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Abstract. Zonotopal algebras, introduced by Postnikov—Shapiro—Shapiro, Ardila—Postnikov, and
Holtz—Ron, show up in many different contexts, including approximation theory, representation
theory, Donaldson—-Thomas theory, and hypertoric geometry. In the first half of this paper,
we construct a perfect pairing between the internal zonotopal algebra of a linear space and
the reduced Orlik—Terao algebra of the Gale dual linear space. As an application, we prove a
conjecture of Moseley—Proudfoot—Young that relates the reduced Orlik—Terao algebra of a graph
to the cohomology of a certain configuration space. In the second half of the paper, we interpret
the Macaulay inverse system of a zonotopal algebra as the space of sections of a sheaf on the
Schubert variety of a linear space. As an application of this, we use an equivariant resolution
of the structure sheaf of the Schubert variety inside of a product of projective lines to produce

an exact sequence relating internal and external zonotopal algebras.

1 Introduction

Zonotopal algebras come in three flavors: central, internal, and external. Central zonotopal algebras
and their duals play an important role in approximation theory, dating back to the work of de
Boor and Hollig [dBHS83]; they have also arisen in the contexts of hypertoric geometry [HS02]
and Donaldson-Thomas theory [RRT23]. Internal zonotopal algebras also have applications to
approximation theory [Lenl4], and to graphical configuration spaces [CDBHP]. External zonotopal
algebras were introduced by Postnikov, Shapiro, and Shapiro in the context of differential forms
on flag manifolds [PSS99]. These three types of algebras were combined and regarded as parts of a
single theory by Ardila and Postnikov [AP10], and independently by Holtz and Ron [HR11], who
gave them their names.

Another important algebra associated with the same data is the Orlik-Terao algebra [OT94].
This algebra has connections to linear programming [SSV13], linear codes [Toh], Kazhdan—Lusztig
theory of matroids [EPW16], and the theory of resonance varieties [Sch1l]; it also plays a role in
the categorification of the Tutte polynomial in [Berl0]. Our first main result is that the internal
zonotopal algebra of a linear space is canonically isomorphic to the dual of the reduced Orlik—Terao

algebra of the Gale dual linear space (Theorem . We use this to prove a conjecture of Moseley,
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Proudfoot, and Young [MPY17] relating the Orlik—Terao algebra of a graphical arrangement with
the cohomology ring of a certain configuration space (Corollary , which has previously been
proved only for the complete graph [Pag23].

The Schubert variety of a linear space was introduced by Ardila and Boocher [AB16], and was
used to prove non-negativity of the Kazhdan—Lusztig polynomial and Z-polynomial of a realizable
matroid [EPWI6, PXY18] and the Dowling-Wilson conjecture for realizable matroids [HW17].
When the linear space arises from the Coxeter arrangement of a Lie algebra as in Remark the
fundamental group of the real locus of the Schubert variety coincides with the pure virtual Weyl
group of the Lie algebra [IKL™) [Jia24]. We interpret the Macaulay inverse systems of all of the
zonotopal algebras as groups of sections of certain sheaves on the Schubert variety (Theorem ,
which naturally appear in the minimal free resolution of the structure sheaf of the Schubert variety
inside of a product of projective lines (Theorem. This allows us to construct an exact sequence
relating internal and external zonotopal algebras (Corollary , equivariant with respect to any
automorphisms of the arrangement, categorifying a numerical formula for the number of spanning
sets of a matroid (Remark [1.19).

1.1 Background

The basic data structure with which we will work is that of a triple A = (E,V, L), where E is
a finite set, V' = @ . Ve is a vector space over a field F of characteristic zero equipped with a
decomposition into lines indexed by E, and L C V is a linear subspace. We will refer to such
a triple as a linear space. The linear space A has an associated matroid M 4 of rank equal to
the dimension of L. Explicitly, B C E is a basis for M4 if and only if the projection of L to
@.cp Ve is an isomorphism. We define the Gale dual A' = (E,V* L1), and note that M 4 is
the matroid dual of M 4. An automorphism of A is by definition a linear automorphism of V' that
preserves the decomposition into lines (possibly permuting them) and takes L to itself. Note that
the automorphism group Aut(A) contains a distinguished copy of the multiplicative group G,
acting by scalar multiplication. There is a canonical isomorphism Aut(A) 22 Aut(A') that restricts

to inversion on G,.

Remark 1.1. Suppose that we are given a vector space L and a multiset {H, | e € E'} of hyper-
planes indexed by E that intersect only in the origin. Then we may define a linear space A by
putting V, := L/H.. An automorphism of .4 consists of a pair (o, 7), where o is a linear automor-
phism of L and 7 is a permutation of F such that o(H,) = H () for all e € E. An arbitrary linear
space A arises via this construction if and only if the projection L — V. is surjective for all e, or
equivalently if the matroid M 4 is loopless. The main reason that we choose to work with linear

spaces rather than hyperplane arrangements is that looplessness is not preserved by duality.

For any element o € L, let m(a) be the number of coordinates e € E such that the projection

ae € V. is nonzero, and let p be the minimum value of m(a) for 0 # « € L. For any integer



k> —(p+1), Ardila and Postnikov [AP10} [AP15] define the ring
Rap = SymL/ <am(o‘)+k+1 |0# o€ L> .

Examples of these rings include the three zonotopal algebras introduced and studied by Holtz
and Ron [HRII]:

the internal zonotopal algebra R_(A) = R4 o2,
the central zonotopal algebra R(A) = R4 _1,
and the external zonotopal algebra R4 (A) = R4y.

Remark 1.2. The external zonotopal algebra R (.A) was originally defined by Postnikov, Shapiro,
and Shapiro [PSS99]. Their primary motivation came from the case where A arises from the Coxeter
arrangement of a Lie algebra via Remark[1.1] in which case they showed that the external zonotopal
algebra is isomorphic to the subalgebra of differential forms on the flag manifold generated by

curvature forms of Hermitian line bundles.

Remark 1.3. The word “zonotopal” derives from the special case where A is unimodular: this
means that L* is equipped with a lattice A, the projection L — V., = F is given by a primitive
element y. € A, and any subset of the vectors {x. | ¢ € E} spans a saturated sublattice of A.

Consider the zonotope
Z(A) = {ZCHXH ‘ 0<cyg<lforall He A} CAQR.

We denote its interior by Z(.A), and we also consider a translation Z(A,\) := Z(A) + A by some
generidﬂ element A € A ® R. Intersecting with A, we obtain finite subsets

Z (A) = Z(A) NA,
Z(AN) = Z(A N NA,
Z_(A):=Z(A)NA.

Given a finite subset S C L*, its orbit harmonics ring R(.S) is defined to be the coordinate ring

of the scheme-theoretic limit
lim(e - S);

e—0

this may also be characterized as the associated graded ring of the filtration on F[S] whose i*! piece
is the image of Sym=! L under the restriction of functions from L* to S. Then we have canonical
isomorphisms [HR11l Theorems 5.10, 3.9, 4.11]E]

RO(A)ZR(Z_(A), RUAZRZAN), and Ri(A) =2 R(Z.(A)).

3Here “generic” means that Z(A, \) contains no lattice points on its boundary.
4See [CDBHP! Proposition 1.1] for an alternate proof in the internal case, which extends to the other two cases.




