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Abstract. The Popov–Vinberg variety of a simply connected, split, semisimple algebraic group

G is a singular affine variety that contains the basic affine space G{U as a Zariski open subset.

It is defined as the spectrum of the ring of functions on G{U , and can also be identified with the

universal symplectic implosion for the maximal compact subgroup of G. We provide a recursive

procedure for computing the intersection cohomology of this variety, with an emphasis on the

case where G “ SLn.

1 Introduction

Background. Let G be a simply connected, split, semisimple algebraic group over a field F, and
let U Ă G be a maximal unipotent subgroup. The quotient G{U is a quasi-affine variety, and if

F has characteristic zero, its coordinate ring includes exactly one copy of every finite dimensional

irreducible representation of G. Despite the fact that G{U is not affine, it is known as the basic

affine space; see [BGG70, BGG75, BK99, Pol01, GR15, GK25] for a small sample of the literature

on this space.2 Even though U is not reductive, the coordinate ring OpG{Uq – OpGqU is finitely

generated, and we may therefore consider the GIT quotient XG :“ G{{U “ SpecOpG{Uq. This is

an affine variety that contains G{U as a Zariski open subset. It was first studied by Popov and

Vinberg [VP72], so we call it the Popov–Vinberg variety of G. It is singular unless G is a power

of SL2, and the orbits of G in XG are in bijection with parabolic subgroups that contain U .

When F “ C, the Popov–Vinberg variety is also called the universal symplectic implosion

for the maximal compact subgroup K Ă G. Symplectic implosion may be viewed as an abelian-

isation construction in symplectic geometry: given a symplectic manifold M with a Hamiltonian

action of a compact group K, one produces a new space Mimpl with an action of the maximal torus

of K, with the property that the that the symplectic reductions of M by K and Mimpl by the torus

agree. The space Mimpl is called the implosion of M . General implosions can be recovered from

the implosion of T ˚K in a simple manner. (As discussed in [DKM24], this can be viewed as a

composition in the real version of the Moore–Tachikawa category.) For this reason, the implosion

of T ˚K is called “universal”, and is it isomorphic to XG as a stratified Kähler variety [GJS02].

1Supported by NSF grant DMS-2344861.
2Sometimes the word “basic” is replaced by “base” or “fundamental”.
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Results. Our main result (Theorem 3.2) is a recursive procedure for computing the intersec-

tion cohomology Poincaré polynomial of the Popov–Vinberg variety of a complex group. We focus

particularly on the case where G “ SLn, in which case our recursion only involves groups of the form

SLm for m ď n (Corollary 4.1). The only non-trivial calculation of this type that has appeared in

the literature before is that of IH˚pXSL3q [HJ14]; we provide an appendix that lists the intersection

cohomology Poincaré polynomials of XSLn for n ď 13. We also prove that the 2ith intersection

cohomology Betti number of XSLn is a polynomial in n of degree at most i{2 (Proposition 5.2),

and we conjecture that this polynomial is a non-negative linear combination of binomial coefficients

(Conjecture 5.3).

We then consider generating function Ψpt, uq for the equivariant intersection cohomology Poincaré

polynomials of Popov–Vinberg varieties for all of the groups SLn, and translate our recursion into

a surprisingly simple functional equation (Proposition 4.5):

Ψpt´1, uqΨpt,´uq “ 1.

One reason for studying this generating function is that the direct sum over all n of the equivariant

intersection homology groups of XSLn naturally forms an algebra with Ψpt, uq as its Hilbert series;

we define this algebra and initiate its study in Section 6.

Methods. Our proof of Theorem 3.2 proceeds by lifting the complex group to a group scheme over

Z, base changing to a field of positive characteristic, and employing the Grothendieck–Lefschetz

trace formula to compute the l-adic étale intersection cohomology of the intersection cohomology

sheaf. By a standard comparison result, the resulting Poincaré polynomial is the same as that of

the topological intersection cohomology of the Popov–Vinberg variety over the complex numbers.

These methods are very close to those used to compute Poincaré polynomials of stalks of the IC

sheaves of Schubert varieties [KL80], toric varieties [DL91, Fie91], hypertoric varieties [PW07],

and arrangement Schubert varieties [EPW16]. In each of those cases, the polynomials computed

are examples of Kazhdan–Lusztig–Stanley (KLS) polynomials [Sta92, Pro18], and this case is no

different. We are in effect computing KLS polynomials of the Boolean poset of subsets of simple

roots of G, with respect to an exotic rank function and kernel. This is not a perspective that we

pursue, but it is implicit when we invoke the main result of [Pro18] to prove Theorem 3.2.

