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Abstract. The Popov—Vinberg variety of a simply connected, split, semisimple algebraic group
G is a singular affine variety that contains the basic affine space G/U as a Zariski open subset.
It is defined as the spectrum of the ring of functions on G/U, and can also be identified with the
universal symplectic implosion for the maximal compact subgroup of G. We provide a recursive
procedure for computing the intersection cohomology of this variety, with an emphasis on the

case where G = SL,,.

1 Introduction

Background. Let G be a simply connected, split, semisimple algebraic group over a field F, and
let U ¢ G be a maximal unipotent subgroup. The quotient G/U is a quasi-affine variety, and if
F has characteristic zero, its coordinate ring includes exactly one copy of every finite dimensional
irreducible representation of G. Despite the fact that G/U is not affine, it is known as the basic
affine space; see [BGGT0, BGGT75, BK99, Pol01) [GR15, [GK25] for a small sample of the literature
on this spacef| Even though U is not reductive, the coordinate ring O(G/U) = O(G)V is finitely
generated, and we may therefore consider the GIT quotient X := GJU = Spec O(G/U). This is
an affine variety that contains G/U as a Zariski open subset. It was first studied by Popov and
Vinberg [VP72], so we call it the Popov—Vinberg variety of G. It is singular unless G is a power
of SLo, and the orbits of G in X are in bijection with parabolic subgroups that contain U.
When F = C, the Popov—Vinberg variety is also called the universal symplectic implosion
for the maximal compact subgroup K < G. Symplectic implosion may be viewed as an abelian-
isation construction in symplectic geometry: given a symplectic manifold M with a Hamiltonian
action of a compact group K, one produces a new space My, with an action of the maximal torus
of K, with the property that the that the symplectic reductions of M by K and M;,; by the torus
agree. The space Miy,p is called the implosion of M. General implosions can be recovered from
the implosion of T*K in a simple manner. (As discussed in [DKM24], this can be viewed as a
composition in the real version of the Moore-Tachikawa category.) For this reason, the implosion

of T*K is called “universal”, and is it isomorphic to X¢ as a stratified Kahler variety [GJS02].

'Supported by NSF grant DMS-2344861.
2Sometimes the word “basic” is replaced by “base” or “fundamental”.



Results. Our main result (Theorem is a recursive procedure for computing the intersec-
tion cohomology Poincaré polynomial of the Popov—Vinberg variety of a complex group. We focus
particularly on the case where G = SL,,, in which case our recursion only involves groups of the form
SL,, for m < n (Corollary . The only non-trivial calculation of this type that has appeared in
the literature before is that of ITH* (Xgr,,) [HJ14]; we provide an appendix that lists the intersection
cohomology Poincaré polynomials of Xgr,, for n < 13. We also prove that the 2 intersection
cohomology Betti number of Xgr, is a polynomial in n of degree at most i/2 (Proposition ,
and we conjecture that this polynomial is a non-negative linear combination of binomial coefficients
(Conjecture [5.3).
We then consider generating function W(¢, u) for the equivariant intersection cohomology Poincaré

polynomials of Popov—Vinberg varieties for all of the groups SL,,, and translate our recursion into

a surprisingly simple functional equation (Proposition :
Tt w)W(t, —u) = 1.

One reason for studying this generating function is that the direct sum over all n of the equivariant
intersection homology groups of Xgr, naturally forms an algebra with W(¢,u) as its Hilbert series;

we define this algebra and initiate its study in Section [6]

Methods. Our proof of Theorem [3.2] proceeds by lifting the complex group to a group scheme over
Z, base changing to a field of positive characteristic, and employing the Grothendieck—Lefschetz
trace formula to compute the [-adic étale intersection cohomology of the intersection cohomology
sheaf. By a standard comparison result, the resulting Poincaré polynomial is the same as that of
the topological intersection cohomology of the Popov—Vinberg variety over the complex numbers.
These methods are very close to those used to compute Poincaré polynomials of stalks of the IC
sheaves of Schubert varieties [KL80|, toric varieties [DLI1l [Fie91], hypertoric varieties [PWQT],
and arrangement Schubert varieties [EPW16]. In each of those cases, the polynomials computed
are examples of Kazhdan—Lusztig—Stanley (KLS) polynomials [Sta92) [Prol8], and this case is no
different. We are in effect computing KLS polynomials of the Boolean poset of subsets of simple
roots of GG, with respect to an exotic rank function and kernel. This is not a perspective that we

pursue, but it is implicit when we invoke the main result of [Prol8] to prove Theorem

Acknowledgments. We thank Max Alekseyev, Vladimir Dotsenko, Anton Mellit, Hjalmar Rosen-
gren, and Baldzs Szendréi for their contributions to Remark 4.6/ via MathOverflow [Pro], and Paul
Balister for his help with Remark We are also grateful to André Henriques for insightful com-
ments about the ring R. NPis grateful to All Souls College for its hospitality during the preparation
of this paper.