Let C4 C Sym L* be the linear dual of R 4, also known as the Macaulay inverse system
of the defining ideal of R 4. Concretely, we may think of elements of Sym L* as polynomials and
elements of Sym L as differential operators, in which the natural pairing between Sym L and Sym L*
is given by applying the differential operator to the polynomial and then evaluating the resulting
polynomial at 0 € L. (Note that this means that an element of Sym’ L can pair nontrivially with
an element of Sym’ L* only if i = j.) By definition, C 4k is the set of polynomials f € Sym L* that
pair trivially with every element of the ideal <am(a)+k+1 |0# « € L). This is equivalent to the
condition that f is annihilated by every generator of the ideal, via the standard action of differential

operators on polynomials (without evaluating at zero). That is, we have

CA,k = {f S SymL*

QMR — 0 forall 0 £ o € L} .
Holtz and Ron use the notation
P_(A) :=Cy o, P(A) :=Ca 1 and  Py(A) = Cap.

Remark 1.4. We will use the convention that the gradings on all of our vector spaces are induced
by the inverse action of G,, C Aut(A). Thus Sym L* is generated in degree 1, Sym L is generated in
degree —1, and all nontrivial pairings occur between classes in opposite degrees. This is consistent

with thinking of elements of Sym L* as polynomials and elements of Sym L as differential operators.

The in the central (k = —1) case, we have some beautiful additional structure, namely a
canonical ring structure on P(A), which we now describe. For each e € F, choose an isomorphism
Ve 2 F, and let x, € L* denote the projection from L to V. For any subset S C F, let

XS = er € Sym L*.
ecS

Consider the idea]ﬂ J(A") € Sym L* generated by polynomials xg for all subsets S C E that are
dependent for the matroid M 4. The quotient ring Sym L*/J(A") is the reduced StanleyReisner
algebra SR(A') of the independence complex of M A!ﬁ (See Remark for an interpretation of
this ring in the context of hypertoric geometry.)

Let D(A') C Sym L denote the Macaulay inverse system of J(A'), or equivalently the linear
dual of SR(A'). When F = R, D(A') is equal to the Dahmen—Micchelli space, which is the
Sym L*-submodule of Sym L spanned by polynomials that coincide on some open subset of L* with
the multivariate spline associated with A [DCP11, Theorem 11.37]. The Dahmen—Micchelli space
is of fundamental importance in approximation theory; it was first studied by de Boor and Hollig
[dBH83|, and it is one of the main characters in the book [DCPII]. See [HR11, Section 1.2] for a

more detailed survey of the literature on the space D(.A!).

®Holtz and Ron call this ideal J(A), but this notation would lead to difficulty for us in Sectionsand Similarly,
the vector space D(A') in the next paragraph is called D(A) by Holtz and Ron.

5The Stanley—Reisner algebra is a quotient of Sym V*, and the reduced Stanley-Reisner algebra is the quotient of
the StanleyReisner algebra by the linear system of parameters L™ C V*, which is a quotient of Sym L*.



The following theorem was proved by several authors [AS88, [DRI0, [Jia93|, and appears implic-
itly in [BV99] and the references therein. See [DCP11l Corollary 11.23] or [HR11, Theorem 3.8] for

a nice exposition.

Theorem 1.5. We have Sym L* = P(A) @ J(A"). Equivalently, the compositions
P(A) < Sym L* — SR(A") and  D(A") — Sym L — R(A)

are isomorphisms, and the graded vector spaces P(A) = SR(A') are dual to D(A') = R(A).

It is natural to ask whether there is an analogue of Theorem in the internal or external

settings. Indeed, Holtz and Ron define homogeneous ideals
T (AY, T (AY € Sym L*
and prove that we have [HR11, Theorems 4.10 and 5.9]
P_(A) @ J_(A) =SymL* =P (A) & T (A).

The drawback to these results is that the ideals Ji(A') depend on choices. For example, J_(A")
depends on a choice of ordering of E, and the quotient Sym L*/J_(A') is the reduced Stanley-
Reisner algebra of the broken circuit complex of M 4. (The broken circuit complex, unlike the
independence complex, depends on an ordering.) The ideal 7, (A') depends on both an ordering
and a choice of basis for L* that is suitably generic with respect to A'. In particular, the group

Aut(A) = Aut(A") acts on the rings R+ (A) and on their linear duals P+ (A), but not on Jx(A').

Remark 1.6. Like the central zonotopal algebra, the internal zonotopal algebra is also interesting
from the perspective of approximation theory. When A is unimodular (Remark , Holtz and
Ron used the box spline associated with 4 to define a canonical map from P_(.A) to the space of

functions on Z_(A), and Lenz proved that this map is an isomorphism [Len14j[|

1.2 The Orlik—Terao algebra

The first half of this paper is devoted to providing a canonical counterpart to Theorem in
the internal setting. As in the previous section, choose isomorphisms V. = F and let y. € L*
denote the projection from L to V. The Orlik—Terao algebra of A, defined in [OT94] and
first systematically studied in [Ter02], is the subalgebra of rational functions on L generated by
{xz' | e € E}F] Consider the map from L to OT(A) taking o € L to > x.(a)xs'. Note that

this map does not change if we scale one of the linear functionals y., and is therefore completely

"This is very different from the isomorphism obtained from [HR11, Result 2.3 and Theorem 5.10], which depends
on a choice of positive definite inner product on A. In particular, that isomorphism takes 1 € P_(.A) to the constant
function, whereas the more interesting and canonical isomorphism in Lenz’s theorem takes 1 € P_(.A) to the restriction
of the box spline to Z_(A).

81f x. = O for some e, then the Orlik-Terao algebra is by definition identically zero.



canonical. Equivalently, we may regard OT(A) as a quotient of Sym V', and the map from L is
given by the inclusion of L into V. The image of this map is a linear system of parameters [PS06),
Proposition 7], meaning that OT(A) is a free module over Sym L of finite rankﬂ The quotient of
OT(A) by the ideal generated by the image of L is called the reduced Orlik—Terao algebra,
and denoted OT(A).

Remark 1.7. If F = Q and M4 is loopless, the Orlik—Terao algebra OT(A) is canonically iso-
morphic to the equivariant intersection cohomology of the hypertoric variety associated with A
[BP09], and the Stanley—Reisner algebra of the independence complex is canonically isomorphic to
the cohomology ring of an orbifold symplectic resolution of that hypertoric variety [HS02]. Passing
to the reduced Orlik—Terao algebra or the reduced Stanley—Reisner algebra corresponds to passing

from equivariant to ordinary cohomology.

We will apply this construction to the Gale dual linear space A'. The algebra OT (A!) is a
quotient of Sym V*, and OT(A') is a quotient of Sym(V*/L*) = Sym L*. Let K(A') C Sym L*
denote the kernel of the homomorphism to OT(A'). Let £(A') € Sym L denote the Macaulay
inverse system of K(A'), consisting of differential operators in Sym L that pair trivially with the

!

polynomials in K(A"). The following analogue of Theorem is our first main result.

Theorem 1.8. We have Sym L* = P_(A) @ K(A'). Equivalently, the compositions
P_(A) — Sym L* — OT(A") and  E(A) = SymL - R_(A)

are isomorphisms, and the graded vector spaces P_(A) = OT(A') are dual to E(A") = R_(A).

Remark 1.9. While the statement of Theorem is elementary, our proof requires the theory of

minimal extension sheaves on the poset of flats of the arrangement A', developed in [BP09)].

1.3 An application to graphs

Theorem has a concrete application outside of the world of zonotopal algebras, which we now

describe. Let I' be a connected graph with vertex set [n]. Let
Conf(SU(2),T") :={k : [n] = SU(2) | k(i) # k(j) if i is adjacent to j in T'},

and let X(SU(2),T") be the quotient of Conf(SU(2),T") by the action of SU(2) by simultaneous left

translation.