Acknowledgments. We thank Max Alekseyev, Vladimir Dotsenko, Anton Mellit, Hjalmar Rosen-

gren, and Balázs Szendrői for their contributions to Remark 4.6 via MathOverflow [Pro], and Paul

Balister for his help with Remark 5.7. We are also grateful to André Henriques for insightful com-

ments about the ring pR. NP is grateful to All Souls College for its hospitality during the preparation

of this paper.
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2 The Popov–Vinberg variety

We fix a field F. Let G be a simply connected, split, semisimple algebraic group over F, let

T Ă B Ă G be a maximal torus and a Borel subgroup, and let U :“ rB,Bs be the corresponding

maximal unipotent subgroup. Let

XG :“ SpecOpG{Uq

be the associated Popov–Vinberg variety. The action of G on XG has finitely many orbits, indexed

by parabolic subgroups B Ă P Ă G, and the stabilizer of the orbit indexed by P is equal to the

commutator rP, P s. Let us make this more concrete, following [GJS02, Section 6].

Let Λ˚ :“ HompT,Gmq be the weight lattice, and let Φ “ Φ` YΦ´ Ă Λ˚ be the roots. Consider

the simple roots tα1, . . . , αrkGu Ă Φ and the fundamental weights tϖ1, . . . , ϖrkGu Ă Λ˚. For

any subset S Ă ∆ :“ t1, . . . , rkGu, we denote by ΦS Ă Φ the set tα P Φ | pϖi, αq “ 0 for all i P Su.

Consider the decomposition

g “ t ‘
à

αPΦ

gα

of the Lie algebra of G into root spaces. We have the following subgroups of G:

• A parabolic subgroup PS , with Lie algebra pS “ t ‘
à

αPΦSYΦ`

gα.

• The unipotent radical US Ă PS , with Lie algebra
à

αPΦ`zΦ`
S

gα.

• The Levi subgroup LS Ă PS with root system ΦS , which has the property that PS is the

semidirect product of US and LS .

• The commutator subgroup GS :“ rLS , LSs.

• The commutator subgroup HS :“ rPS , PSs, which is the semidirect product of US and GS .

When S “ ∆, we have P∆ “ B, H∆ “ U∆ “ U , L∆ “ T , and G∆ is the trivial group. At the

other extreme, when S “ H, we have GH “ HH “ LH “ PH “ G and UH is trivial. The orbit

of G in XG corresponding to the subset S is isomorphic to G{HS . In particular, the open orbit

corresponding to S “ ∆ is equal to G{U , and the closed orbit corresponding to S “ H is a single

point.

Example 2.1. Suppose that G “ SLn and B Ă G is the subgroup of upper triangular matrices.

We have a canonical isomorphism Λ˚ – Zn{Z. Let ei denote the image in Λ˚ of the ith standard

basis vector for Zn, and let ϖi “ ei ´ ei`1 be the corresponding simple root.

There is a bijection between compositions (ordered partitions) of n and subsets of ∆ given by

sending an r-tuple σ “ pσ1, . . . , σrq of positive integers with σ1 ` ¨ ¨ ¨ ` σr “ n to the subset

Sσ :“ tϖσ1 , ϖσ1`σ2 , ¨ ¨ ¨ , ϖσ1`¨¨¨`σr´1u Ă ∆.

Given a composition σ, we will write Pσ :“ PSσ , and similarly for Lσ, Gσ, and Hσ. We then have

the following explicit descriptions:
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• The parabolic subgroup Pσ consists of block upper triangular matrices of determinant 1, and

has dimension 1
2

`

n2 ´ 2 `
řr

i“1 σ
2
i

˘

.

• The unipotent radical Uσ Ă Pσ consists of block upper triangular matrices whose diagonal

blocks are identity matrices, and has dimension 1
2

`

n2 ´
řr

i“1 σ
2
i

˘

.

• The Levi subgroup Lσ Ă Pσ consists of block diagonal matrices of determinant 1.

• The commutator subgroup Gσ :“ rLσ, Lσs – SLσ1 ˆ ¨ ¨ ¨ ˆ SLσr consists of block diagonal

matrices whose individual blocks each have determinant 1.