2 The Popov—Vinberg variety

We fix a field F. Let G be a simply connected, split, semisimple algebraic group over F, let
T < B < G be a maximal torus and a Borel subgroup, and let U := [B, B] be the corresponding
maximal unipotent subgroup. Let

X¢ = Spec O(G/U)

be the associated Popov—Vinberg variety. The action of G on X has finitely many orbits, indexed
by parabolic subgroups B ¢ P < G, and the stabilizer of the orbit indexed by P is equal to the
commutator [P, P]|. Let us make this more concrete, following [GJS02, Section 6].

Let A* := Hom(T, G,,) be the weight lattice, and let ® = ®T U ®~ < A* be the roots. Consider
the simple roots {a1,...,xkg} © ® and the fundamental weights {w;, ..., wg} < A*. For
any subset S < A := {1,...,rk G}, we denote by &g < ® the set {« € ¢ | (w;, ) = 0 for all i € S}.

Consider the decomposition

g=t®P ga

acd

of the Lie algebra of G into root spaces. We have the following subgroups of G:

e A parabolic subgroup Pg, with Lie algebra pg = t® 6—) Ja-

aedgudt

The unipotent radical Ug < Pg, with Lie algebra @ o
aed+\of

The Levi subgroup Lg < Pg with root system ®g, which has the property that Pg is the
semidirect product of Ug and Lg.

The commutator subgroup Gg := [Lg, Lg].

e The commutator subgroup Hg := [Pg, Ps|, which is the semidirect product of Ug and Gg.

When S = A, we have PA = B, Hn = Ua = U, Lao = T, and GAa is the trivial group. At the
other extreme, when S = (J, we have Gy = Hyp = Ly = Py = G and Ug is trivial. The orbit
of G in X¢ corresponding to the subset S is isomorphic to G/Hg. In particular, the open orbit
corresponding to S = A is equal to G/U, and the closed orbit corresponding to S = ¥ is a single

point.

Example 2.1. Suppose that G = SL,, and B < G is the subgroup of upper triangular matrices.
We have a canonical isomorphism A* =~ Z"/Z. Let e; denote the image in A* of the i*" standard
basis vector for Z", and let w; = e; — ¢;11 be the corresponding simple root.

There is a bijection between compositions (ordered partitions) of n and subsets of A given by

sending an r-tuple o = (071,...,0,) of positive integers with o1 + - -+ + 0, = n to the subset

S 1= {wm’w(fﬁ-az’ T vw01+-~~+0r—1} < A.

Given a composition o, we will write P, := Pg_, and similarly for L,, G4, and H,. We then have

the following explicit descriptions:



e The parabolic subgroup P, consists of block upper triangular matrices of determinant 1, and

has dimension 3 (n? —2+ Y_, o).

e The unipotent radical U, < P, consists of block upper triangular matrices whose diagonal

blocks are identity matrices, and has dimension % (n2 - 01-2).

e The Levi subgroup L, P, consists of block diagonal matrices of determinant 1.

e The commutator subgroup G, := [Ls, Ls] = SLs, x -+ x SL,, consists of block diagonal

matrices whose individual blocks each have determinant 1.

e The commutator subgroup H, := [P,, P,] consists of block upper triangular matrices whose

diagonal blocks each have determinant 1.

The open orbit corresponds to the composition o = (1,...,1), and has dimension %n(n +1)—1,

while the unique fixed point corresponds to the composition o = (n).

Let V be the irreducible representation of G with highest weight w, and let v, € V be a

nonzero highest weight vector. Let
EG = le @@de

For any subset S < A let
Vg 1= va € Fg,
ieS
and note that the stabilizer of vg is equal to Hg. Let Og := G - vg =~ G/Hg. We have Hx = U,
thus there is a unique G-invariant map from G/U to E¢ taking the identity coset e- U € G/U to
the vector va. Since Eg is affine, this map factors through the Popov—Vinberg variety Xg.

Example 2.2. When G = SL,(F), we have V. = A“(F") and v, = €1 A - - A €;. The map from
SLy, /U to Egr,, sends the coset of the identity to the vector

VA =€1+€e1NE2+ -+ €ELNEQAN - A Ep.

Remark 2.3. If we wanted to work with groups that are not simply connected, we would need
to replace A with a choice of a collection of dominant weights that generates the weight lattice.
To simplify the exposition, we restrict our attention to simply connected groups, for which the

collection of fundamental weights is a canonical such choice.
The following theorem is proved in [GJS02, Theorem 6.11].

Theorem 2.4. Suppose that F = C. The induced map from X¢g to Eqg is a closed embedding, thus
we may identify Xg with a closed subvariety of Eg. For any subset S < A, we have vg € Xg C F,

and we have a G-equivariant stratification

Xg = | | Os. (1)

ScA
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For any subset S c A, consider the Popov—Vinberg variety X for the group Gs. Since GsnU
is a maximal unipotent subgroup of Gg, there is a unique Gg-equivariant map s : Xggs — Xg
taking the identity coset e-(GgnU) to va. Equivalently, if we identify X¢ with the GIT quotient
Hg /U, the map ¢g : Hg//U — G/JU is induced by the inclusion of Hg into G. Furthermore, we
have a map G x X¢gg — X¢ taking (g,) to g - ps(x), and this descends to a map

wstiHsXGs—’XG'

The following lemma is proved in [GJS02, Lemma 6.13].
Lemma 2.5. Suppose that F = C. The map g is an open embedding with image
|| os.
ScS'cA

The map s is a closed embedding that exhibits Xy as a Gs-equivariant normal slice to the orbit

Os c Xg, taking the point 0 € Xqg to the point vs € Xq.