Remark 1.10. This space can be identified with something more familiar in the case of the
complete graph K,,. Since SU(2)\ {id} is homeomorphic to R?, we may use the translation action
of SU(2) to move k(n) to the identity and thus identify X (SU(2), K,,) with the configuration space
of n—1 distinct labeled points in R?. The advantage of writing it as X (SU(2), K,,) is that it reveals

the fact that we have an action of &, and not just &,,_1. The &,_1 action on the cohomology

9This statement can fail in positive characteristic, which is why it is crucial that we assume that charF = 0.



groups of X (SU(2), K,,) gives (up to a sign) the Eulerian representations &,,_1, and the &,, action
gives (up to a sign) Whitehouse’s lifts of the Eulerian representations to &,, [ERI9, Proposition
2]. For arbitrary I', the space X (SU(2),I") is more mysterious; it may be regarded as a finite
approximation to a product of g copies of the SU(2) affine Grassmanian, where g is the first Betti
number of I' [CDBHP| Remark 1.12].

Let A!F = (E,C1(I;Q), H1(I';Q)), where E is the set of edges and C1(I'; Q) is the space of
cellular 1-chains. Let Ar be the Gale dual of .A!F. If T is simple, then Ar is the linear space
associated with the corresponding graphical hyperplane arrangement, that is, the subarrangement
of the Coxeter arrangement for sl, indexed by edges of I'.

Note that the chain group C1(I'; Q) is a direct sum of 1-dimensional vector spaces V. indexed
by edges. Explicitly, if a and @’ are the two orientations of e, then V. := Q{a,d’}/Q-(a + a’). Each
of these vector spaces could be identified with Q by choosing an orientation of the corresponding
edge, but we make no such choice. In particular, the automorphism group Aut(I") acts canonically
on both A!F and Ap. The following statement was conjectured in [MPY17, Conjecture 2.16].

Corollary 1.11. There exists a degree-halving isomorphism of graded Aut(I')-representations
H*(X(SU(2),T);Q) = OT(Ar).

Proof. By [CDBHP, Theorem 1.9], there exists an Aut(Ar)-equivariant vector space isomorphism
H*(X(SU(2),T);Q) = R_(A}) taking classes of degree 2i to classes of degree —i. Combining
this with Theorem we see that H? (X (SU(2),T); Q) is dual to W(Ap) as a representation of
Aut(T") C Aut(Ar). The corollary then follows from the fact that finite dimensional representations

of finite groups over QQ are (noncanonically) self-dual. O

Remark 1.12. The case of the complete graph is already very interesting, and was the primary
motivation for the conjecture in [MPY17]. For this special case, Corollary was proved by
Pagaria [Pag23] by studying the generating functions for the symmetric functions obtained by
applying the Frobenius characteristic map to the graded pieces of the representations. This is a
beautiful proof, but it does not provide any canonical isomorphism or duality, nor does it extend

to other graphs.

!

Remark 1.13. There are many examples of linear spaces over C for which R_(A) and OT(A")
are dual but not isomorphic as graded representations of a finite group of symmetriesm For
example, see [BerI8] for an equivariant study of R_(A) when A' is the linear space associated with
the reflection hyperplanes for the complex reflection group G(m,1,n). Theorem allows us to
translate this into a study of the reduced Orlik-Terao algebra of A'.

10T the proof of Corollary [1.11] we made use of the fact that every finite-dimensional representation of a finite
group over Q is self-dual, but the corresponding statement over C is false.



1.4 The Schubert variety

Assume now that the ground field F is algebraically closed. For all e € E, let
Ve:=VeU{oo} =P(V. ®F) = P".

The Schubert variety Y4 is defined as the closure of L inside of P4 := [] V.. The name Schubert
variety indicates an analogy with Schubert varieties in Lie theory; the most important shared
feature is that both varieties admit affine pavings. The translation action of L on itself extends to
an action on Y4, which has finitely many orbits indexed by flats of M 4, each of which is isomorphic
to an affine space (Lemma [£.2).

Let F be a corank 1 flat. The corresponding orbit in Y4 has codimension 1, and we denote its
closure by Dp. Let ap € L span the line in L corresponding to F', which is the stabilizer of the
orbit, and let m(F) := m(ap). For any integer k, consider the Weil divisor

Dy:= Y (m(F)+k)Dr
crk F'=1

along with the associated sheaf Oy A(Dk)ﬂ Concretely, a section of Oy, (Dy,) is a rational function
on Y4 that is regular on L and has a pole of order at most m(F) + k on Dp. In particular, we
have a canonical inclusion H(Oy, (Dy)) C H°(Or) = Sym L*. Our second main result identifies
this space of sections with the Macaulay inverse system C 4. Recall that R4 and C 4 are only
defined when k > —(p + 1), where p is the smallest possible value of m(«). The following theorem

will be proved in Section [4.1

Theorem 1.14. For all —(p+1) < k <0, we have H*(Oy, (D)) = Ca as subspaces of Sym L*H

1.5 Syzygies

Our primary motivation for Theorem is that these cohomology groups appear naturally in the
minimal resolution of the structure sheaf of Y4 on the ambient variety P4. For any S C E, let
Vs := @.cq Ve, let g : V. — Vg denote the projection, and let Lg := mg(L) C Vs. We define
the localization Ag := (S, Vs, Lg) and the contraction A° := (E\ S, Vins, LN VE\g), so that
(A)s = (AP At the level of matroids, these operations correspond to restriction to S and

contraction of S, respectively. Let 7, : P4 — V. denote the coordinate projection, and let
Op,(—1s) :== Q) m; Oy, (—1).
eeS

Let M = M 4 be the matroid associated with the Gale dual of A. For any vector space V, let
det(V) := AY™VY | The following theorem will be proved in Section

"'We are using the fact that Y4 is normal (Theorem to make sense of Oy, (Dx).
"2When k is positive, H%(Oy, (Dx)) is equal to the slightly larger space C. r appearing in [APT5].



Theorem 1.15. There exists an Aut(A)-equivariant minimal free resolution
= Q= Q1 — Qy— Oy, —0
of the structure sheaf Oy, on P4, and we have

o = P det(LJS‘)®H0(OYAS(D—2))*®OPA(_1S)
crkar (E\S)=1

Remark 1.16. By Theorem the factor H° (Oy A (D_g))* in Theorem may be replaced
by the internal zonotopal algebra R_(.Ag). By Theorem it may be replaced by OT((Ag)")*.

Remark 1.17. Theoremis a categorification of [AB16, Theorem 1.5], in which the multigraded
Betti numbers of Oy, are computed. The novelty of Theorem is that it encodes the action
of the group Aut(A) on the multiplicity spaces, including the multiplicative group G,, C Aut(A),
which is responsible for the gradings.

Though we have written the resolution in Theorem [L.15| as a direct sum over all subsets S C E,
many of the terms vanish. Indeed, R_(Ag) is nonzero if and only if M 4, has no coloops, which is
the case if and only if £\ S is a flat of M.

We conclude by considering what happens when we tensor the exact sequence in Theorem [1.15
with O(1g) := O(—1g)* and take cohomology. All of the sheaves appearing in this new exact
sequence have vanishing higher cohomology [Bri03] and Oy, ® O(1g) = Oy, (Dy), which leads to

the following result relating internal and external zonotopal algebras.

