TYPE /1] FACTORS AND INDEX THEORY

HIDEKI KOSAKI

1. INTRODUCTION

These notes are based on a series of lectures given at Seoul National University
in February of 1993. The Jones theory on index ([33]) has brought a revolutionary
change to the theory of operator algebras, and since the appearance of the theory
tremendous progress has been made for the subject matter and related subfactor
analysis by many authors. The paragroup theory due to Ocneanu (][54, 55]) and
classification results for subfactors due to Popa ([58, 59]) should be particularly men-
tioned. Details on the former can be found in Kawahigashi’s work [36]. In the lit-
erature on the index theory type I factors are mainly emphasized (although there
are many important exceptions). The main purpose here is to give an account on
the index theory and related topics with main emphasis on type III factors. The
author believes (and hopes) that structure analysis of type 111 factors will be further
enriched by the index theory (and vice versa).

In §2 we recall main ingredients of the modular theory and structure analysis on
type I11 factors (see [63] for example). However, instead of going into technical
details we consider typical examples arising from ergodic theory. In §3, after briefly
explaining Jones’ work [33] of index for 11, factors, we describe a notion of the index
for a normal conditional expectation onto a subfactor ([38]), Longo’s approach to the
index theory ([51]), a notion of the minimal index due to Havet, Hiai, and Longo
([26, 27, 51]), and the important work [56] by Pimsner and Popa. The importance
of graphs (as well as other combinatorial invariants) derived from successive basic
extensions was recognized from the early stage of the index theory (see [16]), and in
§4 those graphs are described for factor-subfactor pairs arises from group-subgroup
pairs (the approach based on bimodules can be found in [45]). In §5 inclusions of

type I11 factors are considered, and we begin by comparing the flows of weights
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of two factors in question ([23, 39]). Classification results for certain subfactors of
the Powers factor due to Loi and Popa are briefly explained ([48, 49, 60]). Factor-
subfactor pairs arising from relation-subrelation pairs or factor maps via the Krieger
construction (see [13, 46]) is very useful to describe typical inclusions of type I11
factors ([25]), and brief explanation on related topics is also given. The sector theory
originally occurred in [9], and its usefulness for the index theory was first noticed by
Longo ([51]). It is closely related to bimodule theory whose relevance in subfactor
analysis was first noticed by Ocneanu. The importance of this technique was further
confirmed in a series of papers by Izumi. Basic facts on the sector theory as well
as typical applications are explained in §6 (see [29, 30, 31, 32, 52, 53| for further
applications). For the reader’s convenience basic facts on conditional expectations

and operator valued weights used here are summarized in Appendix.

The author thanks Professor Sa Ge Lee and all the members of the operator algebra
seminar at Seoul National University for giving him the opportunity to give lectures.
The author is also indebted to Professor Jeong Hee Hong for typing a part of the
manuscript and various useful comments on materials. The main emphasis here being
type I11 factors, the author was forced to omit many important topics on subfactor
analysis in the type I1; setting. Also very recent works are not listed in our references.
Quite a complete updated list of references on the index theory and related topics

(especially those on type I'l; factors) can be found in the recent textbook [11].
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2. STRUCTURE OF TYPE [/l FACTORS

A von Neumann algebra M (C B(H)) means a strongly closed x-algebra of op-
erators on a Hilbert space H containing the identity operator I. A von Neumann

algebra M is called a factor if Z(M) =M N M’ = CI, where
M ={z € B(H)|yx = zy, y € M} (commutant).

The reduction theory says that every von Neumann algebra (with separable predual)

can be expressed as the direct integral (over the center) of factors
M= Y M(w)dw,

Factors are classified into the following types:
type I, factor (i.e., M,(C)) forn=1,2,---,
type I, factor (i.e., B(H)),
type I factor,
type 1, factor (= (type I, factor) ® B(H)),
type 111 factor.

A trace tr : M, — Ry U {oo} is a linear functional with the tracial property
tr(za*) = tr(z*z) for ¥ € M. The pair (M, tr) can be considered as a “non-
commutative” integral, and integration theory without Fatou’s lemma is meaningless.
Therefore, we always assume the normality of tr, i.e., tr is lower semi-continuous
with respect to the o-weak topology. It is said to be faithful when the condition
tr(z) = 0 (x € M) implies x = 0. Finally, it is said to be semi-finite if {z €
M tr(z) < oo} is o-weakly dense in M.

Let M be a factor. It is a type Il; factor if there exists a (unique) trace tr
with ¢r(I) = 1 (the normalized trace). In this case, we have tr(M,) = [0,1], i.e.
the continuous dimensions for the projection lattice M,, and the trace ¢r can be
extended to a linear functional tr : M — C with tr(zy) = tr(yx). The factor M
is of type Il if there exists a (semi-finite) trace tr with ¢r(/) = co. Here we have
tr(M,) = [0,00]. As in a type /I, case one can extend a trace to a linear functional
on M, but in this case the domain of tr is just a dense part in M. For example,
let M be the abelian von Neumann algebra L>(X, u) with u(X) = oo (although
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it is not a factor). The trace tr = [y -dp defined on L>*(X, p), is an infinite trace
(tr(I) = 00), and it is linearly extended to L'(X, u) N L>®(X, p).

Detailed analysis on type I factors can be carried out by making use of traces
while traces are not available for type 11 factors. For analysis on the latter the

modular theory is required.

2.1. Modular Theory and Structure of Type /] Factors. After recalling the
modular theory (the Tomita-Takesaki theory), we will briefly explain main ingredients
of the structure analysis of type I11 factors. Most works were done in the 70’s, and
details (and quite complete references) can be found in standard textbooks such as
[63].

Let M be a von Neumann algebra with a faithful state (or weight) ¢ € M. By the
GNS construction, we may and do assume that there exists a cyclic and separating
vector £ € 'H with ¢(x) = we(z) = (2€, ). Then

Sy 176, € ME, — x7E, € M,

is a conjugate-linear closable operator. Let S, = .J A;/ 2 be the polar decomposition

of the closure. We have

A, = S5,
JALT = ALY

and J is a unitary involution with J? = I. (When £ is a trace vector, S, is isometric

so that we have A, = I.) The fundamental theorem of the modular theory states
JIMJ =M and AIMA" =M (fort € R).

Hence {07 = AdAY|r}eer is a one-parameter group of automorphisms of M, called
the modular automorphism group (associated with ). The modular automorphism
group satisfies the following condition: For z,y € M we set f(t) (= f.,(t)) =
o(xof(y)). Then, f extends to a bounded continuous function on the strip —1 <
Sz < 0 analytic in the interior satisfying f(—i + t) = ¢(o7 (y)z). This condition is
known as the KMS condition, and it actually characterizes the modular automor-

phism group {07 }cr.
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Example 2.1. Let H = M, (C) equipped with the inner product (z,y) = Tr(y*z).
Then M = M, (C) acts on H = M,(C) as left multiplications. A positive linear
functional on M is of the form ¢(z) = Tr(h,x) with a unique density matrix h, > 0.
When ¢ is faithful, i, is invertible and § = h;/ 2 € H is a cyclic and separating vector.

Then we compute

(w€,€) = (ehf?, %) = Tr((h/?) ahy?) = Tr(hyz) = ¢(a),

v 'Y

showing ¢ = we. It is an easy (and amusing) exercise to check
Az = hyxhy,', Jr =1, ou(y) = hiyh,"

(for a vector z € H = M,(C) and for an operator y € M = M, (C)). Note that the
function f (= f.,) appearing in the KMS condition becomes f(t) = Tr(zh*yh'~").

Recall that C;(H), the trace class operators, is the predual B(H), and B(H) acts
on the Hilbert space Cy(H) = H ® H of Hilbert-Schmidt class operators as left
multiplications (or as x ® 1 in the picture H ® H). The reader is strongly encouraged
to do the above game for M = B(H).

Definition 2.2. The crossed product M = M x,0 R is the von Neumann algebra
acting on the Hilbert space K = H ® L*(R) = L*(R,H) generated by the operators
Tge () (x € M) and A(t) (t € R) defined by

(oo ()€)(5) = 0Z4(2)E(s),
(A()E)(s) = &(s = 1).

Note that x € M — 7, (z) is a normal representation, and we have the covari-
ance relation \(¢)mqe ()A(8)* = 7ye(0f (x)), which shows that the x-algebra (alge-
braically) generated by the two kinds of generators is exactly {37 ; e () A(¢;)}-
By passing to the closure, we can imagine that any = € M can be expressed as
x = [% Tee(x(t))A(t)dt (and it is obvious that elements of this form form a dense
subalgebra). Although the above expression can be justified for any = by making use
of M-valued distributions, we do not need it.

On the other hand, the crossed product M x, G by a discrete group G (relative to
an action o : G — Aut M) is much easier to handle. In fact, any + € M X, G can

be written as © = Y- e Ta(74)Ag. But the reader is still warned that the convergence
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here is in the L?-sense (not in the strong operator topology, etc.). If we further
assume that G is a finite group, there is no subtle problem on convergence at all. For
example, let us assume that « is an automorphism of period n (i.e. a™ = Id). Then,
it gives rise to a Z,-action on M. Since K = H ® (*(Z,) = H @ --- D H, 7,(z) and

n—times

A(g) are indeed B(H)-valued n x n matrices
Wa(x) = Z 0‘9*1(1‘) @ €g.g; )‘(g) = Z I ® egnn,
9E€Zn heZy,
where {eg s }4 ¢z, denote the obvious matrix units. In this case it is easy to see
that the crossed product (= {> ez, Ta(74)Ag}) consists precise of M-valued n x n
matrices [T 4]y 4¢cz, satisfying the condition ap(zy4) = Thgng -

Let us now go back to M = M x,¢ R. Identifying M with 7, (M), we always
regard M as a subalgebra in M x,» R and hence we write z = [*°_ z(t)A(t)dt € M
(i.e., we suppress 7,¢). A crucial fact is that the crossed product M =M x Ris
a von-Neumann algebra of type 1. In fact, it admits the natural (infinite) trace tr
given (at least formally) by

tr ( / ” x(t)A(t)dt) — o(a(=i) = ¢ ( / ” :z@)e—tdt) ,

—00 [e.e]

where #(t) = 5- [ z(s)e™*ds. The reason behind the fact that the above is a trace

is the KMS condition.
We define the unitary operator U (s € R) by

(U£)(t) = e ™(1).
It is plain to observe [mye(z),Us] = 0 and UA(t)UF = e *'\(t). Therefore, AdU,

leaves M (= M X, R) invariant, and {AdU,| i ser gives rise to a one-parameter
automorphism group of M. This is denoted by {0s}ser and called the dual action

(of {of}ter). From the construction, the dual action satisfies
Os(z) =z (x € M), 0s(\1)) = e ™A(2).

The construction so far depends on the choice of ¢, but the Connes Radon-Nikodym
theorem guarantees that (up to equivalence) the pair (M, ) does not depend on the
choice of ¢, and hence it is a very canonical object (attached to M). Very important

properties are:
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(i) the fixed-point subalgebra (M)? under the dual action is exactly M,
(ii) the dual action is centl?/lly ergodic (as long as M is a factor), i.e., {95|Z(M)}56R

is an ergodic action on Z(M).
For x = [*_z(t)A(t)dt € M, we see
0u(2) = [ (e e @t
0 (2)(r) = 5 /_ e a{t)edt = ifr - s).

With these, we conclude

o0

(2.1) trofs(z) = ¢ (/ Gs(x)(r)e_rd'r’) = ¢ </OO z(r — s)e_rd'r)

= (/OO fc(r)e_(r“)dr) = e °tr(x).

Thus, we have seen the trace-scaling property of the dual action, i.e., trof, = e 5tr.
Consider z = [*_ z(t)A(t)dt € M with z(-) regular enough in the sense that the
integral [0 0s(z)ds converges. Then, this integral is a f-invariant element and hence
falls into the fixed-point subalgebra M. Therefore, the map
reM—o (/ Gs(x)ds)

o0

gives rise to a (normal semi-finite faithful) weight on M. This is called the dual
weight of ¢ and denoted by ¢. We point out that the value ¢(x) is (formally) given
by

o ( / Z (e 2 (A1) dt) ds) — o((0)).
Also note that the invariance ¢ o 8, = ¢ is obvious from the definition.

Since {A(t) }+er is a one-parameter group of unitaries, the Stone theorem guaran-
tees A(t) = e with a self-adjoint operator Hy. We set H = efl* (> 0) so that
A(t) = H™. This turns out to be a Radon-Nikodym derivative of ¢ relative to the
canonical trace tr with the scaling property, i.e., ¢ = tr(H-). The following (for-
mal) arguments clarify the meaning of the factor e~ introduced to define tr: Let
x = [ x(t)A(t)dt be as usual, and we note

[e.e]

A (a) = / T H Ot + a)dt = / 2t — a)A(t)dt.

—00 —00
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Considering the both sides as functions of «, we differentiate them at & = 0 and then

divide the results by 4. In this way one gets y = xHy = [ y(t)A\(t)dt with

1 d 1d oo , o0 ,
y(t) = - » z(t —a) = - = . /_Oozf:(s)e’“(t’a)ds = /_OO st (s)e "*ds,
showing (t) = tz(t). Since H = efo, we have z = zH = [ z(t)\(t)dt with

z(t) = €'#(t). Now the trace value is computed by
tr(zH) = ¢ ( / O:O é(t)etdt) — ( / O:Oiz(t)dt) — o(2(0)) = ().

Note that ¢ = tr(H-) implies
(2.2) of = AdH™ = Ad\(t),

which is of course inner.

The preceding arguments are very formal in the sense that we did not worry about
convergence, etc. (although everything can be justified based on theories of weights,
left Hilbert algebras, and so on). However, in the next §2.2 the objects appeared so
far will be dealt with in a very concrete form. Indeed they are written in terms of

measure-theoretic data. We also point out that the map
reM, — / x)ds € M

is a typical (and probably the most important) example of an operator valued weight
(see Appendix 4). Note that the convergence of the integral is not guaranteed here
so that the value “400” could be possible. (For example, when z € M = (/\7)9,
we get [% 0s(z)ds = (+00) x x.) Therefore, more precisely we have to consider
the extended positive part M+ as the “range” of an operator valued weight (see

Appendix 2).

Definition 2.3. (Connes-Takesaki, [8]) The above-mentioned pair (Z(M),GS\Z(M))
is called the (smooth) flow of weights of M.

Note Z(M) = L®(X) and 0s|z(xr) 1s realized as a point-map Fj. Therefore, in
what follows (X, { F}ser) will be referred to as the flow of weights. The flow { F;}er
is a (non-singular) ergodic action on X as was pointed out, and it is an extremely

important invariant for the study of type I11 factors.
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In his thesis A. Connes classified type I11 factors further into type I11y, [11 (0 <

A < 1) and I11; factors. In terms of flows of weights, this finer classification means

(i) M is of type 11 if and only if X is a singleton (i.e., M is a type Il factor),
(il) M is of type I11, (0 < A < 1) if and only if {F;}scr has period —log A,
(iii) Otherwise M is of type I11.

Theorem 2.4. (Takesaki Duality) The crossed product (M x4 R) %9 R relative to
the dual action is isomorphic to the tensor product M @ B(L*(R)).

Since M = M @ B(L*(R)) for type 11 factors, the duality shows that M admits

the continuous decomposition
M= M\“ X R
with the type 11, algebra M and a (centrally ergodic) trace-scaling (tro s = e=5tr)

action {0s}ser-

It is also possible to express a type 11, (0 < A < 1) factor as a discrete crossed
product. A type I1l (0 < A < 1) factor can be written as M = My xg, Z with
a type Il factor My and tr o 6y = Atr. In the type 111, case, such a discrete
decomposition is M = M Xy, Z with a von Neumann algebra M, of type [
and tr oy = tr(e”/) with f € Z(My)t = L>(X,)". In this picture, the flow of
weights of M is the one built under the ceiling function f together with the base

transformation (Xo, F'), where F' is a point-map realization of 6|z ().

2.2. Krieger Construction and Examples of Factors. Murray and von Neu-
mann used the group-measure-space construction to produce many non-trivial (i.e.,
non-type I) factors. Here, we will explain the Krieger construction. The difference
here is: the former requires the freeness and the ergodicity to get a factor while
the freeness is not needed for the latter. The description presented here is due to
Feldman-Moore ([13]), and it is slightly different from the original description in [46].

Let (X, ) be a Lebesgue space, G a countable group of non-singular transforma-
tions acting (ergodically) on X. We introduce an equivalence relation ~ on X as

follows:

x~y <= y =gz for some g € G.
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Denote the graph of ~ by
Re ={(z,y) € X x X; v ~y} (= Ugec{(z, 97); * € X}).

Since the graph {(z, gz); * € X} of each x +— gz is Borel in X x X (equipped with
the usual product structure), the countability of G’ guarantees that so is Rg. Hence,
(by restricting the structure) we see that R itself is a Lebesgue space. Let u; be the

left counting measure on R defined by

u(€) = [ #(C N (v)duly)

for each C' € Rg. Here, m : (z,y) € Rg — y € X is the left projection, and the
above definition justifies the symbolic notation du,(z,y) = du(y). We have
| f@ydmia.y) = [ X f@y)duty).
Ra Xy~
We can also define the right counting measure pu, (dp.(z,y) = du(z)) on Re analo-
gously (by using the right projection 7,.). Then, both of dy;, du, are o-finite measures
(if p is) on Re, and they are equivalent in the sense of absolute continuity. Let § = %=

dpy
(the module of the equivalence relation R¢) be the Radon-Nikodym derivative. Note

dpe(z,y)  du(z)
(2.3) oz, y) = dp(z,y)  duly)’

from which we see

o(z,y) = 0(x,2)0(2,y)
for (z,z2),(2,y) € Re (and hence (x,y) € R¢g). Note that for (z,y) € R with
r =g 'y (g € G) we have

S(a.) = 85 0) = A0

showing that the module is the Jacobian (relative to the measure p) of the non-
singular transformation x — gx. In particular, we have §(z,y) = 1 in the case that
GG is measure preserving.

Let f, g € R¢ be nice functions on R¢ (bounded and “very small” supports). We
define the convolution product by

(f*g)(z,y) =D flz, 2)g(z,y),

zZ~T
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and we set L;(g) = f * g by regarding g as an element in L?(R¢,dpy). Then Ly (the
left convolution operator) is a bounded operator, and we consider the von Neumann
algebra W*(R¢) (acting on L?(Rg, du;)) generated by L’s.
We can prove that an arbitrary element in W*(R¢) is of the form Ly, i.e.,
(Li€)(x,y) = 3 f(@,2)6(zy)  (for € € L2(Ra, dpu).
The precise meaning here is that the right side is absolutely convergent for a.e.

(z,y) € Rg and the sum is equal to the left side. Moreover, we have
LyLg = Lp.g, and (Ly)" = Ly with f*(z,y) = f(z,y).
For example we compute

e = [ 3 a@ &)@ i)

_ /;ygla;y (Z;yf xzfzzy)>du()
_ /;yglg;y <;yfz:cfzzy)>dﬂ()
- [ 5 (S eosto ) Emlant
- /;yf )(2. )&= Y)duly) = (f *&1,6).

We now assume that Suppf C D = {(x,z); = € X}, the diagonal. We set

0 otherwise.

Floy) = { F(x) when z =y,

For another f’ (supported on D) corresponding to F’ we compute

(f = f)z,2) =3 fz,2)f (2,2) = F(2)F'(2)

zZ~T

and (f * f')(z,y) = 0 when x # y. This computation means
W*(Re) 2 {L; e W*(R¢a); Suppf C D} = L™(X, p)

with the correspondence f < F. The abelian algebra {L; € W*(R¢); Suppf C
D} (=2 L*™(X)) will be denoted by A.
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Lemma 2.5. The abelian subalgebra A is a MASA (mazximal abelian subalgebra) in

WH(Re), i.e., W"(Rg) N A = A.

Proof. Since A is abelian, it is enough to show W*(Rg)NA" C A. Assume x = Ly €
W*(R¢) commutes with L,, where g is supported on D and corresponding to G as

above. We notice f(z,5)G(y) = (f * 9)(,4) = (g% f)(@ ) = G(@) f(z,y). Since g
(and hence G) is arbitrary, we must have f(z,y) =0if z #y. O

We point out that the equality f(x,y)G(y) = G(x)f(x,y) in the above proof is
actually for a.e. (z,y) € R¢g. Therefore, to conclude f(x,y) = 0 for a.e. (z,y) with
x # y, one is not allowed to use uncountably many G’s. But we have a countable
family of separating subsets here, which does the job. This kind of arguments on
measurability, etc. is everywhere in the theory.