Example 2.6. Continuing with Example write X, := Xgr,, and
Xs = X(SLn)So- = XVSL(I1 x+-xSLe,, = )((71 X oeee X Xar-

The closed inclusion ¢, : X, — X, is induced by the block diagonal inclusion of the subgroup
G, = SLg, x --- x SL,, into SL,,. If we take

o1—1

Es = @ /\ZF{elv"'7egl}
i=1
o2—1

Frp = @ NFlemonorosmin)
i=1
or—1

Es;, = (‘B N Fleo 4 to_y+15-- s €n},
i=1

then ¢ is the restriction of the map Esr,, X ---x Est, — Esi, that sends (ay,...,a,) to

a1 + Ve, A (L+a2) + e, o, A(L+az) + o Fvm, oy, A (L+ap).
In particular the element 0 € X, is sent to the element
Ve, + Voo 4o + -+ Voog 4ty — USo S XSLn-

The following technical lemma will be needed for the proof of Theorem

Lemma 2.7. For any G and any subset S < A of simple roots, there exists an action of G,, on

Xa such that the normal slice map ps : Xgg — Xa 15 Gy, -equivariant with respect to the scalar



action of Gy, on Xqg and the chosen action of G, on Xg. In particular, this action fizes the point
vs = ¢s(0) € Xe.

Proof. For each cocharacter p : G, — T, consider the homomorphism A, : G,,, — Aut(Eg) given
by letting G,, act on V, with weight (p, w;). Note that this is not the same as the action of G,
on Eg given by composing p with the action of G on Eg, however these two actions do agree on
the highest weight vectors vy, € Eg, and therefore on the element vg € Eg for any S” < A. In
addition, the action of G,, via A\, commutes with the action of G. In particular, for any t € G,,

and g € G, we have

Ap(t) - (g-va) =g (Np(t) -va) =g (p(t) -va) = (9p(t)) -va € G/U < Eg,

therefore our action of G,, on E¢g restricts to an action on X¢.

We will take p to be the unique cocharacter with the property that {p,w;) = 0 if i € S and
1if i ¢ S; such a cocharacter exists because G is simply connected, and the fundamental weights
therefore form a basis for the weight lattice. The map g : Xgg — X is equivariant with respect

to the action of G,, on Xg given by A,,. O

3 Recursive formula

Let G be a simply connected, split, semisimple group scheme over the integers, and let X be its
associated base affine space, which is again a scheme over Z. In this section, we will provide a
recursive formula that will allow us to compute the intersection cohomology of the base affine space
Xa(C).

We begin with the following lemma, which says that the main technical results of the previous
section hold over a finite field of sufficiently large characteristic. The lemma follows, for example,

from repeated applications of [Pool7, Theorem 3.2.1(i)].

Lemma 3.1. If q is a power of a sufficiently large prime, then Theorem and Lemma both
hold with C replaced by the finite field F,.

Let e1,..., e g be the exponents of G, and let
fa(t) == (1 —t) - (1 —tox).

Let dg := e1 + -+ + ek = deg fa(t) = dim Xg. This polynomial will be relevant to us in two
different ways. First, we have (see e.g. [Car89, Theorem 9.4.10] or [MT11) §24.1])

G(F)| = (=1)"™ ¢ 7™C fa(q) (2)

for any prime power ¢. Second, we have

20 = Z ' dim Héi(c) (e; Q).
=0



Let
w . .
Pg(t) := Y ' dim IH*(X¢(C); Q).
i=0
If we choose a prime [ that does not divide ¢, then we may replace the topological intersection
cohomology of the space X,,(C) with the l-adic étale intersection cohomology of the variety X,,(F,)
without changing the Poincaré polynomial [KW06, Proposition 10.4.1(i)].

Theorem 3.2. The intersection cohomology of X (C) vanishes in odd degree. If G is not the
trivial group, therﬁ deg Pg(t) < dg/2 and

Po(t) Z thSPGS(t_l)'

Tol®) T A fault) ®)

Remark 3.3. Before proving Theorem we explain why it allows us to compute Pg(t) recur-
sively. There is a slight subtlety here, since G = G and therefore Pg(t) appears on both sides of

the equation. Let us rewrite this equation as

da -1 fa(t)t%es Py (t™")
Pa(t) — t%6 Po(t @;CA Fon ) . (4)

Since deg Pg(t) < dg/2, the polynomial t9¢ Pg(t~1) vanishes in degree less than or equal to dg/2,
and therefore Pg(t) can be obtained from the right hand side of the equation by truncation.

