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We introduce the notion of a categorical valuative invariant of polyhedra or matroids, in which
alternating sums of numerical invariants are replaced by split exact sequences in an additive
category. We provide categorical lifts of a number of valuative invariants of matroids, including
the Poincaré polynomial, the Chow and augmented Chow polynomials, and certain two-variable
extensions of the Kazhdan—Lusztig polynomial and Z-polynomial. These lifts allow us to perform

calculations equivariantly with respect to automorphism groups of matroids.

1 Introduction

Let E be a finite set, and let Mat(E) be the free abelian group with basis given by matroids on E.
An element of Mat(F) is said to be valuatively equivalent to zero if it lies in the kernel of the
homomorphism that takes a matroid to the indicator function of its base polytope. The following

fundamental example will be revisited throughout the paper.

Example 1.1. Let £ = {1,2,3,4}. Let M be the uniform matroid of rank 2 on E, let N be the
matroid whose bases are all subsets of cardinality 2 except for {3,4}, let N’ be the matroid whose
bases are all subsets of cardinality 2 except for {1,2}, and let N” be the matroid whose bases are
all subsets of cardinality 2 except for {1,2} and {3,4}. In Figure |1} the base polytope of M is the
octahedron, the base polytopes of NV and N’ are the two pyramids, and the base polytope of N” is
the square. Thus M — N — N’ + N” is valuatively equivalent to zero.

Let A be an abelian group, and let f : Mat(F) — A be any homomorphism. This homomor-
phism is called valuative if it vanishes on elements that are valuatively equivalent to zero. It is

called an invariant if it is invariant under the action of the permutation group Aut(E) on Mat(E).
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Figure 1: A decomposition of the matroid M = Us4. The label ¢j refers to the point that takes
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the value 1 in the i*" and j*" coordinates, such as 12 = (1,1, 0,0).

Examples of valuative invariants of matroids include the following, all of which take values in the

group A = Zlt].

We also consider one additional example, which takes values in the ring Z(z, y) freely generated by

The Poincaré polynomial 7y/(t) = 3 ' dim OS*(M), where OS(M) is the Orlik-Solomon
algebra of M EI This is a specialization of the Tutte polynomial Ty (x,y) € Z[z,y], which is
valuative by [Spe08| Lemma 6.4].

The Chow polynomial H,,(t) = > ' dim CH'(M), which is valuative by [FS24, Theorem
8.14]. Here CH(M) is the Chow ring of M [EY04].

The augmented Chow polynomial Hy,(t) = Yt dim CH'(M), which is valuative by
[FMSV23, Theorem 10]. Here CH(M) is the augmented Chow ring of M [BHM™22).

The Kazhdan—Lusztig polynomial Py, (t) [EPW16], which is valuative by [AS22] Theorem

The Z-polynomial Z,(t) [PXY18], which is valuative by [F'S24) Theorem 9.3].

two non-commuting variables x and y.

e The G-invariant G(M ), introduced and shown to be valuative in [Der09, Theorem 8.3].

Our goal in this paper is to promote the valuative relations among the polynomials appearing

in the first five examples to exact sequences of graded vector spaces. For the matroids in Example

>The Poincaré polynomial is closely related to the characteristic polynomial xas(t) = (—=t)™ Mmp(—t=1). We

prefer the Poincaré polynomial because it has positive coefficients.



[I.1] valuativity of the Poincaré polynomial tells us that we have the relation
mam(t) — wn(t) — wne () + 7wy (t) = 0.

We will prove that, after choosing orientations of the base polytopes of the four matroids, we obtain

a canonical exact sequence (Theorem [5.5])
0 — OS(M) — OS(N) @& OS(N’) — OS(N") — 0, (1)

with similar exact sequences involving the Chow ring and augmented Chow ring (Corollaries
and . The story for the Kazhdan—Lusztig polynomial and Z-polynomial is similar but slightly
more complicated: we introduce new bivariate polynomials Py (t,u) and Zys(t, u) with the prop-
erty that Py(t,—1) = Py(t) and Zy(t,—1) = Zp(t), and we interpret these polynomials as
Poincaré polynomials of bigraded vector spaces that satisfy exact sequences analogous to that in
Equation (Corollaries and . Finally, we promote the corresponding valuative relation
for G-invariants to a split-exact sequence in the free additive monoidal category on two generators
(Section . Our results apply not only to the decomposition in Example but to arbitrary

matroid decompositions EI, which are known to generate the group of all valuative equivalences in
Mat(E) (Proposition [3.5).

We have two motivations for this project, one philosophical and the other concrete. The philo-
sophical motivation is that many of the valuativity results cited above are mysterious. Producing
canonical exact sequences of graded vector spaces can be seen as a satisfying explanation. With
the exception of the Poincaré polynomial, all of the above examples of valuative invariants were
proved to be valuative using a convolution operation of Ardila and Sanchez [AS22, Theorem C]m
Similarly, our categorical lifts of these examples are proved to be valuative by categorifying this
convolution operation (Corollary , which we believe illuminates it.

The concrete motivation is that it allows us to incorporate symmetries of matroids into the
theory of valuativity. While most matroids have no nontrivial symmetries, many very interesting
matroids are highly symmetric, including uniform matroids, matroids associated with finite Cox-
eter hyperplane arrangements, and matroids associated with Steiner systems. The Orlik—Solomon
algebra, the Chow ring, and the augmented Chow ring all inherit actions of the symmetry group of
M. For example, the Orlik—Solomon algebra of the matroid associated with the type Coxeter ar-
rangement of type A, _ is Sp-equivariantly isomorphic to the cohomology ring of the configuration
space of n points in the plane. Similarly, the Kazhdan—Lusztig polynomial and the Z-polynomial
can be naturally lifted to “equivariant” polynomials whose coefficients are isomorphism classes of
representations of the symmetry group of M [GPY17, PXY18§]. In Example the dihedral group

5We point out that in the literature these are also called matroid subdivisions.
"The reader is warned that, while the convolution of two valuative homomorphisms is again valuative, the convo-
lution of two invariants is typically no longer invariant. The same warning applies at the categorical level.



Dy acts by symmetries of the squard®] preserving M and N” while permuting N and N’. With
a small modification that accounts for the action of the group on the orientations of the various
polytopes involved, Equation can be regarded as an exact sequence in the category of graded
representations of Dy, and therefore allows us to relate the Dy-equivariant isomorphism class of
OS(M) to those of the other terms in the sequence. The most general result along these lines, for
arbitrary categorical valuative invariants, appears in Corollary

As a sample application, we compute the effect of relaxing a collection of stressed hyperplanes
on the Orlik—Solomon algebra or the equivariant Kazhdan—Lusztig polynomial of a matroid (Corol-
laries and , the latter of which recovers the main result of [KNPV23]. A matroid that is
related to a uniform matroid by a sequence of hyperplane relaxations is called paving, so our corol-
laries provide explicit formulas for the Orlik-Solomon algebra and equivariant Kazhdan—Lusztig
polynomial (as graded representations of the automorphism group) for any paving matroid. The
class of paving matroids is very large: in particular, the probability that a random matroid is
paving conjecturally goes to one as the size of the ground set goes to infinity [MNWWI1]. A
matroid that is related to a uniform matroid by a sequence of arbitrary relaxations is called split
[JS17, [FS24], so our corollaries in fact provide a method for performing equivariant calculations
of any of the invariants discussed above for any split matroid (Proposition , provided that one
can compute it for certain special matroids of the form II, , r g and A, p g (defined in Section.

To formalize the properties shared by Orlik-Solomon algebras, Chow rings, and the other exam-
ples discussed above, we introduce the notion of a valuative functor. There is a category M(FE)
whose objects are matroids on the ground set E and whose morphisms are weak maps (including
those represented by permutations of E), and a subcategory Miq(F) C M(FE) consisting only of
those weak maps represented by the identity map on E. Decompositions like the one in Example
u give rise to complexes in the additive closure of Mjq(F), and we think of these complexes
as being valuatively equivalent to zero. We call a functor ® from M;q(FE) to an additive cate-
gory A valuative if such complexes are sent to split-exact complexes in A. Taking the map on
Grothendieck groups induced by ®, one obtains a valuative homomorphism from Mat(FE) to the
split Grothendieck groupﬂ of A. We say that the functor categorifies the homomorphism. If the
functor extends to M(FE), then we call it a categorical valuative invariant, and the homomor-
phism that it categorifies is also an invariant. For example, there is a functor OS from M (FE) to the
category of graded vector spaces over Q that takes a matroid on F to its Orlik—Solomon algebra,
and a weak map to the corresponding surjective algebra homomorphism. This functor is valuative
(Theorem , and it categorifies the Poincaré polynomial.

In fact, we work in a broader setting than that of matroids. We define a category P (V) whose
objects are polyhedra in a real vector space V and whose morphisms are linear automorphisms of

V that induce inclusions of polyhedra, along with a subcategory Piq(V) consisting of morphisms

8The dihedral group Dj is the subgroup of G4 generated by (12) and (13)(24).
9This is the abelian group with generators given by isomorphism classes of objects of A, and relations of the form
[A@ B] — [A] — [B] for all objects A and B.



given by the identity map on V. Then M(E) is isomorphic to the subcategory of P(R¥) whose
objects are base polytopes of matroids on E and whose morphisms are induced by permutations of
E, and Miq(F) is the intersection of M(FE) with P,q(R¥). The notions of valuative equivalence,
valuative homomorphisms and invariants, and valuative functors and categorical valuative invari-
ants all generalize naturally from matroids to polyhedra, and much of what we do takes place in

this more general framework.

The most important tool developed in this paper is a method of combining simple categorical
functors to obtain more complicated ones. We begin with a brief review of the non-categorical
story. Let ¢ be a linear functional on the real vector space V. For any polyhedron P C V, let Py
be the face of V on which v is maximized if such a face exists, and the empty polyhedron if the
restriction of ¢ to P is unbounded. McMullen [McM09, Theorem 4.6] proves that the assignment
P +— P, preserves valuative equivalence. Now suppose that £ = E; U Es, and 1 is the linear
functional on R¥ that takes the sum of the coordinates corresponding to elements of Ey. Then for
any matroid M, P(M)y = P(Mp) x P(Ms), where M; is a matroid on E; and M, is a matroid
on Ey (Lemma . Combining this observation with McMullen’s theorem, one can define an
operation that takes a pair of valuative homomorphisms f; : Mat(E;) — Z[t] to a new valuative
homomorphism f; * fo : Mat(E) — Z, called the convolution of f; and fo. This construction is
due to Ardila and Sanchez, who give a proof of valuativity that is independent from McMullen’s
result [AS22, Theorem C].

In this paper, we categorify everything in the previous paragraph. The categorification of Mc-
Mullen’s theorem is Theorem [6.3], and this is the most difficult result that we prove. With some
additional work, we prove Theorem and Corollary which together categorify [AS22, The-
orems A and C|. The end result is a categorical convolution product that allows us to combine
a categorical functor for matroids on E; with a categorical functor for matroids on 5 to obtain
a categorical functor for matroids on E; Ul Fy. It is via this construction that we categorify the
valuative invariants CH,; (), CHas(t), Pas(t, u), Zas(t,u), and G(M).

We would like to highlight two additional results that we prove along the way. First, we use
our categorifications to prove that the Chow polynomial and augmented polynomial are mono-
tonic, meaning that their coefficients weakly decrease along rank-preserving weak maps (Corollary
. We conjecture that an analogous statement holds for the Kazhdan—Lusztig polynomial and
Z-polynomial (Conjecture . Second, we introduce the valuative category V(FE), a triangu-
lated category that is in some sense the universal source for valuative functors (Section , and
we prove that the Grothendieck group of V(F) is isomorphic to the valuative group V(F), the
universal source of valuative homomorphisms (Proposition .

Finally, we note that there are typically many different ways to categorify a given valuative
homomorphism with a valuative functor. For example, as a tool for proving that the Orlik—Solomon
functor OS is valuative, we introduce an “associated graded” functor gr OS (Section [5.2)), which



is valuative and also categorifies the Poincaré polyomial. Though there are reasons to study both
OS and grOS, we generally regard OS as the nicer mathematical object. (In particular, it is a
categorical invariant, while gr OS is not: the functor gr OS does not allow nontrivial permutations
of the ground set.) A similar story holds for the Chow and augmented Chow functors: there are
associated graded versions that implicitly show up in the proof of valuativity (see in particular
Proposition and Lemma , but those functors are less appealing. (For example, they could
not be used to prove monotonicity as in Corollary as we observe in Remark ) Thus, our
aim is not only to categorify as many invariants as possible, but also to categorify them in the

nicest possible ways.

Acknowledgments: The authors are grateful to Matt Larson for explaining the connection between
[McMQ9] and [AS22] and for his contributions to Section to George Nasr for his contributions
to Section [8.4] and to Kris Shaw for explaining the argument in Remark

2 Additive homological algebra

We begin with a review of the notions from homological algebra that we will need. Most of this
material can be found in [Wei94] or [EMTW20, Chapter 19]. The experienced reader can skip this

section and refer back to it as needed.

2.1 Basics

Let A be a Q-linear additive category. We write Ch(A) to denote the additive category of chain
complexes (C,, ) in A, with the homological convention that differential O decreases degree by one.
We will sometimes drop the differential from the notation and simply write Cy € Ch(A), though
the differential is always part of the data. Morphisms in Ch(.4) are chain maps between complexes.
Let IC(A) denote the homotopy category of A, which is the triangulated category obtained as
the quotient of Ch(.A) by the ideal of null-homotopic chain maps. We write Ch,(A) and Kp(A) to
denote the full subcategories whose objects are bounded complexes.

We note that ICp(A) can also be viewed as the quotient of Chy(A) by a class of objects. For
an object X € A and an integer k € Z, one can consider the complex Null(X, k) consisting only
of two copies of X in degrees k and k — 1, with differential the identity map. A bounded complex
is called contractible if it is isomorphic to a finite direct sum of objects of the form Null(X, k).
Then a chain map between bounded complexes is null-homotopic if and only if it factors through
a contractible complex. Thus the ideal of null-homotopic maps is the same as the ideal generated
by the identity maps of Null(X, k) for various X and k. This is an old perspective, but the first
author learned it from [Khol6].

Remark 2.1. The same statements cannot be made for unbounded complexes. Indeed, a null-
homotopic chain map may be nonzero in infinitely many degrees, requiring an expression using an

infinite sum of chain maps which factor through various Null(X, k).



Remark 2.2. If A is a semisimple abelian category, then a complex in Chy(A) is contractible if

and only if it is exact, i.e. its homology is trivial.

Remark 2.3. A bounded complex is homotopy equivalent to the zero complex if and only if it is
contractible. More generally, two bounded complexes Cy and D, are homotopy equivalent if and
only if there are bounded contractible complexes X, and Y, such that Ce ® X¢ = Dq @ Y,.