Corollary 1.18. There exists an Aut(A)-equivariant exact sequence of vector spaces
= HY(Q2(1p)) = HY(Qi(1p)) = H%(Qo(1p)) = R+ (A)" =0,

where
H(Qi(1p) = P det(lz)®R (As)® ) (VS &F).
crkay (E\S)=i e€E\S

Remark 1.19. We have noted in Remark that R_(Ag) vanishes unless F \ S is a flat of M.
If it is a flat, then the total dimension of R_(Ag) is equal to (—1)k(F\S) y(E\ S, F), where p is
the Mobius function on the lattice of flats of M [HR11, Theorem 5.9(1)]. The total dimension of
R4 (A) is equal to the number of spanning sets of M [HR11, Theorem 4.10(1)]. Thus the exact
sequence in Corollary categorifies the equation

number of spanning sets of M = Z w(F, E) 21,
flats F’

3The action of Aut(.A) on the right-hand side of this expression will be made precise in Remark



This identity is obtained via Mdbius inversion from the more familiar identity

2Fl = N T cE|T=F}|
flats F'
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2 Modules over Sym L+

The algebra OT(A') comes with a flat deformation OT(A') over the base (L*)* = Vy/L. Our
strategy for proving Theorem will be to define a corresponding flat deformation Q_(.A) of
P_(A) over the same base, and to prove that Q_(.A) is isomorphic to OT(A").

2.1 OT and SR.

Fix for each e € E a nonzero vector ve € Ve, and let w. € V. be the unique vector that pairs to 1
with ve. Let xe € L* be the linear functional obtained by projecting onto V. and pairing with w,,
and let 1. € (L)* be the linear functional obtained by projecting onto V.* and pairing with v,.
We have surjections

SymV — OT(A) and SymV* — OT(A')

taking ve to x5 and we to 1> '. We will only be interested in OT(A'), but we provide the two

constructions in parallel to make them more transparent.

Remark 2.1. Note that scaling v. has the effect of scaling 1. and inverse scaling w, and ¥, so
these surjections are in fact independent of any choices. This observation makes it clear why OT(.A)

is canonically a quotient of Sym V' rather than Sym V*.
Let G(A') € Sym V* be the kernel of the homomorphism to OT(A'). For any element a € L,
let Supp(a) := {e | xe() # 0}, so that m(a) = | Supp(«)|, and let

he = Z Xe() H wyg € SymV™.

e€Supp(a) feSupp(a)\e

We claim that h, € G(A'). Indeed, if there exists an index e for which 1, = 0, then G(A') = Sym V*

by the convention in Footnote 8 If not, then we note that h, maps to the rational function

> oxel@ [ vt = o I vt

e€Supp(«a) fE€Supp(a)\e e€Supp(a)

10



This vanishes on L+ because o vanishes on L+, thus h, € G(A").
Fix a total ordering < of E, along with a monomial order on Sym V* with the property that
we < wy if and only if e < f. For any 0 # g € Sym V*, we define the initial term in-(g) € Sym V*

to be the largest monomial appearing in g with respect to our monomial order. Let
G (A = <in<(ha) ’ a€ L> C Sym V™.
If e is the minimal element of Supp(«), then we have

in<(hoz) = Xe(a) H wy.

feSupp(a)\e

Since a subset of F is the support of some element « € L if and only if it is a dependent set for the
matroid M 4, and every dependent set with its minimal element removed contains a circuit with
its minimal element removed, the ideal G (A') is equal to the Stanley—Reisner ideal of the broken

circuit complex of M 4. The quotient
SR (A') := Sym V*/G (A"

is called the Stanley—Reisner algebra of the broken circuit complex.

We call 0 # a € L minimal if its support does not strictly contain the support of another
nonzero element of L, or equivalently if the support of « is a circuit of M 4. It is clear that
G- (A") is generated by in.(hy) for minimal a. Since h, € G(A'), we a priori have an inclusion
G- (A" C in(G(A")). In fact, this inclusion turns out to be an isomorphism; the following result is

proved using the theory of geometric vertex decompositions [KMY09].

Theorem 2.2. [PS06, Theorem 4] The set {h, | o minimal} is a universal Grébner basis for

G(A"). That is, for any choice of ordering < and any compatible choice of monomial order, we

have in(G(A')) = G (A").

The inclusion of L' into V* makes both OT(A') and SR (A') graded modules over Sym L+, and
they are both free modules by [PS06, Propositions 1 and 7]. We define the reduced Orlik—Terao

algebra and reduced Stanley—Reisner algebra
OT(A") := OT(A") ®gyt ' and SR (A') = SR(A') ®gym . F.
We may equivalently regard OT(A') and SR (A') as quotients of Sym L* = Sym(V};/Lt) by the

images of G(A') and G (A') in Sym L*. These images are precisely the ideals C(A') and J_(A")
from Sections [[.2l and I3l
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22 Q_

Recall that we have defined
P_(A) = {f eSymL* | a™@=1. f —0forall0#£a e L} .

Ardila and Postnikov prove that it is enough to consider minimal o [AP15, Lemma 1], which may
be regarded as an analogue of the statement that G (A!) is generated by the classes h,, for minimal

a. Our deformation Q_(A) of P_(A) is defined in the most naive possible way:
Q_(A) = {f €SymV* | o™ f=0forall 0 £ a e L} C Sym V™.

The inclusion of L+ into V* makes Q_(A) a graded module over Sym L.

Lemma 2.3. The space Q_(A) is a free module over Sym L+, and we have a canonical isomorphism

of graded vector spaces

P- ("4) =9 ('A) ®Sym Lt F.

Proof. If we choose a splitting of the inclusion of L+ into V*, we obtain an isomorphism
T:SymV*™ = Sym L* ® Sym L+

of graded Sym L+-modules. Because every element of Sym L' is annihilated by « for all a € L, we
have T(Q_(A)) = P_(A) ® Sym L+. While this isomorphism depends on the choice of splitting,
the induced isomorphism P_(A) = Q_(A) ®gyp, 1+ F does not. O

3 Sheaves on the poset of flats

Let £ be the poset of flats of the matroid M 4. We will assume throughout this section that M 4
is loopless, so the minimal element of £ is () and the maximal element is E. Consider the topology
on the set £ in which U C L is open if and only if it is downward-closed: that is, F' € U whenever
F < G € U. The minimal open neighborhood of G is the set Ug := {F | F < G}. We can also
think of £ as the set of objects of a thin category in which |[Hom(G,F)| = 1 if F < G and 0
otherwise. Given a sheaf F on the topological space £, we can produce a functor on the category £
by sending a flat G to the stalk 7o = F(Ug). This process is reversible, so sheaves are in canonical
bijection with functors [BP09, Proposition 1.1].

For any flat I/, recall the that we have defined the localization (A')p = (F, V3, (L4)F) in Section
For ease of notation, we will write A} for (A')r and L for (L) p = (LN VE)L, but we stress
that the Gale duality comes first and the localization second. We define a sheaf O on £ by putting

Op := Sym L+
and taking Og — Op to be the canonical projection for any F' < (. In particular, we have
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Op = Sym Lt and Op = F. We call O the structure sheaf of £, and we will be interested in
sheaves of graded O-modules.
3.1 Minimal extension sheaves

Our main technical tool in this paper will be the theory of minimal extension sheaves on L, devel-
oped in [BP09].

Proposition 3.1. [BP09, Proposition 1.10 and Corollary 3.7] There exists a sheaf F of graded
O-modules on L with the following properties:

e For every F € L, Fr is a free module over Op.
o The sheaf F is flabby: for every open U C L, the restriction F(L) — F(U) is surjective.
o We have Fyp = Oy = F.

The sheaf F is unique up to isomorphism. Furthermore, the only endomorphisms of F are those

given by scalar multiplication.