Let I'(9) = {(z,92) : * € X} C R¢ be the graph of g (and xp(,) denotes its
characteristic function). For a function f on R we compute

(e * £)(@,y) =D xrw) (@, 2)f (2, y) = fg2.y)
so that the convolution operator Ly, (in W*(R¢)) is a unitary because of
e+ 1P = [ S 1 g n)Pduty) = [ 3 19z, v)Pduty) = 1111
T~y T~y

It is straight-forward to check

XTg) = Xr(g-1)  and  Xr(g) * XI(g2) = XT(g102)-

Theorem 2.6. When the action of G on X is ergodic, W*(R¢) is a factor.

Proof. If x € W*(R¢) N W*(Rg)', then it belongs to W*(Rg) N A" = A by Lemma
2.5. Therefore, x is of the form Ly with a function f supported on D (corresponding
to F'). Notice

(Xr@) * f)(z,92) = > xrw (@, 2)f(z,92) = xvg(z,92)f(9z,92) = F(gx),

zZT

(f *xr@) (@, 92) = Y fz,2)xr) (2 92) = f(z,2)=F(2).

zZ~T

Since x must commute with all L ’s, the above commutation shows the invariance

XT'(g)
F(gx) = F(x). Since G acts ergodically, F'(x) must be a constant function. [
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In the rest we assume pu(X) =1 and set {§; = xp. Note

ol = [ 3 ot n)Pdpty) = n(X) = 1

Ty

so that & is a unit vector (in L?(Rg; ). Since L&y = f, it is a cyclic and separating
vector for W*(R¢). Let ¢ = wg, be the corresponding vector state on W*(R¢). The

value of this state is computed by

o(Lf) = (Lf&o,%) = (f*xp,xp) = (f;xD)
z/fonyxydu /frcxdu()

y~z

We set
(JE)(x,y) = 8(z,y)2E(y. 2),

and note that J is a unitary involution. In fact, we compute

R = [ 3109 y)lduty)

T~y

= [ 3 b vl o)Pduty)

Ty

— /R 8w w)IE (. o)y (v, )
- /73G\§(y,x)|2d,ul(y,x) = H§H2

Here, the third equality follows from %’:L—:(y,x) = 0(y,z) = 0(z,y)" " (see (2.3)). Let
A be the multiplication operator defined by the module . Then, A and J are the
modular operator (i.e., A,) and the modular conjugation respectively. In fact, we

compute

(JA3 f)(z,y) = 0(z,9) (A3 f)(y,3) = 0(x,y)20(y,x)2 F(y,x) = [(y, 2).

This formal argument is a bit dangerous, and actually more careful arguments (with

consideration of a core for the modular operator A, etc.) are needed. However, the

argument is quite standard, and the above description of A shows
O'f(Lf) = L5itf7

where § f denotes the point-wise product (i.e, (6 f)(z,y) = 6(z,y)" f(z,y)).
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Example 2.7. Let X = {1,2,---,n} with the counting measure. When G = &,,,
the symmetric group, acts on X in the usual way, the action is transitive and hence
R = X2 We also note that ; is the counting measure on X2 = {1,2,--- ,n}% The
Hilbert space L?(Rg, ;) in this case can be identified with M, (C) equipped with
the Hilbert-Schmidt norm via f < [f (4, )];;. We observe W*(R¢) = M, (C), acting
on L*(Rg, ) = M,(C) as left multiplications.

It is worth pointing out that what is relevant for the structure of W*(R¢) is the
graph R¢ (i.e., the orbits) rather than the G-action itself. For instance in the above
(somewhat simple-minded) example let us consider just the action of the subgroup
Z,, generated by the n-cycle (1,2, --- ,n). The subgroup also acts transitively (Rg =
Rz, = X?), and hence the resulting factor is the same M, (C). Therefore, we will
often write R instead of Rg. Our R = R¢ is a most typical measured groupoid
([4], see also [20, 21]), i.e., a principal measured groupoid. Furthermore, note that
each orbit R, = {y € X; = ~ y} = Gz is countable. It is known that an (abstract)
principal measured groupoid with countable orbits is always of the form R for some

countable group G (and its action).

The case when the action of G is ergodic and (X, u1) is non-atomic is important,
and in this case W*(R¢) is a non-type I factor. When G admits an invariant measure
i, then ¢(Ly) = [y f(z,z)dp(x) is a trace. Therefore, we get
(i) W*(R¢) is a type I factor if there is a finite invariant measure on X equivalent
to 1,

(ii) W*(Rg) is a type 11 factor if there is an invariant (but not finite) measure on
X equivalent to p,
(iii) W*(R¢) is a type I11 factor if there is no invariant measure on X equivalent

to u.

Example 2.8. Let X = [0,1). For a fixed irrational number 6, define Tx = x +
0 (mod 1) for x € X. Then T is a Z-action on X and W*(Rz) is a type II; factor.
When X = R and Q acts on R as translations, W*(Rq) is a type 11, factor. Indeed,
there exists a unique invariant measure up to scalar multiple on X (i.e., the Lebesgue

measure), but it is not finite.
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Let us assume that G acts ergodically and freely on X (i.e., {z € X; gr =z} isa

null set for g # e). Since x = gy for a unique g € G, we can define the map

@6 € LPRodp) — [ &0)duty) € [ CR,)duty)

which is a surjective isometry. Here, R, (= Gy) means the orbit of y, and &,(z) =
¢(x,y). Thanks to the freeness we can identify ¢*(R,) with (*(G) via §,(x = gy) <
&,(g), and hence

[ R nly) = DX EG)i ) (2 X 1) @ C(G).

In this picture we have
©:&(,) € LR, dp) — {&()byex € L*(X, ((G); )

with &,(g) = €(gy,y). It is an amusing exercise to see that PW(R)* @1 = L®(X, u) %
G, the crossed product, i.e., the group-measure-space construction by Murray and
von Neumann. In the usual group-measure-space construction both of ergodicity and
freeness are assumed to guarantee that L>°(X, 1) x G is a factor. On the other hand,
the only ergodicity was required in Theorem 2.6. Notice that the ¢*-space over the
orbit R, is smaller than ¢*(G) (unless the action is free). This means that W*(R¢)
acts on a smaller Hilbert space than L?(X, 1) ®/¢?*(G), i.e., the standard Hilbert space
of L>(X, ) x G, and the above-mentioned difference is caused by this fact.

Recall that a MASA A in a von Neumann algebra M is called a Cartan subalgebra
if there exists a (unique) normal conditional expectation £ : M — A (automatic

in the type I1; case) and there are enough normalizers (i.e., unitary normalizers for

A generate M).

[a¥)

Lemma 2.9. The abelian subalgebra A = L>*(X,pn) is a Cartan subalgebra in
WH(Rg).

Proof. We have already known that A is a MASA. Since 0¥(Ly) = Lgits, we see
0%|4 = id and there exists a normal conditional expectation E : W*(R) — A
(conditioned by ¢) by Takesaki’s theorem. In fact, £ is simply the map cutting
“off-diagonal components”, i.e., E(Ls) = Ly, .
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The unitaries L;F(g) (see the paragraph before Theorem 2.6) normalize A. In fact,

when f is supported on D, it is plain to see Lyr o LfL;F(g) = Ly with f’ supported
on D (and f'(x,z) = f(gx, gz)), which shows LXF(Q)AL;F(Q) = A

Notice Rg = UgecI'(g), and it is easy to see that any function supported on I'(g) is
of the form f * xr(,) with a function f supported on the diagonal D. Therefore, each
Xr( With

s together with A generate W*(R¢). O

convolution operator is a (possibly infinite) linear combination of unitaries L

coefficients coming from .A. Therefore, L, . ,

Conversely, a factor admitting a Cartan subalgebra arises from a relation R. Rough
idea for a proof is: A = L*°(X) and unitary normalizers give use to transformations
on X, which generate an equivalence relation. Since we have enough normalizers, the
resulting W*(R¢) recovers the original algebra. Strictly speaking, in this proof a 2-
cocyle enters. This is something one cannot avoid. In fact, in the famous construction
of a factor M not anti-isomorphic to itself a certain 2-cocycle plays an essential role
([3]). However, in the AFD case a 2-cocycle vanishes so that we will not worry about
2-cocycles in what follows.

The complete classification of AFD factors is known, and in all the cases model
factors can be constructed by using equivalence relations (see Examples 2,8, 2.12,
2,13, and 2.14). Therefore, every AFD factor admits a Cartan subalgebra. A very
deep result on conjugacy for Cartan subalgebras can be found in the Connes-Feldman-

Weiss paper [7].

2.3. Poincaré Suspension. In this section, for M = W*(Rq) we try to express
the algebra M = M x,. R in terms of an equivalence relation, which will enable us
to compute the flow of weights of W*(R¢) obtained via the Krieger construction.

We at first find a Cartan subalgebra in M. Since M = W+ (R¢) is generated by
Ly, (9 € G) and A = L®(X, p), M is generated by Toe (Lyp,y) (9 € G), Toe(A)
and A\(t) (t € R). At first we notice

A Tae (LAY = T (0P (L)) = e (Lg) (for Ly € A)
because of §|p = 1. We set B = (m,+(A),A\(R))" = A A(R)".

Lemma 2.10. The abelian algebra B is a Cartan subalgebra in M.



18

Proof. First let x € M N B. Recall that the modular automorphism group of the
dual weight ¢ is o7 = AdA(t) (see (2.2)). Since B contains A(t), we get
T € M@ = <M<pv )‘<t)>” =M, ® )‘<R)”

(see Lemma 5.3 in [19]). Thus, z is considered as an M-valued function on R
(after the Fourier transform). Also since B contains a ® I = a € m,+(A) and z must

commute with a, we get
reM,NA)RAR)"CMNA)@AR)" =A@ AR)",

showing that B is a MASA in M. For the existence of a conditional expectation,
notice that @|p is the dual weight of p|4 on AR A(R)"” = A x4 R from the construc-
tion. Hence @ is semi-finite on B, and o7 (B) = B. Then it follows from Takesaki’s
theorem that there exists a conditional expectation from M onto B.

It remains to show that B contains enough normalizers. But, for g € G we claim
Ad (ﬂ'gcp(LXF(g))) (To¢ (B)) = 7o (B) (and we know that 7, (L, ,,)’s together with B
generate the whole algebra). At first we note

Ad (e (Lyey,))) (Mo (A) = v (LieyyALyy,)) = Tor (A)-

We also note

At) o (Lxmg*l)) A(t)” = or (af (LXm*l))) = To® (L‘S“Xwg—l)) '

This is equivalent to A(¢)m,e (pr(gﬂ)) = Ty (L(gitxr(g_l)) A(t), and hence

i (LXr<g—1>) At) e (L‘S“Xr(gﬂ)) = To¥ (L(Xﬂg—l))*(‘sitxr(gl))) A®)-

We compute

(1) * (0" xr-n))(@,9) = D xrg1)(2,2)(6"Xr@-1)(2,y)
§(gx,x) forx =y,

— 5Zt , _ R =
(92, y)xrg— (97, y) {0 otherwise,

so that we conclude

(2'4) Mo (LXF(g) >)‘<t)7r0"’ (LXF(g) )* = Mgy (Lagt))‘<t>
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with the function a, supported on D and defined by a,(z,z) = §(gx, x). Therefore,
we have shown Ad(L,.,)(A(t)) € B as desired. [

The lemma shows that M can be written by using an equivalence relation, which
can be easily read from the computations in the lemma. Note that the above Cartan

subalgebra B C M is
B2AAR) 2 A® L*R) = L®(X xR)

under the Fourier transform on the second variable. Via the Fourier transform, the
generators m,¢(a) = a ® I (a € A) and A(t) (or more precisely I ® A(t)) correspond
to

a®l and I ® mg.

respectively, where m.i:- means the multiplication operator induced by the character

u— e™. Let f be a function supported on D and f(x,z) = F(x), and we compute

T (Lyey) ) (e (LOME) oo (Lyp))
— T (LXF(Q) LfL;‘mg)) Toe (ng)) NOL ( Lxmg))*
= Tov (LXF(H) LfL;kcr(g)) Tow (L“?) A,

where the last equality comes from (2.4). At first note that Ly\(t) appearing in
the far left side corresponds to the multiplication operator arising from the function
(,u) = F(x)e"™. Secondly, since xr(g)* f* X, (supported on D) corresponds to the
function © € D +— F(gx), the above far right side corresponds to the multiplication

operator arising from the function

(l‘, u) — F(gx)a;teit“ — F(gl‘)5(gl‘, l,)iteitu _ F(gl‘)eit(u+log6(gx’x))_

Thus, we observe that the transformation induced by Ad (WW (Lxm,))) on X x R is
(2, 0) > (g2, u+ log (g, )).

This is exactly the skew transformation of ¢ (induced by the “cocycle” §(-,-), the
Jacobian of the transformation).
Based on the computations so far we set X=XxR equipped with the measure

dp ® e “du (the meaning of the factor e™* will be clarified shortly). Let g € G act
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on X by

(2.5) g(z,u) = (gz,u + logd(gx, x))

(we use the symbol § to indicate the fact that it is acting on X). Let R (C X x X)
be the equivalence relation generated by the above action. From the discussions so

far one gets

WA (R) = M.
A few remarks are in order: First notice
dp(gr) @ e~ Woedlezo) gy — dy(z) @ e du

du(gz)
du()

since 0(gz,x) = . The measure preserving property here implies that

(L) = [ f(,u), (@) dp(a)e " du

XxR

gives rise to a trace (which corresponds to the general fact that M = W*(ﬁ) is
semi-finite). Secondly recall that the dual action 6, acts trivially on M and as
the multiplication of characters on A(R) (i.e., as the translation after the Fourier

transform). Therefore, we should consider

T, : X = X
(x,u) — (z,u+s).

(2.6)

Then, T, commutes with each § so that it normalizes R (i.e., (T, x T,)(R) = R). As
pointed out above, the dual action is given by 6,(Ls) = L. r_,.). Notice

rOL) = [ f((@u—s), (o= s)du(@)e  du
= [ (@), @u)da@)e du = e (L)

as expected (see (2.1)).

Lemma 2.5 and the argument in the proof of Theorem 2.6 show that the center
Z(W*(R)) is the fixed point subalgebra L®(X)¢. We write L®(X) = L®(Y), i.e.,
the ergodic decomposition of the G-action on X. Since T, and g commute, T induces
T,onY.

The discussions so far show
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Theorem 2.11. Let Y be the space of the ergodic decomposition of the G-action
(2.5), and T, be the transformation on'Y induced by Ty (see (2.6)). Then, (Y,{Ts}scr)
is the flow of weights of M =W*(Rg).

We will use the theorem in the following examples:

Example 2.12. Let X = R with the Lebesgue measure dt, and G be the “at + b”-

group
Gz{(% Z{);a,bGQ,a>O}

with the natural action ¢ — at 4+ b. Since the subgroup

(1) e

already acts ergodically on X, we see that G acts ergodically on X. For g =

g Zl) ) , we have 0(gt,t) = a. Set X = R x R with dt ® e “du, and j(t,u) =

(at 4+ b,u + loga). We need to look at the ergodic decomposition of X x X under
the G-action. If we choose a = 1, then the first space is killed by the density of Q.
Then, loga (a > 0) kills the second space. Hence the G-action on X is also ergodic
and we conclude L>®(X)¢ = CI. Therefore, W*(R¢) is a type I1I; factor.

Example 2.13. We keep the same notations as in Example 2.12, but we use a €
A2 (0 < A < 1) and b in the countable group generated by A% and Q. In this
case, we get L°(X)% = L>([0, —log \)) and T} is the translation (of period —log \).
Therefore, W*(R¢) is a type I11, factor.

Example 2.14. Let {F;},cr be a non-singular ergodic flow on (I';m). Here we
construct a type I11 factor whose flow of weights is exactly the given one, and the
construction below is due to T. Hamachi ([22]).

Let (Sp, Yo,v) be a type I11; ergodic transformation. For example one considers
the infinite product space Yy = I11%°_{1, 2, 3} with the shift Sy. The measure v is the

product measure of

1 A 1
T4+ 14X+ 1+ A+ p
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on the three-point space {1,2,3} with log A, log p rationally independent. Set X =
I'x Yy x R with m ® v ® e ?dv, and let

dm o F,
Fi(v,y,v) = <Ft%y,v+t+log - t(v)>,

dv o S,
S(v,y,v) = (% Soy, v + log 0(@/))-

dv

From the definition S is measure preserving. On the other hand, due to the presence

of t in the third variable, F; scales the measure by e~

. Note they commute so that
one gets the action of the product group R x Z. We would like to have an action of
a countable discrete group. Therefore, we take G = Q x Z and restrict the action to

this subgroup. More precisely, for g = (¢,n) € G the action is

dmo F, dv o S”
1 0 )
- (v) + log - (y)>

(2.7) 9(7,y,v) = <Fq% Soy, v+ q + log

At first we note that this action is ergodic. The crucial fact here is that the above
transformations for ¢ = 0 act ergodically on the second and third spaces. In fact,
when ¢ = 0 the action on the last two spaces is exactly the one defining the Poincaré
suspension of Sy (see (2.5)). But it is ergodic thanks to the I7]; assumption. Note
that a function (on I') invariant under {F} },cq is also invariant under {F;}scr since
Q is dense in R. Therefore, the desired ergodicity of the G-action comes from that
of the given flow Fj.

For the computation of the flow of weights, as usual we set X=TxYyxRxR
with m ® v ® e dv ® e “du, and let

dv o S}

. n dupo F,
(2.8) g(v,y,v,u) = (Fq% Sy, v+ q+ log%(v) + log (y),u— q> :

which is measure preserving. We need to look at the ergodic decomposition under
g’s. At first by specializing ¢ to 0, as above we immediately see that the second
and third spaces disappear. Thus, it suffices to look at the ergodic decomposition of
I' x R under the Q-action

(77 u) = (Fq77u - Q)
As above the density of Q permits us to go back to the R-action (v, u) — (Fyy,u—t),

and the dual action 6, here corresponds to (v, u) — (v,u + s). We observe that an
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A~

invariant function under the above R-action is of the form f(v,u) = f(Fyy) with a

function f on I'. The dual action 5 behaves like

fru) = f(ruts) = f(Fursy) = f(F(F))

(see (2.6)). Thus, we have seen that the flow of weights is exactly the given flow
<F7 {FS}SGR)-

3. INDEX THEORY

We briefly recall the Jones index theory ([33]) for II; factors. Let M D N be an
inclusion of I factors, and we regard that they are acting on the GNS Hilbert space
Hy = L*(M) induced by the unique normalized trace tr. The unitary involution
J of Hy, determined by Ay.(x) — Ay-(z*) (where Ay @ M — Hy, is the canonical
injection) satisfies M’ = JM.J. Tt is well-known that the commutant N/ is a factor
of either type II; or I1,,. Let ey be the orthogonal projection on the closed subspace
Ay (V) (C Ay (M) = L*(M)). This projection is referred to as the Jones projection,
and it is easy to see that ey satisfies ey € N’ and Jey = enJ. In fact, these

properties come from the fact that A.(N) (and hence its closure) is invariant under
the left multiplication of A/ and the adjoint operation (i.e, J). When N’ is a type I1;
factor, the Jones index of M D N is defined by making use of coupling constants.
In the present case, M is acting standardly on L*(M), and the Jones index [M : NV]
is (defined by)

1 dimys L2(M)
[M :N:I = == . 2 )

trav(en) dim g L?(M)
where try» denotes the unique normalized trace on N’. When N’ is of type I, we
simply set [M : N = oo.

Theorem 3.1. (Jones) The index (M : N for an inclusion M 2O N of type 11,

factors belongs to the set

{40052 (%) n:3,4,5,-~-}u[4,oo].

Moreover, all of the above values are actually realized for some subfactors in M = Ry,
the hyperfinite 11, factor.
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The restriction of the projection ey : L*(M) — L*(N) to M (2 A, (M) C
L?(M)) gives rise a normal conditional expectation Ex : M — N. Basic properties

are:

Lemma 3.2. (i) Ex(nimny) = niEx(m)ny form € M and n; € N,
(1) Exlnv = Idy,
(ii1) enzen = En(z)en forz € M,
(i) = € M satisfies exx = zey if and only if v € N.
Proof. (iii) It suffices to check eyxxzenyéy = En(x)enyéo (y € M), where £ = Ay (1)
is the GNS (trace) vector. However, we compute

exvenybo = exthu (Ex(y)) = Ao (En(En(y))) = A (En(2) Ex (),

En(x)enyéo = Ex (@) A (En(y)) = Au(Ex(2) Ex(y)).
(iv) When [eyr, 2] = 0, we have Ex(z)en = enxen = wey by (iii). Hitting the both
sides to &, we get En(1)& = x&y due to ey = &, showing x = Ex(z) e N. O

The above (iv) means N' = M N {ex}’ so that we have N = M’V {ex}. The
basic extension M; of M D N is defined as
My =JIN'J=JIM IV {JenJ} = MV {en} (= (M, en)").