• The commutator subgroup Hσ :“ rPσ, Pσs consists of block upper triangular matrices whose

diagonal blocks each have determinant 1.

The open orbit corresponds to the composition σ “ p1, . . . , 1q, and has dimension 1
2npn ` 1q ´ 1,

while the unique fixed point corresponds to the composition σ “ pnq.

Let Vϖ be the irreducible representation of G with highest weight ϖ, and let vϖ P Vϖ be a

nonzero highest weight vector. Let

EG :“ Vϖ1 ‘ ¨ ¨ ¨ ‘ Vϖd
.

For any subset S Ă ∆, let

vS :“
ÿ

iPS

vϖi P EG,

and note that the stabilizer of vS is equal to HS . Let OS :“ G ¨ vS – G{HS . We have H∆ “ U ,

thus there is a unique G-invariant map from G{U to EG taking the identity coset e ¨ U P G{U to

the vector v∆. Since EG is affine, this map factors through the Popov–Vinberg variety XG.

Example 2.2. When G “ SLnpFq, we have Vϖi “
Źi

pFnq and vϖi “ e1 ^ ¨ ¨ ¨ ^ ei. The map from

SLn {U to ESLn sends the coset of the identity to the vector

v∆ “ e1 ` e1 ^ e2 ` ¨ ¨ ¨ ` e1 ^ e2 ^ ¨ ¨ ¨ ^ en.

Remark 2.3. If we wanted to work with groups that are not simply connected, we would need

to replace ∆ with a choice of a collection of dominant weights that generates the weight lattice.

To simplify the exposition, we restrict our attention to simply connected groups, for which the

collection of fundamental weights is a canonical such choice.

The following theorem is proved in [GJS02, Theorem 6.11].

Theorem 2.4. Suppose that F “ C. The induced map from XG to EG is a closed embedding, thus

we may identify XG with a closed subvariety of EG. For any subset S Ă ∆, we have vS P XG Ă E,

and we have a G-equivariant stratification

XG “
ğ

SĂ∆

OS . (1)
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For any subset S Ă ∆, consider the Popov–Vinberg variety XGS
for the group GS . Since GS XU

is a maximal unipotent subgroup of GS , there is a unique GS-equivariant map φS : XGS
Ñ XG

taking the identity coset e ¨ pGS XUq to v∆. Equivalently, if we identify XGS
with the GIT quotient

HS{{U , the map φS : HS{{U Ñ G{{U is induced by the inclusion of HS into G. Furthermore, we

have a map GˆXGS
Ñ XG taking pg, xq to g ¨ φSpxq, and this descends to a map

ψS : GˆHS
XGS

Ñ XG.

The following lemma is proved in [GJS02, Lemma 6.13].

Lemma 2.5. Suppose that F “ C. The map ψS is an open embedding with image

ğ

SĂS1Ă∆

OS1 .

The map φS is a closed embedding that exhibits XGS
as a GS-equivariant normal slice to the orbit

OS Ă XG, taking the point 0 P XGS
to the point vS P XG.

Example 2.6. Continuing with Example 2.1, write Xn :“ XSLn and

Xσ :“ XpSLnqSσ
– XSLσ1 ˆ¨¨¨ˆSLσn

– Xσ1 ˆ ¨ ¨ ¨ ˆXσr .

The closed inclusion φσ : Xσ Ñ Xn is induced by the block diagonal inclusion of the subgroup

Gσ “ SLσ1 ˆ ¨ ¨ ¨ ˆ SLσr into SLn. If we take

Eσ1 “

σ1´1
à

i“1

Źi Fte1, . . . , eσ1u

Eσ2 “

σ2´1
à

i“1

Źi Fteσ1`1, . . . , eσ1`σ2u

...

Eσr “

σr´1
à

i“1

Źi Fteσ1`¨¨¨`σr´1`1, . . . , enu,

then φσ is the restriction of the map ESLσ1
ˆ ¨ ¨ ¨ ˆ ESLσr

Ñ ESLn that sends pa1, . . . , arq to

a1 ` vϖσ1
^ p1 ` a2q ` vϖσ1`σ2

^ p1 ` a3q ` ¨ ¨ ¨ ` vϖσ1`¨¨¨`σn´1
^ p1 ` arq.