Proof. Choose a prime power ¢ as in Lemma Theorem and Lemma tell us that the
G-orbits in X are indexed by subsets S < A, and the number of F,-points on the orbit Og is

equal to

G(F,)]
G E)/Hs ol = 15 @) 0 E]

Using Equation and the fact that dimUg = (dg — 1k G) — (dgy — rk Gg), this is equal to
(=D)™%fe(a)
(71)rkGSst(q)

Lemmas and tell us that Og has a normal slice isomorphic to X¢, and Lemma says
that there exists an action of G,, on X¢ that contracts this slice to the point vg € X¢. By [Prol8,

Theorem 3.6], this implies that the l-adic étale intersection cohomology of X¢(F,) vanishes in odd
degree, deg Pg(t) < dg/2, and

da _1 rkGfG( )
t96 P (t zsj DCs fo ()Pgs(t). (5)

Equation follows from this formula by replacing ¢ with ¢~! and making use of the identity
()™ C fa(t™h) = t=™%C fa(b). O
3When G is the trivial group, Pe(t) = 1 and dg = 0 = deg Pg(t), so this inequality fails.




Remark 3.4. We give a brief outline of the idea behind the proof of [Prol8, Theorem 3.6], which
is the main technical tool in the proof of Theorem Choose a prime [ not dividing ¢, and
consider the [-adic étale intersection cohomology of X¢(F,). For ease of notation, we will simply
write IH*(X¢). The Grothendieck—Lefschetz trace formula (an [-adic étale version of the Lefschetz

fixed point theorem in topology) tells us that

Z(—l)jtr(Frcng(XG)): 3 Z(—njtr(FﬁcIH;(XG)),

=0 2eX(Fq) j=0

where TH? denotes compactly supported intersection cohomology and IH} denotes the cohomol-
ogy of the stalk of the IC sheaf at the point . By Poincaré duality, IH/(X¢) is isomorphic to
[H?d6— (X¢). The stalk cohomology of the IC sheaf is constant on each orbit, so the right-hand

side becomes

(—1)"%C f4(g) AT
(—1)/ tr(FrJ I (XG)).
5 e, 5 3
Since the orbit through vs has a conical normal slice that is isomorphic to Xgg, IH;, (Xg) is
isomorphic to IH*(X¢gy).

Suppose that we knew that these intersection cohomology groups vanish in odd degree and that
the Frobenius automorphism acts on IH*(X¢) as multiplication by ¢’ for arbitrary G. This would

allow us to express our trace formula succinctly as

dep -1y _ (D™ e()
q““Pa(q )—ZS:(_l)rstfGS(q)

PGS (q)

If this holds for all prime powers ¢, it must hold with ¢ replaced by a formal variable ¢, and we
obtain Equation .

The difficult part is showing that the intersection cohomology vanishes in odd degree and that
the Frobenius acts in the prescribed way, which is proved using a delicate induction. This approach
was employed for classical Schubert varieties in [KL80|, for toric varieties in [DL91] [Fie91], for
hypertoric varieties in [PW07], and arrangement Schubert varieties in [EPW16]. The main result
of [Prol8] is a unification of these arguments into a machine that can be used off the shelf, as we

do here.

Remark 3.5. We now explain how to categorify Equation . Let ICx, be the intersection
cohomology sheaf on X (C). For each subset S < A let 1 : Og(C) — X(C) be the inclusion of
the corresponding orbit. The stratification of X (C) by orbits induces a filtration by supports on
the complex of global sections of an injective resolution of ICx,. This filtered complex gives rise

to a spectral sequence with

E?q = (‘B H’C’Ié) (L'S ICXG)a

codim Og=p

converging to IH’(";(C) (Xc(C);Q) [BGS96L Section 3.4]. The hypercohomology of the complex
15 1ICx, is a G(C)-equivariant local system on Og(C) whose fiber at the point vg is equal to



IH} (X4 (C); Q), the compactly supported intersection cohomology of the normal slice. Since the

stabilizer Hg(C) is connected, this local system is canonically trivial, and we therefore have

Hy o) (15 10xs) = Ha@ (05(C); Q) @ TH? (X4 (C); Q)
> Hyy (o) (0:Q) @ IH (X, (C); Q)
HGS(C (¢:Q) @ IHZ (X4 (C); Q)

lle

)

where the last isomorphism follows from the fact that the inclusion of Gg(C) into Hg(C) is a

homotopy equivalence. Returning to our spectral sequence, this means that

EM = @D Hl o)(Q) ®IHI(Xe,(C); Q).
codim Og=p
J+k=p+q
The left-hand side of Equation is the Hilbert series of the F-page (with respect to the total
grading) and the right-hand side is the Hilbert series of the Fj-page. Thus Equation implies
that the spectral sequence degenerates at the E1-page. In other words, taking the associated graded
with respect to the filtration of IH*G((C) (Xc(C); Q) induced by the orbit stratification, we have

10 (X0(C5 Q) = Fur = By = DB+ Q) @ IH: (X0, (€ Q)

which categorifies Equation (3]).