We obviously have N' C M C My, and (when [M : M] < oo) the index is preserved
M : N] = [M; : M]. Tterating this procedure, one obtains a canonical tower of
type 11, factors (called the Jones tower):

NCMCM; =(M,e) C My= (Mj,eper) C---,
with eg = enr, €1 = enq, ---. The successive Jones projections ey, €1, es, - - satisfy
e;e; = eje; when i — j| > 2,
eicit1e; = M N e,
This is essentially (3.5) (to be proved later) and restriction of index values comes
from these relations (see [33]).

When [M : N] < oo, one can let the factors act on a Hilbert space K in such

a way that the action of N is standard. For example, one can choose a projection
p' in the commutant of M (C B(L*(M))) satisfying trae(p') = [M : N]71, and
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we set K = p'L*(M). The amplification x € M — xp' € Mp' being isomorphic
(and the same for N), we can regard that M 2 N are acting on K, and easily see
that the action of NV is standard (by looking at the coupling constant - - - dimpy, K =
trae (p') dimpar L2(M) and trag = trae | e, see [33] for details). Let Ju be the unitary
involution on K as above arising from N, and we set P = Jy M’ Jy,, a subfactor of
N . Tt is obvious that M is the basic extension of N’ D P, and because of this reason

P is called a down-ward basic extension of M 2 N.

3.1. Index for General Factor-subfactor Pairs. Let M O A be (not necessarily

type 1) factors. Here, we explain how to define
Ind E € {4c052(z); n=34>5,--- } U [4, o0
n

for a given normal conditional expectation E : M — N. The definition is based on
Connes’ spatial theory ([5]) and Haagerup’s theory ([18]) on operator valued weights
(see Appendix 4), and details can be found in [38].

Let M be a von Neumann algebra acting on a Hilbert space K (the action is
not necessarily standard). Let ¢/’ be a weight on the commutant M’ with the GNS
representation (Hy, Ay, my). For € € K let RY'(€) be the operator from H, to K
defined by

RY (§)Ay(a) = ¢ with D(RY) = Ay (MNy) (C Hy),

where My = {2’ € N'; ¢/(2"*2") < oo} is the definition ideal. It is plain to see

y'RY(§) € R (©mw(y) fory' € M,

R”(y¢) = yRY(€) fory e M.
When R¥'(€) is bounded (the extension is still denoted by RY'(€)), ¢ is called a 1'-
bounded vector. The set of all such vectors (in K) is denoted by D(KC, ¢’) (the density
of which can be proved). For each £ € D(KC, ") we set

07 (¢,€) = RV (R (£)"

The above first (intertwining property) shows 8% (¢, &) € M., while the second means
the bimodule property 6% (y€, y&) = yo¥' (€, €)y*. We now take a weight ¢ € M,

and set

£ € DK, ¥) — q(&) = ¢(6(£,€)) € Ry U {0}
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It is a quadratic form, and actually lower semi-continuous. We set
D(q) ={& € D(K,¢"); q(§) < oo}, the domain of g.

By the Friedrich theorem, there is a unique positive self-adjoint operator H such that
D(q) is a core for Hz and q(§) = ||Hz&|[? for € € D(q). This H is referred to as the

spatial derivative of ¢ relative to v, and denoted by j—lf/.

Remark 3.3. We consider three typical cases. Details are left to the reader as an
exercise.

(i) Assume that the action of M on K is standard. Let ¢’ = wé\oﬂ with a cyclic and
separating vector & € K. Then, we may regard Hy = K and Ay (2') = 2/&. It is
easy to see 0¥ (€,&) = xa* for & = 2, € M&. Therefore, the above quadratic form
is ©&y € M&y — ¢(xza*), and the spatial derivative % is nothing but the relative
modular operator A 5 with = wg:)" e M/.

(ii) Assume M = B(K). Then M’ is one-dimensional, and let ¢ = 1. Then, we
have 0¥ (€,€) = € ® £, the rank-one operator determined by ¢ € K.

(iii) Assume M = CI. Then, we have M’ = B(K) and ¢ = T'r(hy-) with the
density operator hy. In this case we get 0% (£,¢) = <h1;,1§, £).

Important properties of spatial derivatives are
dy do ~1 do it do —it )
d—gb = (dT//) and d—’(z)’ X d—'(?Z)/ = 0y (l’) for x € M

We also have

d¢ it d¢ —it
(d@/)%) (d—?//> = (D¢1; Dg); (Connes’” Radon-Nikodym cocycle)

for another ¢; on M.

At first we see that the spatial theory gives us a canonical (order-reversing) bijection
between the weights on M and the operator valued weights B(K) — M’. Let ¢/’ be
a weight on M’ as before. For a weight ¢ on M, we consider the weight y = TT((ZZI )
on B(K). Then, for 2’ € M’ we compute

du\ dur /
@(f):(%) o <%> — o ().
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Therefore, we have a unique operator valued weight F' : B(X) — M’ such that
X = TT(%~) =1’ oF. We claim that this F’ does not depend on ¢’ and it is uniquely
determined by ¢. In fact, let 1] be another weight on M’ (giving rise to F}). Then

we have

d'll)l it d’(/)/ —it
(D' o F):d( o F)), = (D di}), = <d—¢> ( W)
which in the Radon-Nikodym derivative between T r(%-) and xy = Tr(%-)_ These

are ¢’ o F' and 9| o F} respectively so that we conclude

(D@ o F);d(¢y o F))y = (D(¢" 0 F);d(¢)f © F1))s.
This means ¢} o F' = 9] o F} and hence F' = F as desired. The operator valued
weight F to M’ constructed so far is denoted by ¢!

Conversely, assume that an operator valued weight F' to M’ is given. Let ¢, be
weights on M, M’ respectively. Then, the composition ¢’ o F' is a weight on B(K)
so that ¢/ o F' = Tr(K-) with a non-singular positive self-adjoint operator K. For
' € M’ we have

it ) pr—it _ WoF N oy dw/>it /(dw,>_it:<%>_it /(%)it
K"K of 7 (2") =g/ (o) <d¢1 x o a0 x a)

. —it
Therefore, D, = K% (m) “is a unitary in M, and it is actually a o?'-cocycle

!
because of
do it do —it
Dy s =D, (dz/i) D, (d??i) = Doyt (Dy) (for t,s € R).

Thus, one finds a unique weight ¢ on M with D, = (D¢; D¢;) thanks to the converse
of Connes’ Radon-Nikodym theorem. We denote this weight ¢ on M by F~!. Since
i —i —1
(D¢; D¢y) = (;—l‘f,) ' (33%) t, from the definition of D; above we get K = (j—lf,) =
‘Z—ﬁl. Thus, we get /' o F =Tr ((%) ) =i o¢lsothat F=¢ ! (=(F 1))
The above discussions show that ¢! is characterized by

(3.1) Vot =Tr <‘;—lg ) .

Figure 1 (the inverse ¢ 1)
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For a rank-one operator £ ® £¢ (£ € K) we have
,l/}/
dg

which is equal to 1/(6%(£,€)) from the definition of the spatial derivative dw . There-

fore, we see

(3.2) ¢TI E®E) =0°(€,9).

The computation

(§®€C )

Wod(Ewe) = ( H ‘W

(D6 D3") = (D' 0 67Y); D' 0 651)), = (dz//)“ (dz//>

dg1) \dés
= <d¢1> | (d@)Z = (Dé1; Dé)

dy’ dy’
shows that the bijective correspondence ¢ «— ¢! is order-reversing.

If M = B(K), then ¢ is a weight on B(K) and ¢ = T'r(h-) with the (non-singular
positive self-adjoint) density operator h. The operator valued weight ¢~ : B(K) —
M' = CI actually means a weight on B(K). Remark 3.3,(iii) and the above imply
¢Y~! =Tr(h™') in this case.

Let M D N be a factor-subfactor pair with an operator valued weight E. We
assume that they act on a Hilbert space K (not necessary standard). Let ¢’ be a
weight on M’ respectively. Then, ¢'~! is an operator valued weight B(K) — M
and we consider the composition Eo/~!: B(K) — N. Its converse (Eov’~1)~!is
a weight on N. Let ¢ be a weight on N. From (3.1) we note

Tr (d(E oq/1)~1
dy
The composition ¢ o E o ¢)'~! is a weight on B(K). Recall that the density of its

inverse weight is just the inverse operator of the density of ¢ o E o1’~!. This means

() oo (457)

and hence

)= Eouy ot = (popou

d(E o w/fl)fl _ d’g/)l
dg ~d(poE)
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This equality obviously implies that modular automorphism groups associated with
(Eod/™1)7! and ¢ (on M’) agree on N. Thus, there is a unique operator valued
weight F': NV — M’ such that (Foy/ )"t =4'o F, that is, Eot/~! = (/o F')~L.
Let us write F = E~!, and since ¢ o (¢/ o F)™! = (¢ o E) o)/ we get

Ao F)  dy

de d(poE)’
The construction of F' does not depend on v¢'. Indeed, let ¥ be another weight on
M’ (giving rise to Fy). Then, we see

A o P)\" (dwio )\
(H57) (U)o

:< dy’ )“( ] )‘“:<MWoFU”<awofn>”
d(poE)) \d(pokE) d d '

Hence, we get 9| o F' = 1] o F, that is, F' = F} as desired.
Let us write ' = E~!, and we note

doE™Y)  dyf
(3:3) dp  d(poE)

Figure 2 (E~': NV — M)

It is obvious that this relation uniquely determines E~!. In particular, we get
(E~1)~! = F and the chain rule

(Ego E) ' =E o Ey! for M- N
Since E~'o ¢! = (¢p o E)~! (¢ is a weight on N), from (3.2) we have the following
description of £~
(34) E7H(0°(£,€) = 677(&, ©).

From now on we assume that E : M — N is a normal conditional expectation.

For each unitary «’ in M’ we have
W ETH Dt = BTN W Tu*) = E7Y(I)

by the bimodule property. Since M is a factor, the above computation means that

E~Y(I) is a positive scalar (or +00).

Definition 3.4. Ind E = E~'(I).
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It is possible to show that the value E~1(I) is independent on the choice of a Hilbert
space on which M acts (by checking the effect under reduction and amplification).
The above chain rule for E~! readily says the multiplicativity of our index Ind(Ej o
E) = (Ind Epy) x (Ind E).

To get a basic extension and so on, we now assume that factors are acting on
Hpor = L*(M) (¢ is a faithful state on N). As in the type I; case we get the Jones
projection ey € N’ defined by exzéy = E(2)& (9o F = wg, and & € L*(M)y).
This projection ey does not depend on the choice of ¢ and satisfies the properties in

Lemma 3.2. As in the I1; case we set
M = JN'J = (M,ey), the basic extension of M D N.
We assume Ind E < co. The map (Ind E)"'E~': N' — M’ satisfies
(Ind EY'E~Y2) = (Ind E)"'E~'(/rI/x)
= (Ind BY"WzE ')z = «

for x € N, which means that (Ind E)"'E~! is a conditional expectation. The basic

extension F; of F is defined as
By =(Ind B)Y"JEYJ-1)J: M; — M.

We have Ind E = Ind E; (which easily follows from (E~!)~! = FE). Recall we saw
69°F (&0, &) = I (Remark 3.3,(i)). Since exHyor (= L*(N)) is a standard Hilbert
space for NV, the operator R¥(£) used to define #9(&, ) is given by

6./\/'1‘60 S eNHcpoE B l{ € HcpoE

in the present case. In particular, 0¥(&y, &) = ex and (3.4) say E-l(en) = I.

Therefore, we conclude
(3.5) Ei(en) = (Ind E)'I.
As in the I1; case, by iterating the above-explained procedure we get the tower
NCMCM,C---

of factors and successive conditional expectations. When M D N are type I1;
factors, we have the canonical conditional expectation £ = E) determined by the

unique trace tr. In this case we have Ind E = [M : N], the Jones index. In fact, let
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& € L?*(M;try,) be the unit trace vector for M. Then, wg‘/ is a unique normalized
trace trap. Since trag = try o B, we observe
dtr g dtry
- dtrag - dtrpg o E—1
(see (3.3)). This shows that tryy o E~! (on A7) is tracial, and it is proportional to

trar. Recall that the Jones index comes from the coupling constant
(M N = dimpr (L2 (M, trpq)) = tra(en) ™
while we get tryy o E71(ey) = 1. Therefore, we must have
trar = [M N rap o B

Comparing the values of the both sides against the identity operator I, we see

Ind E =[M:N].

3.2. Longo’s Approach. Let M D N be properly infinite von Neumann algebras
acting on the Hilbert space L*(M) with a common cyclic and separating vector &.
Therefore, we have the modular conjugations Ju ¢,, Ja,¢, acting on the same space.

The endomorphism 7 (= 7g,) = AdJy g Im, e, : M — N is called the canonical
endomorphism of M D A ([50]). In fact, for another cyclic and separating vector &
we have v¢, = Adu oy, for some unitary u € N, i.e., v doesn’t depend on the choice
of & (up to inner perturbation). Actually we need not use a common cyclic and
separating vector in our further theory. Any modular conjugations Jxr, Jy( (coming
from a state or a weight) work fine for our purpose.

We begin with the semi-finite case. Let A O B an inclusion of type II; factors.
Then, M = A® B(H) 2 N = B ® B(H) is that of type Il factors, and we
have the canonical endomorphism . Let try, be a trace on M. Since a trace is
unique up to a scalar multiple, try, and tr,, o v are proportional. Actually we have
trpoy = [A: B] tra. Instead of showing this, we look at the following more general

situation:

Lemma 3.5. Let M D N be an inclusion of type Il factors. Furthermore, we
assume that a trace try, is semi-finite on N so that tra, gives us a conditional
expectation from M onto N satisfying tra = try o E with try = trag |n. In this
case we have try oy = (Ind E) trp.
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Proof. We set

trae = trap(Jpm " Jym) and  trae = tra (v " ),
where everything is acting on H = L?(M;try). At first we show %ﬁi = 1. For
r € Ny, (the definition ideal of trp), R (A4, (x)) is given by

Aty (y) — YA () = Aery, (y2).
Therefore, R"M(Ay,,,(x)) is the right multiplication by z, that is, Jya*Jpy, and
hence the quadratic form giving rise to the spatial derivative %% is
A () — trpp (072 (A (7), Agry (7))

= tryp (Ima"zdpm) = trp(a’z) = (A (2), Mg, (2)).

Therefore, we get %Mi =1, and the identical argument also shows %M = 1. From
M TN
(3.3) we compute
d(t?"M/ o) Eil) o dt’l"M/ . dt’I“M/ 1 dt’I“NI
dtry Cd(try o E)  dtry, diry

so that we see trypy o E~' = try+. For x € M, we compute
tra(x) = traw (E7 (2)) = (Ind E) trag(z),
showing try |pe= (Ind E)trae. From this (for x € M, ) we compute
trm(y(2)) = try(v(@)) = tra(In(Jma™ Im) ™ Iv)
=try(Jpmz"Im) = (Ind E) trap(Ipmx*Iym) = (Ind E) tra(z).
U

Note that the arguments in the above proof work as long as E~'(1) is a scalar
(even if M, N are not factors).

Next let M D N be type 111 factors with a normal conditional expectation F :
M — N. For a faithful ¢ € N, we consider the composition ¢ o E € M}. Then

the modular automorphism of°% satisfies

(1) ofF|y =07, and (2) Eoof" =ofoFE.

From (1) we get the inclusions M =M x,0r R DN = N %0 R of type I
algebras, and (2) implies that E extends to E : M — N via E(/°, z(t)\(t)dt) =
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25, E(x(t))A(t)dt. From the construction, we get the compatibility of all the relevant
structures (such as the dual actions, the canonical traces, and so on). The canonical
trace-scaling traces actually satisfy tr |y = trg, and E indeed arises from triy
(details are at the beginning of §5.1).

Let us assume that M D N are type I11; factors at first, and let 7 : M — N be
the canonical endomorphism. Since M D N are type 11, factors by the assumption,
as before we conclude ¢r;0% = A try7. However, we point out that this phenomenon

is completely general.
Lemma 3.6. The same conclusion holds in general, i.e., triz oy = A tryy.

Proof. At first note that tr o4 is also a trace and hence tr,; o5 = try(h-) with

h = %f‘f’—y affiliated to the center Z(M). Also the modular conjugations J@ and
M

J; coming from the respective dual weights are given by

(Jm8) (1) = Al Ims(—t), (Jz6)(t) = AL JnE(-1)

for a vector ¢ € L2 (M) ® L*(R) = L*(R : L?(M)). The unitary U(s) implementing
the dual action (see §2.1) obviously commutes with the above J’s so that the canonical

endomorphism 7y = AdJ@J@ and the dual action 6, commute. From (2.1) we notice

(t'r’ﬁ o) (0_s(x)) = trgof_so F(x) = e’ try o y(x),
tro(h_s(x)) =try 00_s(0s(h)x) = e’ tr(0s(h)x).

Thus, we see tri; = tri; o Y(0s(h)) and h = 04(h) for each s € R thanks to the
uniqueness of a Radon-Nikodym derivative. Hence, we get the lemma from the central

ergodicity of {0;}ser. O

In [51] the constant A in Lemma 3.6 was defined as the index of E. Although
M, N are not factors, we actually have (E)~(I) = (Ind E)I (as will be seen based
on Theorem 3.12). Therefore, Lemma 3.5 (and the comment after the proof) shows

that the index in this sense is the same as Ind E.

3.3. Minimal Expectation. If M NN’ = CI, then there exists a unique normal

conditional expectation F (if it exists). But generally there are many E’s, and let
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us minimize Ind F over all possible E’s. At first we consider the simple-minded

example:
CI=NCM,(C)=M

acting on C". Note N/ = M,,(C) and M’ = CI. A normal conditional expectation
(onto C) means a state E = Tr(h-) while an operator valued weight E~! = Tr(k-) :
M,(C) = N/ — C = M’ means a positive functional. We have k = h™! as
was pointed out before, and the eigenvalues {\;};—12.., of h sum up to 1 due to
Tr(h) =1. We get Ind E = E~Y(I) = ¥, \;!, and hence

min{Z)\il; A > 0, Z)\izl } = n?.
i=1

Note that the minimum is attained exactly when \; = %, ie, £ : M,(C) — Cis
the normalized trace.

Let us go back to the general case, and we assume Ind E < oo (which does not
depend on the choice of E). We will here see that min{/nd E} is attained for a
unique conditional expectation ([26, 27, 51]).

At first we recall the notion of a local index. From a projection p in M NN’ we
get the inclusion pMp 2O Np. Note E(p) € N NN’ = CI, and the map E, defined
by

v € pMp — E(p)"'E(z)p € Np
is a conditional expectation. As was seen in Propositions 4.2, 4.3, [38], the index of

E, (i.e., a local index) is given by

(3.6) E(p)E~'(p) > Ind E, (and the equality holds if o (p) = p).

The conditional expectations are parameterized by the state space of the finite-
dimensional algebra M N N’. More precisely, E «— E |pnn is known to give
rise to a bijective correspondence to the state space of the finite-dimensional relative
commutant M NN’ (see Appendix 3). Let

k
MNON' =3 %M, (C),
=1

and we at first require that F |y~ I be tracial. Let p; be a minimal projection in the
i-th component M, (C) (note that the values F(p;) e NNN' =C (i =1,2,--- k)
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determine the trace E |pn7). We secondly require E~! = const. x £ on M NN’
(the constant is of course Ind E). Look at the reduced system p;Mp; 2 N'p;. This is
an irreducible inclusion so that the index (= y;) is unambiguously determined. Our
requirement and (3.6) force p; = p x E(p;)?, that is, E(p;) = % with p = Ind E

for simplicity. On the other hand, we must have the normalization property

F= B = B = 300

It means /i = Zle niy/fi, and hence we conclude

E(p:) = % (and B! (z:: m@)) .

We have seen so far that the two conditions
(i) FE is tracial on M NN’
(i) E~!' = const. x E on M NN’
uniquely determine a state on M NN (and hence a normal conditional expectation).

By FEy we denote the unique conditional expectation specified in this way ([27]).

Theorem 3.7. We have Ind Ey = minInd E, furthermore Ey is a unique mini-

mizer.