In particular the element 0 P Xσ is sent to the element

vϖσ1
` vϖσ1`σ2

` ¨ ¨ ¨ ` vϖσ1`¨¨¨`σn´1
“ vSσ P XSLn .

The following technical lemma will be needed for the proof of Theorem 3.2.

Lemma 2.7. For any G and any subset S Ă ∆ of simple roots, there exists an action of Gm on

XG such that the normal slice map φS : XGS
Ñ XG is Gm-equivariant with respect to the scalar
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action of Gm on XGS
and the chosen action of Gm on XG. In particular, this action fixes the point

vS “ φSp0q P XG.

Proof. For each cocharacter ρ : Gm Ñ T , consider the homomorphism λρ : Gm Ñ AutpEGq given

by letting Gm act on Vϖi with weight xρ,ϖiy. Note that this is not the same as the action of Gm

on EG given by composing ρ with the action of G on EG, however these two actions do agree on

the highest weight vectors vϖi P EG, and therefore on the element vS1 P EG for any S1 Ă ∆. In

addition, the action of Gm via λρ commutes with the action of G. In particular, for any t P Gm

and g P G, we have

λρptq ¨ pg ¨ v∆q “ g ¨ pλρptq ¨ v∆q “ g ¨ pρptq ¨ v∆q “ pg ρptqq ¨ v∆ P G{U Ă EG,

therefore our action of Gm on EG restricts to an action on XG.

We will take ρ to be the unique cocharacter with the property that xρ,ϖiy “ 0 if i P S and

1 if i R S; such a cocharacter exists because G is simply connected, and the fundamental weights

therefore form a basis for the weight lattice. The map φS : XGS
Ñ XG is equivariant with respect

to the action of Gm on XG given by λρ.

3 Recursive formula

Let G be a simply connected, split, semisimple group scheme over the integers, and let XG be its

associated base affine space, which is again a scheme over Z. In this section, we will provide a

recursive formula that will allow us to compute the intersection cohomology of the base affine space

XGpCq.

We begin with the following lemma, which says that the main technical results of the previous

section hold over a finite field of sufficiently large characteristic. The lemma follows, for example,

from repeated applications of [Poo17, Theorem 3.2.1(i)].

Lemma 3.1. If q is a power of a sufficiently large prime, then Theorem 2.4 and Lemma 2.5 both

hold with C replaced by the finite field Fq.

Let e1, . . . , erkG be the exponents of G, and let

fGptq :“ p1 ´ te1q ¨ ¨ ¨ p1 ´ terkGq.

Let dG :“ e1 ` ¨ ¨ ¨ ` erkG “ deg fGptq “ dimXG. This polynomial will be relevant to us in two

different ways. First, we have (see e.g. [Car89, Theorem 9.4.10] or [MT11, §24.1])

|GpFqq| “ p´1qrkGqdG´rkGfGpqq (2)

for any prime power q. Second, we have

1

fGptq
“

8
ÿ

i“0

ti dimH2i
GpCqp‚;Qq.
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Let

PGptq :“
8
ÿ

i“0

ti dim IH2ipXGpCq;Qq.

If we choose a prime l that does not divide q, then we may replace the topological intersection

cohomology of the space XnpCq with the l-adic étale intersection cohomology of the variety XnpF̄qq

without changing the Poincaré polynomial [KW06, Proposition 10.4.1(i)].

Theorem 3.2. The intersection cohomology of XGpCq vanishes in odd degree. If G is not the

trivial group, then3 degPGptq ă dG{2 and

PGptq

fGptq
“

ÿ

SĂ∆

tdGSPGS
pt´1q

fGS
ptq

. (3)

Remark 3.3. Before proving Theorem 3.2, we explain why it allows us to compute PGptq recur-

sively. There is a slight subtlety here, since GH “ G and therefore PGptq appears on both sides of

the equation. Let us rewrite this equation as

PGptq ´ tdGPGpt´1q “
ÿ

H‰SĂ∆

fGptq tdGSPGS
pt´1q

fGS
ptq

. (4)

Since degPGptq ă dG{2, the polynomial tdGPGpt´1q vanishes in degree less than or equal to dG{2,

and therefore PGptq can be obtained from the right hand side of the equation by truncation.

Proof. Choose a prime power q as in Lemma 3.1. Theorem 2.4 and Lemma 3.1 tell us that the

G-orbits in XG are indexed by subsets S Ă ∆, and the number of Fq-points on the orbit OS is

equal to

|GpFqq{HSpFqq| “
|GpFqq|

|GSpFqq| ¨ |USpFqq|
.