Remark 3.6. Turning Remark into an alternate proof of Equation (3)) would require show-
ing independently that the intersection cohomology vanishes in odd degree and that the spectral
sequence degenerates, which would require a calculation of mixed Hodge weights. This could be

achieved via an inductive argument similar in flavor to the one referenced in Remark

Section [] will be devoted to understanding Equation [3]in the case where G = SL,,. However,

we will conclude this section by considering the case where G = Gs.

Example 3.7. Consider the exceptional group Go, and let

P, (t) == Y ' dim TH* (X, (C); Q).

=0

We have A = {w,ws}, where w; is short and ws is long. The space X¢, has four orbits: the
dense orbit G2/U, the two intermediate orbits Oy and Oy, and the fixed point {vg}. We have
G{1y = Gy = SLy, hence the two intermediate orbits have normal slices isomorphic to Xgr,, = A2,
We have fa,(t) = (1 —2)(1 — %) [Dic01] and fsr,(t) = 1 — t2, so Equation says that

2

1—¢?

Pg,(t) — t3Pg,(t71) = (1 — t*)(1 — t%) (2 - 1> =1+t2 -1 -5

Since the degree of Pg,(t) is strictly less than 8/2 = 4, this implies that Pg,(t) = 1 + ¢2.



4 Type A

In this section, we interpret Theorem in the specal case where G = SL,,. As in Example
we write X, := Xgr,,. Similarly, we write d,, := dsr,, = ("H) 1, P,(t) := Psr,, (t), and

Falt) = foL, (t) = (L= 7) - (L= t").

For any composition o = (071, ...,0,) of n, we have G, = SL,, x - --xSL,, and X, = X5, %+ -x X, |

so Equation may be translated as follows:

YD | Lt ©)

r o1+-tor=ni=1

This recursion can be reformulated in terms of a sum with a simpler index set.

Corollary 4.1. For all positive integers n, we have

P,(t) =t P, (t71) = t% Py(t™ ) Py_s(t).

Zfs fn s()

Proof. By Equation (), we have
S td%P
Pn(t) = fn(t) Z Z H f
r=1o1++or=ni=1 i

. +fn222Hfg,

r=2o01+-+or=ni=1
n—1

Pt & e )
= Pat) + fult) Y] O Z 2 HT@)
(

or=1 r=201++0op_1=n—0oy i=1
n—1 . -1
t7 Py (t7) Pp_s.(t)
= P,(t)+ falt - . .
n( ) n( ) o-rZ:1 fo’T (t) fn—o’r (t)
Letting s = o, gives the desired formula. O

Example 4.2. When n = 2, Corollary [4.] tells us that
Py(t) — 2Py (t71) = 1 — 2.

Since we know that the degree of P(t) is strictly less than dp/2 = 1, this implies that Pa(t) = 1.
This is consistent with the fact that Xs =~ AZ2.

Example 4.3. When n = 3, Corollary [4.1] tells us that

Py(t) —toP3(t7 1) = flgc?;(;j(t)Pl(t—l)PQ(t) fj";?);l() )P (TP (t) = 1412 — 3 — 1.

10



As we know that the degree of P3(t) is strictly less than d3/2 = 5/2, this implies that we have
Ps(t) = 1 +t2. This agrees with the calculation of Ps(t) in [HLJ14].

Example 4.4. When n = 4, Corollary [4.1] tells us that

2 5
Pat) =) = fléig?,)(wpl“_l)%“) fj(J;Llf(g() Jra( P + fj(?}(l() R

= 1-thA+H+20 -+ + Q1 —-tH(A +1t72)
= 1+22 42—t — 2" — 4%

Since we know that the degree of Py(t) is strictly less than ds/2 = 9/2, this implies that we have
Py(t) = 1+ 2t? + 3. See the appendix for calculations of P, (t) up to n = 13.

Consider the generating function

0
U(t,u) =1+ Z u"
The recursion for P,(t) in Corollary can be translated into a function equation for W(t,u) as
follows.
Proposition 4.5. We have U(t~1, u)¥(t, —u) = 1.

Proof. Using the fact that (—1)""1f,(t7!) = t =9 f,,(t), we have

. O m P e Palt)
<\I/(t 1,U)_1> (‘I/(t, —U)_l) = mZ:lu Fm(tD) 'nZ::l(_u) D)
o y Pt ¢ oy P
= LWt L

where the last line is obtained by putting kK = m + n. Corollary says that the internal sum is
equal to Py (t) — t% Py (t~1), thus we have

L (—u)k ) (—u)k

(\Il(t_l,u)—1> (\I/(t, —u)—1) - é(fk(t)) tdkpk@—l)—];z (fk(t)) Pi(t)
0 uF - 0 (—u)k

= ksz (t—l)Pk:(t 1)—];2 A Py(t)

Adding (¢t~ u) + ¥(¢, —u) — 1 to both sides gives the desired equation. O

11



Remark 4.6. The plethystic logarithm

PLog U (t,u) = Z e(i, n)t'u"

i,n=0

is the power series with integer coefficients uniquely determined by the equation

1
v = || g

n,1=0

Numerical evidence strongly suggests that these coefficients are non-negative, and furthermore that

there exist polynomials @, (¢) with non-negative integer coefficients such that

PLog W(t,u) = u + t* Z W
n=2 n

We thank Vladimir Dotsenko and Baldzs Szendréi for conjecturing the non-negativity of the coef-
ficients e(i,n), Max Alekseyev for checking this conjecture for all 7,n < 50, and Anton Mellit and
Hjalmar Rosengren for making the stronger conjecture, which was verified by Szendréi up ton = 7.