Thanks to this theorem, Ej is referred to as the minimal conditional expectation
of M D N. We often write

Ind EOZ [M IN]O.

We point out that in the I]; case the conditional expectation £ = E) is not neces-

sarily minimal. A typical example is the locally trivial inclusion
MDON ={z+0(zx); z € pMp}

arising from a projection p € M and an isomorphism 0 : pMp — (1 — p)M(1 — p).
In fact, the Jones index is [M : N] = Ind E = tr(%ﬁ + ﬁr(m (Corollary 2.2.5, [33])
while the minimal index in [M : Ny = 4. An inclusion for which F' = E)y is minimal

is called extremal in the literature.
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Proof. We start from an arbitrary conditional expectation F' (i.e., a state on MNN").
For each 7 € {1,2,---,k} we choose and fix a family {p;;};=12,.. », of orthogonal
minimal projections in M, (C) summing up to the identity in this matrix algebra.

We set a;; = F'(p;j), and notice that the normalization condition F\(I) = I is

i=1 j=1
On the other hand, p;; and p; are unitarily equivalent via a unitary in M NN’ and
hence p;; Mp;; 2 N pi; is conjugate to the irreducible inclusion p;Mp; 2 Np; so that
(3.6) says F~1(p;;) > £iand

ij

k n;

k n;
Ind F =YY E '(py) > Z

i=1 j=1 i=1j=1 O‘w
The use of Lagrange multipliers tells that the minimum of Y% it “—? subject to
(3.7) is Ind Ey = (XF_; ni\/ii)?. Therefore, we establish the m1n1mahty Ind F >
Ind Ey. Moreover, it is straight-forward to see that this minimum is attained only
when «;; = % (independent of j for each 7). If Ind F = Ind Ey, then this
condition has to be satisfied for all p;;’s. This means that F' must be at first tracial

on M NN’ and that the value of F' against a minimal projection in each component

M,,,(C) has to be S < Therefore, we must have F = Ey. [
o1 eI

If F : M — N is minimal, then so is the basic extension E; : M; — M (notice
the general fact o = oF, ', a consequence of (3.3)). Note that even if M NN’ = CI
we have M; NN’ # CI and the minimality of o E; : M; — N is not so clear.
But it is indeed the case as was shown in [43], and more generally the composition
of minimal expectations is always minimal ([52]). A very interesting proof (based on
bases, see Theorem 2.9) of this fact can be found in [37].

Let {p;}iz12... » be a partition of I consisting of minimal projections in M N AN".
The arguments before the above lemma tell the additivity of square roots of indices
(33) (M N = SlpMp: Mplg
(piMp; D Np; is irreducible). From the arguments in the above proof we observe that

the validity of the additivity (3.8) for all partitions consisting of minimal projections
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actually characterize the minimal expectation Ey ([26, 51]).

We claim that the reduced expectation E, : pMp — Np (p € M NN’) is also
minimal as long as F is. In fact, let ¢ be a (minimal) projection in pMp N (Np) =
p(M N N)p. Then we note

(Ep)g(x) = (Ep(q)) ' Ep(x)g = (E(p) ' E(q)p) ' E(p) ' E(x)pq = E(q)~'E(z)q.

Thus, we get (E,), = E,, and \/Ind (E,), = /Ind E, = vVInd E E(q) since E is
minimal. On the other hand, we have Ind E, = (Ind E)E(p)?, and hence

VInd(Ey), = \/Tnd By Ep) " Eq) (= \/Tnd B, E,(0)

(p is the identity in pMp). Therefore, the additivity (3.8) is valid for E, and E, is
minimal as desired.
Note that this claim shows the additivity (3.8) is also valid for any partition even

if p;’s in M NN’ are not necessarily minimal projections. In fact, in this case (3.6)

becomes [p;Mp; : Npilo = E71(pi)E(p;) = [M : NoE(p;)*.

3.4. Pimsner-Popa Paper. There are various useful ways to compute Ind E. Let

us briefly mention the work by Pimsner and Popa ([56]).
Theorem 3.8. (Pimsner-Popa inequality)
E(z) > (Ind E) 'z for all v € M.

The equality is attained for z = eyr. Furthermore, (except type I case) if € > 0 is
the best constant satisfying F(z) > ex for x € M, then Ind E is the reciprocal of

€.

Proof. We consider the standard action of M on H = L*(M). Let ' € M’
(faithful) with the vector £,» = A,/ (1) satisfying x' = we . A vector § =y € MEy
is a y’-bounded vector and RX'(¢) = y. Hence, we see X (¢,€) = yy* € M, (Remark
3.3, (i)). Since E~Y(I) = Ind E < oo, we have X' o E~' € N’} and we consider the
operator

I: Ay(2") e K — Apop—1(2) € Hyrop—1.

Since

1A vep—1(2)|[P = X 0 E7H(a"a) = (Ind E) x X'(a"*a") = (Ind E) x ||Ay(a")]?,
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I gives rise to a bounded operator with norm less than (Ind E )% Notice
RY(€) € RXFTHET and I'RYF7(€)" € RY(€)".
Therefore, we get

0¥ (¢,€) = RX(E)RX ()" < |[I]]> x RY°F (&) RY"F " (¢)*
< (Ind E) x RXPT (RN (€)" = (Ind E) x 0¥°F 7 (£,€).

(If € = y& is a (X' o E~1)-bounded vector, the above estimate is obvious. Otherwise,
the both sides still make sense as elements in the extended positive part of M,
see [18].) Recall E(0X(€,€)) = 0X°F71(£,€) because of (E~1)"! = E (see §3.1 and
especially (3.4)) while we have 6% (¢, &) = yy*. Therefore, the above inequality means
yy* < (Ind E)E(yy*), and we are done. [

Note that the above proof works even if M D A are not factors.

Theorem 3.9. (Pimsner-Popa basis) If Ind E < oo, then we can find elements
{1, Ag, -+, A} © M such that

(3.9) S hieaAr =1

This {\1, A2, -+, A\ } is called a Pimsner-Popa basis for N' C M (it is really a basis
as will be seen below), and the theorem can be proved based on the next lemma. (In
fact, after performing a down-ward basic extension M D N D P, one can repeat the

argument in the first paragraph of the proof of Theorem 3.12 for the Jones projection
ep € M)

Lemma 3.10. (Push-down lemma) When Ind E < oo, for each x € M there exists
T € M satisfying xen = Teys.

The lemma readily follows from wey = (Ind E)E;(zen)en (r € M;y). This
formula is trivial for x € M and & = aexb (a,b € M), and hence it comes from the
fact that an element generated (algebraically) by M and ey can be rewritten as a
sum of the preceding two kinds of z’s (a consequence of basic properties of eyr).

For x € M, thanks to (3.9) we compute

zen =Y NexAizeny = > NEy(Ajz)en.
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Then, by hitting the both sides to {y = A, (1), we get x&y = > N\ Enx(Afx)&, that is,

r=> NEy(Az).

This means that M is a finitely generated (actually projective) N-module (when
Ind E < c0). Furthermore, by applying E; to (3.9), we get

I =FE(I)=> Ei(hexA) =D NEi(en)A; = (Ind E)™" Y N

and hence Ind E = Y \;A7. Such bases also play important roles in Watatani’s C*-
algebra index theory ([66]), and indeed the above is the definition of Ind F in his
theory.

Example 3.11. Let NV be a factor equipped with an outer action a : G — Aut(N)
of a finite group G. We set M = N x, G, which is a factor thanks to the outerness.
Let
E:) gz eM—z. eN
e

be the unique (due to M N AN’ = CI) normal conditional expectation. Recall
L2 (M) = L*(N) ® £*(G) and an operator here can be expressed as B(L*(N))-valued
matrix with indices from G. In this matrix picture we have A, = > ;<4 €gn,n and

ex = € (Where e denotes the unit in G). It is plain to see \jen\; = €44 and hence

Z AgEN A, = Z egq = 1.
geG geG
Therefore, {\g }4eq gives rise to a Pimsner-Popa basis, and Ind E = 3 c; A\, = #G

as expected.

3.5. Characterization of the Basic Extension. The following characterization

of the basic extension is useful:

Theorem 3.12. Let E : M — N be a normal conditional expectation. Assume
that L is a von Neumann algebra containing M and a normal conditional expectation

E: L— Mis given. ]fﬁ possesses a projection € with the central support I such
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that

E(&) =X"T () > 0 scalar)
NE(i€)é =3¢ for i€ L
éxe = E(x)é for x € M,

then there exists an isomorphism m from L onto the basic extension M satisfying
@) =ep, n@x) =2 (xeM)andrwoEort =X"VJE(J-J)J. In particular, we
have E~Y(I) = AI.

The second condition is nothing but the content of the push-down lemma (see the
paragraph after Lemma 3.10). Some characterization results are known for factors
(see [57] and also [25]). But note that algebras are not necessarily factors in the

theorem.

Proof. Choose partial isometries @y, 0y, --- in £ such that %, %607 = I (when
M D N are type I1; factors the number of v;’s needed here is [Ind E] + 1). Hence,
cach © € L can be written as z = Y2, x%f)iéf}j 3. Therefore, the second condition

guarantees

o
r =) wex; with z;= AE(275:6) € M.
i=1

At first we note E o E(z¢) = E o E(éx) for each € £. In fact, we may and
do assume z = aéa* (a € M) from the above and then this follows from the first
and third conditions. We choose and fix a faithful normal state ¢ on N and set
Y =¢oFE € Mf. Let A = Ay be the canonical injection from M into the GNS

Hilbert space Hy, and we set 7(z)A(m) = AA(E(zmé)) for z € M and m € M. We

estimate

INA(E(@mé))||? = A (E(zmé) E(zme)) < N4 (EB(em*z"amé))
< NJJz|[*y (E(ém*mé)) = N||al|*¢ o E (E(E(m*m)é))
= Mz|*¢ o E (m*m) = M||[*||A(m)]]*.

Therefore, 7(z) extends to a bounded operator on H,, (still denoted by 7(z)). It is
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routine to see that 7 is a normal *x-homomorphism. For example we compute

(A(me), m(@)A(ma)) = MAGm), A(B(@*ma)) = M (E(Emsz)m )
= M) o E(émbamy) = Mp o E(mizmyé) = M ( E(:cmlé))
= (m(@)A(ma), A(ms)),

where the fourth equation follows from the fact that € is in the centralizer of E o E.

The image 7(£) is a von Neumann algebra acting on Hy. We claim that 7 is
injective. To see this, let us assume 7(z) = 0. As was seen in the first paragraph we
have 2, viepwf = 1 with v; = ME(9:¢) € M. Since A is injective, by hitting 7 (z)
to the vector A(v;) we see E(zv;€) = 0 and hence zv;év; = ME(xv;é)év; = 0. Thus,
we get x = 0 by summing up over .

For x € M and ej we compute

7(2)A(m) = M(E(2mé)) = M (@mB(#)) = A(wm) = my(2)A(m),
7(&)A(m) = M(E(émé)) = A(B(E(m)e)) = A(E(m)) = exA(m),

where 7y (2) = 2 denotes the GNS representation. Since M and é generate L, we
have 7(£) = (M, ex’)” = M.

We claim E(-) = Az~ Y (JE~(Jr(-)J)J). By the discussion in the first paragraph,
it suffices to check the both sides against x = aéa* (a € M). But, the both sides
obviously give us A 'aa*. Thus, we conclude 7o Eon~ ! = A"VJEY(J - J)J. O

As a typical application of the above characterization, we consider the compatibility
of taking crossed products and the basic construction. Let M D N be a factor-
subfactor pair with a normal conditional expectation £ : M — N (Ind E < o0).
Assume that o : G — Aut(M) is an action with a;(N) = N (i.e., o, € Aut(M;N))
and a0 E' = Eoq,. Note that the second requirement is automatic if M NN’ = CI
or more generally if F is minimal since oy o E o (a,) ™" is minimal. This condition is
also automatic when M D N are type II; and E comes from the unique trace. We

set M x, G D N x, G. Note that F extends to E from M x, G onto N x,, G.

Let exr be the Jones projection, and u, be the canonical implementation of a;,. We
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compute

UgeN UG = uge/\fo‘;(“’)fso = ugE(‘)‘;l(x))f@o

= g0y (B(2))E, = E(0)é, = exat,

(poay = ¢ = wg,) so that we have ugenuy = ey. Therefore, Adu, gives rise to
an action of M; = (M, epr)”, which is denoted by a, again. Note that this is an
extension of the original action a, (on M) and ay(ex) = enr. We have eyr = 7, (enr) €
M x G. Let By : My — M be the basic extension. Since E(ey) = (Ind E)~'I
(see (3.5)) and ay(en) = ey, we see Ej o, = a, 0 E; and we get the extension

Ei: M{xG— MxG.

Proposition 3.13. The above My x,G is the basic extension of M x,G D N %, G.
Moreover, Ey is the basic extension ofE M, G — N x,G.

Proof. The central support of ey in My is I, and hence that of ey = m,(en) as
an element in M; x, G is also I. We easily check all the conditions in Theorem
3.12 for the triple (M7 x, G, ey, E1> based on the fact the same is true for My, en
and E,. For example we check the second condition (Ind E)E;(zey)en = xey for
T € M1x,G. By the continuity, we may and do assume that x is of the form >, x4,

(finite sum with x, € My). Since Ajen\; = ay(en) = e, we get
ren = Z:cg)\gej\/ = Z TgAgen A Ay = ngej\/)\g.
9 9 9

Note E; acts on the above “coefficient-wise”. Therefore, by applying (Ind E)El, we
get
(Ind E)E,(zey) = (Ind E)El(z TgenAg) = > (Ind E)Ei(zgen)rg =D zgenAg,
g g g

which is exactly zey. O

The original inclusion M O N and M x, G 2 N x, G are sometimes quite
different. In fact, they may have completely different invariants (for inclusions), and
the simultaneous crossed product is sometimes used to get new inclusions (called the

orbifold construction). Very thorough investigation on this construction was made
in [10] (see also [17] for the non AFD case).



43

4. FACTOR-SUBFACTOR PAIRS ARISING FROM GROUP-SUBGROUP PAIRS

Here we consider factor-subfactor pairs arising from group-subgroup pairs to see
many concrete examples of principal and dual principal graphs. The discussions here
are common for all (non-type I) factors.

Let P be a factor equipped with an outer action « of a finite group G. For a

subgroup H we get the factor-subfactor pair
M=Px,GDON=Px,H
by looking at the crossed products. We have M NN’ C MNP’ =CI and Ind E =

#(G)/4(H), and furthermore the unique conditional expectation is given by

E(Z l‘g)\g) = Z {L‘h)\h (ZL‘g S P)

geG heH

Set Hy = {h € H; ghg™* € H for all g € G}, which is the maximal normal sub-
group of H. If Hy # {e}, then Hy is normal in G and it is easy to see that the pair
M D N is isomorphic to the pair

(P X HQ) (H/HQ) (P X HQ) (G/HQ)

By considering H/H, instead of H, we may assume that Hy = {e}.
We will compute the principal and dual principal graphs of M D N in this section.
Our argument here are very direct, and the (better in some sense) proof based on

bimodules can be found in [45].

4.1. Basic Extensions. For ¢ € (*(G/H) we set

(p(9))(g'H) = &g g'H).
Then, g — p(g) is a unitary representation, and o, ® Adp(g) gives rise to a G-action
on P ® B({?(G/H)). We imbed ¢*(G/H) into B(¢{*(G/H)) as diagonal matrices,
ie., f € (>*(G/H) is identified with the corresponding multiplication operator m; €
B(¢*(G/N)). For my € (>(G/H) (or more precisely f € (*(G/H)), we compute
(p(g)mysp(9)"€)(g'H) = (myp(9)"§) (g™ g H)
= flg7'g'"H)(p(9)€¢) (g~ g'H)
= flg7 g H)&(g'H) = (my(-198)(g'H),
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and hence Adp(g) leaves (*°(G/H) invariant.
We set
M = (PeL*(G/H)) Xagadp G,
the crossed product. Then M; is a factor since the action a, ® Adp(g) is outer
on P ® (*°(G/H) and free on the center Z(P @ (>*(G/H)) = (*(G/H). The map
El(zg Tghg) = >4 YgAg determines a normal conditional expectation F; : M; —
M, where y, = 775 Symean Lq(g'H) is the average of z, € P @ (*(G/H). We

#(G/H)
set e = m(1® 0y) € My, and note that ég (= ms,, ) corresponds to the matrix eg .

Lemma 4.1. M is the basic extension of M 2D N and e is the Jones projection.

Proof. We check the conditions in Theorem 3.12. At first we note
1 1
Bi(e)= =m0+ 40+ 140+ +0) = ————1.
= Sem)! )= Ferm

Suppose T = Y T4eaxyAg belongs to M. Then, z, is an element in P =P ® [ —
P @ (>*(G/H) and we have E(x) = Y ,cg tpAn. Since (Adp(h))(dy) = du, we have
[An,e] =0 and

E(@)e=>Y xpeln =Y (zn @ I)(I @ 6p)An =Y (2 @ dr) A

h h h
On the other hand, we have
exe =Y exghgeAiAg =Y (14 ® ) Ageli A,
g g
Since A\geA; = I ® dgm, we get
exre — Z(l’g ® 5H59H))\g = Z(l’h ® 5H))\h7
9 h
and hence exe = E(x)e for x € M.
Let . = Y, 24y € M. Then, each z, is an element in P ®(>°(G/H)) so that it is

a P-valued function on G/H or the diagonal matrix >,y (2,(9'H) ® dyr). We note

re = ng)‘ge)‘y)‘; =221 ® Ggrr)Ag = D (24 (gH) @ Gg11) Ag-

g g 9

Hence, we have

#(G/H)Ey(ve)e = (z4(gH) ® I)Age =D (24(gH) ® dg11) g,

g g
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which means #(G/H)E;(ze)e = ze for x € M. O

Set
Mz = (7) X B(ﬁQ(G/H))) Na@Adp G

Then M is a factor since a, ® Adp(g) is an outer action on P ® B((*(G/H)). Let
Fy be the canonical conditional expectation from B(¢*(G/H)) onto (*(G/H), i.e.,
the one kills all the off-diagonal components. Then, the formula Ey(>",z4A;) =
>, (idp ® Ey)(14) Ay determines a normal conditional expectation Ey : My — M.
Note that B(¢*(G/H)) is regarded as matrices with indices coming from G/H. In

the lemma below the matrix

11 --- 1
11 --- 1
Z €gH,gH = . .
gH,g'H . . . .
11 --- 1
plays a crucial role. Namely, what is so special about this matrix is the following
rules:
diy dip -0 dp\ (101 -0 1 Yedie Xpdi o Xpdig
dy dyp oo don | |11 e T f | Bpdoe Xgdok - X dok
oy dy o ) \L 1 e 1) \Spdue Sidue 0 Spdu
Sy da 0 0 11 --- 1
0 S do v 0 11 --- 1
0 0 con Suda) \11 o1
11 1\ /dy 0 0 11 -1 11 1
11 1 0 dy 0 11 -1 n 11 1
. . = Zdi X . .
o T N o o T = o T
11 --- 1 0o 0 --- d,)\1 1 - 1 11 --- 1

Lemma 4.2. The factor My is the basic extension of My 2O M and the Jones

1
projection is given by ey = ———— | [ ® egt.g'H |-
G/ ( P )
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Proof. We use Theorem 3.12 again. At first Es(e;) = m[ is obvious. As-

sume z = Y x,A, € M. Then, z, € P ® (*(G/H), and we have E;(z) =

> ((m g H xg(g’H)) ® I) Ag. Since 3y g €gr,gr and Ay commute, we get

1

Ey(r)e; = W ; ((QZH%(Q,H)) ® (HizkHelHkH)) Ag-

From the second rule before the lemma it is easy to see that e;xe; gives rise to the

same result.

Also one has to check #(G/H)Es(ze)ey = xey for x € My, Note that o =
S,y € My with z, € P ® B({*(G/H)), i.e., a full matrix with entries from P.
Based on the first rule before the lemma one easily checks the identity, and details
are left to the reader. [

Repeated use of the two lemmas obviously gives us the following description of the

Jones tower:

N =P x,H,

M =P x, G,

M =(PeI*(G/H)) Xagadp G,

My = (P ® B((*(G/H))) Xagadp G,

Mz = (P B(*(G/H)) @ >(G/H)) XNawadpwadp G,
My = (P®B((*(G/H)) ® B(*(G/H))) Xasadpsadp G,

with product actions a ® Adp ® --- ® Adp of G. Also note that imbeddings are
specified by

B(*(G/H)® - @ B(*(G/H))
— 8(62(5/1;;)5) ®---®@BP(G/H)) 20>(G/H)

n-times
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withr1® - e, — 11 ®---®x,® I, and

B(EQ(G/H)) R ® B(Ez(G/H)) @l (G/H)
< BA(G/HY) @ - @ BUA(G/H))

(n+1)-times

as diagonal matrices. It is of course possible to write down successive Jones projec-

tions.