Using Equation (2) and the fact that dimUS “ pdG ´ rkGq ´ pdGS
´ rkGSq, this is equal to

p´1qrkGfGpqq

p´1qrkGSfGS
pqq

.

Lemmas 2.5 and 3.1 tell us that OS has a normal slice isomorphic to XGS
, and Lemma 2.7 says

that there exists an action of Gm on XG that contracts this slice to the point vS P XG. By [Pro18,

Theorem 3.6], this implies that the l-adic étale intersection cohomology of XGpF̄qq vanishes in odd

degree, degPGptq ă dG{2, and

tdGPGpt´1q “
ÿ

S

p´1qrkGfGptq

p´1qrkGSfGS
ptq
PGS

ptq. (5)

Equation (3) follows from this formula by replacing t with t´1 and making use of the identity

p´1qrkGfGpt´1q “ t´ rkGfGptq.

3When G is the trivial group, PGptq “ 1 and dG “ 0 “ degPGptq, so this inequality fails.
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Remark 3.4. We give a brief outline of the idea behind the proof of [Pro18, Theorem 3.6], which

is the main technical tool in the proof of Theorem 3.2. Choose a prime l not dividing q, and

consider the l-adic étale intersection cohomology of XGpF̄qq. For ease of notation, we will simply

write IH˚pXGq. The Grothendieck–Lefschetz trace formula (an l-adic étale version of the Lefschetz

fixed point theorem in topology) tells us that

ÿ

jě0

p´1qj tr
´

Fr ýIHj
cpXGq

¯

“
ÿ

xPXGpFqq

ÿ

jě0

p´1qj tr
´

Frj ýIHj
xpXGq

¯

,

where IH˚
c denotes compactly supported intersection cohomology and IH˚

x denotes the cohomol-

ogy of the stalk of the IC sheaf at the point x. By Poincaré duality, IHj
cpXGq is isomorphic to

IH2dG´jpXGq. The stalk cohomology of the IC sheaf is constant on each orbit, so the right-hand

side becomes
ÿ

S

p´1qrkGfGpqq

p´1qrkGSfGS
pqq

ÿ

jě0

p´1qj tr
´

Frj ýIHj
vS

pXGq

¯

.

Since the orbit through vS has a conical normal slice that is isomorphic to XGS
, IH˚

vS
pXGq is

isomorphic to IH˚pXGS
q.

Suppose that we knew that these intersection cohomology groups vanish in odd degree and that

the Frobenius automorphism acts on IH2ipXGq as multiplication by qi for arbitrary G. This would

allow us to express our trace formula succinctly as

qdGPGpq´1q “
ÿ

S

p´1qrkGfGpqq

p´1qrkGSfGS
pqq

PGS
pqq.

If this holds for all prime powers q, it must hold with q replaced by a formal variable t, and we

obtain Equation (5).

The difficult part is showing that the intersection cohomology vanishes in odd degree and that

the Frobenius acts in the prescribed way, which is proved using a delicate induction. This approach

was employed for classical Schubert varieties in [KL80], for toric varieties in [DL91, Fie91], for

hypertoric varieties in [PW07], and arrangement Schubert varieties in [EPW16]. The main result

of [Pro18] is a unification of these arguments into a machine that can be used off the shelf, as we

do here.

Remark 3.5. We now explain how to categorify Equation (3). Let ICXG
be the intersection

cohomology sheaf on XGpCq. For each subset S Ă ∆, let ιS : OSpCq ãÑ XGpCq be the inclusion of

the corresponding orbit. The stratification of XGpCq by orbits induces a filtration by supports on

the complex of global sections of an injective resolution of ICXG
. This filtered complex gives rise

to a spectral sequence with

Ep,q
1 “

à

codimOS“p

Hp`q
GpCq

pι!S ICXG
q,

converging to IH˚
GpCq

pXGpCq;Qq [BGS96, Section 3.4]. The hypercohomology of the complex

ι!S ICXG
is a GpCq-equivariant local system on OSpCq whose fiber at the point vS is equal to
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IH˚
c pXGS

pCq;Qq, the compactly supported intersection cohomology of the normal slice. Since the

stabilizer HSpCq is connected, this local system is canonically trivial, and we therefore have

H˚
GpCqpι

!
S ICXG

q – H˚
GpCqpOSpCq;Qq b IH˚

c pXGS
pCq;Qq

– H˚
HSpCqp‚;Qq b IH˚

c pXGS
pCq;Qq

– H˚
GSpCqp‚;Qq b IH˚

c pXGS
pCq;Qq,

where the last isomorphism follows from the fact that the inclusion of GSpCq into HSpCq is a

homotopy equivalence. Returning to our spectral sequence, this means that

Ep,q
1 –

à

codimOS“p
j`k“p`q

Hj
GSpCq

p‚;Qq b IHk
c pXGS

pCq;Qq.