We also thank MathOverflow [Pro| for providing a forum for this discussion.

5 The Betti numbers

In this section we study the coefficient of ¢* in P,(t) as a function of n. Let

Pa(t) = > ci(n)t’.

=0

In order to make use of the recursion in Corollary it will also be useful to write

T fus(D fn ORI

=0
Lemma 5.1. For alli >0 and s > 1, the function b; s(n) is constant for n > max(i,1) + s

Proof. We treat the ¢ = 0 and i = 1 cases separately. We have Wm}(o) =1, 50 by s(n) = 1 for

all n = 1 + s. Using the Taylor series expansion of we can see that the coefficient of ¢ in

W@mlso so by s(n)=0forall 0 < s <n.

1 t’l‘7

We now proceed by induction on the quantity ¢ + s. We have

e =0 -0(0),

12



and the well-known Gaussian binomial coefficient identity
(2, (") (50)
5/q 5 Jq 54

fn(t) L fn—l(t) + fn—l(t)

translates to the identity

fS(t)fn—S(t) fS(t)fn—l—S(t) fs—l(t)fn—S(t).

Taking coefficients of ¢!, this means that
bi7s(n) = bi_&s(n — 1) + bi75_1(n — 1).

Since we have already treated the cases when ¢ = 0 and ¢ = 1, we may assume that ¢ > 2. This
means that our inductive hypothesis implies that the right-hand side is constant forn—1 > i+s—1,

or equivalently for n > i + s. O

Proposition 5.2. Fiz a non-negative integer i. The function c¢;(n) is given by a polynomial in n

of degree at most i/2 for all n > i.

Proof. We proceed by induction on i. The base case is ¢ = 0, which holds because ¢y(n) = 1 for all
n. Now fix ¢ > 0 and assume that the statement holds for all j < i. Our strategy will be to prove
that the quantity ¢;(n) — ¢;(n — 1) is given by a polynomial in n for all n > 4, which implies that
¢i(n) is given by a polynomial in n for all n > i.

Let n > i be given. By Corollary .1} we have

n—1
cin) —ca,—in) = ) 31 bys(n)ca,—qg(s)er(n — ).

s=1p+g+r=i
p,g,7=0
Since n > i > 0, we have cq,—i(n) = 0. If s > i > ¢, then c4,_4(s) = 0, so we may restrict the

upper bound of the outer sum to i, which is independent of n. Thus we have

cn) =, D, bps(n)ca—qg(s)er(n—s). (7)

s=1p+q+r=i

P,q,r=0
By Lemma by s(n) is constant for n > max(p,1) + s. The condition that n > 1 + s is
automatic from the fact that s <i <n. If n <p+ s, then we have p+ g+ 7 =i <n <p+ s with
both inequalities strict. This means that s — ¢ > 2, which in turn implies that c¢q,—4(s) = 0. Thus

every term in our sum is equal to a constant times c¢.(n — s).

When r = i, we necessarily have p = ¢ = 0. The only nonzero term of this form occurs
when s = 1, and we obtain ¢;(n — 1). When r = i — 1, we either have p = 1 and ¢ = 0, in

which case by s(n) = 0 for all s, or p = 0 and ¢ = 1, in which case ¢g4,—1(s) = 0 for all s. When

13



r < i — 2, our inductive hypothesis implies that ¢,(n — s) is given by a polynomial in n of degree
at most r/2 < i/2 — 1 whenever n — s > r. We know that n > i = p + ¢ + r, and therefore
n—s>p+q+r—s. Wealso know that c¢4,_4(s) = 0 unless s < ¢ + 1. Thus, for every nonzero
term,n—s>p+qg+r—s=p+r—1=r—1, and therefore n — s > r.

We have now shown that ¢;(n) is equal to ¢;(n — 1) plus a function of n that agrees with
a polynomial of degree at most i/2 — 1 whenever n > 4. This implies that ¢;(n) is given by a

polynomial in n of degree at most i/2 whenever n > i. O

Since the function ¢;(n) takes integer values, Proposition implies that there exist integers
a; for 0 < k < i/2 with the property that, for all n > i,

li/2] n—i

ci(n) = Z ai7k< i >
k=0

Conjecture 5.3. The integers a;, are all non-negative.

Conjecture [5.3]is motivated by the following corollary of Proposition in which we compute

the coefficients a; j for all 7 < 9.