Let us compute the relative commutants, and we begin with
M1 ﬂ./\/, = {(P X EOO(G/H)) Na®Adp G} N {73 Ao H}/

An element z = Yz A\, € My (z, € P ® (*(G/H)) belongs to € M; NP’ if and
only if

(4.1) yry = x4(ay, @ Adp(g))(y) forally € P and g € G.

Note that everything here is a (P-valued) diagonal matrix and moreover y € P =
P @ I is constant along the diagonal. For g # e, comparing (¢'H, ¢’ H)-components
of the both sides, we get yx,(¢’H) = x,(¢'H)o,(y). Since oy is outer, we must
have x,(¢’H) = 0. This is true for each ¢'H so that we get z;, = 0. On the other
hand, for ¢ = e we must have z.(¢’H) € P NP = CI. Therefore, we conclude
My NP = (*(G/H) and hence My NN’ = (*(G/H)", the fixed-point algebra
under the H-action Adp(h).

Next we compute
MynNN' = {(P® B(*(G/H))) Xagadp G} N{P %, H} .

Let x = Y x4\; € My, and as before we begin with the computation of My NP’
The requirement is (4.1), but notice z, € P ® B({*(G/H)) this time, i.e., z, is a full
matrix. Based on the outerness as before we observe that the (g1 H, go H )-component
z4(g1H, g2H) can be non-zero only when g = e and z.(¢1H, goH) must be a scalar.
Therefore, we get My NP’ = B({*(G/H)) and hence My NN’ = B((*(G/H))H.
Inductively, the algebras MsNN’, MyNN', MsNN’, --- can be computed. The

similar arguments also give us description of the algebras {M; N M'}.
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Theorem 4.3. With the imbeddings described before, we have

MiNN' = ((=(G/H)",

My NN = (B(*(G/H)))",

MsON' = (B(C(G/H)) @ ((G/H))",

MiNN' = (B(E(G/H))  B(E(G/H)))",

Ms NN = (B((G/H)) @ B(((*(G/H) @ (=(G/H))",
and

Mz M = (B((G/H)))®,

MM = (B(C(G/H)) ® (=(G/H)),

My M = (B((G/H)) & BI(G/H)))C,

Ms O M' = (B((G/H)) @ B((¢*(G/H)) @ (=(G/H)),

Here, the action (of H or G) is given by Ad(p(g) ® p(9) @ --- @ p(g)).

4.2. Principal and Dual Principal Graphs. We begin with the computation of
the dual principal graph, which is much easier. The tower M N M’ C MyN M’ C
MzN M’ C --- is determined by the inclusions
(4.2) (B(E*(G/H)))® < (B(E*(G/H)) © ¢=(G/H))®

C (B(*(G/H))® B((*(G/H)))® € ---

Since the G-action here is transitive, we have the following:

Lemma 4.4.
(B(*(G/H)) ® ((G/H))" = B((*(G/H))".
Proof. Let
¢ ¢ (B(*(G/H)) ® (*(G/H))® — B(C*(G/H))"
be the map defined by > z,y ® dyn — xpy. (Note that since the H-action does not

move dg we observe xy € B(*(G/H))".) Then this gives the required isomorphism.
In fact, when z € B(¢*(G/H))!, we have (Adp(gh))(z) = (Adp(g))(x). Therefore,
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the map @' defined by ®'(z) = 3,5 (Adp(g))(z) ® dgp is well-defined. It is easy
to see that @1 is indeed the inverse of ®. [

It follows from Lemma 4.4 that the first two steps of the inclusions (4.2) become
B((G/H))” € B(*(G/H))" C (B(*(G/H)) ® B(*(G/H)))".

The first imbedding is the natural one as a subset. In fact, we have

B(*(G/H)) < (B(*(G/H)) @=(G/H))" = B(*(G/H))",

x — 11 =3,57®dy A x.

The above second imbedding is given by
B(*(G/H)" = (B(*(G/H)) @ (>(G/H)) C (B(*(G/H)) @ B(*(G/H)))¢
v B SulAdp@)@) @6 = Teu(Adp(9))(@) © corrn
Note that the fixed-point algebra B(¢*(G//H))® is the algebra of self-intertwiners for
the representation p (on ¢*(G/H)) of G. Hence, its algebra structure determines the
irreducible decomposition. Note that B(¢?(G/H))™ is the algebra of self-intertwiners
of p|y, and the above first imbedding (i.e., the natural one) corresponds to m € G —
Rest%m at the level of representations. On the other hand, the second imbedding
corresponds to 7 € H — I nd%m (see standard textbooks for details on induced
representations). Hence the dual principal graph is determined by
(The starting point (corresponding to M N M’ = CI) is the identity representation
of G.) The assumption Hy = {e} at the beginning of the section implies that all the
irreducible representations appear in the n-fold tensor product p® p® ---® p (for n
large enough). Therefore, the above induction and restriction procedures exhaust all
the irreducible representations.
We next go to the principal graph. From the relative commutants M NN’ C
MiNN' CTMy;NN' C--- we get

(4.3) B(C*(G/H)" € (B(*(G/H)) ® ((G/H))"
C (B(*(G/H)) @ B(E(G/H))H C -
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The H-action on (*°(G/H) is not transitive here, and let
01 e {H}7O2 — {gH,ngu"'}7“. 7011

be the orbits of the H-action on G/H (i.e., we consider the double cosets). Choose
and fix a representative g;H € O; for each i (g1 = €). The isotropy subgroups of g; H
is

Hi={hec H; h;H = g;H} = g;Hg; ' N H.
(Note Hy = H and H/H; = O;.)

Lemma 4.5. The map

d: (B(A(G/H)) @ (>(G/H))" _>Z€9B (*(G/H))H

=1

defined by ® (Z Toa @ 59H) = ZEBxgiH gives rise to an isomorphism.

gH i=1
Proof. At first we note z,, i € B((*(G/H))™ so that the above map makes sense. Let
= “x; with z; € B(*(G/H))":. When gH € O; we can choose h € H satisfying

=1
gH = hg;H and we set z,5 = Adp(h)(x;). Note that h is not unique but ambiguity
comes from the isotropy subgroup H;. Hence, the H;-invariance of x; shows that the
above x4 is well-defined. We easily observe that Z @xgH ® gy is invariant under

gH
the H-action and that the map assigning this to x is obviously the inverse of ®. [

Via the above isomorphism the first two steps of the inclusions (4.3) become

n

B(*(G/H))"? Z B(*(G/H))" C (B(*(G/H)) @ B(*(G/H)))".

The first imbedding (B(¢*(G/H))" Z B((*(G/H))" is given by z — Y “x
-1 i=1
while the second imbedding Z@ C(G/H)" C(B(A(G/H)) @ B(*(G/H)

=1

given by Z g — Z Tgr @ egmgr- Here, in the second imbedding z,5’s are deter-
i=1 gH
mined as in the proof of Lemma 4.5.
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Summing up the discussions so far, we see that the principal graph is described by

H nd 17, H;
=144

2 rest F

H rest, 1", H;.

(The starting point (corresponding to N'N N’ = CI) is the identity representation
of [_jl = H)

Example 4.6. Let M = P x &, O N = P x &,,_; with the symmetric group
S, (n > 3) and the subgroup

S,o1={0€6,; o(n) =n}.

Notice 6,,/6,,1 = {1,2,--- ,n} on which &, acts. Since &,,_; shuffles the first
n — 1 points and fixes the last n, we have two orbits: the trivial one O; = &,,_; and
the other O,. Take g; = e and g, = (n,n — 1) (transposition) as representatives, and
we observe

Hy=6,1 and H;= QQGn—192_1 NGS,_1 = 6,9

with &,,_o = {0 € G,; 0(n) =nand o(n—1) = n—1}. Therefore, the vertices of the
principal graph are parameterized by S,_1 I1.5,_, (even levels) and So1 (odd levels)
while those of the dual principal graph are parameterized by S, (even levels) and Sn1
(odd levels). For the pair P x 2, O P x 2,1 arising from the alternating groups
2,, we can do the same thing. For n > 4 we have two orbits (when n = 3 we have
2, = {e}), and the two isotropy subgroups are 2,,_; and 2,,_, again. For 2,, and &,
irreducible representations are parameterized by Young tables, and the irreducible
decomposition of their induction and restriction is described by the branching rule
(for Young tables). For n = 3,4 the principal and dual principal graphs coincide.
However, for n = 5 they are different (for both of &,, and 2,,).

Figure 3 (the graphs for 6,/63)
)

Figure 4 (the graphs for 20, /23

Figure 5 (the graphs for G5/6,)

Figure 6 (the graphs for 5 /21,)
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5. INCLUSIONS OF TYPE [II] FACTORS

Here we analyze structure of inclusions of type 111 factors (of finite indices). When
a pair M D N of type I, factors has finite index, M and N possess many properties
in common (see [56]). For example N is AFD if and only if M is, and hence in this
case M and N are isomorphic as factors due to the uniqueness of the hyperfinite
I factor. On the other hand, in the (AFD) type II1 setting the assumption of
finite index does not guarantee that involved factors are isomorphic (see Example 5.5
for most typical examples). Therefore, when analyzing a pair of type 11 factors,
we should begin by investigating how close the 111 -types (0 < A < 1) of involved

factors are. This can be done by comparing flows of weights.

5.1. Stability of /11, Types. Assume that M D N are type 1] factors and E :
M — N is a normal conditional expectation with Ind E < co. Let E; : M; — M

@poE

oFoF1 _
lm= 0", we can

be the basic extension of E. Since of”" |[y= of and of

consider the inclusions
./\7/1 :Ml NacpoEoEl RQM:M NgcpoERQ.//\\/;:NNULpR

of crossed products (which are algebras of type I1). Recall that dual actions and
dual weights, etc. are around for these algebras. From their definitions we easily see
the compatibility:

91{\;‘1 |M:«9f;‘ and goﬁEl ‘M:%\Ev

6 [g=0" and o FE |g=.
In particular, the dual weights ¢ cEo El,m give rise to the natural conditional

expectations E~1 and E respectively. It is easy to see
B ( / ~ :c(t))\(t)dt) -/ Y Be(t)Ab)dt for / T HOMDdt € M

and the similar expression for E; (think about the projection from L2(M) onto
L2(N)). Tt is important to notice (from Proposition 3.13) that M; and E,; are the
basic extensions of M O A and E : M — N. Note that Theorem 3.12 says
E~Y(I) = (Ind E)I. Moreover, the compatibility of the canonical traces is also valid

trg ‘/\7: r 7,



53

since the dual weights are compatible and the Radon-Nikodym derivative H between
the dual weight and the trace (recall (2.2)) is affiliated with /. Also we may consider
E, E; as the ones arising from the canonical traces because of
trgoE=¢po EHE()=@¢(H'E()) = triyo k.
From M D) N, we have
E v MAN — Z(N)

by passing to the relative commutant, and moreover the Pimsner-Popa inequality
(Theorem 3.8)
E(z) > (Ind EY 'z for ze(MNN'),

is valid. Notice
ZWN)=NON CMON A (M VN)=ZMnN).
Thus, we can consider the further restriction
E ERaE ZMNN') — Z(N),

and of course the Pimsner-Popa inequality remains valid. Let N = [ Xy N (w)dp(w)
be the central decomposition so that we have

— @

ZW) = [ CLdp(w) = L*(Xy).
XN
Notice
ZMON)YCMNN CNVN = ZNY

so that the center Z (/\7 NN’ ) of the relative commutant is decomposable over Z(N)

and we have
_ ®
ZMAN) = / Audp(w)
XN

with abelian algebras A,,,.
Let

- @
Bz zinim = /XN Edp(w)
be the disintegration of E|Z(/\7m\7/)’ and notice that {E,, : A, — C}, is a field of states

in the present case. We obviously have E,(z) > (Ind E) 'z for a.e. x € (A,),. At
first we claim dim A, < Ind E. In fact, let {p;},—12,... » be a partition of I consisting
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of projections in A,,. Let \; = E,(p;) > 0sothat 1 = E,(I) =X, Eu(pi) = Xy Aie

On the other hand, the Pimsner-Popa inequality shows )\; > (Ind E)~! so that we

we get
1= \>nx(Ind E)”",
=1

that is, n < Ind E. Secondly, notice that the measurable function w +— dim A, is
invariant under the dual action {f}scr since it commutes with E. Therefore, the

central ergodicity implies that dim .4, is constant, and we conclude
Z(Mvmﬁl) = LOO(XN X {1a27 ,TL})

with some n < Ind E. Hence, we have seen that the restriction of the dual action to
Z(MNN') gives us an n to 1 extension of the flow of weights of A
Starting from E, : My — M, we can of course repeat the identical arguments.

In this way we get
ZMiN M) = L®(Xp x {1,2,--+ ,m})

so that the restriction of the dual action to Z(M;NM'’) gives us an m to 1 extension
of the flow of weights of M. On the other hand, M, is the basic extension of M D N,
ie., M, = JN'J with the modular conjugation J associated with M. The map j
defined by j(z) = Jx*J gives rise to an anti-isomorphism from MinM'’ onto MNN,
and hence we have the isomorphism between Z(M;NM’) and Z(MNN"). Note that
J commutes with the unitary defining the dual action (see the description of .J in the
proof of Lemma 3.6) so that j intertwines the respective dual actions. Therefore, we
can identify Z (M N /\7’) and Z (M NN ") equipped with the respective dual actions,

and we have shown

Theorem 5.1. (Hamachi-Kosaki, [23]) Let M 2 N be type II1 factors and we
assume that there is a normal conditional expectation E : M — N with Ind E < oo.
Then, the flow (X, FN) of weights of N and the flow (X, FM) of weights of M
admit a common finite-to-one extension (X, Fy):

(Xar, 7)o (X, F) —— (X, FM).

Moreover, integers n,m are equal or less than Ind E.
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For example assume that M is of type I1];, i.e., X is a singleton. Then, the
theorem says that X and X, are finite sets. Therefore, the ergodic flow (X, Fy)
must be the trivial one, i.e., N is of type III,. In this way we get the following
corollary ([23, 47]):

Corollary 5.2. Assume M, N are of type 115,111, (0 < X, u < 1) respectively and
Ind E < oco. Then, we have

(i) A=1"1if and only if p =1,

(i) A =0 if and only if p =0,

(idi) if 0 < A\, < 1 then pu = \» with some integers n,m < Ind E.

Note that the only measure class on the flow space X is specified (from Z(M) =

L>*(Xnm)). Fine measure-theoretic structure on this matter and related quantities
(such as an entropy) seems to have direct relevance to study on finer structure of
the corresponding type I1l, factor. One typical and (supporting) result is: the
flow of weights of an AFD type 11, factor admits a finite invariant measure if and
only if the factor contains an irreducible type [II; subfactor which is the range of
a normal conditional expectation (of typically infinite index). This area probably
deserves further investigation, and here analysis on subfactors of infinite index might
be important. Note that the preceding theorem says (for example) that the flow of
weights of M admits a finite or o-finite invariant measure if and only if so does the
flow of weights of N.

One interesting open problem on stability is the following: Assume that (say) M
is ITPFI. Even in the case of index 2 it is not known if N is ITPFIL

5.2. Decomposition of Conditional Expectation. In the above Theorem 5.1
the flow (X, F}) naturally arises as a common finite-to-one extensions of the flows of
weights of M and V. Here, we will construct (two) intermediate algebras whose flow
of weights is exactly (X, F}).

Let M D N be a pair of type III, (A # 1) factors and F : M — N a normal
conditional expectation with finite index. Then a normal conditional expectation
E: M — N comes from the dual weight (or equivalently from the canonical trace)
and satisfies F o 0, =0, 0 E. Thus, E extends to

E‘ZMVNQR%NNQR.
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More precisely, E: comes from the bidual weight ’(Z} (with ¢ = po F). By the Takesaki

duality, we have the conjugacy
MxyRON xR = M®B(L*R)) DN @ B(L*(R)).

Via this conjugacy the bidual weight @/3 is known to be transformed to ¥ @ Trp2(R))-

The conjugacy sends gé (which is a restriction of @@) to © @ T'rp(2(r)), and hence we
see that F is transformed to E ® Idpr2m)).-

On the other hand, we claim
(M@ B(L*(R)),N ® B(L*(R)), E ® Idg2r)) = (M,N,E).

In fact, from N one chooses matrix units {e;;} and an isometry v with vv* = ey so
that

M@ B(L*(R)) 2 ey Mey; @ B(L*(R)) = M,
N @ B(L*(R)) = e;1Ney @ B(L*(R)) = N.

It is easy to see that these conjugacies send F ® Idg2r)) to E because e;; and v
are taken from N

Therefore, we may identify (M D N, E) with (M xy R D N xy R, E:) We set
A=MnZ', B=NV Z with Z = Z(MnN").
We have M D AD B DN, and it is easy to see Z(A) = Z(B) = Z.

Lemma 5.3. £ : M — N s decomposed into the following three conditional ez-
pectations:
Mo A—BoN
a H F

Moreover, each of G, ﬁ, F commutes with the dual action 0.

Proof. Let x be a faithful normal state on N'. Notice

xoE| _ _ X xoE| . _ _ _troB| _ _ _ .
Ut N — O’t and Ut |Mr—\|N/ —_— Ut |Mm/\/’/ - Zd

Therefore, we get the invariance

oP(A)=A and 0}05(5) = B.
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The first invariance guarantees the existence of a conditional expectation G M- A
(uniquely) determined by x o E = (x o E)| ;0 G (and UfOElA = O}OE|Z). From the
second invariance, there is a conditional expectation H: A — B determined by
(x o E)u = (xo E)|go H. We finally set F = Elz: B— N, which is obviously a
conditional expectation. Notice that the composition FoHoQG is anormal conditional
expectation from M onto N. Since we have Xoﬁoﬁoé = yoF from the construction,
we conclude E = FoHoG (since E is unique subject to the condition XoEoE = XoE).

Let ¢ be a normal semi-finite faithful weight A/, and we set ) = ¢ o E. Notice
that the dual weights ’(Z), ¢ are related by

Yp=¢poE=¢poFoHoQG.

This shows that ¢ is semi-finite on A and B and that ', H, G come from @ZA)|§, Q/A)|Z, U
respectively. We claim 6,0 Fof_, = F. Since M NN and its center Z(MNN") are
invariant under 6y, so is A. Therefore, 6, o F o#_, is a conditional expectation from
M onto A. We observe

lzotho Fot . =ilze Fot, = ilio0, = il;

due to the fact that the dual weight is invariant under the dual action. Therefore,
by the uniqueness again, we get ;0 F o §_, = F, that is, F o 0, = 6, 0 F. The

commutativity with H and G can be proved in the same way. [

From the lemma we get

ﬂng—;ﬂmeR?ng?ﬁmR.

G H F

Note that the composition of the three conditional expectation is E. Therefore, from

the discussion in the paragraph before the lemma we get the following theorem ([39]):

Theorem 5.4. Let M D N be type 111 factors, and E : M — N be a conditional
expectation with Ind E < oco. Then we can find subalgebras A, B such that M 2
ADBDN. Also E: M — N splits into the three conditional expectations

M—-A—B—-N.
G H F
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Let us investigate the covariant systems (crossed products by the relevant modular
actions together with the dual actions) of the three-step inclusions in Theorem 5.4.
appearing in Lemma 5.3. To do this, one should use the weight tT/Ef (on N = N xgR)
dual to the canonical trace trg on N. The proof is once again based on the Takesaki
duality (in a general form). It is important to notice that the associated modular
action oy (= azrﬁ ) is the action dual to 6, (on N). Therefore, we can use the
duality, which shows that the crossed product A" x, R is conjugate to N ® B(L*(R))
and the dual action on the former corresponds to 65, ® Adv(s)* on the latter with
the regular representation (v(s)f)(t) = f(t — s). Since (N,6,) was the covariant
system (of the original A'), we can find a unitary w in N ® B(L*(R)) satisfying
I ®v(s)* = w(l, ®id)(w*). For z € N @ B(L*(R)) we compute

w(ls ® id)(w rw)w* = w(l; @ id)(w*)(0; @ id)(x)(0s ® id)(w)w*
= (I @v(s)")(0s @ id)(x)(I @ v(s)) = (6 @ Adv(s)") ().
This means that 6y ® Adv(s)* is conjugate to 0 ® id via Adw. One then chooses
matrix units {e;;} and an isometry v with vv* = ey; from the fixed-point subalgebra
(ﬁ)e = N. The discussion before Lemma 5.3 shows that (ﬁ@ B(L*(R)),0, ® ’id)
and (ﬁ , 93) are conjugate.
We can consider the conjugations in the preceding paragraph simultaneously for all

of M, A, B and N (and everything is compatible with inclusions) so that we conclude
Proposition 5.5. The covariant systems associated with the three-step inclusions
M—->A—B—->N
a H F

in Theorem 5.4 are exactly

m Lemma 5.35.