Given an arbitrary category C, we write CT for the Q-linear additive closure of C. Objects in
C™ are formal direct sums of objects in C. If X and Y are objects in C, then Homg+(X,Y) is the
vector space over Q with basis given by the set Home (X, Y'). Similarly, morphisms between formal
direct sums are matrices of Q-linear combinations of morphisms in C.

Given two Q-linear additive categories A; and As, the Deligne tensor product of A; and A,
is defined as follows. First, we define an intermediate category whose objects are symbols X7 X X9
for X; € A; and X5 € Ay, with morphisms from X; X X5 to Y7 X Y5 given by the tensor product

HOHlAl (X17 }/1) ®@ HOI’IIA2 (X2a }/2)

This intermediate category is not yet additive, because we cannot take direct sums of objects. The
Deligne tensor product 4; X As is defined to be the additive closure of this intermediate category.
There is an external tensor product operation Chy(A;) X Chy(Az) — Chy(A; X .As), which mimics
the usual tensor product of complexes (with its Koszul sign rule). When A; = C and Ay = C5,
then A1 X Ay = (C1 x Co) ™.

2.2 Cones

We let [1] denote the usual homological shift on complexes, so that C[1]; = Cj;+1 and differentials
are negated. For an object X € A, let X[—i] denote the complex consisting of X concentrated in
degree i. There is a natural inclusion of A into Ch(A) that sends X to X[0].

Let f: Co — D4 be a chain map. The cone of f is the complex

o B —0c 0
Cone(f) := (C’.[ 1] @ D,, < i )) .

More explicitly, Cone(f); := C;—1®D;, and for ¢ € C;_1 and d € D;, d(c,d) := (—0c(c), f(c) + Op(d)).
A termwise-split short exact sequence of complexes in A is a collection of complexes and

chain maps

0= Py — Q¢ — Re — 0 (2)

with the property that, in each homological degree i, the sequence

0—-PFP —>Q; —R;,—0



is split exact in A. For any chain map f: Ce — D,, one has a termwise-split short exact sequence
0 — De — Cone(f) — Co[—1] — 0. (3)

Conversely, for any termwise-split short exact sequence as in Equation , there exists a chain map
f: Re[1] = Ps and an isomorphism (e = Cone(f).
The following lemma is well-known, and admits an elementary proof. It implies, as a special

case, that the cone of a map between contractible complexes is itself contractible.
Lemma 2.4. Let f: Coq — Do be a map of bounded chain complexes.
e The map f is a homotopy equivalence if and only if Cone(f) is contractible.

o The map f is null-homotopic if and only if the termwise-split short exact sequence splits

at the level of complezes.

An iterated cone is often called a convolution, which is the additive analogue of a filtered
complex. For example, if (As,04), (Bs,0p), and (Ce,dc) are complexes, then a complex of the
form Dy = (Ae @ Be @ C,,0) is a (three-part) convolution if 0 is lower triangular and agrees
with (04, 0p,0c) along the diagonal. If so, then C, is a termwise-split subcomplex of D,, A, is
a termwise-split quotient complex of D,, and B, is a termwise-split subquotient of De. One can
describe D, as the cone of a chain map from A[l]s to E,, where E, is the cone of a chain map from
Bl[l]e to Co. We call A,, B,, and C, the parts of the convolution D,.

A functor ® between additive categories is called additive if it preserves addition of morphisms,
or (equivalently) if it preserves direct sum decompositions of objects. Additive functors extend to
the category of complexes (and descend to the homotopy category), where they preserve cones
and convolutions. If ®: C — A is any functor from an arbitrary category C to a Q-linear additive

category A, then it extends naturally to an additive functor C* — A, which we also denote by ®.

2.3 Localizing subcategories

A nonempty full subcategory Z of Chy(A) is called localizing if it is closed under homotopy
equivalences, shifts, cones, and direct summands. Contractible complexes form the smallest lo-
calizing subcategory. Localizing subcategories are like ideals: they are the “kernels” of triangu-
lated functors. More precisely, consider an additive functor ®: A — A’, which induces a functor
Chp(A) — Chy(A"). Let Z C Chy(A) be the full subcategory consisting of complexes Co with ®(C,)
being contractible; then 7 is a localizing subcategory. Conversely, given a localizing subcategory
Z of Chy(A), the quotient category Chy(.A)/Z is triangulated, and Z is the kernel of the quotient

functor.

Remark 2.5. Because of Lemma there is a relationship between inverting morphisms and
killing objects: formally inverting a chain map f is equivalent to killing the object Cone(f), and
killing an object C' is equivalent to formally inverting the zero map 0 — C. Thus the quotient

category Chy(A)/Z can also be obtained by inverting morphisms whose cones live in Z.



Remark 2.6. Localizing subcategories in the literature are typically defined within the trian-
gulated category Kp(A), defined in the same way. Since all localizing subcategories of Chy(.A)
contain all contractible objects, there is a natural quotient-preserving bijection between localizing

subcategories of Chy(.A) and localizing subcategories of Ky(A).

Localizing subcategories satisfy the two-out-of-three rule: if 0 > P, — Q¢ — Re — 0 is a
termwise-split short exact sequence, and two out of three of the complexes P,, Qo, Ro live in a

localizing subcategory Z, then so does the third.

Lemma 2.7. Let Z be a localizing subcategory, and let Xo a complex built as a convolution. If all
the parts of Xe are in L, then X, is also in Z. If X is in I and all but one part is in Z, then the

remaining part is also in I.
Proof. This is an iterated application of the two-out-of-three rule. O

Given a nonempty collection ) of complexes in Chy(.A), there is a smallest localizing subcategory
(V) containing those complexes. It contains precisely those complexes homotopy equivalent to

convolutions whose parts are shifts of direct summands of complexes in ).

2.4 Thin categories and minimal complexes

A category C is called thin if, for all objects X and Y, there is at most one morphism from X
to Y. Thin categories are also called poset categories, as there is a natural partial order on
isomorphism classes of objects given by putting X <Y if and only if there exists a morphism from
X to Y, and this partial order determines C up to equivalence. In this section, we assume that
C is thin, and we let A = CT. For any object X of C, let A<X (respectively A<%) be the full
subcategory of A consisting of direct sums of objects that are strictly less (respectively less than
or equal to) X.

Let C, be an object in Chy(A). For each object X of C, we have a termwise-split short exact
sequence

0—CX 50X 50X o,

where C5X (respectively C’.SX) is the maximal termwise-split subcomplex of Cy whose underlying
object lies in A<X (respectively ASX), and CF is the termwise-split quotient of CsX by X,
Then C, is a convolution with parts {C | X € C and C{ # 0}.

A complex in Chy(A) is called minimal if, for all X € C, the (X, X) component of the differen-
tial is trivial. In other words, the differential is required to be strictly upper triangular with respect
to the partial order on objects of C. Because C is thin, this definition of minimality is equivalent
to other definitions in the literature, for example the absence of contractible summands. The cat-
egory A satisfies the Krull-Schmidt property. Consequently, any complex is homotopy equivalent
to a minimal complex, and that minimal complex is unique up to isomorphism [EMTW20, Lemma
19.15]. If DY is the minimal complex of CX (which will necessarily have trivial differential), then

the minimal complex of Cy is a convolution with parts {DJ | X € C}.



3 Decompositions

We next review the literature that we will need on decompositions of polyhedra and matroids.

3.1 Decompositions of polyhedra

Let V be a finite dimensional real vector space. A polyhedron in V is a subset of V obtained by
intersecting finitely many closed half-spaces. A bounded polyhedron is called a polytope. Given
a polyhedron P, we denote its dimension by d(P).

Let Pol(V) be the free abelian group with basis given by polyhedra in V. Let I(V) C Pol(V)
be the kernel of the homomorphism from Pol(V) to the group of Z-valued functions on V taking a
polyhedron P to its indicator function 1p. For any abelian group A, a homomorphism Pol(V) — A
is called valuative if it vanishes on I(V).

The subgroup I(V) C Pol(V) admits a concrete presentation, which we now describe. Let P be
a polyhedron in V of dimension d. A decomposition of P is a collection @ of polyhedra in V with

the following properties:
o If Q € Q, then every nonempty face of @ is in Q.
o If Q,Q € Q, then @ N Q' is a (possibly empty) face of both @ and @Q’.

e We have P = U Q.
Qe
Elements of Q are called faces of the decomposition. We say that a face Q € Q is internal if
@ is not contained in the boundary of P. For all k < d = d(P), we write Q to denote the set of
internal faces of dimension k. Note that Q # Ui:o Q. We also write Qg4 := {P}.

Remark 3.1. If Q is a decomposition of P, then P is typically not a face of Q, so Q441 plays a
fundamentally different role from Qj for k& < d. Our use of this potentially confusing notation is
motivated by the expression in Equation below. In the special case where P € Q, then Q is
precisely the set of faces of P; this is called the trivial decomposition. In this case P is the only

internal face of Q, and we have Q; = Q411 = {P}, and Q) = & otherwise.

Proposition 3.2. If Q is a decomposition of P, then

DYDY Qenw). (4)

k QeQy
Furthermore, 1(V) is spanned by elements of this form.

Proof. We first show that this expression is contained in I(V). For decompositions of matroid
polytopes, this is proved in [AFRIO0, Theorem 3.5], and the same argument holds verbatim for
arbitrary polytopes. That argument does not immediately generalize to unbounded polyhedra, but

we will show how to use the bounded case to deduce the general case.

10



We need to show that the function

D DY g ()

k QeQy

evaluates to zero at an arbitrary point v € V. Let v be given, and choose a polytope R containing
v such that, for all @ € Q, @ N R is a nonempty polytope of the same dimension as Q. (For
example, we can take R to be a very large box centered at v.) Let Q be the decomposition of QN R
consisting of @ N F for all Q € Q and F' a face of R (possibly equal to R itself). Then intersection
with R provides a dimension-preserving bijection from internal faces of Q to internal faces of Q

Since PN R is a polytope, the function

2 (1" 2 19=2_(-1)" > lonw (6)

k Qe k QEQs

is identically zero. Since v € R, the functions and @ take the same value at v, so they are
both zero.

This completes the proof that the expression in question is contained in I(V). The fact that
I(V) is generated by expressions of this form follows from [EHL23, Theorem A.2(2)]. O

We conclude this section with two key lemmas about decompositions of polyhedra. Let Q be a
decomposition of a polyhedron P of dimension d and let 1 < k < d. Given S € Qy11 and R € Qk_1
with R C S, let

X(R,S)={QeQ|RCQCS}

Note that this set always has cardinality exactly equal to 2. For any R € Qp_1, let I'p be the
simple graph with vertices {Q € Q) | R C Q} and edges {X(R,S) | R C S € Qx41} (see Figure [2)).

0 S Q
Q' S Q'

Figure 2: A small piece of a decomposition including a vertex R that is incident to five 1-dimensional
polyhedra and five 2-dimensional polyhedra, along with a picture of the graph I'g.

Lemma 3.3. The graph U'r is connected.

Proof. First suppose 1 < k < d. Let D C V be a small disk of dimension d — k + 1 that intersects

R transversely at a single point of the relative interior of R. Then intersection with the elements

11



of Q defines a cellular decomposition of the boundary of D, and I'g is isomorphic to the 1-skeleton
of this decomposition. The lemma now follows from the fact that the 1-skeleton of any cellular
decomposition of the sphere S?* is connected.

When k£ = d, the graph I'p consists of two vertices connected by an edge. The vertices corre-
spond to the two faces Q1, Q2 € Qg that have R as a facet, and the edge is X (R, P). O

Lemma 3.4. Let Q be a decomposition of a polyhedron P, and let B be the union of the bounded
faces of Q. If B is nonempty, then the inclusion of the pair (B,0PNB) into (P,0P) is a homotopy

equivalence.

Proof. 1f there is any element of Q with a nontrivial lineality space (equivalently, with no bounded
faces), then every element of Q has this property, and therefore B is empty. We may thus assume
that every element of Q has a bounded face.

Every unbounded polyhedron with a trivial lineality space admits a deformation retraction onto
its boundary. Applying these deformation retractions one at a time to the unbounded elements
of 9, starting with those of maximal dimension, we obtain a deformation retraction of P onto B.
This restricts to a deformation retraction of 9P onto P N B, and provides a homotopy inverse to
the inclusion (B,0P N B) — (P,0P). O

3.2 Decompositions of matroids

Let E be a finite set, and let R” be the real vector space with basis {v. | e € E}. For any subset
S C E, define
vg = Z Ve € R”.
e€S
For each e € E, let §, be the linear functional on R defined by the property that d.(vs) = [{e} N {f}|.
For any subset S C E, let
§g 1= be.

e€eS

Thus, for example, we have
or(vs) =1SNT].

Given a matroid M on the ground set E, we define its base polytope P(M) C R¥ to be the
convex hull of the set {vp | B a basis for M}. We write d(M) := dim P(M), which is equal to |E]
minus the number of connected components (i.e. minimal nonempty direct summands) of M. The
entire polytope P(M) lies in the affine subspace {v | dg(v) = rk(M)}.

Let Mat(E) be the free abelian group with basis given by matroids on E, which embeds nat-
urally in Pol(R¥) via the map M ~ P(M). Let I(E) := Mat(E) N I(RF). An abelian group
homomorphism Mat(E) — A is called valuative if it vanishes on I(E). Five such examples appear
in the introduction, all of which take values in the group A = Z][t].

Given a matroid M on E, a decomposition of M is a collection N of matroids on F with the
property that Q := {P(N) | N € N'} is a decomposition of P(M). We refer to elements of A" as
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faces of the decomposition, and we say that a face N € A is internal if its base polytope is an
internal face of Q. We write N}, to denote the set of internal faces N € N with d(N) = k for all
k < d, and we write N1 := {M}. The following result follows from Proposition and [DF10,
Corollary 3.9].

Proposition 3.5. If N is a decomposition of M, then

S (-1)F Y NelE).

k NeN

Furthermore, I(E) is spanned by elements of this form.

Example 3.6. Example describes a decomposition N of the uniform matroid M = Us 4. The
matroids N, N’, and N” in that example are the three internal faces of /. There are also many
faces that are not internal, corresponding to the eight facets, twelve edges, and six vertices of
P(M). The generator of I(F) corresponding to this decomposition is depicted in Figure |3 Note
that, although M appears in the expression —M + N + N’ — N”, it is not a face of N.

Figure 3: The generator of I(E) from the decomposition of M = Us 4.

Example 3.7. Any matroid M has a trivial decomposition consisting of M itself along with
all of the matroids NV such that P(N) is a face of P(M). In this example, M is the only internal
face. Note that the corresponding generator of I(E) is zero. Moreover, the trivial decomposition is

the only decomposition containing M itself.