Corollary 5.4. We have the following identities:

foralln =0, co(n) = 1

foralln>=1, ci(n) = 0

foralln>=2, c(n) = n—2

foralln >3, c3(n) = n—3

foralln=4, c(n) = (n ; 4> + 2<n I 4)

foralln =5, c5(n) = Q(n;5>+4<"15>+<n65>

pratuzoa = ("5%) <", ) 0" ) o (", )

pratinz7, et = 3" )", T (" )" )

poraitnzs, o = ("7%) 0" v ("3 wss("1%) el
foralln=9, cy(n) = 4(”;9>+25<n;9>+73<";9)+125(”19>+123<”59>.

Proof. By Proposition we can compute ¢;(n) for n = i by polynomial interpolation as n ranges
from i to |3i/2|. We do this using the formulas in the appendix. O

Example 5.5. Corollary says that, for all n > 2, dimIH*(X,,(C);Q) = c3(n) = n — 2, or
equivalently dimIHéLn(C)(Xn((C);Q) = n — 1. Indeed, dimIHgLn(C)(Xn((C);Q) is equal to the

14



coefficient of t? in the power series P, (t)/f,(t); Equation (6]) shows us that this coefficient is n — 1,
corresponding to the n — 1 different compositions consisting of a two and a bunch of ones. At the
level of vector spaces, Remark tells us that IHéLn (X,(C); Q) decomposes as a direct sum of
n — 1 copies of the 1-dimensional vector space Hng(o;(@) ® IH}(Xs1,(C); Q), one for each such
compositionﬁ Similarly, dim IHgLn(C) (Xn(C);Q) = n — 2, and IHY|, (X,(C); Q) decomposes as a
direct sum of n — 2 copies of the 1-dimensional vector space Hng (o;Q) ®THS (X1, (C); Q), one for

each composition consisting of a three and a bunch of ones.
Proposition 5.6. Ifi is even, then a; ;o = 1. If i is odd, then a; ;_yy;p = (i —1)/2.
Proof. If i is even, then Equation @ gives us the difference equation
ci(n) —ci(n—1) =c¢i—a(n—2) + O((i — 4)/2).
If 7 is odd, we get
ci(n) —ci(n—1) = c¢i—a(n —2) + ¢i—3(n — 3) + O((i — 5)/2).
The proposition now follows from induction on 7. O

Remark 5.7. The formulas for ca(n) and c3(n) are related to identities involving Stirling numbers.

More precisely, to prove directly that ca(n) = n — 2, assume inductively that
Pn(t) =14 (m —2)t* + ...

for all m < n. We observe that

fu(t)
for () - fo (2)

where k, is the number of ¢ such that o; > 1. The inductive step is equivalent to the identity

n—2= i(—l)r(n—r—l)(::i>,

r=2

=1+ (ko —D)t2+ ...,

which in turn is equivalent to the statement
n—1
-1
Z(—1)kk<" . ) —0.
k=0
The left-hand side is equal to (—1)"~!(n—1)! times the Stirling number of the second kind S(1,n—1)

[Stal2, Equation 1.94a], which counts the number of ways of partitioning a 1-element set into n— 1

nonempty subsets, and therefore vanishes for n > 3.

4Since all of these terms appear in the same entry of the E1-page, the filtration with respect to which we need to
take the associated graded is trivial.
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To prove directly that c3(n) = n — 3, a similar induction, along with our calculation of cz(n),

allow us to reduce to the identity

YT D (r—ke) =0. (8)
r=1

o1+-+or=n

We are grateful to Paul Balister for explaining the following proof of Equation (§]). The internal
sum can be rewritten as a sum over ¢ of the number of compositions ¢ into r parts with o; = 1.
This in turn is equal to the sum over k£ of the number of compositions of k£ into i — 1 parts times
the number of compositions of n — k — 1 into r» — ¢ parts. Letting
k
Ag:= D=1 > 1,

r=1 o1+-t+or=n

we can therefore express the left-hand side of Equation as —», Ai_1An—;. But Ay = 0 for

k = 2, so this sum vanishes for n > 4.

6 Two bigraded rings

In this section, X, will always mean X, (C), and intersection homology and cohomology will always
be taken with rational coefficients. Let m and n be positive integers, and consider the normal slice
map

Pm,n X x Xy — Xm-‘rn

from Example with » = 2. This is a normally nonsingular inclusion, and therefore induces a
graded map

on intersection homology. Given a third positive integer [, Example shows that
Prma+n © (idx, XPmn) = Cimn = Premm © (Prm x 1dx,,),
therefore our two natural maps
IH. (X)) @ IHy (X)) @ TH4 (X)) — THu( X4 min)

agree. This in turn means that our maps define an associative, bigraded ring structure on the

vector space

R:=Q® P IH.(X,).
n=1

We can also build a version of this ring using equivariant intersection homology goups