We can show that the two finite-to-one extensions in Theorem 5.1 come from
MDAand BON respectively, and full details are left to the reader.
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5.3. Structure Results for Inclusions of Type [I] Factors I. Let M D N
be an inclusion of type I11, (A # 1) factors with finite index. For simplicity let us
assume M NN’ = CI. Theorem 5.4 says that we can split study of such inclusions
into the following three cases (by looking at A D B, B O N and M D A respectively):

1. M D N admit the common central decomposition
N & . &
M :/X M)do, N = [ N(w)ds,

with the field {M(w) D N(w)}wex of type I, factors. In particular, in the type

ITT, (0 < A < 1) case we get the common discrete decomposition
M:ANQZ:_)N:BNQZ

with A D B of type 1., factors and 0 € Aut(A, B) satisfying try o E = Atr4.

2. Z(M) = L=(Xy x {1,2,-- ,n}) and Z(N) = L=(Xy).

3. Z(M)=L>®Xp)and Z(N) = L>®(Xpm x {1,2,---,m}).

Example 5.6. Let N be the Powers factor of type 11, with the Powers state .
Let Ty be the period of of (0, = Id), and we set a = 07, , (a Zy-action on N). The
crossed product M = N %, Zs is of type I11,2, and the inclusion M D N is of the
above second type. On the other hand, the fixed-point algebra N'* is also of type
I11,2, and N' D N is of the above third type.

The above second and third types are dual to the each other in the sense that one
goes to the opposite type by passing to the basic extension. In fact, with the modular
conjugation .J of M we compute the basic extension of M D A= Mn Z(/ﬂ N ﬁ’)’

as follows:
J(MAZMONY) T =T (M VEMANY)J
=MV IZMNON)T =MV ZM,NM).

Therefore, we here explain inclusions of just the second type. Those of the above

first type will be explained in §5.5.
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Theorem 5.7. (Loi, [48]) Assume that E : M — N satisfies: (i) M is the Powers
factor of type IIT\n (0 < X < 1), (i) N is of type I11y, and (i5) Ind E = n, then
we have M NN’ = CI. Furthermore, such a subfactor is unique up to conjugacy.
More precisely, M D N is conjugate to Ry Xq Zy, 2 Ry with the Powers factor R
(of type II1)) and o = o%, , where ¢ is the Powers state on Ry.

Tp »
In the type I11j case, we have

Theorem 5.8. (Hamachi-Kosaki) Let M 2D N be AFD factors of type 11y of the
form M = A = B. Assume that E : M — N induces an n to 1 map between the
flows of weights

Z(M) = L® Xy x {1,2,---,n}), ZWN)=L%Xy).
Then we have the following:
(7)) Ind E=n and MNN'=CI,
(#) Classification (up to conjugacy) of pairs M 2O N (described here) is equivalent
to that (up to strong conjugacy) of n to 1 extensions between the flows of weights,
(i11) M DN can be always written as M = P* D N = PY with a pair G O H of

a finite group and its subgroup.

The AFD assumption is of course irrelevant for the first assertion. Note that in
the type I11I, case (i.e., in Theorem 5.7) the subfactor R, can be expressed as the
fixed-point subalgebra of Ry X, Z, under the dual Z,-action. However, in the type
111, case the subgroup H in the theorem cannot be avoided. Typical examples can

be found in §7 of [25] (where the symmetric groups &3 O &, appear).

5.4. Factor-subfactor Pairs Described by Equivalence Relations. We here
look at two typical inclusions described by the Krieger construction. The first one
comes from a factor map while the second comes from a subequivalence relation.
They are dual to the each other, and the constructions explained here are common
for all types. Typical examples of inclusions described in Theorem 5.8 (i.e., ones
of type 2 at the beginning of §5.3) are ones arising from factors maps (and in fact
always of this form in the AFD case). On the other hand, dual inclusions, i.e., ones
of type 3 arise from subrelations. Detailed study on inclusions considered here and

closely related (more general) ones can be found in [25] (see also [14, 64]).
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(A) We begin with an inclusion arising from a factor map (i.e., an extension).
Let Sx € X? and Ry C Y? be two ergodic measured equivalence relations (with
countable orbits), and we use the subscripts X,Y to indicate underlying spaces.
Furthermore, we assume that the former is an n to 1 extension of the latter. This
means at first X =Y x {1,2,--- ,n} and a measure dux on X is the product of duy
on Y and the equally distributed probability measure on {1,2,--- n}. Secondly we
require that one can find an &,,-valued cocycle a on Ry (i.e., a(u, v)a(v,w) = a(u, w)
for (u,v), (v,w) € Ry) such that the relation Sy is described by

x=(u,i) ~y=(v,j) (e, (z,y) € Sx)
if and only if (u,v) € Ry and i = a(u,v)(j).

Figure 7 (picture of extension)

Let 7 be the projection from X onto Y. When (u,v) € Ry, each of points in the
fiber 77!(u) is Sx-equivalent to a unique point in 7~!(v) (determined by a(v,u)).
We also point out that two points in the same fiber 77!(u) are equivalent (in the
sense of Sx) only when they are the same point.

We set M = W*(Sx), the Krieger construction, and

N ={L; e M; f(z,y) = f(r(x),7(v)) ((z,y) € Sx) with a function f on Ry},

which is a subfactor isomorphic to W*(Ry) via Ly «— L i

Lemma 5.9. Let A (=2 L>®(X)), B (= L>(Y)) be the Cartan subalgebras of M and
N respectively. Then, we have M NB = A and MNN' = CI.

Proof. Let us assume L, € M N B’. The commutativity against arbitrary elements
in B means F(m(x))g(z,y) = g(x,y)F(r(y)) ((z,y) € Sx) for each function F on Y,
that is,

g(x,y) =0 aslongas =(z)#n(y).

Note that g is defined on Sx, and as noted above (x,y) € Sx satisfies 7(x) = 7(y) if
and only if x = y. Therefore, g is supported on the diagonal D C X?, ie., L, € A

and the first assertion has been shown.
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We now assume L, € M NN, Since L, € MNN' C MNB = A by the first
half of the proof, g is supported on the diagonal. We set G(x) = g(x,z), and note

that from the commutativity of L, against L; in the above definition of N we have

G(2)f(r(x),7(y)) = f(r(x), 7(y))G(y) ((z,y) € Sx)-

This means that the function G is Sy-invariant, and hence due to the ergodicity of

Sy it is constant. [

Notice Zzgg = Zggggg so that the value of the module 6(x, y) on Sx depends only
on (m(z),7(y)) € Ry. This means that A is invariant under the modular action
arising from wg, with & = xp (thanks to o, (Ls) = Lgus). Tt is easy to see that
the orthogonal projection from L?(M) onto L?>(N) = N¢, is given by the following

averaging procedure:

S - 1
(5.1) ex &= & with L(zy)=— > L@y),
(z',y")eSx
IIETr*l(Tr(z))
y'er—H(m(y))
which implies that the corresponding (unique) normal conditional expectation F is
given by E(Ly) = L.

We introduce a larger equivalence relation R’y on X by
(v,9) € Riy (€ X7) if (m(2),7(y)) € Ry

Note Sx C R’y (C X?), and all points in the same fiber 77!(u) are equivalent in the
sense of R'y. Since Sy is already ergodic, so is the larger R'y. The factor W*(Ry),

the Krieger construction, contains the subfactor
(5.2) {L; € W*(RY); [ is supported on Sx},

which is of course isomorphic to W*(Sx) = M. We note that Ey(Ly) = Ly, s
(killing “components outside of Sx”) gives rise to a normal conditional expectation
from W*(R'y) onto the subfactor (5.2).
Let fo be the function on R’y defined by
Loif n(z) = n(y),
= {§ =

otherwise.
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It is easy to see that éy = Ly, € W*(RY) is a projection and F (&) = = I (since
(x,y) € Sx satisfies w(x) = 7 (y) if and only if z = y).

Proposition 5.10. The triple (W*(R'y), E1, éy) satisfies the conditions in Theorem
3.12, and hence My = W*(R'y) is the basic extension of M 2D N with Ind E = n.
Here, M means the factor given by (5.2).

Proof. Let Ly € W*(Rx). Then, L¢éy = Ly.p,, and for (z,y) € R’y we compute

(5.3) Feh@y = X feflan) = X f2)

(=) ERY " zen=1(n(y))
from the definition of fo. We note Ey(Léo) = Lys_(+f,) and compute
((XSX(f*fO))*fO)(xvy) - Z (XSX(f*fO))(xaz)fO(zay)

(z,9)€R
1
= = Y (xsy (f* fo)(x, 2).
zemn—!(n(y))
Notice that in the last sum only one z in 7 1(7(y)) is Sx-equivalent to x (recall what

an extension means), and this unique point is denoted by p(z, 7(y)). Then, we have

(Xsx (f * fo)) * fo)(z,y) = —(f * fo) (z, p(z, w(y))).

(
Since w(p(x,m(y))) = w(y), it is equal to =5 ¥ .cr-1(x(y) f(2,2) by (5.3), which is
the quantity (5.3) divided by n. Therefore, we have shown nE;(Lséy)éy = Lyéy for
Lf e wr (RIX)
We then take Ly from the subfactor (5.2). We have

(fox [ = fo)(x,y) Z f(z1, 22).

z1 €~ 1(n(x))
z2€m (7 (y))

1
n

n2

Since f is supported on Sy, only n of n? summands could be non-zero and we have

G4 Gorfef)em) =5 Y fGplm) (@) € Ry).

zen—1(n(z))

From (5.1) we get E(Ly) = Ly, where the function f (on R%) supported on Sy is

defined by X
fla,y)y ==Y flzpz7) ((z.y) € Sx).

" en—1(n(a))
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Thus, by noting 7(p(z,7(y))) = 7(y), from (5.3) we get

Z f(z,w).

zer—(n(x))
wen~(n(y))

(5.5) (f * fo)(z,y)

n2

Since f is supported on Sy, (5.4) and (5.5) are actually the same and we have shown
éOLféO = E(Lf)éo for Lf in (52) O

(B) This time we start from two ergodic equivalence relations Sx € Ry (C X?) on
the same space X. We set M = W*(Rx), the Krieger construction and

N ={L; e W (Rx); f is supported on Sx}

which is isomorphic to W*(Sx). Note that M 2O N contain the common Cartan
subalgebra A = L>(X) so that

MAN' CMNA =A.

Thus, the ergodicity of Sy (corresponding to N') shows M NN’ = CI. Note that
E(Ly) = Ly, s as above gives us a (unique) normal conditional expectation from M
onto N, and the corresponding orthogonal projection ey from L*(M) onto L*(N) =
N& is of course given by exé = s, &.

Since Sx C Rx, each (Rx)-orbit (Rx). is decomposed into several (Sx)-orbits.
Let #(z) be the number of (Sx)-orbits. The integer-valued function #(z) being
invariant under Ry, from the the ergodicity #(z) is constant (= n). This constant
n turns out to be Ind E.

Note that Sy acts on Ry from the left in the obvious way, i.e., (z,y) € Sy acts
like (z,2) € Rx — (z,2)(x,y) = (2,y) € Rx. Let X; be the space of the ergodic

decomposition of this action, that is,
Xy ={(z,U); x € X and U is an (Sx)-orbit in the (Rx)-orbit (Rx).}.

Note that (z,U) € X; — x € X is an n to 1 map. From the measure duyx on X
we define the measure dux, by dux, (z,U) = Ldux(x). Assume (z,U), (y,V) € X,
satisty (7(x,U),7(y,V)) € Rx, i.e., x and y are (Ry)-equivalent. Therefore, U,V
are (Sx)-orbits in the same (Rx)-orbit (Rx), = (Rx),. We now introduce an
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equivalence relation Sy on Xj:
((2,0), (4, V) € Sk, (€ X7) if (w,y) € Ry and U = V.

We note that S, is an extension of Rx. In fact, when x and y are Rx-equivalent,
we look at the fibers

7 (x) = {(z, ), (x,Us), -, (x,Up)},
my) = {(y, V1), (y, Vo), -+ . (y, Vi) }.

Note that both of the U;’s and the V;’s exhaust the n (Sx)-orbits in the (R x)-orbit
(Rx)s = (Rx)y. Thus, each of U;’s is the same as exactly one of V;’s and this
determines the G,-valued cocycle « at the beginning of (A).

Let M; = W*(SY,), the Krieger construction. We get the subfactor

A

(5.6) {Ly e W (Sx,); [((2,U)(y,U)) = flz,y) ((z,y) € Rx)

with a function f on Ry}

isomorphic to M = W*(Rx) as in (A), Sy, being an extension of Rx. Moreover,
we have the normal conditional expectation F; given by (5.1). More precisely, let
Ly € W*(SY%,), and we notice that if Fy(Ly) = L, then the function g((x,U), (y,V))
depends only on (7(x,U),n(y,U)) = (z,y) € Rx. From the definition of the relation

S%, and (5.1) we easily see

(61) 9@ U), (. 0) = d(e) with Goy) = S F((@W), (5, W)),

WE(RX):C
i.e., the average over (Sx)-orbits W in the (Rx)-orbit (Rx), = (Rx),. (Remark
that f is defined on S, so that U =V always.)
Let fi be the function on S, defined by

1 ife=yelU,
fl((l', U)a (y7 U)) = { 0 otherw?se.

Note the above first condition means x = y and U must be the (Sx)-orbit (Sx),. We
set &, = Ly, € My, which is a projection. We easily see E;(é;) = % 1.

Proposition 5.11. The triple W*(S¥,), i, €1) satisfies the conditions in Theorem
3.12, and hence My = W*(SY,) is the basic extension of M 2 N with Ind E = n.
Here, the factor M is the one given by (5.6)
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Proof. Let Ly € W*(S¥,). We compute

(58) (f*fl)((xv U)(yv U)) = Z f((xv U),(Z, U))fl((zv U)7<y7U))

(0w 0)ESy,

:{ f((=,0),(y,U)) ifyeU,
0 otherwise,
from the definition of f;. Thus, we see Ey(Lsé;) = L, with g((z,U), (y,U)) = §(z,y)
and
1 1
gloy) =~ > ()W), W) = —f (@, (Sx)y) (Y (Sx)y))
We(Rx)a
from (5.7). Now (5.8) says (g * f1)((z,U), (y,U)) can be non-zero only when y € U

and in this case we get

1
(9 f1)((2,U), (y.U) = 9((2,U), (y.U)) = §(z,y) = — f((2, (Sx)y) (9, (Sx)y))-
Thus, we have shown nE(Lsé;)é, = Lgé; for Ly € W*(S¥,).
We take Ly described in (5.6) (together with f). Almost the same computation as
(5.8) shows
(o 2 (.0, ) = { D ) = 1) €1

0 otherwise.

Let E(Ly) = L, with g((z,U), (y,U)) = g(x,y). By (5.8) we get

0 otherwise.

@*ﬁxuxm%U»:{gwmmxyvnszw ity eU.

However, from the definition of E we have § = ys, f. Also note if (z,y) € Sx and
y € U then one gets x € U. Therefore, we observe that the preceding two convolution

products are the same, i.e., é,Lséy = E(Lys)é; for Ly in (5.6). O

Example 5.12. ([24]) Recall the construction in Example 2.14 from a non-singular
ergodic flow {Fs}ser on (I';m). We assume that {F;}ser is an n to 1 extension of
another (automatically ergodic) flow {F!}scr lives on (IV,m’). In that example we
introduced the action of G = Q x Z on the product space X =I'x Yy x R (see (2.7)).
Note that one can also introduce the G-action on Y =1" x Y; X R in the same way
(but by using F! instead in (2.7)). Of course the former action is an n to 1 extension
of the latter. Therefore, from this we get Sx (= (Sx)¢) and Ry (= (Ry)q), and
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of course the former is an n to 1 extension of the latter in the sense specified at
the beginning of (A). Therefore, as in (A) we get the pair M = W*(Sx) 2 N of
factors (where N is the one defined as in the paragraph before Lemma 5.9 and it is
isomorphic to W*(Ry)). The resulting inclusion is irreducible with index n and of
the type described in Theorem 5.8, i.e., M = A = B.

To see this, we look at th inclusion M D N of von Neumann algebras of type
Il (i.e., the crossed products with respect to the relevant modular actions). As
explained in §2.3 they appear as the Poincaré suspension. Namely, let X=XxR
and X = X x R, and we consider the equivalence relations

Sx (C(X)?) = the equivalence relation generated by (2.8),
Ry (€ (Y)?) = the equivalence relation generated by (2.8) with F; instead.

From the construction it is plain to see that :S’; is an n to 1 extension of 7/'\’:/ and
that the inclusion of algebras arising from this extension as in (A) is exactly MDON
(although they are no longer factors due to the lack of ergodicity). Note that the

arguments in the proof of Lemma 5.9 show
ZM)=MnN (= ZIMnN)).

Therefore, the relevant expectation induces a map from Z(M) = Z(M N N’) onto
Z(N), and it is plain to see that this is exactly the n to 1 extension F, — F’ we

started from. Hence, the index between A and N is n, and we conclude M = A = B.

Let M D N be the inclusion in the above example, and M be the basic extension.
By Proposition 5.10, M; 2 M is an inclusion described in (B), i.e., the one arising
from R’y O Sx, a relation-subrelation pair. Let X =X xR. By passing to the
Poincaré suspension, we get the relation-subrelation pair Ry D Sx in (X)? (which
are not necessarily ergodic unless in the I11; case), and the inclusion /\//Tl D) M of

algebras of type [l is
WH*(Rl) 2 {L; € W*(RY); f is supported on Sy}

described in (B). Since they contain the common Cartan subalgebra (isomorphic to
L>(X)), as before the relative commutant M; N M’ falls into this Cartan subalgebra

and

MiNM = Z(M).
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The flow of weights of M; (= the one for ') appears as a factor flow of that of M,
which is exactly Fy, — F! in Example 5.12. This happens because 7@;( has more
relations than Sy and hence the space of the ergodic decomposition of the former is
smaller than that of the latter.

5.5. Structure Results for Inclusions of Type [//] Factors II. Here we con-
sider inclusions of the first type described at the beginning of §5.3. Assume that
A D B is an inclusion of type I, factors and N is a type 1] factor. Of course the
very simple-minded inclusion N'® A O N ® B of type I11 factors is of the above
first type. An important problem here is: For an inclusion M D N of the first
type how do we decide if it splits into the tensor product as above 7 In the type
IIT, (0 < A < 1) case, quite a satisfactory answer can be found in [49, 60] (see also
34]).

Before going further, let us recall graphs canonically attached to an inclusion in
question ([16]). Let M 2 N be (type II1) factors with finite index, and

NCMCM CMyC---

be the Jones tower as usual. Since Ind(E o Ejo---0 E,) = (IndE)"™ < oo, each

M, NN is finite dimensional and we get the increasing sequence
NN CcMnN T M NN C---
of finite dimensional higher relative commutants. Hence it is described by a Bratteli
diagram, which yields the principal graph. Similarly from
MMM NnM MM C--o
we get another graph, the dual principal graph. When IndE < 4, the two graphs are
known to coincide. Furthermore, in this case the following Dynkin diagrams appear

from inclusions:
An (n Z 3)7 D2n (n Z 2)7 E67 E8

Figure 8 (Dynkin diagrams)

We assume that M D A is an inclusion of type 11 (0 < A < 1) factors (of the first

type). As noted before we get the common discrete decomposition

M=AxgZON =B xyZ.
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Note that A D B is an inclusion of type I, factors with the index equal to IndE,
and this gives rise to the principal and dual principal graphs again. For convenience
let us call them type II graphs. On the other hand, the graphs coming from the
original inclusion M D N is referred to as type II1 graphs in what follows. Note
that the trace-scaling automorphism 6 € Aut(.A, B) can be canonically extended to
the basic extensions A,, (of A D B). Indeed, the extensions are specified by the
requirement that they fix the successive Jones projections. Note that the (extended)
f gives us an automorphism on A, N B'.

When E is a minimal conditional expectation (automatic when Ind E < 4 or more
generally when M NN’ = CI), we have

M, NN = (A, NB).