The left-hand side of Equation (3) is the Hilbert series of the E8-page (with respect to the total

grading) and the right-hand side is the Hilbert series of the E1-page. Thus Equation (3) implies

that the spectral sequence degenerates at the E1-page. In other words, taking the associated graded

with respect to the filtration of IH˚
GpCq

pXGpCq;Qq induced by the orbit stratification, we have

gr IH˚
GpCqpXGpCq;Qq – E8 “ E1 “

à

S

H˚
GSpCqp‚;Qq b IH˚

c pXGS
pCq;Qq,

which categorifies Equation (3).

Remark 3.6. Turning Remark 3.5 into an alternate proof of Equation (3) would require show-

ing independently that the intersection cohomology vanishes in odd degree and that the spectral

sequence degenerates, which would require a calculation of mixed Hodge weights. This could be

achieved via an inductive argument similar in flavor to the one referenced in Remark 3.4.

Section 4 will be devoted to understanding Equation 3 in the case where G “ SLn. However,

we will conclude this section by considering the case where G “ G2.

Example 3.7. Consider the exceptional group G2, and let

PG2ptq :“
ÿ

iě0

ti dim IH2ipXG2pCq;Qq.

We have ∆ “ tϖ1, ϖ2u, where ϖ1 is short and ϖ2 is long. The space XG2 has four orbits: the

dense orbit G2{U , the two intermediate orbits Ot1u and Ot2u, and the fixed point tvHu. We have

Gt1u – Gt2u – SL2, hence the two intermediate orbits have normal slices isomorphic to XSL2 – A2.

We have fG2ptq “ p1 ´ t2qp1 ´ t6q [Dic01] and fSL2ptq “ 1 ´ t2, so Equation (4) says that

PG2ptq ´ t8PG2pt´1q “ p1 ´ t2qp1 ´ t6q

ˆ

2
t2

1 ´ t2
` 1

˙

“ 1 ` t2 ´ t6 ´ t8.

Since the degree of PG2ptq is strictly less than 8{2 “ 4, this implies that PG2ptq “ 1 ` t2.

9



4 Type A

In this section, we interpret Theorem 3.2 in the specal case where G “ SLn. As in Example 2.6,

we write Xn :“ XSLn . Similarly, we write dn :“ dSLn “
`

n`1
2

˘

´ 1, Pnptq :“ PSLnptq, and

fnptq “ fSLnptq “ p1 ´ t2q ¨ ¨ ¨ p1 ´ tnq.

For any composition σ “ pσ1, . . . , σrq of n, we haveGσ – SLσ1 ˆ ¨ ¨ ¨ˆSLσr andXσ – Xσ1ˆ¨ ¨ ¨ˆXσr ,

so Equation (3) may be translated as follows:

Pnptq

fnptq
“

ÿ

r

ÿ

σ1`¨¨¨`σr“n

r
ź

i“1

tdσiPσipt
´1q

fσiptq
. (6)

This recursion can be reformulated in terms of a sum with a simpler index set.

Corollary 4.1. For all positive integers n, we have

Pnptq ´ tdnPnpt´1q “

n´1
ÿ

s“1

fnptq

fsptqfn´sptq
tdsPspt´1qPn´sptq.

Proof. By Equation (6), we have

Pnptq “ fnptq
n

ÿ

r“1

ÿ

σ1`¨¨¨`σr“n

r
ź

i“1

tdσiPσipt
´1q

fσiptq

“ Pnptq ` fnptq
n

ÿ

r“2

ÿ

σ1`¨¨¨`σr“n

r
ź

i“1

tσiPσipt
´1q

fσiptq

“ Pnptq ` fnptq
n´1
ÿ

σr“1

tσrPσrpt´1q

fσrptq

n
ÿ

r“2

ÿ

σ1`¨¨¨`σr´1“n´σr

r´1
ź

i“1

tdσiPσipt
´1q

fσiptq

“ Pnptq ` fnptq
n´1
ÿ

σr“1

tσrPσrpt´1q

fσrptq
¨
Pn´σrptq

fn´σrptq
.