3.3 Relaxation

A large class of matroid decompositions can be constructed using relaxation, which we now review.
If the reader is content without additional examples of decompositions, they are encouraged to skip
this section. We return to the study of relaxations in Section [0.4]

Let M be a matroid on the ground set E. A flat F' C M is called stressed if the restriction
M¥ (obtained by deleting £\ F) and the contraction My (obtained by contracting a basis for
F and deleting the rest of F') are both uniform. Given a stressed flat F' of rank r, Ferroni and
Schréter define cusp(F') to be the collection of k-subsets S C E such that [SNF|=r+1. If B
is the collection of bases of M, they prove that B U cusp(F') is the collection of bases for a new
matroid M, which they call the relaxation of M with respect to F [FS24, Theorem 3.12]. If F is a

circuit-hyperplane, then cusp(F') = {F'}, and this coincides with the usual notion of relaxation. If
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F'is a hyperplane, then this coincides with the notion of relaxation of a stressed hyperplane studied
in [FNV22].
Let M, F and M be as in the previous paragraph, and let k£ be the rank of M. Consider the

matroid

Ik re =Ukrp\rUUrF,

where Uy g denotes the uniform matroid of rank d on the set S, and L denotes the direct summ of
matroids, so that a basis for Il x g is the disjoint union of a basis for Uy_,. p\p and a basis for
U, r. Let A, rE denote the relaxation of 11, r g with respect to the stressed flat F' of 11, r .
The base polytope of 11, r g is a face of the base polytopes of both A, rr and M. For A, 1 r g,
it is the facet on which the linear functional g\ p is maximized. For M it is the face on which the
linear functional 0 is maximized, and it is a facet unless M = 11, pp. Let N be the collection
of matroids consisting of M, A, rr , and all of their faces. The following theorem is proved in
[FS24] Theorem 3.30).

Theorem 3.8. The collection N is a decomposition of M. If M =11, g, then N is the trivial
decomposition of Ay pg. If not, then the only internal faces of N are M, Ay rp, and I, i p 5.

Example 3.9. In Example the matroid N has two stressed flats (both circuit-hyperplanes),
namely H = {1,2} and H' = {3,4}. Notice that N” = II, 2 g = Il1 2 g . Relaxing H gives
us the trivial decomposition of N = A2 g p. If we then relax H’, which remains a stressed
hyperplane of N, we obtain the decomposition of M from Example Alternatively, we could
have first relaxed H' to obtain the trivial decomposition of N’, and then relaxed H to obtain the

same decomposition of M.

Example [3.9] suggests a slight generalization of Theorem [3.§ in which we relax more than one
stressed flat at once. Suppose that I' is a finite group that acts on E by permutations, with the
property that I' fixes the matroid M. Let F be a stressed flat of M, and let F := {yF | v €T} be
the set of all stressed flats in the same orbit as F. Now define M to be the relaxation of M with
respect to all of the elements of F. More precisely, if B is the collection of bases for M, then the
collection of bases for M is

BU U cusp(G).
GeF
This is a matroid because we can relax one flat at a time, and at each step, each element of F that
we have not yet relaxed remains a stressed flat. Let N be the collection of matroids consisting of

M, A, g for all G € F, and all matroids whose polytopes are faces of P(M) or P(Ayk.c.E)-

Theorem 3.10. The collection N is a decomposition of M. If M = 1,4 p g, then N is the trivial
decomposition of Ay pg. If not, then the only internal faces of N are M, A g for all G € F,
and 11, o for all G € F.

10We eschew the more standard notation of @ for direct sum of matroids in order to avoid conflict with formal
direct sums in the additive closure of the category of matroids that we will introduce in the next section.
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Proof. The case where M = II,; p g is trivial. Otherwise, by repeatedly applying Theorem @,
once for each element of F, we obtain a decomposition N of M with maximal faces consist of M
and {A, ¢ | G € F}, and whose internal faces include {II, ;¢ g | G € F}. We need only prove
that there are no additional internal faces.

Suppose that N is a non-maximal internal face. Then P(/V) is necessarily a face of the base
polytope of at least two maximal faces of N'. In particular, this implies that it is a face of P(A, k¢, r)
for some G € F. We may assume without loss of generality that G was the last flat that we relaxed,
in which case Theorem tells us that N = I, . ¢ k. O

Example 3.11. Let D4 act on the matroid N” from Example by symmetries of the square
P(N"). If F = H, then F = {H, H'}. We could also achieve this working only with the subgroup
Sg C Dy generated by the involution v = (13)(24).

4 Valuative functors

Our goal in this section is to give precise definitions of categories of polyhedra and matroids, and

what it means for a functor from such a category to be valuative.

4.1 Categories of polyhedra and matroids

We begin by defining a category P in which an object consists of a pair (V, P), where V is a finite
dimensional real vector space and P is a nonempty polyhedron in V, and a morphism from (V, P)
to (V/, P’) is a linear isomorphism ¢ : V — V' such that P’ C ¢(P). If P’ C P, we will write ¢p ps
to denote the morphism from (V, P) to (V, P") given by the identity map idy. For any V, we define
P(V) to be the full subcategory of P consisting of polyhedra in V, and we define P;q(V) to be the
subcategory of P(V) consisting only of morphisms of the form ¢ppr. Equivalently, Piq(V) is the
category associated with the poset of polyhedra in V, ordered by reverse inclusion.

Similarly, let M be the category in which an object consists of a pair (E, M), where E is a finite
set and M is a matroid on E, and a morphism from (E, M) to (E’, M') is a bijection ¢ : E — E’
such that P(M’) C ¢(P(M)). In other words, M is the subcategory of P whose objects are base
polytopes of matroids and whose morphisms come from bijections of ground sets. Morphisms in
M are sometimes called weak maps of matroids. For any finite set E, we define M(F) to be the
full subcategory of M consisting of matroids on E, and we define M;q(F) to be the subcategory
of M(E) consisting of only morphisms tps a1 M — M’ given by the identity map idg. Note that
e - M — M’ is a morphism if and only if every basis for M’ is also a basis for M.

Remark 4.1. The category Piq(V) is thin in the sense of whereas the category P(V) is not.
The Q-linear additive closure PT (V) does not satisfy the Krull-Schmidt property, and complexes in
Chy(P+(V)) need not have well-defined minimal complexes. For this reason, we work with Piq(V)
when doing homological algebra. Similar statements apply to M(E) and M;q(E).
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Let A be an additive category, and let A be its split Grothendieck group. For an object X of
A, we write [X] to denote its class in A. We will be interested in functors ® to A from Pjq(V) or
M;iq(E). Such a functor induces a homomorphism from Pol(V) or Mat(E) to A, and we say that
the functor categorifies the homomorphism. Often, but not always, the functors that interest us

will extend naturally to the larger categories P or M.

Example 4.2. Let A be the category of finite dimensional graded vector spaces over Q. The Orlik—
Solomon functor OS : M — A takes a matroid M to its Orlik—Solomon algebra OS(M ), and sends
a weak map ¢ : (E, M) — (E’, M') to the algebra homomorphism OS(p) : OS(M) — OS(M’) given
o(e) for all e € E. The split Grothendieck group of A

is isomorphic to the polynomial ring Z[t], and the functor OS categorifies the Poincaré polynomial.

by sending the generator u. to the generator u

See Section [5| for a more detailed treatment of this example.

Example 4.3. Given a finite set E, a natural number r, an increasing r-tuple k = (k1, ..., k;) of

natural numbers, and an increasing r-tuple S = (S1,...,S,) of subsets of E, we define a functor
‘IJE,k,S : ./\/lid(E) — VGCQ
as follows. On objects,

Q if S; is a flat of rank k; for all ¢
Upks(M) =
0 otherwise.

On morphisms, Yy s(idg) : Yk s(M) — Vg s(M') is the identity map whenever each S; is a
flat of rank k; for both M and M.

Example 4.4. The functor ¥gy g of Example does not naturally extend from M;q(F) to
M(E). However, the direct sum

Vg := @ VEKSs
S

sends each matroid M to the vector space spanned by chains of flats with ranks given by k. This
functor does extend to M(FE), where for a bijection ¢ : £ — E the summand Vg i g(M) is sent
isomorphically to the summand Vg y ,s)(M).

4.2 The complex associated with a decomposition

Let P be a polyhedron in V of dimension d = d(P). An orientation Qp of P is an orientation of
the relative interior of P, regarded as a smooth manifold. Equivalently, it is a choice of a positive
ray in the top exterior power of the d-dimensional real vector space R{z —y | z,y € P}. An
orientation of P induces an orientation of any facet () of P by contracting with an outward normal
vector. Given orientations {2p and Q¢ of P and @, we say that they match if the orientation of

Q induced by Qp is equal to §2g.
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Let Q be a decomposition of a polyhedron P. We define an orientation €2 of Q to be an
arbitrary choice of orientation of each polyhedron in O, along with a choice of orientation of P
itself.

Given the pair (Q,(2), we define a chain complex (C§}(Q), %) € Chy(P;5(V)) as follows. First,
we set

C(Q) =P @
QeQy

Ifl1<k<dand R € Qi1 is a facet of Q € Qp, then the (Q, R) component of the differential
oY 1 C(Q) — C (Q) is given by £ig g, depending on whether or not the orientation of R
matches the orientation of ). Similarly, for each Q € Qg4, the relative interior of () is an open
submanifold of the relative interior of P, and the (P, Q) component of the differential 86%1 is given
by +tpg, depending on whether or not the orientation of ) agrees with the restriction of the
orientation of P. As noted in Section 3.1} if R € Q1 and S € Qp4q for some 1 < k < d, then
the set X(R,S) = {Q1,Q2} has cardinality exactly two, giving two contributions to the (S, R)
component of 9. The normal vectors of the two inclusions R C Q; are opposite, so these two
contributions cancel each other out. This proves that 9% = 0.

Let ng(Q) be the subcomplex of C$}(Q) consisting of everything in degree less than or equal
to d. There is a chain map a% : P[—d] — ng(g) given by the first differential in C$}(Q), and we
have an isomorphism

C(Q) = Cone(aQ).

If N is a decomposition of a matroid M on E, we define an orientation Q of N to be an
orientation of the induced decomposition of base polytopes, and we define the analogous chain

complexes C2;(N) C C&(N) € Chy (M (E)).

Example 4.5. Consider the decomposition A from Examples and The complex C$! (N)
takes the form depicted in Figure ] Choose an orientation of the 3-dimensional vector space
{v | 6g(v) = 2} € R¥. The relative interiors of P(M), P(N), and P(N') are all open subsets of
this vector space, so our choice of orientation induces orientations Q(M), Q(N), and Q(N’). Choose
Q(N") to be the orientation induced by realizing P(N”) as a facet of P(N), which is the opposite
of the orientation induced by realizing P(N") as a facet of P(N’). We have

HomMg(E)(M7N@N/) ~ Q2
and our first differential corresponds to the element (1,1). We also have
HomMiﬁ;(E)(N @ N',N") = Q?,

and our second differential corresponds to the element (1,—1). The composition is given by dot

product, and our differential squares to zero because (1,1) is orthogonal to (1,—1).
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Farly

Figure 4: The complex C$(N) arising from the decomposition of M = Us4. This complex is
supported in degrees 1, 2, and 3.

Remark 4.6. Let  be an orientation of a decomposition Q of a polyhedron P, and let €' be
the orientation obtained from {2 by reversing the orientation on a single face @ € Q. The only
difference between C{(N) and C& (N) is that the signs of the morphisms going into and out of
the summand @ are reversed. There is an isomorphism C$(N) — C(N) given by the identity
map on all faces Q' # @, and minus the identity map on Q. Thus the choice of orientation does

not affect the isomorphism class of the complex.

The following lemma is a strengthening of Remark Not only is the isomorphism class of
the complex C$!(Q) independent of 2, but any complex that looks as if it could be isomorphic to
C$(Q) is indeed isomorphic to it. This lemma will be a key technical ingredient in Section

Lemma 4.7. Fiz a decomposition Q of P and an orientation Q of Q. Let (Cs,d) € Chy(P5(V))

be any complex with the following properties:

o Foralk, C,= P Q=CP(Q).
QEQy
e IfQ € Qr, R € Qr_1, and R C Q, then the (Q, R) component of the differential Oy is an

invertible multiple of 1 r. Otherwise, the (Q, R) component is zero.
Then there exists an isomorphism of compleves (Cs,0) = (CSHQ), 0%).

Proof. Choose an element ) € Qy, for some k, and let (C,, d") be the complex obtained from (C,, 9)
by multiplying all maps out of Q) by an invertible scalar A € Q*, and multiplying all maps into Q by
A1, an operation which we call rescaling at QQ by A. There is an isomorphism (C,, 9) — (Cs, ')
given by the identity map on all faces Q' # Q and A~! times the identity map on Q. We will show
that (Cs,d) can be transformed into (C$(Q), ) by a finite sequence of rescalings. One can begin
by rescaling at all @ € Qq, so that dg11 = 8&_1. We will assume inductively that 9; = 8{2 for all
I > k, and we will show that (Cs,d) can be rescaled to a complex (Cs,d’) with 9/ = 9 for all
1> k.

Given any @ € Q; and R € Q;_; with R C @, let ag r be the coefficient of 1g r in the (Q, R)
component of 9; and let bg r be the coefficient of 1o r in the (@, R) component of 819. Note that
ag,r and bg r are both invertible. Now fix a specific Q@ € Qp and R € Qp_; with R C Q. By
rescaling (C,, 0) at R, we may assume that ag r = bg,r. Let us say that an element Q' € Qj, with
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R C Q' is simpatico if ag'r = bg'r. By assumption, @ is simpatico. We claim that every Q' € Qy,
that contains R is simpatico. If we can show this, then we may complete the inductive step by
rescaling once at each R € Qp_1.

Recall that we defined a graph I'p with vertex set {Q’ € Qr | R C Q'} and edge set

{X(R,S) | RC S € Qkia},

and Lemma (3.3 states that this graph is connected. Thus it will be sufficient to prove that, if
X(R,S)={Q’,Q"} is an edge of I'g, then Q' is simpatico if and only if Q" is simpatico.
Examining the (S, R) component of the composition dx 0 Jx+1 = 0, we see that

asQ aQR’ + asQaQR = 0.

Similar reasoning for the differential 0 tells us that

bSQ’bQR’ + bSQ//bQ//R = 0.

Since we have assumed that Oy = (9,?“, we have bgg = agg and bsgr = aggr. Taking the

difference of the two equations, we find that
CLSQ/(CLQ/R — bQ’R) + asqQ (CLQ//R — bQ”R) =0.

Thus Q' is simpatico if and only if Q" is simpatico. O

4.3 Valuative functors

Let A be an Q-linear additive category. We say that a functor ® : 73;5 (V) — A is valuative if, for
any pair (Q, ), the complex ®(C$}(Q)) is contractible. By Lemma this is equivalent to the
condition that ®(a) is a homotopy equivalence. We say that a functor from Pia(V), P(V), or P
to A is valuative if the induced functor from P (V) to A is valuative.

Similarly, we say that ® : M5(E) — A is valuative if, for any pair (N, Q), ®(C2(N)) is
contractible. We say that a functor from Miq(E), M(E), or M to A is valuative if the induced
functor from M(V) to A is valuative. Note that any valuative functor on P (RF) restricts to

a valuative functor on ./\/lfg(E) By Propositions and any valuative functor categorifies a

valuative homomorphism.