In fact, this follows from M, N B = A, N B’ (and this happens because a trace-
scaling automorphism is strongly outer - - - see §6.4, 3). The action of § on the tower
of higher relative commutants is called the Loi invariant or the standard invariant
(of #). For simplicity let us assume that Ind E < 4. For example when the type
I1 graph is A, all of A, N B’ are generated by the Jones projections so that 6 acts
trivially on A,, N B’. Similarly (by looking at relevant trace values) we also observe
that no graph change occurs for Eg and Fg. The only (type 1) graph admitting a

non-trivial Loi invariant is Dy,, and the invariant is described by

Figure 9 (non-trivial Loi-invariant for Dsy,,)

In this case the type I1I graph “shrinks to” A4, 3. The meaning of graph changes
was completely clarified in [32] by making use of the sector theory.

The discussions so far imply:
(i) if the type I1I graph is one of A,, (m # 4n —3), D,,, Eg, Es then the type 11
graph is the same and no Loi invariant,
and (ii) if the type I1I graph is Ay, 3, then the type Il graph is either Dy, or
Ayn_3. Of course the Loi invariant is as above in the former case while it is trivial in

the latter. The classification result of Loi and Popa (when Ind E < 4) states

Theorem 5.13. Let M 2 N be an inclusion of Powers factors of type II1, (0 <
A < 1) (of the first type) with Ind E < 4.
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(i) If the type I11 graph is one of A,, (m # 4n—3), Da,, Eg, Es then this inclusion
splits into the tensor product (as explained above).

(ii) If the type 111 and type II graph are both Ay,_s, the inclusion splits again,
(ii1) If the type I11 and type I1 graphs are Ayy_s, Doy, Tespectively, then a subfactor

is unique (up to conjugacy) subject to this condition.

Of course a model inclusion for the case (i7i) can be constructed in an explicit
fashion. Description is particularly easy when n = 2 (i.e., Ind E = 3 and the graphs
are As, Dy). Let a: &3 — Aut(Ry) be a (unique) outer action of the symmetric
group &3 on the hyperfinite I1; factor Ry. In the crossed product Ry X, 63 =

(Ro, Ag)" we consider the two subfactors
Ao = Ro Xa 3 2 By = R,

where 23 = Z3 is the subgroup generated by the 3-cycle (1,2,3). We also consider
the automorphism § = Ad Aq ) € Aut(Ao, By) of period 2. Let A; be the basic
extension of Ag D By. Then,

a 0 0
.Alﬂ[))é = 0 b 0];abceC (g 600(22[3))
0 0 ¢

is generated by the three projections eg,, Aa2:3)€8,A(1,23), )\(17273)2630)\67273)2, where
eB, = (§ g §) is the Jones projection. Remark that the (extended) 3 switches the
last two projections because of (1,2)(1,2,3)(1,2) = (1,2,3)?, which means that (3
acts on A, N B as in the above figure (with n = 2). Let Ry = Ro1 Xg Z be the

discrete decomposition of the Powers factor. Then, the discussions so far imply that

the inclusion
(Ro1 @ Ag) Xogp Z 2 (Rox @ Boy) Xoes Z,

serves as a model inclusion.

Another description for (Ag, By, 3) is also possible. At first we consider

CQZR0Na632D0:RQ>4a62.
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Then the (one-dimensional) “signature representation” e of &3 gives us the automor-
phism 7, of period 2 for the above pair
Te(x) = Z e(g)rgA, for z= Z TgAg € Cp = Ro Hq Gs.
geG3 geB3
We set Ay = Cp Xx, Zo and By = Dy X, Zo, and let 3 be the dual action of 7, €
Aut(Ag, By). The triple consisting of these also does the job.

As was explained so far subfactors (with index say less than 4) in the Powers factor
are quite rigid although they are slightly less rigid than those in the hyperfinite I,
factors. On the other hand, situation is completely different in the (AFD) type I11
case, where one can usually distinguish uncountably many non-conjugate subfactors

(see [41, 44] for typical examples).

6. SECTOR THEORY

The theory of super selection sectors originally occurred in QFT (][9], see also [61]).
This was further polished by R. Longo, and it played an fundamental role in his
approach on index theory ([51]).

At first we recall that an M-M bimodule X means a Hilbert space (= X =
MXm) equipped with commuting representations of M and its opposite algebra M°
(it is called an M-M correspondence by A. Connes, see Chap. V, Appendix B,
[6]). The representations of M, M° give rise to left and right M-actions, and we
use the notation m; - £ - msy to indicate them. Two M-M bimodules are said to
be unitarily equivalent when there exists a surjective isometry (between the two
underlying Hilbert spaces) which intertwines both of the left and right M-actions,
and unitarily equivalent M-M bimodules are sometimes identified.

Assume that M is a type I11 factor throughout with the standard Hilbert space
H = L*(M). Let End(M) be the unital (normal) x-endomorphisms of M into itself.
For each p € End(M) we consider the commuting normal representations of M and
M?° on the standard Hilbert space H defined by

my - & -my = p(my)Jm3JE  (for m; € M and € € H),

where J (= Ju) denotes the modular conjugation. This M-M bimodule is denoted
by H,. Assume that two M-M bimodules H,,, H,, (p1,p2 € End(M)) are unitarily
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equivalent, i.e., there exists a surjective isometry u : H, — H,, satisfying
u(my - & - ma) =my - (ug) - my.

Note H,, = H,, = H as Hilbert spaces, and the compatibility between the right M-
actions forces u € (JMJ) = M. Next, the compatibility between the left M-actions
means up;(m) = pa(m)u for each m € M, i.e., inner conjugate p; = wups(-)u* with
a unitary u € M. Therefore, we have seen that H, ,H,, are unitarily equivalent
(as M-M bimodules) if and only if p;, po are inner conjugate. In [51] the author

mentions that the following important observation is due to A. Connes.

Lemma 6.1. Any M-M bimodule X is unitarily equivalent to H, for some p €
End(M).

Proof. At first note that any representation is faithful since M is a factor. We denote
the left and right M-actions on X" (i.e., the representation of M and that of M?°)

by ¥, ¥ respectively. Let 7, 7, be the usual representation and anti-representation

of M on the standard Hilbert space L?*(M) = H (i.e., m(m) = m is the GNS-
representation and m,.(m) = Jm(m)*J = Jm*J). Ignoring the left M-action on X" at
first, we regard that M° is (faithfully) represented on X by 7:*. On the other hand,
M is also represented on the standard Hilbert space H by .. Since M° is of type
111, the two representations of M° are spatially implemented. Thus, there exists a

surjective isometry U : H — X satisfying 7* (m) = Um,.(m)U* (m € M). We note
(M) C X (M) = (Un,(M)U*) = (UIMIU*Y = UJM' JU* = UMU*,

where the first inclusion comes from the fact that the left and right actions commute.
From the above we have U*7*(M)U C M, and hence p(m) = U*n* (m)U gives rise
to an endomorphism of M. The M-M bimodule H, is unitarily equivalent to X via

U. In fact, we compute
U(my - € -my) = Up(my)JmsJE = UUm (my)UJmiJE
=i (my) U, (ma)€ = mi* (ma)m (ma)UE = my - (U€) - my,

(where my - § - my and my - (UE) - my of course indicate the actions on H, and X

respectively). O
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We define p; ~ p, when they are inner conjugate, and we set
Sect(M) = End(M)/ ~, the sectors.

A class [p] is called a sector (or M-sector). When no confusion is possible, we simply
write p (instead of [p]) to ease the notation. The discussions so far show that (for a
type I11 factor) study of M-M bimodules up to unitary equivalence is completely
the same as that on sectors.

From p € End(M), we get the inclusion M D p(M) (both considered to be acting
on M). Since p(M) is also a type [II factor, it acts on M standardly. This means
that we have the modular conjugation J,r¢ of p(M) on the same Hilbert space H.
Let v be the canonical endomorphism defined by

Y= Ade(M)J M — ,O(M)
(see [50]). Since y(M) C p(M), we can set
p(m) = p~toxy(m) (me M),
which is an endomorphism of M. Tts class [p] depends only on that of p, and we set
[p] = [p], the conjugate sector of [p].
Recall that the contragredient M-M bimodule X of an M-M bimodule X means

the conjugate Hilbert space X (= {&; € € H} with af; + 3&% = af; + & and
(€1,6) = (&, &), etc.) equipped with the following M-M action:

my-&-mg=mb-&-mi (form; € M and € € X).

In the bimodule picture, passing from p to the conjugate sector p corresponds to

considering a contragredient bimodule.

Lemma 6.2. The bimodule H; arising from the conjugate sector p is unitarily equiv-

alent to the contragredient bimodule H, of H,,.

Before going to a proof, we point out that an endomorphism p always admits an
implementation as another consequence of being type I11. In fact, we choose and
fix a faithful normal state ¢ on M, and set ¢p = ¢pop~' € p(M)]. Let v = wy
(resp. ¢ = wg,) with a cyclic and separating vector & € L*(M) for p(M) (resp.
¢ = wg, with a cyclic and separating vector & € L?*(M) for M). Then, the map
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mé € M& — p(m)& € p(M)E; gives rise to the unitary U on L*(M) (due to
1o p=¢). Note that

UzU*p(y)&1 = Uzyés = p(zy)é = p(x)p(y)é

for each x,y € M. The subspace p(M)¢; being dense, we get p(x) = UzU* (z €
M). Let Sy, Symy be the S-operators (in the modular theory) associated with
(M, &), (p(M), &) respectively. Note

for each m € M, showing USyU* = S,(aq). Therefore, we have USpU™ = USpU* =

S,m) by passing to the closures and hence we conclude

(6.1) UJU* = Jym)

by the uniqueness of the polar decomposition.

Proof. The contragredient M-M bimodule H, is the opposite Hilbert space L?(M)
equipped with the M-M action

my & -my =mj - & mi = p(m3)Jma JE.
On the other hand, the M-M bimodule H, associated with p € Sect(M) is the
Hilbert space L?(M) with the M-M action & — p(m;)Jm3JE. Before the lemma
we saw p = p ! oy = Ad(U*J,a)J), and hence this action is
p(my)JmsJE = Uy Jmad JyopmyUJdmsyJE

= JU Im JUJJIm5JE

= JU*JmiJUm3JE

= JU " ImyJp(m3)UJE

= JU p(m3)Jmy JUJE.
Here the last equality comes from the fact p(m3) € p(M) (C M) and JmyJ €

JMJT = M’ commute. Now it is plain to see that the surjective isometry £ €
L*(M) — UJE € L2(M) gives rise to the desired unitary equivalence. [J

Passing to the contragredient bimodule twice obviously means that one come back

to the original bimodule so that we get
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Corollary 6.3. We have p = p as sectors.

What makes the use of bimodules so useful is the notion of relative tensor products.
Namely, from two M-M bimodules rXr;, vV One can construct a new M-M
bimodule n X @1 MY, called the relative tensor product (over M). The rigorous
definition of this notion is based on the spatial theory ([5]) and hence somewhat
involved (see [62]), however it is relatively easy to show (and it is intuitively trivial)
that the standard Hilbert space ypL*(M)as (ie., H = Hiq) with the standard left
and right M-actions (i.e., my - & - mo = myJm3JE) is the multiplicative unit for the

operation ®aq:

ML M)t @it Xt = X Ot L2 (M) = X

What is relevant to define the underlying Hilbert space structure for the relative
tensor product are the “inside” M-actions (i.e. Xy @m mY), and the “outside”
M-actions are used to introduce an M-M action on the relative tensor product.

Anyway, the standard left and right M-actions give us
L* (M) s @p mLP (M) = LAHM),

and this is the only thing we need in what follows.
In the sector picture taking a relative tensor product simply corresponds the usual

composition operation, which is a great advantage of the sector theory.

Lemma 6.4. Forn,( € Sect(M) we have
H, @m He = Hey  (as M-M bimodules).

Proof. For p € Sect(M), by H? (= H as a Hilbert space) we denote the M-M

bimodule equipped with the following “opposite” action
my - & - mg = myJp(mi)JE.

We at first claim that H” and H, are unitarily equivalent. In fact, by recalling
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p = AdU*J ) J, we see that the M-M action on H” is given by

mljﬁ(mZ)Jf = mljU*Jp(M)Jm;JJp(M)Ujf
= mJJU Im5JUJJE (by (6.1))
= mU"Im3JUE
— U*p(my)Jm3JUE,
where the last equality comes from p = AdU. Therefore, the implementing unitary

U (for p) gives rise to the desired unitary equivalence, and the claim is proved.

From the claim we see
Hy Ot He = Hy @0 HS,

and note that the Hilbert spaces here are all L?(M) and the inside M-actions in the
above right side are the standard ones. Therefore, wee see that H, ®x HS is the
standard Hilbert space L*(M) equipped with the M-M action

n(ma)J¢(m3)J§

(see the paragraph before the lemma). Let V' be the implementing unitary for ¢ with
VJ = JeamyV (see (6.1)). We repeat the computations in the first half to get

n(my)JC(m3)JE = n(ma) JV* Jeomy JmaJ Je oV I§
=n(my)JJIV*Im5JV JJE = n(m)V*ImiJVE = V*((n)(my)Jm5JVE.

showing that V' gives us a unitary equivalence between H, ® HS and Hep. O

We point out that H, & HS appearing in the above proof is also unitarily equiv-
alent to H™. In fact, let W be the implementing unitary for n with W.J = J,oW
(see (6.1)), and hence the M-M action of H is

my J(0C)(m3)JE = madW* Ty JC(mi) T Ty W JE
= mW*J{(m3)JWE
= Wn(mi)JC(m3) JWE.

Note that this action is unitarily equivalent (via W) to the action appeared in the

second half of the above proof (i.e., the one for H, ® HE).
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We notice that the formula H" @ HS = H; @ HS = H™ is valid, by changing
1, ¢ to their conjugates (see Corollary 6.3). We then observe

Mz = HT = HE @ HT = He @ Hy = Hoe.

This means 6 = H,¢ (as sectors), and by taking the conjugates of the both sides
(recall Corollary 6.3), we get

Lemma 6.5. We have (fj = n{ for n,( € Sect(M).

This result corresponds to the well-known fact X @Y = Y @ X for bimodules.
The algebra of self-intertwiners of an M-M bimodule H, (p € Sect(M)) is the

relative commutant
Hom(H,, H,) = {T € B(H,); T(mi-§-my) =myq-TE - ma}
= MnpM)".

In fact, the compatibility between the right M-actions forces T' € (JMJ) = JM'J =
M as was pointed out before, and then the compatibility between the left M-action
implies Tp(m) = p(m)T for each m € M, ie., T € M N p(M)'. The above fact
means that H, is irreducible as an M-M bimodule if and only if M N p(M)" = C1.
In this case, p is called an irreducible sector.

From now on we just consider sectors p such that the inclusion M D p(M) admits a
normal conditional expectation £ (and most often we consider the case when IndE <
00). The square root of the minimal index [M : p(M)]y (see §3.3) of the above

inclusion is called the statistical dimension of p

dp = /M : p(M)]o (6 {QCOS (%) ;n:3,4,---}U[2,+oo]>,

which is by definition the dimension dimH, of the M-M bimodule H,. Let M 2O
N D L be a two-step inclusions of factors, and £ : M — N, F': N' — L be the
minimal expectations. The composition F o E being minimal as pointed out in §3.3,

the minimal index is multiplicative
M :Lly=1Ind (FoE)=(Ind E) x (Ind F) = [M : N|o|N : L]o.

Let p1,pa € Sect(M) (or more precisely their representatives from End(M)) so
that M D pi(M) D p1pa(M). The second inclusion is conjugate to M D ps(M)
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(via p1), and they obviously have the same minimal index. Therefore, we get the

multiplicativity of statistical dimensions

d(p1p2) = dpy dps.

6.1. Irreducible Decomposition of Sectors. At first we explain what the (direct)
sum of sectors is. For py, pa € Sect(M),
mGM—><p1(m) 0 >€M®M2(C)
0 p2(m)
is a homomorphism. Let vy, vy € M be isometries with orthogonal ranges summing
up to I. Of course they give rise to the usual identification map ¢ : M ® My(C) —
M given by [y;;] — X, ;viyi;v (with the inverse ®~'(z) = [vfzv;]). The above

homomorphism followed by ® is
p: meEM — vip(m)v] + vepa(m)vy € M,

which of course gives us an element in End(M). The class of p depends only on the
classes [p1], [p2] (and not on the choice of v;’s). The sum p; @ ps is defined as (the
class of) p. Via ® the inclusion M 2O p(M) is conjugate to
pi(m) 0
M® My(C) D :meM
@M@ (" ) e
(so that the minimal index of this inclusion is (dp)?). Notice that the projections

P = <(1] 8) and py = (8 (1)> are in the relative commutant. It is obvious that the

reduced inclusions arising from p;, p2 are M 2 p; (M) and M D py(M) respectively.
As was seen at the end of §3.3 (see (3.8)), we have dp; = dp x E(p;) (i = 1,2) (where

E is the relevant expectation) and get the additivity of statistical dimensions
d(p1 @© p2) = dp1 + dps.

When dp < oo, the inclusion M D p(M) is of finite index so that the relative com-
mutant M N p(M)’ (i.e., the algebra of self-intertwiners of H,) is finite-dimensional,
and hence (as in the representation theory) one can perform the irreducible decom-
position for p as will be seen below.

Let {pi}i=12..» be minimal projections in M N p(M)" summing up to I. Then

we choose and fix isometries v; € M (i = 1,2,--- ,n) satisfying v,v} = p;. We set
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pi = vip(-)v; € Sect(M) (it is an endomorphism since p; = v;vf

* is in the relative

commutant). Assume x € M satisfies the intertwining property zp;(m) = p;(m)x
for each m € M. Then, we have

v p(m)v; = vl p(m)vie = vizv] p(m)p; = pip(m)v;zv;
= vzv; p(m) = p(m)v;zv],

showing v;zv} € ,,(M N p(M)'),,. Thus, v;zvl = Ap; (A € C) by the minimality of
p; and = = v} (v;zvf)v; = AI. Therefore, we have seen that each p; is an irreducible

sector. The obvious intertwining property v;p;(-) = p(-)v; shows

> vip(m)vf = Y- plm)uies = p(m).
i=1 =1

which means
p=p1Dp2D- D pn.

When p;, p; belong to different central summands in M N p(M)’, then they are
disjoint (i.e, admit no non-trivial intertwiner). In fact, an intertwiner z between p;
and p; satisfies v;zv; (= puv; = vizvip)) € M N p(M)" as before. Then, the
assumption forces v;zv; = 0 and hence = 0. On the other hand, when p;, p; belong
to the same central summand, on can find a unitary v € M N p(M)’ satisfying
up;u* = p;. The isometries uv; and v; have the same range p; and (uv;)*p(-)(uv;) =
vip(-)vi = pi. Notice also that U = vj(uv;) is a unitary and U(uv;)*p(-)(uv;)U* =
vip(-)v; = p; so that we have seen p; = p; as sectors.