Remark 3.2. In [BP09], it is only asserted that all automorphisms of F are given by scalar
multiplication, rather than all endomorphisms. However, the proof of the stronger statement is
identical; see [BP09, Lemma 1.16] and [BBFK02, Remark 1.18].

Any sheaf F satisfying the conditions of Proposition [3.1]is called a minimal extension sheaf.

Corollary 3.3. Suppose that F and F' are minimal extension sheaves. Any sheaf homomorphism

¢ F — F' with the property that @g : Fy — .7-"(3 18 nonzero is necessarily an isomorphism.

Proof. By Proposition[3.1] F and F” are isomorphic, and there is a unique isomorphism t : 7' — F
with the property that 1y = ¢y L Then o) is an endomorphism of F and 1oy is an endomorphism
of F', both of which restrict to the identity at L. By the last sentence of Proposition they
are both equal to the identity, so ¢ = 1. O

Remark 3.4. For a sheaf F to be flabby, it is not enough for the stalk maps
Fg = f(ﬁ) — .F(UF) =Fr

to be surjective for all F' € L. Rather, the map F(£) — F(U) has to be surjective for every open
set U, including those that are not of the form Ugr. For example, the structure sheaf O is almost

never flabby [BP09, Example 1.14], and is therefore almost never a minimal extension sheaf.
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3.2 OT and SR

For any flat I of the matroid M 41, we will be interested in the rings OT(A';) and SR« (A%), both
of which are algebras over Op = Sym LI%. Recall that the localization AIF is Gale dual to the
contraction AP\ = (F, Vi, L N V), therefore we have

OT(AR) 2 Sym Vi /G(Ay)  and SR (Af) = Sym Vi /G (A)),

where the generators of G(.A%) are indexed by minimal elements a € L N V. These are the same
as minimal elements o € L with Supp(«) C F.

Given a pair of flats F' < G, we have a homomorphism
prG : Sym V4 — Sym Vi

induced by the projection of V5 onto V. By definition, ppg restricts to a homomorphism from
Sym Lé C Sym V{4 to Sym L]% C Sym V7.

Lemma 3.5. We have

pra(G(AG) CG(AR)  and  pra(G<(Ag)) C G<(AR),
thus ppg descends to graded algebra homomorphisms
OT(AL) — OT(A%)  and  SR(AL) — SRo(Ak).
Proof. Suppose that « € L is minimal and Supp(«) C G. If Supp(«) C F, then

pFG’(ha) = ha and pFG(in<(ha)) - in<(hoz)'

Otherwise, the fact that Supp(«) is a circuit of M 4 and F' is a flat of M 4 not containing Supp(«)

implies that F' is missing at least two elements of Supp(a), and therefore we can conclude that
pF,E(hOc) =0= pFG(in<(hoz))' O

By Lemma [3.5] we may define sheaves of O-modules OT and SR« on £ whose stalks at F' are
OT(A%) and SR« (AY%), with restriction maps given by the homomorphisms prg.

Proposition 3.6. [BP09, Propositions 3.9 and 3.11] The sheaves OT and SR« are both minimal

extension sheaves.

Remark 3.7. Propositions [3.1] and have the surprising consequence that there is a unique
isomorphism of O-modules OT = SR, that restricts to the identity at the flat (), and therefore a

canonical isomorphism of graded Sym L'-modules

OT(A") = OTg = (SR<) g = SR (A").
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This is not a ring isomorphism, and it is not easy to give an explicit formula for it.

3.3 Q_

In this section, we will be interested in the graded Sym Lf—module
Q_(ABV) = {f eSymVp | o™ f=0forall 0 £a e LN VF} C Sym V.

Lemma 3.8. If FF < G are flats, then ppg : Sym Vi — Sym Vi takes Q_(AP\G) to Q_(AP\F).

Proof. If f € Q_(AP\G) and 0 # o € L N Vi, then

o™ pra(f) = pra(@™ 7 f) = pra(0) = 0.
This completes the proof. O

By Lemma we may define a sheaf Q_ on £ whose stalk at F is equal to Q_(AP\F), with
restriction maps given by the homomorphisms prg. We would like to show that Q_ is a minimal
extension sheaf. The fact that the stalks are free modules is proved in Lemma [2.3] and the fact
that the stalk at the empty flat is isomorphic to [F is trivial. However, the flabbiness property is
not obvious. While it is easy to show that the map ppg : Q_(A) — Q_(AF\F) is surjective, this
is not enough (see Remark . This issue will be resolved in the next section by making use of a
result from [HR11].

3.4 Isomorphisms

The inclusion of Q_(AP\) into Sym V, followed by the projection of Sym V; onto OT(A%) or
SR« (.A!F), define graded Sym L-module homomorphisms

or: Q(APV) 5 OT(AR)  and  (p<)p: Q- (APV) — SR (AR).

These morphisms are all compatible with the maps pprg, and therefore they define sheaf homomor-
phisms
p:9_— 0T and Y Q- — SR..

Proposition 3.9. The homomorphism p. : Q_ — SRc is an isomorphism.

Proof. Fix a flat F', and consider the graded Sym Ll%—module homomorphism
(p<)rF Q—(AE\F) — SR<(AR).

Since the source and the target are both free modules, it is sufficient to prove that it becomes an

isomorphism after tensoring over Sym Lf with . This yields the map
P_(AP\F) — SR (Af),
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which is an isomorphism by [HR11, Theorem 5.9(6)]. O
Corollary 3.10. The sheaf Q_ is a minimal extension sheaf, and ¢ : Q_ — OT is an isomorphism.

Proof. The first statement follows from Propositions and and the second follows from the
first statement, Proposition [3.6] and Corollary [4.4] O

Proof of Theorem [I.8 If M 4 has a loop e, then there exists « € L with Supp(a) = {e}. It follows
that P_(A) = 0 and KC(A') = Sym L*, and therefore the theorem holds. Thus we may assume that
M 4 is loopless, which allows us to apply the machinery of Section

By Corollary the map g : Q_(A) = OT(A') is an isomorphism. Tensoring over Sym L+
with F, we see that the composition P_(A) < Sym L* —» OT(A') is an isomorphism. O

3.5 An example

We conclude this section with an example of Theorem We have intentionally chosen an example
that has proved to be deceptive in the past. The space P_(A) includes all of the monomials
xs = [l.cs x(e) € Sym L* for those subsets S such that every circuit of M 4 contains at least two
elements of E'\ S, and Holtz and Ron conjectured that P_(.A) is spanned by such monomials [HR11),
Conjecture 6.1]. A proof of this conjecture was published in [API0] and later retracted in [AP15],
along with a counterexample. The example that we consider here is precisely the counterexample
appearing in [AP15]. One can regard this as the first example for which the space P_(.A) is trickier
than one might expect.