Remark 4.8. When the target category A is semisimple, ® is valuative if and only if ®(C$(Q)) is
exact for all (Q, ). In all of our examples, .4 will be the category of (possibly graded or bigraded)

finite dimensional Q-vector spaces, which is indeed semisimple.

Remark 4.9. A direct sum of valuative functors is valuative, and a direct summand of a valuative
functor is valuative. These statements follow from the corresponding statements about contractible

complexes.
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Let Z(V) be the localizing subcategory inside Ch,(P*(V)) generated by complexes of the form
C(Q). Let V(V) be the quotient of Chy(P;(V)) by Z(V). A functor P (V) — A is valuative
if and only if it descends to a triangulated functor V(V) — Ky(A). Similarly, let Z(F) be the
localizing subcategory inside Chy (M (E)) generated by complexes of the form C§(N). Let V(E)
be the quotient of Ch,(M5(E)) by Z(E). A functor M (E) — A is valuative if and only if it

descends to a triangulated functor V(E) — Kp(A).

Remark 4.10. The triangulated Grothendieck group of V(FE) is a priori isomorphic to a quotient
of the valuative group Val(E) := Mat(E)/I(E); we will prove in Section that it is in fact
isomorphic to Val(E). The valuative group Val(E) is canonically isomorphic to the homology of
the stellahedral toric variety [EHL23L Theorem 1.5], with the homological grading corresponding
to the grading of Val(E) by rank. It would be interesting to find a corresponding geometric

interpretation of the triangulated category V(E) in terms of the same toric variety.

As a basic example, consider the trivial functor 7 : P — Vecg that takes all polyhedra to Q
and all morphisms to the identity map. This categorifies the homomorphism that evaluates to 1

on every polyhedron.
Proposition 4.11. The trivial functor T is valuative.

Proof. We need to show that, for any decomposition Q of a polyhedron P in a vector space V and
any orientation  of Q, the complex 7(C$/(Q)) is exact. Since C$(Q) is the cone of

o8 Pld — C2,(Q),
there is a termwise-split short exact sequence of complexes
0— C2y(Q) = CHQ) = P[-d—1] — 0.
Additive functors preserve cones, so we also have a short exact sequence of vector spaces
0= 7(C24(Q)) = 7(CQ)) — Q[—d — 1] — 0.

The boundary map in the long exact sequence in cohomology is induced by 7'(04%), which is a
general fact about cones.

The complex 7(C%,(Q)) coincides with the cellular chain complex that computes the homology
of the one point comi)actiﬁcation of P relative to the one point compactification of 0P. Indeed,
the one point compactification of P has one cell for each face of P (bounded or not, internal or
not) and one additional cell for the extra point. All but the internal faces are included in the one
point compactification of dP. Thus the complex computing relative homology has one term for
each internal face of P, and precisely matches 7(C%,(Q)). This relative homology is 1-dimensional
and concentrated in degree d. The boundary map to degree d must be an isomorphism, since T(Oé%)

is evidently injective. Thus the homology of 7(C$(Q)) vanishes. O
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Remark 4.12. In Section we will need a slight generalization of the observation that we used
at the end of the proof of Proposition Let Q be a decomposition of a polyhedron of dimension
d, and let €2 be an orientation of Q. Let S C R C Q be subsets of Q that are closed under taking
faces. Let

D (R, S) @ Q,

QER\S
dim Q=k

and define a differential 9 as before. For example, if R = Q and S is the set of non-internal faces,
then
DJ(R,8) = C24(Q).

Define S € R C V by taking S to be the union of the elements of S, and R to be the union of
the elements of R. If R is bounded, then it admits the structure of a CW complex with closed
cells R, or with open cells {Q | @ € R}, where Q denotes the relative interior of Q. In this
case, T(D$H(R,S),0) may be identified with the cellular chain complex for the pair (R, S). More
generally, the one point compactification R := R LI {*} admits the structure of a CW complex with
open cells {Q | Q € R} U {{x}}, and 7(D$(R,S),d?) may be identified with the cellular chain
complex for the pair (R, S).

5 The Orlik—Solomon functor

The purpose of this section is to prove that the Orlik—Solomon functor of Example is valuative.

5.1 The Orlik—Solomon algebra

Let E be a finite set, and let )\, be the exterior algebra over Q with generators {u. | e € E},
graded in the usual way with degu. = 1. Let n be the cardinality of F, and fix an identification of
E with the ordered set {1,...,n}. For any subset S = {ej,...,ex} C E with ej < ey < --- < e,

consider the monomial ug := ue, - - - ue, € A\p and the element

ws = 3 (1 ey €

A set S is called independent if it is contained in some basis and dependent otherwise.
A minimal dependent set is called a circuit. The Orlik—Solomon algebra OS(M) is defined
as the quotient of A by the (homogeneous) ideal generated by {wg | S a circuit}. We observe
that changing the order on E changes wg by a sign, therefore the Orlik—Solomon algebra does not
in fact depend on the identification of E with {1,...,n}. We also observe that wg divides wp
whenever S C T, thus OS(M) may also be defined as the quotient of )\ ; by the ideal generated by
{wg | S dependent}. This makes it clear that the homomorphisms in Example [4.2] are well defined.
Though these are in fact algebra homomorphisms, we will only regard OS as a functor from M to

the category A of finite dimensional graded vector spaces over Q.
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5.2 Degenerating

We now place a second N-grading on the exterior algebra A, distinct from the standard one used
above. We set the degree of u. equal to e € E = {1,...,n}, viewed as a natural number. The
elements wg (for S a circuit) are not homogeneous in this grading. Consequently the quotient
OS(M) does not inherit a grading but a filtration, whose i'" piece is equal to the image of
classes of degree < i in /L. For any circuit S C E, we define the associated broken circuit
S to be the set obtained from S by removing the minimal element (using the usual order on
E). Then the associated graded ring gr OS(M) is isomorphic to the quotient of /A, by the ideal
generated by {ug | S a circuit} [OT92, Theorem 3.43]. Note that this filtration is functorial with
respect to morphisms in Mq(F) (though not for morphisms in M(FE)), so we obtain a functor
grOS: Miq(F) — A.
Let us explicitly describe the functor gr OS on morphisms. We define

nbc(M) :={S C E | S does not contain any broken circuit}.

Then the set {ug | S € nbc(M)} is a basis for gr OS(M), where deg(ug) = [S|. If tprnr is a
weak map, then every (broken) circuit for M contains a (broken) circuit for M’ hence we have an
inclusion nbc(M’) C nbe(M). The map grOS(eara): grOS(M) — gr OS(M') takes ug to ug if
S € nbe(M’) and to 0 otherwise.

Consider the functor V(—,S): M;q(E) — A given by putting

if S € nbe(M
v, g) — | @ 1S Enbedh)
0 otherwise,

with the morphism ¢pz 5 sent to the identity map whenever S € nbc(M’). The previous paragraph

can be summarized by saying that there is a natural isomorphism of functors

gros = P V(-,9)(-15l). (7)
SCE
We use round brackets to denote grading shifts, so as not to confuse with the square brackets that
we use to denote homological shifts; thus V(—, S)( — |S]) takes a matroid M with S € nbc(M) to
a single copy of Q in degree |S|.

Remark 5.1. With Equation , we are decomposing the functor gr OS as a sum of functors that
send every matroid to either a shift of Q or to 0. For any particular M, this corresponds to a
certain basis for gr OS(M), namely the nbc basis. We employ a similar approach with the Chow
ring and augmented Chow ring in Section [8:2]

Let A be a decomposition of a matroid M on the ground set E, and let d = d(M). For any
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S € nbe(M), consider the quotient complex VE(N, S) of 7(CSHN)) given by putting

VW8 = P @
NeN
Senbce(N)

More informally, VS(N, S) is obtained from 7(C$(N)) by killing the termwise- split subcomplex
consisting of all terms corresponding to internal faces N € N for which S ¢ nbc(N). By . we

have an isomorphism of complexes of graded vector spaces

grOS(CEN) = P VEW,S)(—19). (8)

Senbe(M)

Our strategy will be to prove that VS (N, S) is exact, and use this to prove Theorem

5.3 Characterizing the nbc condition

Fix a subset S C E. For each e € E, let S, := {s € S| s > e}, and consider the open half-space

Hg:= {v € R ] Ss.uger () > |Se] }
Lemma 5.2. If M is a matroid on E, the following statements are equivalent:
(i) S € nbc(M)
(ii) SeU{e} is independent for alle € E
(iii) P(M) N H;FS # @ foralle € E
(iv) P(M)n () H}g # 2.
e€E

Proof. The equivalence of (i) and (ii) is immediate from the definition of a broken circuit. We next
prove the equivalence of (ii) and (iii). If S. U{e} is independent, then it is contained in some basis
B, and vg € P(M) N H/4. Conversely, suppose that v € P(M) N H/y. Then we have

|Se| < dg,ufey(v) <1k (S6 U {e}),

where the first inequality comes from the fact that v € H;S and the second comes from the fact
that v € P(M). This implies that the cardinality of S. U {e} is equal to its rank, which means that
it is independent.

We have now established the equivalence of (i), (ii), and (iii). The fact that (iv) implies (iii) is
obvious, thus we can finish the proof by showing that (ii) implies (iv). Assume that (ii) holds, and

for each e € E, choose a basis B, containing S. U {e}. In addition, choose real numbers rg,...,r,
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withrg=1,7r, =0, and 7. < 7‘6_1/(|Se| + 1) for all e € E. Let

vi= Z(re_l —Tre)up, € RP.
ecE

The sum of the coefficients appearing in the definition of v is equal to rg — r, = 1, thus v is in
the convex hull of {vp,_ | e € E}, which is contained in P(M). It thus remains only to prove that
v E H:S for all e € E. We have

ds.ufey(v) = Z Z (rg-1—1g) = Z Z (rg-1—79) + Z (rg—1—rg). 9)
fe€SeU{e} By f fE€Se By f Bgse
Note that, if g < f and f € S, then f € S,U{g} C B,y. This implies that
DD (rga—r) = DY (rgi—rg) = > (ro—rp) =Y (ro—re) =|S|(1—r). (10)
Jf€Se B> f fe€Se g<f féesSe feSe
In addition, we have e € B,, and therefore

D (rg-1—1g) = re1 —1e > | Selre. (11)
Bg>e

Combining Equations @D, , and , we find that
5SeU{e}(U) > [Se|(1 = 7e) + [Selre = [Sel,

and therefore v € H:S. O

5.4 Exactness of the summands

Fix a matroid M on the ground set F, a decomposition N of M with orientation 2, and a set
S € nbe(M). We now use Lemma to prove the following proposition.

Proposition 5.3. The complex VE(N, S) is exact.

Remark 5.4. Let fg: Mat(E) — Z be the homomorphism characterized by putting fg(M) = 1 if
S € nbe(M) and fg(M) = 0 otherwise. Lemma [5.2 combined with [AFRI0, Theorem 4.2], implies
that fg is valuative. The functor V(—, S) categorifies the homomorphism fg, and Proposition
says precisely that the functor V(—,.S) is valuative.

Proof of Proposition[5.3. We will proceed in the same manner as the proof of Proposition [4.11}f""
As in that argument, let d = d(M), and let ng(./\/’ ,S) be the complex obtained from V(N S) by
removing the term in degree d + 1. We will give a topological interpretation of this complex that

is slightly different from the interpretation in Remark

1n the special case where M is loopless and S = @, Proposition follows from Proposition m
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Let
U:=PM)n () H
eckl

Since U is an intersection of convex open subsets of P(M), it is itself a convex open subset of
P(M). By Lemma U is nonempty, therefore (U, 0U) = (B%, 54-1).

For all N € N, let Uy :=UN P(N) Lemmaimplies that Uy # @ if and only if N is an
internal face and S € nbc(INV). The set U is the disjoint union of the convex open sets Uy, and
adding a single 0-cell gives us a cell decomposition of the quotient U /0U. The complex V<Qd(N ,S)
is precisely the cell complex that computes the reduced homology H,(U,dU) = Q[—d]. -

We have an exact sequence of chain complexes
0— V4N, S) = VAN, S) = Q[—d — 1] — 0.

We have observed that V<Qd(./\f ,5) has 1-dimensional homology concentrated in degree d, while
Q[—d — 1] has 1-dimensional homology concentrated in degree d + 1. Just as in the proof of
Proposition the boundary map in the long exact sequence in homology is an isomorphism,
which implies that the homology of V(A/, S) vanishes. O

Theorem 5.5. The categorical invariant OS is valuative.

Proof. We need to show that, for any matroid M on E and any decomposition N of M with
orientation 2, OS(CSH(N)) is exact. By Equation (8) and Proposition OS(CSHN)) admits a
filtration whose associated graded is exact. The spectral sequence of the filtered complex has Fj
page equal to the homology of the associated graded and converges to the homology of the original

complex. In this case, the E7 page is zero, so the original complex must be exact, as well. O
We end the section on the Orlik—Solomon functor with a couple of speculative remarks.

Remark 5.6. A decomposition N of M induced by a height function on P(M) is called regular.
In this case, N} is in canonical bijection with the set of codimension k& bounded faces of a tropical
linear space L, and the reduced Orlik—Solomon algebra of M is isomorphic to the degree ¢ tropical
cohomology group of the Bergman fan of M (see [Sha] and [Zhal3] for precise definitions). With
this perspective, we expect that one can find a tropical proof of the exactness of OS(CS(N)) for

regular decompositions. We thank Kris Shaw for this observation.

Remark 5.7. As was mentioned in the introduction, Speyer’s proof of valuativity of the Poincaré
polynomial 7ys(t) proceeds by first proving that the Tutte polynomial Ths(z,y) is valuative, and
then using the fact that mp/(t) is a specialization of Ths(x,y). This suggests that it would be
interesting to find an additive category A with Grothendieck group Z[z,y|, a categorical valuative
invariant 7 : M — A that categorifies the Tutte polynomial, and a functor ® from A to the

category of graded vector spaces over Q along with a natural isomorphism OS ~ ® o T
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6 Maximizing a linear functional

In this section, we state and prove Theorem [6.3] which categorifies of a theorem of McMullen
IMcM09, Theorem 4.6]. Theorem is the technical heart of the paper, and will be the key
ingredient to the proof of Theorem

6.1 The statement

Let V be a finite dimensional real vector space, and fix throughout this section a linear functional
¥ :V— R. If P CVis a polyhedron with the property that the restriction of v to P is bounded
above, then we define Py, C P to be the face on which 1 obtains its maximum value. If Q is a

decomposition of P, then

Qu:={QeQ|QC Py}

is a decomposition of Py.
Consider the additive functor
Ayt PHIV) = PLV)

characterized by the following properties:
e If the restriction of ¢ to P is not bounded above, then Ay (P) = 0.
e If the restriction of ¢ to P is bounded above, then Ay (P) = Py.
e If Q C P and Qy C Py, then Ay takes tpg € Hom(P, Q) to tp, q, € Hom(FPy, Qy).