Note that an irreducible sector n appears in the irreducible decomposition of p (the
standard notation 1 < p will be used) if and only if one finds a non-zero intertwiner
v e M: vnp(m) = p(m)v (m € M). In fact, when this condition is met, by taking

unitaries m € M we observe

vu* = vn(m)n(m*)v* = p(m)vov*p(m™),

v = v p(m)p(m)w = n(m” o on(m).
Thus, we see vv* € M N p(M)" and v*v is a scalar (due to the irreducibility of 7).
Hence, when v is normalized (||v|| = 1), it is an isometry with the range projection

in M N p(M) and we get n < p (i.e., one of the above p;’s is the same as 1 as a

sector).
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6.2. Basic Extensions. Let M 2 N be an inclusion of (type I1I) factors with
finite index acting on the standard Hilbert space L?(M). Recall that the basic
extension is My = JN'J = JJyN JyJ, and the next basic extension (i.e., the one
for My D M) is
My = JM1M/JM1 = JMIJMJJMI

Let & be a common cyclic and separating vector for M D N, and we may assume
J = Jme, and Jy = Jyg,. As noted above, we have My = UNU* with U = JJ.
Since U&y = &, it is also a cyclic and separating vector for M;. By considering the

S-operator associated with (M, &) and the polar decomposition of the closure, we
see Sy, = UJpy U™, that is,

Iy = JIn .
Hence, we compute
My = JInJ(IMI) T Iy d = JIn My
Similarly, we see Ja, = (JJn)J(JnJ) and
Ity Iy = (JIn T InI) (T InJ) = J .
Therefore, we get

M3 = JMQ(Ml),JMQ = JMQJM1M1JM1JM2
= JM2JM1(JJNMJNJ)JM1JM2 = Ad(JJN)2M>

and so on. In this way we observe that the Jones tower is described by

N C M C My=AdJIy)N) C My=Ad(JJy)(M)
C My=Ad(JIn)*N) C My=Ad(JJIy)*(M)
C M= Ad(JIy)*N) € Mg= Ad(JJIy)*(M)

Down-ward basic extensions are
Ny = M Iy = InIMI Iy = y(M),
No = v M Iy = InJINN I T Iy = InIN T Iy = y(N),
N3 = v My dy = InJINM Iy Iy = InJ InI M T Iy J Iy = 72(/\/1),
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and so on. Therefore, down-ward basic extensions give us the following tunnel of

factors:
MON DYM)DyN)DPA(M)DV¥*N)D -
We now assume p(M) = N so that v = pp and the above tunnel becomes

M DN = p(M) 2 pp(M) 2 ppp(M) 2 pppp(M) 2 - --

(In particular, we have dp = dp.) The decomposition rules for p, pp, ppp, pppp, - -
are described by the following algebras (of self-intertwiners):
MnpM) = MnN «— MM

MnppM) = MNON] «— Myn M
MnpppM) = MNON;, «— MznM

via AdJ. Similarly, the decomposition rules for p, pp, ppp, pppp,--- correspond to

MnpM) = pM)Npp(M) «—— MnNN
MnppM)' = p(M)Nppp(M) «— MiNN
= p(M)Npppp(M)" —— My N

M0 pop(MY

via AdJy (and the first identification 2 is given by p).
From the discussions so far, we conclude that the decomposition rules for
Ps PP> PPP, PPPPs -,
Ps PP> PPP, PPPP; -+

are described by the principal and dual principal graphs respectively.
In Ocneanu’s approach on subfactor analysis ([54, 55]), the following four kinds of

bimodules are important:
NLAHMin, mL(Mixe, w L (M) ats L (M) .
where {M}} denotes the Jones tower. We point out that they correspond to
(pp)" (Pp)*p. (pD)*p. (pD)*

respectively. We note that H., arising from pp = v € Sect(M) is unitarily equivalent
to the M-M bimodule L*(M;) . In fact, since M, is also acting on H = L*(M)
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standardly, we have H = L?(M,). Since Jy, = JJxJ as was seen before, the M-M
action on H = L?(M,) is given by

my - & - mg = my Iy, mi I, § = maJ Iy Imy I I JE = JIny(ma)JmsJ Iy JE

because of v = Ad(JyJ). Obviously this action is unitarily equivalent (via JuJ) to
that of H.,. We then see

MLz(M2)M = MLz(Ml)M QM ML2<M1)M =H,mH,=H,,

and so on ([57]). In this way, we see that (pp)* corresponds to uL%(My)ae. Similar
things can be done for other three kinds of bimodules with the identification between
M and N via p, and full details are left to the reader.

We remark that pp (= ) always contains the identity sector. A “sector-theoretical”
proof can be found in [51], but this happens because of the presence of the Jones pro-
jection. The Jones projection ens (= Jaepm I, ) sits in M’ which means that e
is an intertwiner for the M-M bimodule yL*(M) . Note epq(L* (M) = LA(M),
which is nothing but the definition of the Jones projection. Note that the restriction
of the M-M action myJy,miJr, (on L?(M;)) to the subspace is obviously the
standard one on L?(M). Thus, the M-M bimodule r(L?*(M;) contains the trivial
bimodule yL*(M)r = H;q. By using this fact for p, we have id < pp, i.e., there is
an isometry v € M satisfying the intertwining property vm = pp(m)v (m € M). A

crucial observation in [51] is that from the intertwining property the map
(62 me M — p(us(m)v) € p(M)
is a conditional expectation.

6.3. Frobenius Reciprocity. As explained so far sectors arise naturally from a
subfactor, and decomposition rules for them (fusion rules) contain enormous amount
of information. A very useful fact on fusion rules is the following Frobenius reci-

procity:

Lemma 6.6. Letn, ¢, p € Sect(M) be irreducible sectors of finite statistical dimen-
sions. Then p < n( if and only if ¢ < np.
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Proof. The statement is symmetric so that we just prove one direction, and let us
assume the existence of an isometry u satisfying up(m) = n¢(m)u for each m € M.

Consider the two-step inclusions
M 2 n(M) 2 n¢(M)

with (unique) conditional expectations F; and Es. From the projection p = uu* €
MnN(n¢(M)) we get the reduced inclusion pMp 2 (n¢(M))p, which can be rewritten

as
uMu® 2 (n¢(M))uu” = u(p(M))u’.
Note that it is conjugate to M D p(M) via Adu* so that the index of the reduced

inclusion (i.e., the local index) is (dp)®. The local index formula (§3.3) thus says

EyoBi(p) = g% = g Since B (p) sits in n(M)N(n¢(M))' = n(MN¢(M)') = CI,

we actually have F(p) = d—f}%.
Let v be an isometry satisfying vm = fn(m)v (m € M) so that we have E;(m) =

n(v*n(m)v). We thus have

s — By (uu”) = n(v"ij(uu’)o),

dndc

Since 7 is faithful, this means d_fj% = v*f(u)q(u*)v, and 7(u*)v is an isometry mul-
tiplied by the square root of d—f}%. This is an intertwiner between ( and 7p by the
following computation based on the intertwining property for u and that for v:

vin(u)iip(m) = v*n(up(m)) = v*n(n¢(mju) = v*n(n¢(m))n(u) = ¢(myvn(u).
U

The explicit construction of intertwiners in the above proof is important to deal

with connections in the paragroup theory ([54, 55]).

Remark 6.7. The fact p; < py <= p1 < p2 (where the irreducibility of py is not
assumed) is obvious in the bimodule picture. But we can show this by repeating
similar arguments as in the above proof, and we indeed construct an intertwiner
in an explicit fashion. By symmetry we assume up;(m) = po(m)u for an isometry
u € M. With isometries v, w € M satisfying

vm = p1p1(m)v and  wm = pyps(m)w,
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we compute uvm = upip1(m)v = pap1(m)uv. By applying gy to the both sides, we
get pa(uv)pa(m) = papepr(m)pz(uv). Then, by hitting w* from the left, we get
w*pa(uv) pa(m) = w* p2papr(m)pa(wv) = pr(m)w*pa(uv).

Hence, po(v*u*)w is an intertwiner between p; and ps, and it remains to show that
this intertwiner is non-zero. To see this, we recall that the isometry uv intertwines
id and papr. We set ¢ = wov*u* € M N pyp1 (M) and note popr(M)g = uvMuo*u*.
Therefore, the reduced inclusion gMgq O pap1(M)q is trivial and hence EsF;(q) =
dplldm by the local index formula, where E; : M — py(M) and Ey : pay(M) —

p2p1(M) are minimal expectations. Since ps(M) D pap1 (M) is irreducible, Ey(q) is

_ 1
dp1dp2

1
dp1dpa

a scalar and E1(q) . By making use of the expression (6.2) for F;, we get

= E1(uvv*u®) = po(w* po(uvv™u™)w),

showing m = w*po(uvv*u*)w. Therefore, \/dpi1dps pa(v*u*)w is an isometry inter-

twining p; and ps.
Thanks to the remark, we also have the following dual version:

p=<nC << n=pC

In the principal and dual principal graphs, a vertex appearing at a certain level is
known to appear in two steps below. In the sector (or bimodule) picture going two
steps further down means to hit p and then p from the same side (or the other way
around). Therefore, this phenomenon is exactly the Frobenius reciprocity. Also note
that (if p is irreducible) the conjugate sector p is characterized as an irreducible sector
n satisfying id < pn (or equivalently id < np).

Several versions of Frobenius reciprocity are known (see [67, 68] for example, where
bimodules are considered). The following version for (not necessarily irreducible)

sectors is quite handy:
Theorem 6.8. For sectors (,n, p € Sect(M)of finite statistical dimension, we have
dim Hom((n, p) = dim Hom/(¢, py) = dim Hom(n, (p).

Here,
Hom(p1, p2) = {x € M; xpi(m) = po(m)x for each m € M}
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is the space of intertwiners.

The result readily follows from Lemma 6.6 since dim Hom(-, ) is obviously additive

in both variables (with respect to @).

6.4. Applications of the Sector Theory. Let N'C M be an inclusion of factors
with finite index. To compute many invariants for subfactor analysis, we may and
do assume that N and M are isomorphic (type I1I) factors. In fact, one can find
a factor £ such that N ® £ and M ® L are isomorphic (see Lemma 2.3, [52]) and
then one can consider NV ® £ C M ® L instead. In the rest we assume that N', M
are isomorphic so that N' = p(M) with some p € End(M).

1. Non-occurence of E; and Dy,
When index is less than 4, the Dynkin diagrams A, (n > 3), Da, (n > 2), Eg, Es
occur as principal graphs. However, the Dynkin diagrams Dy, ;, £ cannot occur,
and this fact can be easily seen from the sector theory.

Assume that N = p(M) C M possesses the Dynkin diagram Dj

Figure 10 (Dynkin diagram Dj)

Since the statistical dimension dp is the Perron-Frobenius eigenvalue of the corre-

sponding incidence matrix, we know
dp = 2cos <%) <: V2+ \/5)
(see [16]). Since pp = id @ «, we see
do = (dp)> —1=1++2.
We notice

ap=p+PB+7, bp=a, 1p=a

(From the last two relations we see d3 = dy = 4@ = () ~1 Then, the first relation

dp dp
says ((dp)* —1)dp = dp + 2((%7);71), from which we easily get dp = /2 + v/2.) Notice
d 1 2
dﬁz_a:izl.306...<2

W ot
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Therefore, this value has to be one of 2cos (%)’s (n = 3,4,---). However, this is
impossible since the value is smaller than /2 = 2 cos (%), and hence actually the
Dynkin diagram Ds; cannot occur.

The above simple but powerful argument was first used in [50], and is known as
the “2cos(m/n)-rule”. We can also eliminate the Dynkin diagram F; based on the
same rule. With a little bit more careful argument one can actually see that Dy, 1’s

are also impossible, and details can be found in [29].

2. Goldman type theorems

Assume that a factor M is equipped with an outer action o : G — Aut(M) of
a finite group G, and we consider the irreducible inclusion N' = M% C M. Then,
the basic extension M; is the crossed product M x, G and My N M’ = (>°(G) (see

Theorem 4.3). Actually we have the converse.

Theorem 6.9. Let N' C M be an irreducible inclusion of factors with index n. If
Mo M’ is an n-dimensional abelian algebra, then we can construct an outer action

on M of a group G of order n such that N' = M.

Proof. Let N' = p(M) (p € End(M)) be as usual, and recall that My N M’ is the

algebra of self-intertwiners of pp. The assumption means
pp=a1Das® D ay,.

Since d(pp) = n, each q; is of statistical dimension 1, i.e., oy € Aut(M) (or more pre-
cisely [o;] € Aut(M)/Int(M)). Generally, (when p is irreducible) a one-dimensional
sector « satisfies a < pp if and only if ap = p (thanks to the Frobenius reciprocity).
From this characterization, we see that these one-dimensional a’s form a (finite)

group. Hence, the above [a;]’s form a group G of order n and we write

PP = Z Plag]  (with [ag,][ag,] = [ag])-
geG
Since [ayp] = [p] € Sect(M), after inner perturbation we may and do choose a

representative a; € Aut(M) in such a way that ayp = p € End(M) (and a, = idpy).
We claim that o : g € G — a, € Aut(M) is an (outer) action. In fact, we note
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Qg 0y, = Qg,4, as sectors so that ay, oy, = Aduo a4, as endomorphisms (with some

unitary u € M). From the choice of ay’s, for each m € M we compute

up(m)u” = uay, g, p(M)u” = ag,ag,p(m) = ag p(m) = p(m).

Thus, u € M N p(M)" is a scalar so that we see ay 0y, = g, as desired. Note
N C M@ C M, and we conclude N = M(@E) (by comparing indices). [

When [M : N] =2, we have MNN' = CI and MyNM’' = CdC. Therefore, the
assumption in the theorem is automatically satisfied with n = 2 and hence ' = MZ2
or equivalently M = N xZ,, which is known as the Goldman theorem [15] (see [28, 30]
for more sophisticated Goldman type results).

In the above example N' = MY, we had pp = 3 e Pay and agp = p. Hence all the
irreducible components appearing in powers of (pp) already appear in pp. Such an
inclusion is called an inclusion of depth 2. When N' C M is an irreducible inclusion
of depth 2, then N is the fixed-point subalgebra of M under a Kac algebra (whose
dimension is [M : N]) action. This result is due to A. Ocneanu and proofs can be
found in [12, 31, 53, 65].

3. Non-strongly outer automorphisms
Importance of automorphisms in (pp)™ for subfactor analysis was first pointed out in
[29] (see also [30, 32]). Here, we characterize automorphisms appearing in (pp)™.
Let N C M be as usual with a minimal expectation £. When an automorphism
0 € Aut(M,N) is given, we have § o E = F o by the uniqueness of a minimal
expectation. Thus # is uniquely extended to an automorphism of the basic extension
M, (still denoted by ) subject to the condition §(ex) = enr. Similarly, 6 is extended
to all the basic extensions {M,}n—12... Let 0 : G — Aut(M;N) be an (outer)

action of a (discrete) group G, and consider the inclusion
B:NNQGQ.A:M ><19G.

As was seen in Proposition 3.13, the n-th basic extension A, is given by A, =

M,, xg G so that n-th relative commutant is

A, NB = (M, xg G)N (N %9 G).
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We begin by computing (M, xg G) N N'. An element © = Y cox,\g € M, X9 G

belongs to this relative commutant if and only if

Z nTgAg = Z TgAgh = Z 2404(n)Ag

geG geG geG

for each n € N, that is, for each g € G we have nx, = z,0,(n) (n € N).

Definition 6.10. ([1, 60]) An automorphism 0 € Aut(M;N') is called strongly outer

if the following condition is satisfied for each k: we must have x = 0
(6.3) whenever x € My, satisfies nx = x6(n) for eachn € N.

An action 0 : G — Aut(M;N) is called strongly outer if each automorphism
0, (g # e) is strongly outer.

The above discussion shows that when the action @ is strongly outer we have

(M,, xg G)NN" = M,, NN’ and hence
A, NB = (M, NN

We begin with an even integer £ = 2n and assume that x € M,, satisfies (6.3),
that is, xfp(y) = p(y)x for y € M. Since My, = Ad(JJn)"(M) (see §6.2), this
means that & = Ad(JyJ)"(z) in M satisfying Z(pp)"0p(y) = (pp)"p(y)Z, ie., T €
Hom((pp)"0p, (pp)"p). The Frobenius reciprocity says

dim Hom((pp)"0p, (pp)"p) = dim Hom((pp)"0, (pp)"*') = dim Hom(8, (pp)*"*).

Hence, the condition in Definition 6.10 breaks for M, if and only if 6§ < (pp)*"*!.

The above characterization remains valid regardless of the parity of k. In fact, let
us assume that x € My, satisfies (6.3). Then Z = Ad(JyJ)" " (z) € N satisfies

#(pp)" " p(y) = (pp)" ' ply)z  (for each y € M).

By hitting p~! to the above both sides, we see that = p~'(Z) € M satisfies

" (y)z,

2(pp)"pply) = (pp)
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that is, & € Hom((pp)"pdp, (pp)"*'). Once again the Frobenius reciprocity shows
that the condition in Definition 6.10 breaks if and only if § < (pp)***? thanks to

dim Hom((pp)"pbp, (pp)™*') = dim Hom(8p, p(pp)*"*)
= dim Hom(9, p(pp)*"**p)

= dim Hom(0, (pp)*"*?).

Therefore, we have shown

Theorem 6.11. ([1, 40, 42]) An automorphism 6 € Aut(M; N = p(M)) is strongly
outer if and only if 0 does not appear in Uy(pp)*. More precisely, the strong outerness

of 0 breaks at My, if and only if 6 < (pp)**1L.

See [35] for “analytic characterization” of non-strongly outer automorphims and

[60] for classification of strongly outer actions.
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APPENDIX A. CONDITIONAL EXPECTATIONS AND OPERATOR VALUED WEIGHTS

For the reader’s convenience basic facts on conditional expectations and operator
valued weights are summarized here.
1. Connes’ Radon-Nikodym cocycles
Let ¢, ¢o be (fns) weights on a von Neumann algebra M. Then one can construct
a continuous one-parameter family {(Dy; Dyg);}ier of unitaries in M satisfying

of = (Dy; D)o’ (-)(Dy; Dgg); and the following o%°-cocycle property:
(Dp; Dg)irs = (Dw; Do )iof® ((Dy; Dig)s)  for each t, s € R.

The construction of these unitaries are based on the celebrated 2 x 2-matrix trick due
to Connes, and {(Dy; Dgg)t}ier is called Connes’ Radon-Nikodym cocycle. More-
over, the converse theorem is also valid. Namely, if {u;};er is a continuous one-
parameter family of unitaries in M with the above o¥°-cocycle property, then there

exists a unique weight ¢ on M such that u; = (Dp; Dpg);.

2. Extended positive part
The extended positive part M. ([18]) is the set of all lower semi-continuous (in the

o-weak topology) maps m : M} — [0, 00] such that
m(A1p1 + Aapa) = Aim (1) + Aam(p2)  for p; € M and A; > 0

(with the convention 0 x oo = 0). When M = L*(X), its extended positive part is
the set of [0, oo]-valued functions.

Each x € M admits the spectral decomposition x = [;* Adey, and the map
mg: o € M — () :/ Adp(ey) € [0, 00)
0

gives rise to a (“finite”) element in M+. Therefore, we get the natural imbedding

M, C M+. Conversely, each m € M, admits the spectral decomposition

m(e) = [ Adp(er) + 00 x plex) (9 € M),

Note that the above right side becomes the familiar quantity [5° Ad(e €, &) + oo X
(ex€, &) when M C B(H) and ¢ is a vector state we. The projection 1 — ey (in M)
corresponds to the closure of the subspace {¢ € H; m(we) < oo}
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3. Conditional expectations

In the rest we assume that an inclusion M D A of von Neumann algebras is given.
Let ¢ be a weight on M. Takesaki’s theorem is: If ¢ |y is semi-finite on N and
ol (N) = N for each ¢t € R, there exists a conditional expectation £ : M — N
satisfying oo B = . We have of |y= o/ v , and furthermore F is uniquely determined
by this requirement.

Let ¥ be a weight on M. Then the restriction of the modular automorphism
o?°F to N is of. Thus, o/°% leaves N invariant and induces an automorphism
of M NN’. The restriction of o7°% to M NN does not depend on %, and it is
denoted by of. For another conditional expectation Ej, the Radon-Nikodym cocycle
(D(¢ o Ey); D(¢ o E)); belongs to M NN’ and it does not depend on . This
Radon-Nikodym cocycle is denoted by (DEy; DE), € MNN".

Assume that there exists a conditional expectation from M onto N. Let E(M,N)
be the set of all conditional expectations from M onto N. For each E € E(M,N),
its restriction to M NN’ is obviously a conditional expectation from M NN’ onto
Z(N). The map

Ee€eEMN)— E|pnv€ EMNN', ZN))

is bijective (Combes-Delaroche, [2]). In particular, when N is a factor, E(M,N) is
parameterized by the (faithful) state space of M N AN’. Hence, when M NN’ = CI

in addition, we have a unique conditional expectation (if any).

4. Operator valued weights
An operator valued weight F' : M, — N+ (roughly speaking, an unbounded gener-
alization of a conditional expectation) means an additive homogeneous map satisfying

the bimodule property
F(ymy*) =yF(m)y* forme M, and y € N.

Here, /\7+ is the extended positive part in 2. Notions such as normality, semi-
finiteness, and faithfulness can be introduced as in the theory of weights, and we
consider only normal semi-finite and faithful operator valued weights. Note that if
F(1) = A with A\ > 0 then A™'F(-) is a conditional expectation (after linearly ex-
tended to M in the usual way). For a weight ¢ on A the composition 9 o F' is
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a weight on M and al’b °oF — al’b on N. The following important result is due to

Haagerup ([18]): Let ¢, v be weights on M, N respectively. If of (y) = o} (y) for
y € N, then there exists a unique operator valued weight F satisfying o =1 o F.
For weights 1,1, on N we have o/ °" (y) = o/ (y) for each y € N and (D(¢ o
F); D(¢y0 F)); = (D; Diy); € N. The modular automorphism of € Aut(MNN")
and the Radon-Nikodym cocycle (DFy; DF), € M NN are defined analogously.
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