Let T be the graph obtained from the complete graph on three vertices by doubling each edge,
and let

A:= AL = (E,C(I';Q), H(T; Q)

be the corresponding cographical linear space (see Section . We will label the edges with the
labels eq, ea, f1, f2, g1, and go, so that {e1,ea}, {f1, fo} and {g1, g2} are the three parallel pairs. We
will orient them so that each parallel pair is oppositely oriented and {e1, f1,¢1} forms an oriented
cycle. Then L = H(T'; Q) is spanned by the classes

le = Ve, + Vey, by = vy +vyp,, Ly =g, + Vgy, and l = e, +vp + vy,

The defining ideal
(amet ) 0#a€H Q)

of the internal zonotopal algebra turns out to be generated by the elements /., ¢, £,, and 72, thus
R_(A) =2 Q[¢]/¢2. Since P_(A) is by definition dual to R_(A), it is 1-dimensional in degree 0 and
1-dimensional in degree 1. Explicitly, we have P_(A) = Q{1,c}, where ¢ € L* = H!(I;Q) is the
class that pairs trivially with /., £;, and /4, and pairs to 1 with /. We have a surjection from the
space V* = CHT; Q) = Q{we, , Wey, W, , Wiy, Wey , Wy, } to H(T;Q) = L*, but c is not the image of

any basis element. Rather, c is the image of the element (we, — we, + Wy, — wyg, + Wy, — wy,)/3.
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On the dual side, we have the Orlik—Terao algebra
' (&)
OT(A") = Qwe,, Wey, Wy, Wiy, Wy, Wy, | /(Wey +Wey, Wy +W iy, Woy + Wy, Wey Wy +Wey Wy + W, Wy ).

The linear space L C V* is generated by the classes we, —we, —wp, +wy, and wy, —wp, —wg, +wy,,

thus we have the reduced Orlik—Terao algebra
OT(A!) = OT(A!)/<w61 T Wey — Wy + Wy, Wp — Wh, — Wy + w92> = Q[w]/<w2>7

where w = we, = Wy, = Wy, = —We, = —wy, = —Wy,. The inverse system £(A') C SymL is

spanned by the elements 1 and
d = Ve, — Ve, +Vp, —Vfy + Vg — Vgy =l + L5 + Ly — 3L
The isomorphism P_(A) 2 OT(A') of Theorem [1.§| coincides with the map
P-(A) = Q{1,¢} = Q[uw]/(w?) = OT(A))

that sends ¢ to 2w. The isomorphism £(A') 2 R_(A) sends d to —3¢.

4 Schubert varieties

The goal of this section is to prove Theorems and

4.1 The local geometry of Y4

Recall that, by definition, Y4 is a subvariety of P4 = [ .c V. Because Y4 is the closure of a linear
space, the NP-graded multidegree of Y4 is multiplicity free [AB16], [Li18]. The following statement
is a consequence of the main theorem in [Bri03, Theorem 1] on multiplicity free subvarieties of flag

varieties; see the proof of [BE22, Theorem 4.3] for a discussion of rational singularities.

Theorem 4.1. The Schubert variety Y has rational singularities, and is therefore normal and

Cohen—Macaulay.

The additive group V acts on P4, and the additive subgroup L C V acts on Y 4. For any subset
F C E, let pp € P4 be the point defined by putting

0 ifecF

Br)e = oo ife¢F.

Lemma 4.2. [Prol8| Proposition 4.10] The following statements hold.

o We have pr € Y4 if and only if F' is a flat ofMAE

“Warning: All of the flats in Section [3| were flats of M 41, whereas now we are considering flats of M4.
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e The stabilizer in L of pp is LN Vg\p.

o Fvery element of Y4 lies in the orbit of a unique point pr. That is, we have

Ya = LJ L-pr = LJ LI(LOVpp) = LJ LF.

F a flat F a flat F a flat

o Given two flats F' and G, L is contained in the closure of Lg if and only if FF < G.
Lemma[£.2] describes a stratification of Y4. Our next goal is to describe Y4 in the neighborhood

of a stratum. For any flat F', we have a closed embedding ¢z : Y r — Y4 given by the formula

0 ifeeF
pe ifeé¢ F.

LF(p)e =

Let
Ur = | | Le =Ya\ | Lo
F<@ FLG
The second description shows that Up is an open subscheme of Y .
Choose an arbitrary section s : Lrp — L of the projection of L onto Lgr. For any flat G > F,
composing s with the projection of L onto Lg gives a splitting s¢ : L — L of the projection of
Lg onto Lp.

Lemma 4.3. We have an isomorphism ¢ : Lp x Y r — Ufp given by the formula

p(a,p) = s(a) - tr(p).

Proof. The poset of flats of M 4r is isomorphic to the interval [F, E] in the poset of flats of M4,
so both the source and target have stratifications indexed by the same posets. In the source, the
stratum corresponding to a flat G > F' is isomorphic to Ly X Lg/Lp, and in the target it is
isomorphic to Lg. The map ¢ is compatible with these stratifications, and the restriction of ¢
to the stratum Lp X L¢g/Lp coincides with the isomorphism induced by the splitting sg. Since
 restricts to a stratum-by-stratum isomorphism, it is a bijection. The variety Y4 is normal by

Theorem [4.1] therefore so is U, thus Zariski’s main theorem implies that ¢ is an isomorphism. [

Proof of Theorem [1.14 Consider the special case of Lemma where F is a flat of corank 1. In
this case, the subspace L := LN Vinr C L is 1-dimensional, we have Y r = LF >~ P!, and for any
o€ Lp, o(a, LT) = s(a) + L' is an affine translate of L.

Let f be a rational function on Y4 whose restriction to L is regular. Then

OI'dDF f = OI'dLF(f|UF) = OrdLFX{OO} QO*(f|UF),

which is equal to the degree of f when restricted to a generic affine translate of the line L c L. Tt
follows that HY(Oy, (Dy)) is equal to the set of polynomials f € Sym L* such that, for all corank
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1 flats F, the restriction of f to any affine translate of LY has degree at most m(F) + k. This is
equal to C 4 by [AP10) Proposition 2.6] and [AP15, Lemma 1]. O

4.2 The dualizing sheaf

Let

U .= U Ur CYy
crk F=1

be the union of the dense stratum and all strata of codimension 1. By Lemma and the fact
that Yy r = P! when F has corank 1, the variety U is smooth. Let wy, be the pushforward of
the canonical sheaf wyy, which is Weil divisorial and is a dualizing sheaf because Y4 is normal and
Cohen—Macaulay [CLS11, Theorems 8.0.4 and 9.0.9]. Let

Ka=-2 Y Dp.
crk F=1
Proposition 4.4. There is a canonical isomorphism wy, = det(L*) ® Oy, (K 4).
Proof. Let Q € det(L*) be a nonvanishing volume form on L, which is unique up to scale, and
which we can regard as a rational volume form on Y 4. Then

wy, = det(L*) ® OYA(D),

where D is the divisor of poles of §2. It remains only to show that D = K 4.
Since D is preserved by the action of L, we have D =), cpDp for some collection of integers
{cr}. Fix a particular corank 1 flat F. By Lemma there exists and isomorphism

UFgLFXYAFgLFX]Pl,

where the inclusion L C Up =2 Ly x P! is a linear isomorphism onto Lz x Al. Therefore cp is equal

to the order of the volume form dz at oo € P!, which is equal to —2. O

4.3 Equivariant minimal free resolution

Before proving Theorem [I.15] we explain why it is possible to choose a minimal free resolution of

Oy, that is equivariant with respect to the action of Aut(A). We begin in a very general setting.

Let
R= (P Ra

aczk

be a multigraded F-algebra. Let G be a reductive group acting on both ZF and R, with the
property that g- Ra C Ry(a) for all g € G and a € ZF. Let M be a finitely generated G-equivariant

multigraded R-module. By definition, a free resolution
= Q2OR - QIOR - QR —-M —0
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of M is minimal if, for all ¢, dim (); is minimal among all free resolutions.

Lemma 4.5. The module M admits a minimal free resolution for which each Q; is a G-representation

and the maps are G-equivariant.

Proof. We begin by reviewing the procedure for constructing a (not necessarily equivariant) minimal
resolution of M. Consider the surjection M — M ®@grF of multigraded representations of G. Choose
a section sg: M QrF — M. Let QQp := M ®gr F and define the map

dop:=50®1id: Qo @ R — M.