Remark 6.1. If Q C P and the restriction of ¢ to P is bounded above but the maximum value
of 1 on P is strictly greater than the maximum value of ¥ on @, then Hom(Py, Qy) = 0, so Ay,
necessarily takes tpg € Hom(P, Q) to zero.

Remark 6.2. We may think of the functor A, as projection from 73;5 (V) to the full subcategory
Pig(V)w, whose objects are formal sums of polyhedra on which 1 is a constant function. This

category 73;; (V), splits as a direct sum of categories of polyhedra on each level set of .

Let Z,,(V) C Z(V) be the localizing subcategory of Chy(P;;(V)y) generated by the complexes
C$H(Q) for oriented decompositions Q of polyhedra P on which ) is constant.

Theorem 6.3. Suppose that Q is a decomposition of P C V and € is an orientation of Q.
o If the restriction of ¢ to P is not bounded above, then the complex Ay (C(Q)) is contractible.

o [f the restriction of 1 to P is bounded above, the complex Aw(C,Q(Q)) s homotopy equivalent
to a shift of C’?w(Qw) for some (equivalently any) orientation by of Q.

Thus Ay, sends Z(V) to Ly (V) C Z(V).
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o Va

Figure 5: A polytope in R? and its decomposition.

Example 6.4. Consider the triangle P C R? along with the decomposition Q shown in Figure
whose maximal faces are four smaller triangles. Consider the linear functional ¢ = x1 4+ x5, which
is maximized on P by the hypotenuse Py. The family Q, = {V1, A, F, B,V2} is a decomposition
of Py. The complex Ay (CS(Q)) decomposes as a direct sum of two pieces. The first piece is the
contractible complex Null(G, 2), coming from the lower-left triangle and the edge G. The second

piece has the following shape (ignoring signs):

A7>F\

F— F —— 0.

Here the three copies of F' come from applying Ay to the middle triangle, its northern edge, and
its eastern edge, all of which are internal faces of Q. This complex is not minimal, as the (F,F)
component of the differential is nontrivial. However, it is homotopy equivalent to the complex
2y

Co(Qy).

In general, the complex Aw(C?(Q)) will decompose as a direct sum, with summands indexed
by the maximum values achieved by % on various internal faces of Q. Theorem says that all
but one of those summands will be contractible, and the one corresponding to the maximum of

on P (assuming that ¢ is bounded on P) will be homotopy equivalent to C? “(Qy)-

6.2 Geometry

In this section, we give the geometric constructions that we will need for the proof of Theorem
Let Q be a decomposition of a polyhedron in V, and let F' € Q be any face. Informally, we define
the local fan ¥ (Q) to be the fan that one sees when one looks at Q in a small neighborhood of
a point in the relative interior of F'. More precisely, for any G € Q with F' C G, we define the cone

oG = {Mv—1) [vE C.v' € FLA € Rag),
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and we put Xp(Q) :={o¢ | F C G € Q}. Let Vg := op, which is a linear subspace of V. The
vector space Vg acts freely by translation on every cone in ¥p(Q), and we may therefore define

the cone ¢ := o¢/Vp for every F C G € Q and the reduced local fan
Yr(Q) = {6 | F CGe Q},

which is a pointed fan in the vector space V/Vp.

Let 9 be a nonzero linear functional on V. Let Q be a decomposition of a polyhedron P C V
on which v is bounded above, and let F' € Q be any face on which 1 is constant. Then 1 descends
to a linear functional ¢ on V/Vp. Let Hpy C V/Vp be the preimage of —1 under the map ¥, let
Rp.y = Hpy N Supp r(Qy), and let

RFJZJ = {&ﬂH ‘ o€ iF(Q)}

be the induced decomposition of R .
Let Bry C REy be the collection of bounded faces. Let

Qry ={Q€Q|Qy=Fand Q# F}.

We have a bijection
Qry — Bry

(12)
Q — 6@ N Hp’w.

This bijection takes faces of dimension k + 1 + dim F' to faces of dimension k, and it restricts to a
bijection between elements of Qr,, that lie on the boundary of P and faces of Br,, that lie on the
boundary of Rp .

Example 6.5. Consider the decomposition shown in Figure [0 with ¢ equal to the height function.
The fan 3. r(Q) = Xp(Q) is complete, with one vertex, four rays, and four cones of dimension 2.
The polyhedron Rp, is equal to the line Hpy, and the decomposition Ry of Rpy, has two rays,
two vertices, and one interval. The rays are equal to oy, NHpgy and oy, NHpgy, the two vertices
are equal to og, NHgy and og, N Hpgy, and the interval is equal to og, N Hpg,. Thus the set
Qry = {G2,G3, H2} is in canonical bijection with the bounded complex By .

e
Né

Figure 6: A decomposition Q of a quadrilateral, with some of the internal faces labeled.
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We will also need a relative version of this construction. Suppose we are given F' C G € Q, with
F a facet of G and 9 constant on G. Let Lr g,y C Ry be the collection of faces that are either
bounded or have recession cone equal to the ray 6. Informally, these are the polyhedra that are
unbounded in at most one direction, namely that of the inward normal vector to F' in G. We then
have a bijection

QG — £FG’ BF
g G\ Bry 13)
Q — 5’Q N Hpﬂp.
Example 6.6. Continuing with the picture in Example we have
Qe ={H1} and Ly, g \Bry =0 NHpy.

6.3 Algebra

In this section, we prove Theorem [6.3] Let P be a polyhedron in V, let Q be a decomposition of
P, and let 9 be a linear functional on V. We may assume that v is nonconstant on P, as Theorem
[6.3is trivial in this case.

Let F' € Q be any face on which 1) is constant, and let C(F)s := Ay (C2(Q))F be the subquotient
of Ay(C(Q)) consisting of all copies of the object F' (see Section . Recall that 7 : P — Vecg
is the functor that takes every polyhedron to the vector space Q and every linear automorphism of

V to the identity morphism.

Lemma 6.7. If F lies on the boundary of P, then T(C(F)4)[1 4+ dim F] is homotopy equivalent to
the singular chain complex for the pair (Rp., ORpy). If F is an internal face of Q, then T(C(F).)

18 contractible.

Proof. First suppose that F' lies on the boundary of P, which means that F' itself does not appear
in C?(Q). Let Bry C Rpy be the union of all of the elements of Br,. Combining Remark
with the bijection from Section we may identify the complex 7(C(F)4)[1 + dim F]
with the cellular chain complex for the pair (B, Bry NORFE,y,), which is homotopy equivalent to

(RFy,0Rpy) by Lemma
Now suppose that F' is an internal face of Q. In this case, I’ does appear in C£}(Q), which leads

to a small modification of the argument above. We now have a termwise-split short exact sequence
0— Q1] = 7(C(F)e)[1 + dim F] = 7(C(F)sdim ) [1 + dim F] — 0. (14)
The complex T(C (F ).) [dim F] is isomorphic to the cone of the augmentation map
I T(C(F)>dimp) 1+ dim F] — Q,

so that Equation may be identified with a shift of Equation (3)).
As in the first paragraph of this proof, the quotient complex T(C(F )>dim F)[l + dim F] may
be identified with the cellular chain complex for the pair (Bp .y, Bry N ORF,), which is homotopy
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equivalent to (Rpy,0Rp,y). The complex 7(C(F),)[dim F], being the cone of the augmentation
map, may be identified with the reduced cellular chain complex. Since F'is internal, the reduced local
fan ¥p(Q) is complete, which implies that Rpy = Hp, and ORpy = @. The reduced homology
of the pair (Rpy, ORpy) is trivial, which implies that 7(C(F),)[dim F] is contractible. O

Lemma 6.8. If any of the following three conditions hold, then C(F)e is contractible:
1. The restriction of Y to P is not bounded above.
2. The restriction of ¢ to P is bounded above but F' is not contained in Py.
3. The restriction of ¢ to P is bounded above and F' is contained in OPy.

Proof. The complex C(F), lives in the full subcategory of Piq(V) consisting of direct sums of copies
of F'. This subcategory is equivalent via the trivial functor 7 to the category of finite dimensional
Q-vector spaces, thus it is sufficient to prove that 7(C(F),) is contractible.

The case where F' is an internal face of Q is treated in Lemma@ so we may assume that F is
contained in the boundary of P. In this case, Lemma tells us that it is sufficient to prove that
ORF, is a deformation retract of Rpy. If ¢ is bounded below on P and achieves its minimum on
F, then Rpy = @, and we are done. Thus we may assume that ¢)(F) is neither the minimum nor
the maximum of ¢ on P.

Since we know that F'is contained in the boundary of P, this implies that there exists a point
v € P\ F with ¢(v) = ¢)(F). Choose a point v' € F', and let w be the image of v—v" in V/Vp. Then
w is contained in the recession cone of Ry, and —w is not. This implies that Ry is unbounded

and ORFp, is nonempty, which in turn implies that ORg, is a deformation retract of Rp. O
Our next lemma addresses the one case not covered by Lemma [6.8]

Lemma 6.9. Suppose that the restriction of ¥ to P is bounded above and F' is an internal face of
Qy. Then C(F)e is homotopy equivalent to F[— dim P + dim Py, — dim F].

Proof. As in the proof of Lemma it is sufficient to prove that 7(C'(F')s) has one dimensional
homology concentrated in degree dim P — dim Py, + dim F'. By Lemma this is equivalent to
proving that the pair (Rp, 0Rp ) has one dimensional homology, concentrated in degree dim P —
dim Py — 1. The polyhedron Rp, is isomorphic to the product of the vector space Vp/Vp with
the quotient polytope P/P,. The result then follows from the fact that P/P,y is homeomorphic to
a closed ball of dimension dim P — dim Py — 1. O

Lemmas and together allow us to identify the minimal complex of C'(F'), for any F' € Q
on which 1 is constant. The next lemma tells us how two of these minimal complexes interact.
Suppose that the restriction of ¢ to P is bounded above, I’ and G are both internal faces of Qy,
and F is a facet of G. Let C(F,G)e be the subquotient of A, (C$(Q)) consisting of all copies of F
and G. Note that this complex has C(F)e as a termwise-split subcomplex, and the termwise-split

quotient is isomorphic to C(G)s.
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Lemma 6.10. The complex 7(D(F,G).) is contractible.

Proof. Let Lp g, be the union of the elements of LG . Combining Remark with the two
bijections and in Section allows us to identify 7(D(F, G)s) with a shift of the cellular
chain complex for the pair (Lp Gy, Lrgy NOREy U {x}), where x € L is the point at infinity.
Translation in the direction of the ray ¢ C Hp, defines a deformation retraction from this pair

to the pair ({x}, {x}), therefore this chain complex is contractible. O
We are now ready to prove Theorem

Proof of Theorem [6.3. Let De be a minimal complex for A, (CSH(Q)). By Lemmas [6.8| and [6.9|and
the discussion in Section [2.4] D, has either one or zero copies of each face F' € Q, depending on
whether or not F' is an internal face of Qy, in which case that copy appears in degree dim F' +
dim P — dim Py. Thus D, = 0 if the restriction of ¢ to P is not bounded above, and otherwise

D.Jdim P — dim Py] = 5% (Qy)

as graded objects of Piq(V) for some (equivalently any) orientation €, of Q. Given a pair F' C G
of internal faces of Q, with I a facet of G, Lemma implies that the corresponding component
of the differential in D, is equal to an invertible multiple of v . By Proposition @ this implies
that De[dim P — dim Py] is isomorphic to o (Qy) as a complex. O

7 Convolution

The main results of this section are Theorem and Corollary which categorify [AS22, The-
orems A and C]. In particular, Theorem will provide a valuable tool for constructing new

valuative functors from old ones.

7.1 A product and coproduct for matroids

Consider a finite set £ = E1 U FE5. Let M be a matroid Eq and My a matroid on Es. As in Section
[3:3] we write M; LI Mj to denote the direct sum of M; and Ma, which is a matroid on Ey U Ey. We
write Miq(E)y to denote the full subcategory of M;q(E) whose objects are matroids of the form
My U M.

In this section, we will define functors
m: ME(E) BRME(BEy) - MA(E)  and A MH(E) » M5(E) KM (Es).
The product functor m is characterized by putting m(M; X M) := M; U My and

m(ean v B e vg) = e ung, g
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We observe that m is a fully faithful embedding, with essential image M;E(E)l_,. In particular, we

may write m~! for the inverse functor from the essential image. For example, we have
m (M U My) = My B My € M (E) R M (Ey).

Given a matroid M on E, the restriction MF! is defined to be the matroid on E; obtained by
deleting E, and the contraction Mg, is defined to be the matroid on Ey obtained by contracting

a basis for M*1 and deleting the remaining elements of E;. We also define
M(Ey, Eo) := MP1 1 Mg, (15)

which is again a matroid on E. If M = M; U M, then M(E;, Es) = M , thus the operation
M — M(Ey, Es) is idempotent.

Of crucial importance is the following connection between the operation M — M (FE;, E2) and
the maximization of a linear functional on base polytopes. Recall that we have a linear functional
0g, : RE — R that takes the sum of the E; coordinates.

Lemma 7.1. For any matroid M on the set E, we have

P(M)s, = P(M(Ey, Ey)) = P(MP') x P(Mg,). (16)

Sy

Proof. Given an arbitrary basis B for M, we have |B N E1| < rkps(E7). The bases for M(E, E2)
are precisely those bases B for M such that |B N Ei| = rkys(E1). Then dg, (vg) = |B N Ey|, thus
vp € P(M)s),, if and only if B is a basis for M (E1, E»). O

Using Lemma we may define a functor
AL =Dy ME(E) = ME(E)L.
We then use this to define the coproduct functor
A=m oAy MI(E) - ME(E) B M (E»).
In concrete terms, we have A(M) = Mt K Mg, and

Alonsarr) = Lare (vryEr X LM, My, if tkps(E1) =tk ()
| 0 otherwise.

Remark 7.2. The product functor m : M5(E1) ® M (E2) — ME(E) is induced by a functor
Mia(E1) x Mia(E2) = Miq(E), but the coproduct functor A : M (E) — M (E1) KM (E») is
not induced by any functor Miq(E) — Miq(E1) x Miq(F2). This is because the coproduct functor

sends some morphisms to zero.
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Let M = M U M. If N7 is a decomposition of M; and N> is a decomposition of Ms, then
Nl |_|N2 = {N1 LI Ny | N1 €N1 and Ny ENQ}

is a decomposition of M. Furthermore, every decomposition of M is of this form [LdMRS20),
Corollary 4.8].

7.2 Categorical Hopf ideals

The purpose of this section is to prove that the product and coproduct functors interact nicely with
the localizing subcategories Z(E) C Chy(M(E)) defined in Section The following theorem,
which categorifies [AS22] Theorem A], says that these subcategories satisfy a condition analogous

to that of a Hopf ideal in a Hopf monoid.

