4,4* e V[52,1]*2 e V53 e V[6,2** e VT, 1] e V[

Dygs = VI[2,2,2,2,1]®V[3,2,2,1,1]"2 @ V[3,2,2,2]* @ V[3,3,1,1, 1] © V[3,3,2, 1] @ V[3, 3, 3]%?
oV[4,1,1,1,1,1] e V[4,2,1,1,1]B e V[4,2,2,1]° 0 V[4,3,1,1]°" @ V[4,3,2]° @ V[4,4,1]®8

[
oV5,1,1,1,1] @ V[5,2, 1,118 e V(52220 V([5,3,11* 8 e V[5,4*" ¢ V[6,1,1,1]%2
oV[6,2,11"2 e V[6,3]°M o V[7,1,1]* @ V[7,2]® @ V[8,1]%° @ V]9]®?

5 Equivariant log concavity

Fix a finite group W. We define a sequence (Cy, C1,Co,...) in VRep(W) to be log concave if,
for all i > 0, C2* — C;_1 ® Ci41 € Rep(W). We call an element of grVRep(WW) log concave if its

sequence of coefficients is log concave.

Remark 5.1. If W is the trivial group, then VRep(W) = Z and this is the usual notion of log

concavity for a sequence of integers.

Remark 5.2. More generally, we can replace VRep(W) by any partially ordered ring and have a

reasonable definition of a log concave sequence in that ring.
Conjecture 5.3. Let W ~ M be an equivariant matroid.

1. The equivariant characteristic polynomial H]\mj(t) is log concave.
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2. The equivariant Kazhdan-Lusztig polynomial PJ\V}/(t) 1s log concave.

Remark 5.4. When W is the trivial group, Conjecture (1) has existed in various forms since
the 1960s, and was only recently proven by Adiprasito, Huh, and Katz [AHK]. Conjecture (2)
for the trivial group appeared in [EPW16, Conjecture 2.5].

Remark 5.5. We have verified both parts of Conjecture |5.3| with a computer for the braid matroid
By, for all n < 9, as well as part 2 for the uniform matroid U,, 4 for all m,d < 15. Part 1 of the

conjecture for uniform matroids is proved below (Proposition |5.7)) for arbitrary values of m and d.

Remark 5.6. In a forthcoming paper, we will explore the notion of log concavity for W-representions
in greater detail. There we will give many more conjectural examples of naturally arising log con-

cave sequences of representations.

Proposition 5.7. The equivariant characteristic polynomial Hy, 4(t) of the uniform matroid U,, q

1s log concave.

Proof. First, we observe that OngJ;di is equal to 055:+i when i < d, it is equal to a quotient

d»t

of Osgg“;id ; When ¢ = d, and it is equal to zero when ¢ > d. For this reason, it suffices to prove

the proposition when m = 0, in which case it says that
i~ ©2 i1d o Aitld
N'C — (AT C*@ A" C?*) € Rep(Sy).
Let V; := V[d — 4, 1%]. Since /\Z C? =V; @ V;_1, it is sufficient to prove that
V#2 — Vi1 @ Viy1 € Rep(Sa) (8)

and
Vi1 @ Vi = Via ® Vip1 € Rep(Sy). 9)

These tensor products may be computed using a formula of Remmel [Rem89, Theorem 2.1]. We
will only prove Equation ; the proof of Equation @ is similar.

First, Remmel observes that tensoring with the sign representation takes V; to V;_;_1, and we
may use this to reduce to the case where i < d/2, which we will assume for the remainder of the

proof. For any partition A of d, Remmel computes
¢(A i, j) = dim Hom(VIX], V; @ V));

we need to show that ¢(A,4,7) > ¢(A\,i — 1,7+ 1) for all .
The number c(X, i, j) is zero unless A = [r, 197"] for some 7 or A = [q, p, 2¥, 1¢] for some ¢ > p > 2
and k,£ > 0. When A = [r, 1977], Remmel tells us that

c(N\i,i)=x(d—2i—1<r<d) and c(Ai—1i4+1)=x(d—-2i-1<r<d-2),
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where y of a statement is 1 if the statement is true and 0 if the statement is false. In particular,
we can see that c ([7", 1d*"],i,7j) >c ([r, 19776 — 1,4 + 1).
When \ = [g,p, 2%, 1¢], we put

u = max(p,d — 2i), w=2d—-1i-k)—1¢, x=|w/2],

vy = min(q,d —i — k — 2), v] = vo = min(q,d —i — k — 1), and vy = min(q,d — i — k).

Remmel tells us that

0 ifp+k>d—i
cNii) =9 x(u<e—1<wv)+xu<zr<v) if p+k<d—iand/iseven
x(u<z<vy)+x(u<z <) ifp+k<d-—1iand/is odd

and

0 ifp+k>d—i—1
chi—-Litl)=qdx(u<r—1<v))+xu<z<v)) if p+k<d—i—1and/iseven
X(u <z <o)+ x(u<z <)) ifp+k<d—i—1and/is odd.

Since vj < wp, v} < vy, and d —i — 1 < d — 4, this implies that ¢ (X, 4,4) > ¢ (N, i — 1,4+ 1). O

Remark 5.8. We define a sequence (Cp, C1,Cy,...) in VRep(W) to be strongly log concave if,
forall0 <k <i<j, C;C;—Ci_p®Cjti € Rep(W). We call an element of grVRep(W) strongly
log concave if its sequence of coeflicients is strongly log concave.

When W is the trivial group and C; > 0 for all ¢, strong log concavity is equivalent to log

concavity with no internal zeros. When W = S,, however, the element
Ft) = (142t + 22 + 3)V[2] + (3 + 2t + 2t* + 3t*)V[1, 1] € grRep(W)

is log concave with no internal zeros but not strongly log concave.

The notion of strong log concavity may be more natural than the notion of ordinary log concav-
ity, since it has the property that strong log concavity of f(t) and g(¢) implies strong log concavity
of f(t) ® g(t)E| This fails for ordinary log concavity, as we can see by taking f(¢) as above and
g(t) = (1+¢)V[2]. Conjecture[5.3]and Proposition[5.7/may both be generalized to the corresponding

“strong” versions.
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