Let K := kerdy, and let s; be a section of the surjection Ko - Kg®gr[F. Now let Q1 := Ko QprF,
and define d; := s; ® id. Continuing this process produces a minimal resolution.

Since [ has characteristic zero and G is reductive, the category of finite dimensional represen-
tations of G over F is semisimple. This implies that the section s; can be chosen G-equivariantly,

and therefore so can dy. Thus the entire minimal resolution can be taken to be G-equivariant. [J

We now return to the setting of linear spaces. The connected component of the identity in
Aut(A) is a torus of dimension equal to the number of connected components of the matroid M 4.
This implies that Aut(.A) is reductive [Mill7, Corollary 22.43], and we will apply Lemma to

R = ®Sym(Ve* oF) = ®F[zeaye]'

ecE ecE
This ring is graded by Z{u. | e € E}, where deg(z.) = u. and deg(ye) = ue.
Corollary 4.6. Any Aut(A)-equivariant coherent sheaf on P4 admits a minimal free resolution by
Aut(A)-equivariant sheaves with Aut(A)-equivariant differentials.
4.4 Identifying the syzygies

Recall that
Lp=L-pp={peYs|e¢ F & p.=oc}.

If etk FF =1,
Dr={peYs|e¢ F = p.=o0}

is the closure of Ly in Y 4. For each element e € E, define

Do(e) := 7 (o0) = U Dp,
e¢F
crk F=1
so that m; Oy=(1) = Oy, (Do(e)). For each subset S C F, define Dy(S) := >_ g Do(e), so that
Oy, (1s) := Q) m Oy(1) = Oy (Do(S)).

eeS
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Remark 4.7. Let Aut(A)s C Aut(A) be the stabilizer of the subset S C E. Since the action
of Aut(A)g on Y4 preserves the divisor Dy(S), the natural embedding of Oy, (Dy(S)) into the
sheaf of rational functions on Y4 induces an Aut(.A)g-linearization of Oy, (1g). In particular when
S = E, it induces an Aut(A)-linearization of Oy, (1g). It also induces an Aut(.A)-linearization of
the right-hand side of the equation in Theorem [I.15]

Recall that we have defined Dy := >, p_1(m(F) + k)Dp.
Lemma 4.8. We have a canonical isomorphism Oy, (1g) = O(Dy).

Proof. We have

Do(E)=Y Dole)=>_ > Dr= > |ec€E|e¢F}Dr.

eckl eclE  e¢F crk F'=1
crk F=1

The lemma follows from the fact that m(F) = m(ap) is precisely equal to the number of elements

of the complement of F. O

Let
= Qo= Q1 = Qp— Oy, =0

be an Aut(A)-equivariant minimal free resolution of the structure sheaf Oy, on P4, which exists
by Corollary As in the statement of Theorem let M = M. It follows from [ABI6,
Theorem 1.5] that

Q, = @ Qs ® Op,(—1g),

CrkM (E\S) =t

where Qg is a representation of Aut(.A)g. While the sum is over all subsets S, we recall from
Remark that Qg will be nonzero if and only if '\ S is a flat of M.

Lemma 4.9. For any subset S C E, there is a canonical isomorphism
Qs @ HIS (Pag, 0(=25)) = H*O) (Y4, O(~1g)).
Proof. We begin by noting that the Kiinneth theorem provides an isomorphism
HISI(P 44, 0(=25)) = H¥(B4, O(=25)).
Now consider the resolution
0= OQum(—1g) = -+ — Qa(—1g) = Q1(—1g) = Qo(—1g5) = Oy, (~15) = 0

of Oy, (—1g). Since all cohomology groups of Opi(—1) vanish, the Kiinneth theorem implies that
the same is true of Op,(—1g — 17) unless S = T. It follows that the cohomology of Q;(—1g)
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vanishes unless ¢ = crkj/(E \ S), in which case it is isomorphic to

Qs ® HI¥ (P4, Op , (—25)).

If we regard Qo(—1g) as a complex of sheaves with Q;(—1g) sitting in degree —i, this complex is

quasi-isomorphic to Oy, (—1g), and we therefore have
Qs @ HI\(P 4, 0, (—25)) = HIS-kn B\ (B, 0 (~1g)) 22 HISImu(PAS) (v, O(~15)).
The lemma now follows from the fact that |[S| — crkas(E \ S) = rkyp (S) = rkas, (5). O

Consider the projection map mg : P4 — P 44 along with its restriction mg : Y4 — Y4,.

Lemma 4.10. If S is a spanning set for My, then for any for any line bundle & on Yuq, the
pullback homomorphism 7§ : H*(Yagy,§) — H*(Ya, 7€) is an isomorphism.

Proof. We mimic the argument appearing in the proof of [Bri05, Theorem 2.3.1]. Choose a res-
olution of singularities o : X4 — Y4. (One can take X4 to be the augmented wonderful va-
riety [BHM™, Section 1.3], though any resolution will do.) Since Y4 has rational singularities,

Oy, = Ro,Ox ,. Since Y4, has rational singularities,
Oy, = R(ms00).0x, = (R(ms)« 0 Roy) Ox, = R(ms): Oy,
Thus we have sheaf isomorphisms
§ =80 Oy, =E® R(ms).Oy, = R(ms)«mgt.

Taking cohomology of both sides, we obtain H*(Y4g,§) = H*(Y44, R(7s)«m€), and the latter is
isomorphic to H* (Y4, 758). O

Lemma 4.11. The pullback
g ) (Y, O(=1g)) = H™US) (Y, 0(~15))

is an isomorphism.

Proof. Choose T' C E'\ S such that |T'| = crka,(S) and SUT is a spanning set for M 4. Then

ms : Y4 — Y44 can be factored as a birational proper morphism

TSUT - YA — YASUT

followed by a projection
psrt Yagsur = Yag x (B! = Y.
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By Lemma [4.10] the induced map
whup + A (Vg O(=1)) = H™UE) (Y, 0(-15))
is also an isomorphism. Thus the composition 75 = 75 1 0 pg p is an isomorphism. 0
Proof of Theorem [I.15 By Lemmas and we have
Qs @ H(P 4, O(=25)) = H*MUS) (Y, O(~1g)). (1)
By Proposition [£.4] we have
wp,, = det(Vy) ® O(—2s) and wyy, = det(Ly) @ O(Kay). (2)

By definition, K4, = —2) D, where the sum is over corank 1 flats of Ag. Combining this with
Lemma [{.§] for the linear space Ag, we conclude that

O(K4s) = O(—15) ® O(D-2). (3)
Combining Equations , , and , we see that
det(Vs) ® Qs @ H¥I(P4g,wp, ) = det(Ls) ® H™MU) (Y, wy, . © O(=D_y)).

By two applications of Serre duality, one on P4, and one on Y4, we have canonical (in particular

Aut(Ag)-equivariant) isomorphisms

det(Vs) @ Qs = det(Vs) © Qs @ H'(Pag, O, )
> det(Vs) ® Qs ® HW(Pag,wp, )
> det(Lg) @ H* M) (Vg wy,  ® O(—=D_3))
= det(Ls) @ H(Yas, O(D-2))*.