Theorem 7.3. We have the following inclusions of subcategories:
m(Z(B) R MK (Ey)) C Z(BE),  m(M(E)RI(E,)) C Z(E) (17)
and
A(Z(E)) <I(E1) K M (Ey), M5 (Ey) @I(E2)>. (18)

There are three localizing subcategories of Chy(M;;(E)) at play here. The first is Z(E). The
second, which we will call Z(E),, is generated by those complexes of the form C$(N; UN3), where
N is a decomposition of a matroid on E; and N3 is a decomposition of a matroid on Es. Finally,

we will need to consider the localizing subcategory
I(E1, By) = (m(Z(E1) B MK (E2)), m(M(E1) RI(E»))).

This is the localizing subcategory generated by those complexes of the form C$(N LI N3), where
either N7 is the trivial decomposition of a matroid on E; or N> is the trivial decomposition of a

matroid on Ey. We clearly have
I(Ey, Ey) CI(E), CI(E),

which in particular implies Equation .
Lemma 7.4. We have AL(Z(E)) C Z(E).

Proof. Theorem and Lemma together imply that, for any matroid M on E with decom-
position A/ and orientation €, the complex A (CE(N)) is either homotopy equivalent to zero or
homotopy equivalent to a shift of the complex C' (A7), where N7 is a decomposition of M (E}, Es).
As we noted at the end of Section N is necessarily equal to N7 LI N3 for some decompositions
N1 of M#t and N; of Mg, [LAMRS20, Corollary 4.8]. O

Lemma 7.5. We have Z(E1, Esy) =I(E),.
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Proof. Let N = N1UN3 be a decomposition of M = Mj LMy, and let Q be an orientation of N'. We
need to show that C(N) € Z(Ey, Fs). Because the isomorphism class of C$}(N) is independent of
the choice of orientation, we may assume that € is induced from an orientation Q; of A7 and an

orientation 9 of Ns.
Let d; = d(M;) and C; := CZi (N;). Then

C2yra,N) =m(Cy B Cy). (19)

The complex C${(N') = Cone(ayy) is obtained from the complex of by adding one new summand
M; U M5 in degree di + do + 1.
Let Dy := C$1(N7) K C$2(N3) € Chy(M(E1) KM (E2)). Explicitly, we have

My[—dy — 1) R Ma[—dy — 1]

© 0 0 0 0
Mi[—dy — 1] R Cy ) ‘
D. — ® +idp, Koy, +idXo 0 0
T ’ X id 0 dRid 0
Cy ® My[—dy — 1] N EM oo
o 0 apn, Xid FidXay, OXI
C1 X Cy

We represent D, by the following schematic diagram (with signs suppressed):

My U Moy iduay, — My L Cy

- -

Dy = an, Uid ap, Uid

™~ I

C1 U M,y iduay, — C7 U Cy

We next construct a chain map
B: Null(M; U Ms,dy +da + 1) = m(D.).
As objects, we have
Null(M; U My, dy +do + 1) = (M1 U Ms)[—dy — do — 1] @ (My U My)[—dy — da]

and

m(De) = (M1 U Mp)[—dy — dg — 2] @ m(M; K Co)[~dy — 1] ©@ m(Cy K My)[—dy — 1] @ m(Cy K Cs)
= (M1 UM)[—dy — dy — 2] & m(M; R Cy)[—dy — 1] & m(Cy B M) [—dp — 1] & CZy g, (N).

With respect to these decompositions, we encode 3 as the following matrix:
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0 0
m(an, Ridp,) 0
0 QN

Here the two nontrivial pieces of 5 go from the first summand of Null(M; U Ms, dy + ds + 1) to the
third summand of m(D,) and from the second summand of Null(M; U My, d; +d2+1) to the fourth
summand of m(D,). We define B, := Cone(/3), which we represent by the following schematic

diagram (again with signs suppressed):

M7 U My iduaey, — My U Cy
\ \
aN'lLIid aNll_lid
Be = C1 U M, iduay, — C7 U Cy
a/\/luid QN /

— /

]\[] L ]\4{2 id ——— ]\[1 L ]\/[2

We observe that B, is a convolution with six parts, three of which are shifts of M; U My. The
leftmost terms live in homological degree di +ds+2, and the other copy of M7 Ms is in homological
degree di + d2 + 1. The remaining terms are complexes that begin in the homological degree
indicated in the diagram. The terms appearing in red make up the termwise-split quotient complex
Null(Ml U Ms,dy + do + 1)[1].

Let us draw B, again, regrouping the six parts into three groups of two which we emphasize

with color:

My U My ——— M UCYy

T T

B, = CiUM, ——— 33U |. (20)
MiUM, = My UM,

The red terms M; Ll My — Cy U Cs form a termwise-split subcomplex isomorphic to Ce(N'). The
green terms My LI My — Cy U Ms form a termwise-split subquotient complex isomorphic to a
shift of m(Ce(N71) X My). The blue terms My LI My — Mj U Co form a termwise-split quotient
complex isomorphic to a shift of m(M; K Ce(N3)). This demonstrates that the complex B, may
be constructed as a convolution with three parts as just described.

Now we conclude. The complex m(D,) clearly lives in Z(E1, Es). So does the contractible
complex Null(M; U Ms,dy + d2 +1). By Lemma B, = Cone(p) is also in Z(E1, E2). Two of
the three parts in a convolution describing Be are m(Ce(N7) X Ms) and m(M; X Ce(N3)), both of
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which live in Z(FE1, E2). Applying Lemma again, the remaining part of this convolution also
lies in Z(Ey, E2). This remaining part is C$*(N), which completes the proof. O

Proof of Theorem[7.3. We have already established Equation . Since m is an equivalence from
M;&(El) X ./\/lfg(Eg) to M;&(E)u and A = m~!' o A, Equation is equivalent to the statement
that we have AL(Z(F)) C Z(E4, E2). This follows from Lemmas and O

7.3 Convolution of valuative functors

Suppose that A is a monoidal additive category, and let ® denote the tensor product in A.
The example to have in mind is the category of finite dimensional graded vector spaces. Let
: MH(E1) — A and ¥: M (E;) — A be additive functors. We define the additive functor

PRV M (E)BM(E) — A
by putting
O X U(M; X My) = (M) @ P(My) and OXVU(fXg)=(f) @ V(g).
We then define the convolution
PxT:=(PRV)oA: Mf(E)— A

In particular, we have ® * W(M) = &(M*1) ® ¥(Mg,) for any matroid M on E.

Remark 7.6. If & and ¥ categorify the homomorphisms f and g, then the convolution ® % ¥
categorifies the convolution f * g as defined in [AS22, Definition 6.2]. There is no relationship
between this use of the word convolution and the notion of convolution of complexes discussed in
Section

Theorem [7.3 has the following corollary.
Corollary 7.7. If ® and ¥ are valuative, then so is ® x U,

Proof. Theorem [7.3| tells us that A takes Z(E) to (Z(E1) K M (Ey), M{{(E1) RZ(E,)). Since ®
and ¥ are both valuative, ® kills Z(E;) and V¥ kills Z(Ey). Therefore ® x U kills Z(F). O

8 Examples of valuative categorical invariants

In this section, we use Corollary to derive new examples of valuative categorical invariants of

matroids.
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8.1 Whitney functors

We begin with a simple lemma. Let ® : M;q(E) — A be a valuative functor, and let k be a natural
number. Define a new functor [®], : Mja(E) — A by putting [®],(M) = ®(M) if vk M = k
and 0 otherwise. Since all morphisms in M;q(F) relate matroids of the same rank, ® is naturally

isomorphic to the direct sum over all k of [®];. This immediately implies the following result.
Lemma 8.1. If ® is valuative, then so is [P].

Fix a natural number r and an increasing r-tuple of natural numbers k = (k1, ..., k). For any
matroid M, let

Ly (M) :={(F1,...,F,) | F; is a flat of rank k; and Fy C --- C F,.}.

We define the Whitney functor
q)k M= VecQ

on objects by taking @y (M) to be a vector space with basis Ly (M). If ¢ : (E, M) — (E',M’) is a
morphism and (Fi, ..., F,) € Lx(M), then we define

(QO(Fl)v cee so(Fr)) if tkyp (@(Fy)) = k; for all i

0 otherwise.

(I)k(QO)(Fl, Ce. ,Fr) =

The main result of this section is that the functor ®y is valuative.
Proposition 8.2. For any r and k, the functor ®y is valuative.

To prove Proposition [8.2], we first consider the related functors introduced in Example
Lemma 8.3. The functor Vg g from Example s valuative.

Proof. We proceed by induction on r. The base case r = 0 is Proposition [£.11] For the inductive
step, let » > 1 be given and assume that the lemma holds for » — 1. Fix a set E, an increasing
r-tuple k = (kq,..., k) of natural numbers, and an increasing r-tuple S = (S1,...,S,) of subsets

of E. By our inductive hypothesis, the functor

U, (erseosor—1),(S1,sSr_1) = Mia(Sr) = Vecg

is valuative. By Lemma so is the functor

[\IIST,(kl,‘..,kr_l),(Sl,...,Sr_l)]kT : Miq(Sr) = Vecg .

By Theorem the functor OS° : M;q(E \ S,) — Vecq is valuative. Note that the degree zero
part of the Orlik—Solomon algebra of a matroid is equal to Q if that matroid is loopless and to 0
otherwise, thus for any matroid M on F, OSO(M s,.) is equal to Q if S, is a flat and 0 otherwise. It
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follows that

Uiks = (Yo, (b 1) (S1nSen)]p, ¥ O,

and therefore U i g is valuative by Corollary O

Proof of Proposition[8.3. We need to show that, for any decomposition A of a matroid M on the
ground set E, and any orientation Q of N, the complex ®)(C$(N)) is exact.

For any matroid N, define a filtration on ®(N) by taking the i*! filtered piece to be spanned
by those tuples (Fi,...,F,) € Lx(N) such that |Fy| + --- + |F;| > i. The linear map of vector
spaces induced by a weak map ¢y n» : N — N’ takes the ith filtered piece of O (N) to the ith
filtered piece of @ (N'), hence we obtain a filtered complex @y (CS}(N)). The associated graded of

this complex is isomorphic to the complex

Vp(Ce W) = P Trpis(CEWN)),
s

where the sum is over all increasing r-tuples S = (S7,...,S,) of subsets of E. By Lemma
this associated graded complex is exact. By considering the spectral sequence associated with
the filtered complex (as in the proof of Theorem , we may conclude that the filtered complex
Dy (CE(N)) is exact, as well. O

8.2 Chow functors
Let M be a matroid on the ground set E. The augmented Chow ring CH(M) is defined as the
quotient of the polynomial ring

Qlar | F aflat] @ Qlye | e € E]

by the ideal

<Z a:F> + <ye — pr ’ e € E> + <yexF ‘ e ¢ F> + <xFa?G ‘ FG incomparable> .
F

e¢F

If M has no loops, the Chow ring CH(M) is defined as the quotient of CH(M) by the ideal
generated by {y. | e € E}. If M has loops, then CH(M) is by definition 0.

We would like to promote these rings to categorical invariants. Our first tool will be the following
theorem of Feichtner and Yusvinsky [F'Y04, Corollary 1].

Theorem 8.4. If M has no loops, then CH(M) has a basis consisting of monomials of the form
x;?ll---x?;, where r € N, @ = Fy C Fy € -+ C F., and 0 < m; < tkF; — vk F;_1 for all
ie{l,...,r}.

38



For any positive integer k, consider the graded vector space

of total dimension k£ — 1, with a piece in every positive degree less than k. Theorem has the

following corollary.

Corollary 8.5. If M has no loops, then there is a canonical isomorphism of graded vector spaces

CH(M) = P Pp(M) @ Qk, @ Qry—ky @+ @ Qkp—kp_y -
r>0 k=(ki,....ky)

0<ky<-<kp
Based on Corollary [8.5] we define a functor CH from M to the category of finite dimensional

graded vector spaces over Q by setting

CH=F P @@ ®@Qurr® - Qk k_,

r>0 k=(ki,....ky)

0<ky <<k
on the full subcategory spanned by matroids without loops, and CH = 0 on the full subcategory
spanned by matroids with loops. We observe that there are no morphisms in M from a matroid
with loops to a matroid without loops, so these conditions uniquely characterize a well-defined
functor CH.

Corollary 8.6. The categorical invariant CH is valuative.

Proof. Corollary tells us that CH is a direct sum of shifts of functors of the form @, which is
valuative by Proposition (8.2 O

Our next task is to construct an analogous basis for the augmented Chow ring CH(M). Given
a flat F' of M, choose any maximal independent set I C F, and let yp :=[[,c;ye € CH(M). The
element yp does not depend on the choice of I [BHM ™22, Lemma 2.11(2)].

Proposition 8.7. For any matroid M, the augmented Chow ring CH(M) has a basis consisting
of monomials of the form ypoxrlﬁll---:n%f, where r € N, Fo C F} C - C F., and 0 < m; <
tk F; —rk F;_q for alli € {1,...,1}.

Proof. Let m C CH(M) be the ideal generated by {y. | ¢ € E}. The argument in the proof of
[BHM ™| Proposition 1.8] shows that we have an isomorphism
mP CH(M) |
gr CH(M) := @ Wt CH(M) @CJ(MF)(—TI{F), (21)
p=0 F

where CH(Mp)(—rk F') embeds into gr CH(M) by sending a polynomial  in {z¢ | F C G C E}
to the polynomial yrn. We may therefore use the basis for each CH(Mp) from Theorem to
construct a basis for gr CH(M ), and this lifts to a basis for CH(M). O
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Remark 8.8. The decategorified version of Equation , which says that

Hyg(t) = 3% Hy (1),
F

appears in [FMSV24, Theorems 1.3, 1.4, and 1.5].
Proposition has the following corollary.
Corollary 8.9. There is a canonical isomorphism of graded vector spaces
CHM) = @ M) ®Qk 1 ©Qhyty @ ® Qh,—k,, (ko).

r>0 k=(ko,k1,....kr)
ko<ki< <k,

Motivated by Corollary B.9] we define a functor CH from M to the category of finite dimensional
graded vector spaces over Q by putting

CH := B P M) ®Qryky © Qhy by @+ ® Qi (ko).

r>0 k=(ko,k1,....kr)
k0<k‘1<“~<k7-

Corollary [8.6] has the following augmented analogue.
Corollary 8.10. The categorical invariant CH is valuative.

Remark 8.11. Corollaries and categorify [F'S24, Theorem 8.14] and [FMSV23, Theorem
10], which say that the Chow polynomial H ,;(¢) and the augmented Chow polynomial Hy(t) are

valuative invariants.
Remark 8.12. If M — M’ is a weak map of matroids, then the associated map OS(M) — OS(M')

is an algebra homomorphism. In contrast, unless M and M’ are isomorphic, the associated maps
CH(M) — CH(M') and CH(M) — CH(M') are only maps of graded vector spaces, not of algebras.

This does not have any bearing on our results, but we mention it to avoid any possible confusion.