THSF (X,) = THE (X,)*.
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For any m and n, we have maps
S m-+mn
IHSE™ (X,,) @ THSM (X,,) = THSPm ¥ Shn (X, % X,,) — THSEm X SEn (X, ) — THE ™" (Xpnan),

where the first map is induced by the SL,,, x SL;,-equivariant normally nonsingular inclusion ¢, ,
and the second is induced by the inclusion of SL,, x SL;, into SL;,+,. We thus obtain an associative

bigraded ring structure on

R:=Q® @ IH"(X,).

n=1

Remark 6.1. One motivation for studying the ring R is that its Hilbert series is equal to the
power series ¥ (¢, u) from Proposition If the ring R were commutative, then the non-negativity
of the plethysitic logarithm discussed in Remark would be equivalent to the statement that R
is an infinite polynomial ring with e(i,n) generators in bidegree (i,n). However, this ring is in fact

very far from being commutative, as we can see below.

While we are unable to give a complete description of either R or é, it is possible to describe
these rings in low homological degree. Let z € IHng(Xl) — THo(e), y € TH™2(Xy) =~ HJ™2(e),
and z € IHEL?’ (X3) = H§L3(o) be generators of their respective 1-dimensional vector spaces. These

classes freely generate the ring Rin homological degree at most 6:
e Foralln > 1, IH%L“ (X,) is 1-dimensional with generator x".
SLn —
e For all n > 1, IH; ™ (X,) = 0.

e For all n > 1, IH}™ (X,,) is (n — 1)-dimensional with basis {z'~lyz"~1=" | 1 < i < n — 1},

corresponding to the decomposition described in Example

e For all n > 2, IHSL" (X,) is (n — 2)-dimensional with basis {#'"1z2" 27" | 1 < i < n — 2},

also corresponding to the decomposition described in Example [5.5]

The subring R < R contains the classes x, xy — yx, and xz — zx, and is freely generated by these

classes in homological degree at most 6.
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A Appendix

Here we list the polynomials P, (t) for n < 13.

t
t
t
t
t
t
t

(t)
(t)
(t)
(t)
(t)
(t)
(t)
(t)

t

Py(t)

Pii(t)

Pis (t)

1
1

1+t

1+22+¢3

1+3t2 42t + 2t* + 17 + 245

1+ 4t + 3t + 5t + 5% + 6t° + 57 + 4% +¢°

1+ 562 + 483 + 9t + 1165 + 15¢5 + 15¢7 + 206 + 1367 + 12610 4 9¢1! 4 9412 4 413

1+ 6t2 + 5t3 + 14t* + 19t° + 295 + 35t + 50% + 51¢% + 55¢10 + 55¢11 4 5812 4 43413
+ 381 + 30¢1° + 16t16 + 5¢17

1+ 762 + 6% + 20t1 + 29¢° 4 495 + 67¢7 + 103¢® + 123t7 + 160t10 + 178 4 213412

+ 212613 + 22961 + 215¢15 + 202¢16 + 162617 + 137t 4 109t + 83¢2° + 352!

1+ 82 + 7t + 27t" + 41¢° + 7615 + 114¢7 + 1865 + 248t + 35410 + 445t + 569¢12
+ 666t + 797t + 8675 + 944416 + 96817 + 972418 + 938t + 888120 + 767t

+ 624122 + 539t%% + 420t%* 4 277t + 138126

1+ 962 + 83 + 35t + 55¢t° + 1115 + 1797 + 30815 + 446t° + 683t10 + 93141

+ 1284¢'% + 1639¢13 + 213141 + 2554415 + 3068¢16 + 3516t + 3978¢18 + 4299¢19

+ 4620820 + 4722t%1 4 473872 + 4655t% + 4443t%* + 4047t% + 3552t%° 4 293727

+ 2514128 + 2029¢%7 + 148430 + 873¢3! 4 265t

1+ 1082 + 9t + 44t* + 7165 + 155¢° + 265t7 + 4795 4 742t + 1202¢10 + 1749¢1

+ 2561¢1% + 3511413 + 4828t + 6255¢1° + 8049¢16 + 9969¢17 + 12172418 + 14362t

+ 16721¢%° + 18888t%! + 20965t2% + 22755t%3 + 24178t + 25133t%° + 25498126

+ 25195t%7 4 2467028 + 23456¢%° + 21772t%° + 19414¢3" + 1671132 + 14123¢33

+ 1202334 + 948235 + 683336 + 4006t37 4 131738

1+ 112 + 1083 + 54t* + 89> + 209t + 3757 + 710t + 1165t + 1980¢1° + 3043t

+ 4692t'% + 6807t'3 + 9838t + 13505t1° 4 18404¢10 + 24159417 + 31296t'® + 39361+
+ 48823t%° + 5898121 + 70278t%% + 81886123 + 93869t%* + 105612t%° + 116901¢2°

+ 126688t%" + 135618t%® + 142267t + 147027¢%0 + 148755¢3! + 147909¢32 + 144539t
+ 13943063 + 131305¢%° + 12093136 + 10809537 + 93604138 + 80199¢3° + 68481¢*°

+ 55663t1! + 4206712 + 27881t + 13597t
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