The theorem now follows from the isomorphism det(Lg) = det(Vs) ® det(Lg) of 1-dimensional
representations of Aut(Ag). O

Proof of Corollary[1.18. Consider the resolution
e — QQ(lE) — Ql(lE) — Qo(lE) — OYA(lE‘) —0

obtained from Theorem by tensoring with O(1g). By [Bri03], all of the sheaves Q;(1g) as well
as Oy, (1g) have vanishing higher cohomology, so the hypercohomology spectral sequence tells us
that their sections form an exact sequence. Finally, H*(Oy,(1g)) & R4 (A)* by Theorem O
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4.5 The complete graph

Let A := .A!K" be the cographical linear space associated with the complete graph K,,, as defined
in Section Then M = My = Mk, is the braid matroid, whose flats of corank 7 are indexed
by partitions of the set [n] into i + 1 parts. Given such a partition = = (7, ..., m;), the associated
flat F; is the union of the edges of the complete graphs on the parts of 7, whereas the complement
Sr := E\ Fy is the complete multipartite graph consisting of edges that go between the blocks.

Thus we have

Q1) = @ det(ld) ®R_(As) ® @V 5 Q)

crkyr E\S=i eZS
= P det(lg)oR(As) @ QWS Q).
T=(T0y-++,74) ecFy,

[n]=moU---Umr;

Let 6, C &, be the subgroup of permutations that preserves the set partition w. We have a
homomorphism p, : & — 6,41 that records the way in which an element &, permutes the blocks
of m, with kernel equal to the Young subgroup &, X --- X &, ,. Each of the tensor factors above
is a representation of &, and we will analyze each one individually.

Let I'; be the graph obtained from K, by contracting the edges in F; this is a loopless graph

with vertex set {0,...,i} and || - [m;| edges between distinct vertices j and k. Then

This implies that
Ls. = H (T Q) c C1(I'y; Q),

and therefore

Ly, = B'(N'; Q) = ker (C1(T'; Q) = H'(T'r; Q)) -
The space of coboundaries of a graph is canonically isomorphic to that of its simplification, thus
Lg. = B'(I'x;Q) = B'(K;11;Q).

The action of &, x -+ X &, on I'; fixes vertices and permutes parallel edges. In particular,
while the action on Lg_ = H;(I'z; Q) is nontrivial, the action on Li = BY(I'y; Q) is trivial. Indeed,

Léﬂ is isomorphic to the irreducible representation Vj; 1) of &;41, hence
det(Lé}) = /\Z(‘/[Z,l]) = Sign6i+1’

which we regard as a representation of &, via the homomorphism p, : & — &;41. Since the

multiplicative group G,, C Aut(.A) acts on Li with weight 1, we will write

det(Léﬁ ) & signg,, , [—1]
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to indicate that it is sitting in degree 1.
Simplifying a loopless graph by deleting parallel edges does not affect the internal zonotopal
algebra of the cographical linear space; this can be seen in many different ways, for example from

[CDBHP, Theorem 1.9]. Thus we have & -equivariant isomorphisms

IIZ

R_(As,) 2 R_(Ap ) =2 R_(Ag, ) = OT(Axk,,,)",

i+1

where the last isomorphism follows from Theorem Note that the reduced Orlik—Terao algebra

is generated in degree 1, and dualizing negates degrees.

Remark 4.12. The graded &;-representation OT(Ak,.,,) is studied in [MPY17], where in par-
ticular one can find an explicit algorithm to compute it recursively. Alternatively, R_ (A![{H—l) is
isomorphic in degree —j to H¥ (X (SU(2), K;+1); Q) [Ber18, [CDBHP], which is Whitehouse’s lift

of an Eulerian representation of &;, tensored with signg, [ER19, Proposition 2].
Finally, for any subgraph I' of K,,, let
® v
ecE(T

this is a (possibly nontrivial) 1-dimensional representation of Aut(I") sitting in degree |E(T")|. Then

QR vreQ) = & er,

eEF-;r FEf‘/r

where F is the set of all subgraphs of F;;. Putting it all together, we have

H(Qi(1p)) = €D  sieng,, [l ® OT(Ax, )" @ €D or,
T=(T0y-++,74) rerx
[n]=mol---Lmr;

where the first two tensor factors are regarded as representations of &, via the homomorphism p;.

Corollary 4.13. For m = (mg,...,m;), let £(w) =i+ 1 denote the number of parts of w. We have

Ri(Ag,)" = Y (-1 P signg,,,li] ® OT(Ak,,,)" ® €P Or

=0 7T:(7T0,...,7T7;) IeFx
[n]=mol---Ur;
= @ @F X @ £(m)—1 SlgnGZ(ﬂ_> [g(ﬂ') - 1] & ﬁ(AKZ(TF>)*
mleFx

as graded virtual representations of &,,.

Remark 4.14. The dimension of the left hand side of Corollary is the number of connected

graphs on [n], and the dimension of OT(Ak,.,) is equal to (—=1)*u(m, 1) = i!, where 1 is the single

141
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block partition [PS06, Proposition 7]. Remark says that Corollary categorifies the formula

number of connected graphs on [n] = Z p(m, 1) - 2('7720‘)+“'+(|7T2”),

T=(T0,-+7;)

which is obtained via Mobius inversion from the formula expressing the total number of graphs on

[n] as the sum over m = (my, ..., m;) of the number of graphs with connected components 7.

Example 4.15. Consider the special case where n = 3. We will work with the first of the two
expressions for R4 (A'IQ)* in Corollary m

e When i = 0, 7 is the partition of [3] into a single block, signg [0] ® OT(Ag,)* is trivial,
and F consists of all simple graphs on the set [3]. The empty graph contributes the trivial
representation Vj3) in degree 0. The three graphs with one edge contribute the representation
V2,11 ® V]1,1,1] in degree 1; the appearance of the sign representation is due to the fact that, if
e is a single edge, then the stabilizer of e acts nontrivially on the line V*. The three graphs
with two edges contribute the representation V1) @ Vi3 in degree 2; the appearance of the
trivial representation is due to the fact that, if e and f is a pair of edges, then the stabilizer
of the set {e, f} acts trivially on the line V ® VJZk . Finally, the graph with all three edges
contributes Ok, = V}; 1 1) in degree 3.

e When i = 1, 7 ranges over the three different partitions of [3] into two blocks. For each such
7, the homomorphism p; is trivial (the two blocks have different sizes and therefore cannot
be permuted), so signg,[—1] ® OT(Ag,)* = Q[—1]. For each m, F, consists of two graphs,
one of which is empty and one of which contains a single edge. The empty graph contributes
the trivial representation of &, = So in degree 0; tensoring with Q[—1] and inducing to S3
gives Vi3 @ V]g 1) in degree 1. The graph with one edge contributes the sign representation of
&, = Sy in degree 1; tensoring with Q[—1] and inducing to &3 gives Vi ;)@ V}; 1) in degree 2.

e When i = 2, 7 is the partition of [3] into three blocks, signg,[2] is the sign representation in
degree 2, and OT(Ag,)* is trivial in degree 0 and sign in degree —1. The set JF, contains
only the empty graph, and Oy is trivial in degree zero. Thus the total contribution when

i =218 V11,1) ® Vj1,1,1) = Vg in degree 1 plus V}; ;1) ® Vjg) = V];11] in degree 2.

| [ i=0 \ i=1 | i=2 |
degree 0 Vi3]
degree 1 || V1) ® Vo) | Vi@ Vienp | Vg

degree 2 | Vi5 ® Viup | Viay ® Vg | Vg
degree 3 V[1,1,1}

Taking the alternating sum of the columns, we find that R+(.A!K3)* is isomorphic to the trivial
representation of 3 in degrees 0 and 2 plus the sign representation of ©3 in degrees 1 and 3. This
can confirmed by direct calculation, as the external zonotopal algebra of A’K3 is generated by a

single element « in degree —1 that is not fixed by &3, modulo the relation a* = 0.
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