8.3 Kazhdan—Lusztig functors

Given positive integers j and r along with a subset R C [r], let
sj(R) :=min(Z>; \ R) € {1,...,r +1}.

The following theorem is proved in [PXY18| Theorems 6.1].

Theorem 8.13. Let M be a loopless matroid of rank k on the ground set E. The Kazhdan—Lusztig
polynomial Pyy(t) is equal to

1 +Z§Z:ti > (=i > dim @ (M),

i20 r=1  RC[r] a0<a1<"'<8r<a7‘+1
ap=
ar=1
art1=k—1
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where k = (k1,..., k) and k; =k — Uspp1_j(R) — Qr—j-

Remark 8.14. The polynomial Py (t) is equal to zero for any matroid with loops, thus Theorem
8.13| provides a full description of the Kazhdan—Lusztig polynomials of all matroids.

Based on Theorem [8.13 we define a functor KL from M to the category of finite dimensional
bigraded vector spaces over QQ as follows. On the full subcategory of M consisting of loopless

matroids of rank k, we define the functor

KL=ra P P ) Pic(—i, —|R]),

1<r<i RC[r] ao<a1<--<ar<ar4i
(LO:Q
ar=i
ar+1:k7i
where k = (k1,...,k,) and k; = k — As, 1 j(R) — Gr—j- Here the notation means that the summand
¥y appears in bidegree (i, |R|). We define KL = 0 on the full subcategory of M consisting of

matroids with loops. By definition, the functor KL categorifies the matroid invariant

Py(t,u) :=>_ dim KLY (M) t'/,
2'7j

and Theorem and Remark imply that Py(t,—1) is equal to the Kazhdan-Lusztig poly-
nomial Pys(t). The following result follows immediately from Propositions and

Corollary 8.15. The categorical invariant KL is valuative.

The Z-polynomial relates to the Kazhdan—Lusztig polynomial in the same way that the aug-

mented Chow polynomial relates to the Chow polynomial. That is, we have

Zn(t) == " Py (t) = > ™ Py (), (22)
F SCE

where the second equality comes from the fact that, whenever S is not a flat, Mg has a loop, and
therefore Py (t) = 0. We therefore define the functor

s=PP ([T]k * KL)(—k,O),

where the summand indexed by S is understood to be the convolution of the functor [r]; on
Mi;q(S) with the functor KL on M;q(F \ S). Each summand of this functor is defined only on the
category Miq(FE), but the direct sum extends to the entire category M. By definition, the functor

> categorifies the polynomial

Zn(tu) =) dim X% (M)t
i’j
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and Equation (22)) implies that Z; (t —1) = Zp;(t). We obtain the following corollary from Propo-
sition [£.11] Corollary [7.7} Lemma [8.1], and Corollary [8:15]

Corollary 8.16. The categorical invariant ¥ is valuative.

Remark 8.17. Corollaries and categorify [AS22, Theorem 8.9] and [FS24, Theorem 9.3],
which say that the Kazhdan—Lusztig polynomial Pys(¢) and the Z-polynomial Zy;(t) are valuative

invariants.

Remark 8.18. In light of our definition of the functor ¥, one might ask if we should have defined

the functor CH in an analogous way. More precisely, consider the functor

O := @@( k*CH) k).

k>0 SCE

As in the definition of 3, each summand is defined only on the category Miq(E), but the direct
sum extends to the entire category M. By Remark and the fact that CH vanishes on matroids
with loops, © categorifies the augmented Chow polynomial H,(t). Moreover, a slight modification
of Proposition implies that ©(M) is canonically isomorphic to CH(M) for any matroid M. In
addition, Proposmon [4.17] Corollary [7.7, Lemma 8.1} and Corollary [8.6] imply that © is valuative.

However, © is not naturally isomorphic to the functor CH because it behaves differently on weak
maps that are not isomorphisms. For example, the degree zero part of © is isomorphic to ¥ (g,
whereas the degree zero part of CH is isomorphic to ®). That is, if ¢ : M — M ""is a morphism
in M and M’ has strictly more loops than M, then CH(y) will be an isomorphism but ©(p) will
be zero. In particular, Corollary (which will be stated and proved in the next section) would
fail for the functor ©. This is why we regard the functor CH as a “better” categorification of the
augmented Chow polynomial than the functor ©.

Similarly, the functor ¥ is not the only valuative categorical invariant that categorifies the Z-
polynomial. However, since there is no analogue of Corollary for the Z-polynomial, we know
of no reason to regard one categorification as better than another. See Remark [8:23] for more on

this topic.

8.4 Monotonicity

If o : M — M’ is a morphism in M, it is clear from the definition of the functor OS that the
ring homomorphism OS(¢) : OS(M) — OS(M’) is surjective, and therefore that the polynomial
ma (t) —mar (t) has non-negative coefficients. We express this statement by saying that the Poincaré
polynomial is monotonic with respect to weak maps. The aim of this section is to prove a similar
result for the Chow and augmented Chow polynomials, and to discuss the possibility of extending
it to the Kazhdan—Lusztig and Z-polynomials.

Fix a natural number r and an increasing r-tuple of natural numbers k = (k1,...,k,). The

following result is equivalent to a statement conjectured in [FMSV24, Conjecture 3.32].
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Proposition 8.19. For any morphism ¢ : M — M’ in M, the linear map
Di(p) : Pr(M) — Py (M)

18 surjectiveH

Proof. We may use ¢ to identify the ground sets of M and M’, and thus reduce to the case of a
morphism ¢prap : M — M’ in Miq(E). Suppose we are given (Fy,...,F)) € Lyx(M'). We need to
find (Fy,...,F,) € Lx(M) such that F; = F/ for all 1 <i <.

We proceed by induction on r. When r = 0, there is nothing to prove. The r = 1 case is
proved in [Luc75, Proposition 5.12]. For the inductive step, we may assume that we have flats
Fy C .-+ C F, with tky(F;) = k; and F; = F/ for all 2 <i <.

Since Fy = F}, we have
I'kM/(FQ) = l"kM/(FQ,) = kig = I‘kM(FQ),

thus we have a morphism M2 — (M')#2 in Miq(F2), and F N Fy is a flat of rank ky in (M')%2.
We may therefore apply [Luc75, Proposition 5.12] again to find a flat F} of M*2 of rank k; whose
closure in (M')2 is equal to Fj N Fy.

We claim that the closure of F in M’ is equal to F]. Indeed, the rank of F} in M’ is the same as
its rank in (M’)F2, which is equal to k1, thus its closure is a flat of rank ky. Since Fy C F{NFy C FY,

the closure is contained in F{, and must be equal by comparison of the ranks. O

As a consequence, we obtain a strengthening of the numerical monotonicity result in [FMSV24]
Theorem 1.11].

Corollary 8.20. For any morphism ¢ : M — M’ in M, the linear maps

CH(p) : CH(M) — CH(M") and CH(yp) : CH(M) — CH(M")

are both surjective. In particular, the polynomials
H (t) — Hyp(t) and Hy(t) — Hyp(t)

have non-negative coefficients.

Proof. The maps CH(y) and CH(yp) are surjective by Proposition and the definitions of CH
and CH as direct sums of shifts of functors of the form ®. O
Remark 8.21. Monotonicity is the numerical shadow of a natural surjection at the level of the
(underlying vector spaces of the) Chow rings. Note that the proof of Proposition does not
use categorical valuativity. However, this result highlights the importance of choosing the right

categorification of a given invariant. The two functors ®i and Vg (Example [4.4) categorify the

12We thank George Nasr for his help with this result.
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same homomorphism, but Proposition [8.19 would fail for the functor ¥g ). We regard the fact
that the functor ®y is valuative and satisfies Proposition [8.19] is as strong evidence that it is a

categorification worthy of study.

The Kazhdan—Lusztig polynomial and Z-polynomial are conjectured to have the same mono-
tonicity property as the Chow polynomial and augmented Chow polynomial. The following con-
jecture was first formulated by Nasr, generalizing an unpublished conjecture of Gedeon in the case

where M is uniform.

Conjecture 8.22. For any morphism ¢ : M — M' in M, the polynomials

have non-negative coefficients.

Remark 8.23. There exist graded vector subspaces IH(M) C CH(M) and IH(M )y € CH(M) with
Poincaré polynomials Z);(t) and Py(t), respectively [BHM™, Theorem 1.9]. It would be interesting
to define functors to the abelian category of finite dimensional graded vector spaces over Q taking a
matroid M to IH(M) and TH(M )y, and then to strengthen Conjecture along the same lines as
Conjecture by conjecturing that the linear maps induced by a morphism in M are surjective.
Unfortunately, we do not currently know how to define these functors on morphisms that are not
isomorphisms (other than by defining all such maps to be zero, which would be neither valuative
nor surjective). This is why we work instead with the functors KL and ¥ to the category of bigraded

vector spaces.

8.5 The G-invariant

Let A be the free additive monoidal category on two generators X and Y. Let A = Z{x,y) be its
Grothendieck ring, which is a noncommutative ring freely generated by the elements = = [X] and
y = [Y]. For any single element set {e}, consider the functor =, : M({e}) — A that takes the
loop to X and the coloop to Y. There are no morphisms in M ({e}) other than the two identity
morphisms, so this fully determines the functor, which is trivially valuative. For any ordered set
E={ey,...,en}, let

op = @ ‘:‘ew(l) X ooee X \:eﬂ(n).
ﬂ'ESn

Then E : M(FE) — A is a categorical valuative invariant that categorifies Derksen’s G-invariant
[Der09], and the proof of valuativity by Corollary categorifies the proof of valuativity of the
G-invariant given in [AS22, Theorem 8.15].

Derksen and Fink [DF10, Theorem 1.4] prove that the G-invariant is rationally universal, in
the sense that every Q-valued valuative invariant of matroids on E can be obtained by composing
the G-invariant with a homomorphism A — Q. However, the G-invariant is not universal for
valuative invariants valued in other abelian groups, not even for the integers. For example, the G-

invariant of the the uniform matroid of rank 2 on a ground set of size 4 (the octahedron in Example
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1.1) is 24zzyy. There is no homomorphism A — 7Z sending 24xxyy to 1, so the G-invariant does
not specialize to the trivial invariant. This observation has categorical implications as well: there
is no functor from A to vector spaces sending (X ® X ® Y ® Y)¥2* to a one-dimensional vector

space, and thus =g does not “specialize” to the trivial categorical invariant 7.

Remark 8.24. There are potentially weaker notions of universality that one might consider for
categorical valuative invariants: rather than insisting that a given invariant is isomorphic (as func-
tors) to the composition of the universal invariant with a specialization functor, one could merely
ask for a non-invertible natural transformation between them. It would be interesting to search for

universal categorical valuative invariants, but this problem is beyond the scope of this paper.

8.6 The Grothendieck group of the valuative category

We observed in Remark that the Grothendieck group of the valuative category V(E) is a
priori isomorphic to a quotient of the valuative group Val(E). The subtlety here is that lo-
calizing subcategories are by definition closed under passing to direct summands, which means
that the Grothendieck classes of objects of Z(E) could in theory include elements of the group
M(E) = K(Chy(M(E))) that do not lie in the subgroup I(E). In this section, we prove that the
Grothendieck group of V(F) is in fact isomorphic to Val(E); we thank Matt Larson for outlining
this argument.

Consider an increasing r-tuple k = (ki,..., k) of natural numbers and an increasing r-tuple
S = (S1,...,85y) of subsets of E. The functor Vg g : M;q(E) — Vecg was defined in Example
and proved to be valuative in Lemma In the proof of Proposition we fixed k and
considered the direct sum of these functors over all possible S. In this section, we do the opposite:
we fix S, and define U g : Miq(E) — Vecg by putting

Ups(M) = Vpis(M).
k

Concretely, U g(M) is equal to Q if S; is a flat (of any rank) for all j, and zero otherwise.
Now fix a subset I C S; of cardinality k. Let S\ I := (S1 \ I,...,S, \ I), which we regard as

an increasing chain of subsets of '\ I. We will be interested in the functor
Vinrs\s: Mia(E\ ) — Vecg .

We will also consider the functor [7]; : Miq(I) — Vecg, which takes the Boolean matroid on I to

Q, and all other matroids on [ to zero. Convolving them, we obtain a new functor
Urcs =[] * Yp\r8\1 - Mia(E) — Vecg .

On the level of objects, ¥i<g(M) is equal to Q if I is independent in M and S; \ I is a flat of the
contraction My for all j, or equivalently if I is independent in M and S; is a flat of M for all j.
Otherwise, ¥;<g(M) = 0.
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Lemma 8.25. The functor ¥i<g is valuative.

Proof. Valuativity of the first convolution factor follows from Proposition and Lemma [8.]
while valuativity of the second convolution factor follows from Lemma[8.3] The result then follows
from Corollary ]

The stellahedral fan [EHL23, Definition 3.2] ¥g is a complete unimodular fan in Rg with

cones oy<s indexed by chains
BCICS CSC-—-CS CE.

Note that we are allowed to have » = 0, in which case I is allowed to coincide with E. Explicitly,

we have
or<s = Rxo{ve [ e € I} + Ro{—vp\s, [ 1 < j <7}

For any matroid M on FE, the augmented Bergman fan [BHM™ 22, Definition 2.4] ¥/ is defined
to be the subfan of ¥ consisting of those o7<g for which I is independent and S; is a flat for all
j. Note that the stellahedral fan is equal to the augmented Bergman fan of the Boolean matroid.

Let Z¥2 be the vector space with basis {w, | ¢ € £g}. The following theorem follows immedi-
ately from [EHL23| Theorems 1.5 and 5.6].

Theorem 8.26. The homomorphism M(E) — Z*F taking M to Y vex,, Wo has kernel equal to
I(E), and therefore descends to an embedding of Val(E) into Z*=.

We are now ready to prove our proposition.

Proposition 8.27. The Grothendieck group of the valuative category V(E) is isomorphic to the

valuative group Val(E).

Proof. We have already noted that there is a canonical surjection Val(E) — K(V(F)) taking the
class of a matroid M to the Grothendieck class of the object M of V(E). We will now prove that
this is an isomorphism by constructing its inverse.

Let VecgE be the category of finite dimensional Q-vector spaces equipped with a direct sum
decomposition indexed by cones ¢ € X, with morphisms given by linear maps that are compatible
with these decompositions. Consider the functor ¥ : Miq(E) — VecéE obtained as the direct sum
of the functors ¥;<g. Lemma immediately implies that ¥ is valuative, thus ¥ descends to the

valuative category V(F), and therefore the induced homomorphism
M(E) = K(Mia(E)) — K(VecéE) ~ 72E

descends to K (V(F)). This is precisely the homomorphism from Theorem whose image is iso-
morphic to Val(E). The induced homomorphism from K (V(E)) to Val(E) takes the Grothendieck
class of M to the class of M in Val(E), and is therefore inverse to the homomorphism in the first

paragraph. O
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9 Characters

In this section, we explain how to use valuative categorical matroid invariants to obtain relations
among isomorphism classes of graded representations of the symmetry group of a matroid decom-
position. Everything that follows works equally well for decompositions of polyhedra, but since our

examples are all matroid invariants, we will work entirely in that setting.