Letting s “ σr gives the desired formula.

Example 4.2. When n “ 2, Corollary 4.1 tells us that

P2ptq ´ t2P2pt´1q “ 1 ´ t2.

Since we know that the degree of P2ptq is strictly less than d2{2 “ 1, this implies that P2ptq “ 1.

This is consistent with the fact that X2 – A2.

Example 4.3. When n “ 3, Corollary 4.1 tells us that

P3ptq ´ t5P3pt´1q “
f3ptq

f1ptqf2ptq
P1pt´1qP2ptq `

t2f3ptq

f2ptqf1ptq
P2pt´1qP1ptq “ 1 ` t2 ´ t3 ´ t5.

10



As we know that the degree of P3ptq is strictly less than d3{2 “ 5{2, this implies that we have

P3ptq “ 1 ` t2. This agrees with the calculation of P3ptq in [HJ14].

Example 4.4. When n “ 4, Corollary 4.1 tells us that

P4ptq ´ t9P4pt´1q “
f4ptq

f1ptqf3ptq
P1pt´1qP3ptq `

t2f4ptq

f2ptqf2ptq
P2pt´1qP2ptq `

t5f4ptq

f3ptqf1ptq
P3pt´1qP1ptq

“ p1 ´ t4qp1 ` t2q ` t2p1 ´ t3qp1 ` t2q ` t5p1 ´ t4qp1 ` t´2q

“ 1 ` 2t2 ` t3 ´ t6 ´ 2t7 ´ t9.

Since we know that the degree of P4ptq is strictly less than d4{2 “ 9{2, this implies that we have

P4ptq “ 1 ` 2t2 ` t3. See the appendix for calculations of Pnptq up to n “ 13.

Consider the generating function

Ψpt, uq :“ 1 `

8
ÿ

n“1

un
Pnptq

fnptq
.

The recursion for Pnptq in Corollary 4.1 can be translated into a function equation for Ψpt, uq as

follows.

Proposition 4.5. We have Ψpt´1, uqΨpt,´uq “ 1.

Proof. Using the fact that p´1qn´1fnpt´1q “ t´dnfnptq, we have

´

Ψpt´1, uq ´ 1
¯´

Ψpt,´uq ´ 1
¯

“

8
ÿ

m“1

um
Pmpt´1q

fmpt´1q
¨

8
ÿ

n“1

p´uqn
Pnptq

fnptq

“ ´

8
ÿ

m“1

p´uqm
tdmPmpt´1q

fmptq
¨

8
ÿ

n“1

p´uqn
Pnptq

fnptq

“ ´

8
ÿ

k“2

p´uqk

fkptq

k´1
ÿ

m“1

fkptq

fmptqfk´mptq
tdmPmpt´1qPk´mptq,

where the last line is obtained by putting k “ m ` n. Corollary 4.1 says that the internal sum is

equal to Pkptq ´ tdkPkpt´1q, thus we have

´

Ψpt´1, uq ´ 1
¯´

Ψpt,´uq ´ 1
¯

“

8
ÿ

k“2

p´uqk

fkptq
tdkPkpt´1q ´

8
ÿ

k“2

p´uqk

fkptq
Pkptq

“ ´

8
ÿ

k“2

uk

fkpt´1q
Pkpt´1q ´

8
ÿ

k“2

p´uqk

fkptq
Pkptq

“

´

1 ` u´ Ψpt´1, uq

¯

`

´

1 ´ u´ Ψpt,´uq

¯

“ 2 ´ Ψpt´1, uq ´ Ψpt,´uq.

Adding Ψpt´1, uq ` Ψpt,´uq ´ 1 to both sides gives the desired equation.

11



Remark 4.6. The plethystic logarithm

PLogΨpt, uq “
ÿ

i,ně0

epi, nqtiun

is the power series with integer coefficients uniquely determined by the equation

Ψpt, uq “
ź

n,iě0

1

p1 ´ tiunqepi,nq
.