9.1 The oriented case

Let NV be a decomposition of a matroid M on the ground set F, and let © be an orientation of N.
Let T" be a finite group acting via permutations of E that preserve N and Q. In other words, for
every N € N and v € T', v(N) € N, and the map P(N) — P(y(N)) on base polytopes induced
by ~ is orientation preserving. This implies that + acts on the complex C,Q(N ). Fix an abelian
group, and let A be the category of finite dimensional vector spaces over QQ that are graded in that
groupE Suppose that ® : M(E) — A is a categorical valuative invariant. Then ®(C$(N)) is

exact, and we therefore have an equation

0=x"(2(C2V) = Y (-DFeCEV)

k

- Y0 e (23)

k NeN

= > (-1)" @ Indr, (V)

k NGNk/F

of virtual graded representations of I', where for the last sum one takes a single representative of
each T orbit in Nj,.

Examples from previous sections of valuative categorical invariants include OS (Theorem ,
CH (Corollary, CH (Corollary, all of which take values in finite dimensional graded vector
spaces. In these cases, Equation gives a relationship between Orlik—Solomon algebras, Chow
rings, and augmented Chow rings of all of the matroids in N, regarded as isomorphism classes of
representations of I'. We also have the examples KL (Corollary and ¥ (Corollary , both

of which take values in bigraded vector spaces. The virtual graded I'-representations

S (1KLY (M) and > (1) T (M)
J J
are equal to the coefficients of ¢ in the I'-equivariant KazhdanLusztig polynomial P}C/[(t) and the
[-equivariant Z-polynomial Z},(¢), respectively [PXY18, Theorem 6.1]. Thus Equation also
allows us to relate these equivariant matroid invariants for M to those of the various N € N.
There is, however, a serious limitation to the usefulness of Equation . When given a

decomposition N with an action of T', it is usually impossible to choose an orientation € that

13In practice, we will always take our gradings in Z or Z>.
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is preserved by I'. For instance, consider the decomposition in Examples and [3.6, We have
E ={1,2,3,4}, and the group &3 acts by swapping 1 with 3 and 2 with 4. This action preserves
N, swapping N with N’ and taking N” to itself. However, the action of &3 on P(N") is orientation
reversing, so there is no way to choose Q. If there were, then Equation (23] applied to the trivial
categorical invariant 7 would tell us that 7(M) @ 7(N") (two copies of the trivial representation of
S3) is isomorphic to 7(N) @ 7(N’) (the regular representation of Ss), which is of course false.
What we would like to do is replace 7(N”) with the sign representation of G, to reflect the
fact that the action on P(N") is orientation reversing (see Example [9.5). The rest of this section
is devoted to developing the machinery needed to make this precise, in the form of Corollary

and then applying it to certain families of examples.

9.2 The determinant category

If M is a matroid on the ground set F, consider the vector space
V(M) := Span{z —y | 2,y € P(M)} N QF.
If P(M') C P(M), we define the 1-dimensional vector space
L(M, M) := ANMD=dL) (v (1) /v (M) .

Given M, M', and M" with P(M") c P(M') C P(M), wedge product induces a canonical isomor-
phism
L(M, M) ® L(M', M") — L(M, M"). (24)

We now define a new category M{(E) by taking the objects to be formal direct sums of matroids
on E, and taking
Hompp, () (M, M) := L(M,M’").

Composition is given by Equation , and morphisms between formal direct sums are matrices

whose entries consist of morphisms between the individual matroids.

Remark 9.1. The category M{(E) should be regarded as a variant of MIE(E ). In both categories,
the space of homomorphisms from M to M’ is a 1-dimensional Q-vector space. The difference is

that, in M;&(E), this vector space is canonically identified with Q, whereas the same is not true in

MY (E).

Given a decomposition N of a matroid M on the ground set E, we defined a large collection
of complexes CS{(M) in M (E), depending on an Q of N. In contrast, we will define a single
complex C{'(N) in M{}(E) that does not depend on any choices. The objects will be the same;
that is, we put

Cr(N) = @ N.

NeN
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For each maximal face N € Ny, L(M,N) is canonically isomorphic to @, and we define

Chinny 1 N) = Chippy(N) to be the diagonal map. Given k < d(M), N € Ny, and N' € Nj—1 with
P(N'") C P(N), we define the (N, N') component of the differential C{}(N) — C{ ;(N) to be the

class of the outward unit normal vector to P(N’) inside of P(N) in
N AN !
It is straightforward to check that the differential squares to zero.

9.3 The determinant functor

In this section, we define an additive functor Det from MY (E) to the category Vecg. For any
matroid M on FE, we put
Det(M) := AV (M)*

If P(M') Cc P(M) and
o € NI (v (M) )V (M')) = L(M, M') = Hom () (M, M),

then wedge product with ¢ gives an isomorphism from AYM)V (M) to AYM)V (M). Dualizing, we
obtain our map
Det(c) : Det(M) — Det(M').

Let @ : Miq(F) — A be a categorical matroid invariant valued in a Q-linear category A. There
is a monoidal action of Vecg on A, which we denote with ®. We define a functor ®" : M{}(E) — A
by putting ®”" := ® ® Det. More precisely, we define ®"(M) := ®(M) ® Det(M) for all M, and
given an element
n o /
o € L(M, M') = Hom s, () (M, M'),

we put
(o) 1= D(tpr ) ® Det(o) : @ (M) — @"(M).

Proposition 9.2. If & : Mq(F) — A is valuative and N is a decomposition of a matroid M on
the ground set E, then ®"(C)N(N)) is contractible.

Proof. Let Q be an orientation of N'. This induces an isomorphism Det(M) = Q, along with isomor-
phisms Det(N) = Q for each N € N. These isomorphisms fit together to form an isomorphism of
complexes " (CL(N)) = ®(CSE(N)), and the latter is contractible by definition of valuativity. [

Proposition has a corollary that allows us to generalize Equation to situations where
it is not possible to choose an orientation €2 in a way that is fixed by symmetries. Fix an abelian

group, and let A be the category of finite dimensional vector spaces over Q that are graded by that
group.
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Corollary 9.3. Let N be a decomposition of a matroid M on the ground set E. Let T' be a finite
group acting on E preserving N'. Let ® : M — A be a valuative categorical invariant. Then we

have an equation
0=x"(eE)) = D(-DFecpw)

k

= > (1" @ ®(N) @ Det(N)
k NeN

= > (-1)" @ Indp, &(N)® Det(N)
k NeN; /T

of virtual graded representations of I.

Remark 9.4. If there exists an orientation Q of A that is fixed by the action of I, then for all
N € N, Det(N) is isomorphic to the 1-dimensional trivial representation of the stabilizer of N. In
particular, Equation is a special case of Corollary

Example 9.5. Let N be the decomposition of M in Examples [I.T and [3.6] and let I' = S5 act by
swapping 1 with 3 and 2 with 4. Applying Corollary to the trivial categorical invariant 7, we

obtain the equation
0 = Det(M) — Det(N) — Det(N') + Det(N")

of virtual representations of Gs. Since G4 acts on P(M) in an orientation preserving way, Det(M)
is the trivial representation. Since S92 acts on P(N”) in an orientation reversing way, Det(N")
is the sign representation. Finally, since G9 swaps N with N’, Det(N) @ Det(N’) is the regular

representation.

9.4 Equivariant relaxation

Let M be a matroid of rank k£ on the ground set F, equipped with an action of the group I'. Let F'
be a stressed flat of rank r, and let F := {yF | v € T'}. Let M be the matroid obtained by relaxing
M with respect to every G € F, as described in Section Let I'r C T' denote the stabilizer of
F. Note that I'r acts on the sets F' and F'\ F', and therefore on the matroids I, r g and A, i r g
from Section

Fix an abelian group, and let A be the category of finite dimensional vector spaces over Q that

are graded by that group. Let ® : M — A be a valuative categorical invariant.

Proposition 9.6. We have the following equality of virtual graded I'-representations:
(M) = ®(M) + Indp, ®(ArkpE) — Indp, (11,4 F,p).

Proof. It M =11, r g, then M = A, 1. rE and the statement is trivial. Assume now that this is
not the case. Let N be the decomposition of M described in Theorem By Corollary we
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have

(=) Me(M) @ Det(M) = (—1)Md(M) @ Det(M)

(-
+ (=) ArkrE) Indf B (A k5 p) @ Det(Ar g, pe)
+ (—1)4kre) Indfy @ (I, p) @ Det (I, 1)

To simplify this, we first note that
dM)=dM) =dNrkxrEe)=dIl,rre)+ 1.
Next, we observe that
V(M)=V(M)=V(Arkre)=Vlkre) ®Q- zF,

which implies that Det(M ) = Det(M) as representations of I'. Since I'r fixes zp, it also implies
that Det(A,. . p ) = Det(Il, 4, pE) = Resll:F Det(M) as representations of I'p. Thus

(=) Me(M) @ Det(M) = (—=1)*M&(M) @ Det(M)
+ (1)) af, ( (Avjp) @ Resh, Det(M))
— (=10 ndf,, (®(IT, . 5) @ Resk,, Det(M))
— (~1)" (A1) & Det(M)
+ (=12 (Indf, (A ,p) ) @ Det(M)
— (=1 (Tndfy, ST, 1,1 ) © Det(M).

Dividing both sides by (—1)™) Det (M), which is an invertible element of the ring of virtual graded

representations of I', yields the statement of the proposition. O

9.5 Relaxing a stressed hyperplane

We conclude by applying Proposition [0.6] to the functors OS and KL in the special case where the

stressed flat F' = H is a hyperplane, meaning that r = k — 1. In this case, we have

k-1 k06 =Up\g UUk-1,1.

The matroid Ag_1 g g obtained by relaxing Il _; ;g g With respect to the stressed hyperplane H
has as its bases those subsets B C F of cardinality & with |[BN H| > k — 1. It has no loops, and
its simplification is the uniform matroid of rank k on the ground set H := H LI {*} obtained from
E by identifying all of the elements of F'\ H.

The group Aut(E£\ H) x Aut(H) acts on the matroids IIy_1 g g and Ax_1 . g E, and therefore
on their Orlik-Solomon algebras. Since all of the elements of E'\ H are parallel in both II;_; » g, &
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and Ar_1 o g, the actions on the Orlik-Solomon algebra factor through the projection to Aut(H).
For the rest of this section, we will write h = |H| and identify H with {1,... h}. If Mis a
partition of h, we write V) to denote the corresponding Specht module for &, = Aut(H). Recall

that V} is the trivial representation.

Lemma 9.7. We have

OS(Ak—1k,m1,E) — OS(MUi—1 1,m.E) = </\k71 V[hfl,l}) ® (Q(l -k)o Q(—k)>
as graded virtual representations of Gy,.

Proof. The matroids Ay_1 ;g r and II;_; ; g g have the same independent sets of cardinality less
than k, so their Orlik—Solomon algebras differ only in degrees k — 1 and k. Let us consider the
degree k part first.

The Orlik—Solomon algebra of a direct sum is isomorphic to the tensor product of the Orlik—
Solomon algebras, and the degree £ — 1 part of the Orlik—Solomon algebra of Uj_1 g is isomorphic
to /\k_zV[h_Ll}, thus

OS* (1 ;) & OS'(Uy p\ir) ® OS N (Uy_1.1)
2 Vi @ A2 Vi

=~ NP2V )

The Orlik—Solomon algebra is unaffected by simplification, thus

0S¥ (A1 ,11,5) = Resg. ™ 08 (U, )
~ Reng“ AF-L Vin 1)
o~ \R-L Reng“ Vina]
= A (Vi1 @ Vi)
= AV @ AT Vs
This proves that the lemma is correct in degree k. The statement in degree k — 1 follows from

the fact that, for any matroid M on a nonempty ground set, > (—1)'OS'(M) = 0 as a virtual

representation of the automorphism group of M. O

Let 'y :=TNAut(E\ H) x Aut(H) be the stabilizer of H, which maps via projection to &;, =
Aut(H). We write Resg’; for the functor that pulls back a representation along the homomorphism
from T'y to &j,. Proposition [9.6] and Lemma [9.7] have the following immediate corollary.

Corollary 9.8. Let M be a matroid equipped with an action of the group I'. Let H be a stressed
hyperplane of M, and let M be the matroid obtained from M by relaxing vH for all vy € I'. Then

OS(N1) = 0S(M) + (Tndf,, Resfr A* Viy_y ) ® (Q(1 = k) & Q(—F))
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as virtual graded representations of I'.

We now turn our attention to the functor KL. Recall that, if M is a matroid equipped with
an action of a group I, then the coefficient of ¢* in the I'-equivariant Kazhdan-Lusztig polynomial
PL,(t) is equal to the virtual I-representation Zj(—l)jZi’j(M). Given a skew partition A/u of h,

we write V), to denote the corresponding skew Specht module for &j.
Lemma 9.9. Ifk > 1, then we have

S G} 1
Akhfl,k,H,E (t) - PH:A,k,H,E (t) = Z V[h*QiJrl’(k*?iJrl)i]/[k*%,(k*%*l)i*1} t.

0<i<k/2

Proof. Equivariant Kazhdan—Lusztig polynomials of matroids are multiplicative under direct sums
and the equivariant Kazhdan—Lusztig polynomial of a rank 1 loopless matroid is the trivial repre-

sentation in degree zero, hence

S S 7
Pt ensO=Pon 0= > Vi ge-20(-2i-2)7 s
0<i<(k—1)/2

where the second equality is proved in [GXY22, Theorem 3.7]. On the other hand, equivariant

Kazhdan—Lusztig polynomials of loopless matroids are unchanged by simplification, hence

Gn 6 _ 5 ;
Pt we) =g () = Z Resgr ™ Vin—2it1,(k—2i4+1)7)/ [(k—2i-1)7] 5
0<i<k/2

where the last equality again follows from [GXY22 Theorem 3.7]. By [KNPV23, Lemma 4.1] and
[Kle05, Proposition 2.3.5, Lemma 2.3.12], we may rewrite this as

S ; .
POt s () = > Vinsaigee2is ) (—2i- 0 EH D Vino2i1 (k2411 o2, (k—2i—1)i-1] -
0<i<(k—1)/2 0<i<k/2
The lemma is obtained by taking the difference between the our expressions for Pri’:l . E(t) and
o e H,
PAkh—l,k,H,E (t) O

Proposition and Lemma have the following immediate corollary, which was first proved
in [KNPV23|, Theorems 1.3 and 1.4].

Corollary 9.10. Let M be a matroid of rank k > 1 equipped with an action of the group I'. Let H
be a stressed hyperplane of M, and let M be the matroid obtained from M by relazing vH for all
v eTI'. Then

PL(t) =Py () + €D ndf, Rest" Vin_airr (o2is1)i)fh2i, (b—2i—1)i-1 -
0<i<k/2
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