Numerical evidence strongly suggests that these coefficients are non-negative, and furthermore that

there exist polynomials Qnptq with non-negative integer coefficients such that

PLogΨpt, uq “ u` t2
8
ÿ

n“2

unQnptq

fnptq
.

We thank Vladimir Dotsenko and Balázs Szendrői for conjecturing the non-negativity of the coef-

ficients epi, nq, Max Alekseyev for checking this conjecture for all i, n ď 50, and Anton Mellit and

Hjalmar Rosengren for making the stronger conjecture, which was verified by Szendrői up to n “ 7.

We also thank MathOverflow [Pro] for providing a forum for this discussion.

5 The Betti numbers

In this section we study the coefficient of ti in Pnptq as a function of n. Let

Pnptq “
ÿ

iě0

cipnqti.

In order to make use of the recursion in Corollary 4.1, it will also be useful to write

fnptq

fsptqfn´sptq
“

ÿ

iě0

bi,spnqti.

Lemma 5.1. For all i ě 0 and s ě 1, the function bi,spnq is constant for n ě maxpi, 1q ` s.

Proof. We treat the i “ 0 and i “ 1 cases separately. We have fnp0q

fsp0qfn´sp0q
“ 1, so b0,spnq “ 1 for

all n ě 1 ` s. Using the Taylor series expansion of 1
1´tr , we can see that the coefficient of t in

fnptq
fsptqfn´sptq is 0, so b1,spnq “ 0 for all 0 ă s ă n.

We now proceed by induction on the quantity i` s. We have

fnpqq

fspqqfn´spqq
“ p1 ´ qq

ˆ

n

s

˙

q

,

12



and the well-known Gaussian binomial coefficient identity

ˆ

n

s

˙

q

“ qs
ˆ

n´ 1

s

˙

q

`

ˆ

n´ 1

s´ 1

˙

q

translates to the identity

fnptq

fsptqfn´sptq
“ ts

fn´1ptq

fsptqfn´1´sptq
`

fn´1ptq

fs´1ptqfn´sptq
.

Taking coefficients of ti, this means that

bi,spnq “ bi´s,spn´ 1q ` bi,s´1pn´ 1q.

Since we have already treated the cases when i “ 0 and i “ 1, we may assume that i ě 2. This

means that our inductive hypothesis implies that the right-hand side is constant for n´1 ě i`s´1,

or equivalently for n ě i` s.

Proposition 5.2. Fix a non-negative integer i. The function cipnq is given by a polynomial in n

of degree at most i{2 for all n ě i.

Proof. We proceed by induction on i. The base case is i “ 0, which holds because c0pnq “ 1 for all

n. Now fix i ą 0 and assume that the statement holds for all j ă i. Our strategy will be to prove

that the quantity cipnq ´ cipn ´ 1q is given by a polynomial in n for all n ą i, which implies that

cipnq is given by a polynomial in n for all n ě i.

Let n ą i be given. By Corollary 4.1, we have

cipnq ´ cdn´ipnq “

n´1
ÿ

s“1

ÿ

p`q`r“i
p,q,rě0

bp,spnqcds´qpsqcrpn´ sq.

Since n ą i ą 0, we have cdn´ipnq “ 0. If s ą i ě q, then cds´qpsq “ 0, so we may restrict the

upper bound of the outer sum to i, which is independent of n. Thus we have

cipnq “

i
ÿ

s“1

ÿ

p`q`r“i
p,q,rě0

bp,spnqcds´qpsqcrpn´ sq. (7)

By Lemma 5.1, bp,spnq is constant for n ě maxpp, 1q ` s. The condition that n ě 1 ` s is

automatic from the fact that s ď i ă n. If n ă p` s, then we have p` q ` r “ i ă n ă p` s with

both inequalities strict. This means that s´ q ě 2, which in turn implies that cds´qpsq “ 0. Thus

every term in our sum is equal to a constant times crpn´ sq.

When r “ i, we necessarily have p “ q “ 0. The only nonzero term of this form occurs

when s “ 1, and we obtain cipn ´ 1q. When r “ i ´ 1, we either have p “ 1 and q “ 0, in

which case b1,spnq “ 0 for all s, or p “ 0 and q “ 1, in which case cds´1psq “ 0 for all s. When

13



r ď i ´ 2, our inductive hypothesis implies that crpn ´ sq is given by a polynomial in n of degree

at most r{2 ď i{2 ´ 1 whenever n ´ s ě r. We know that n ą i “ p ` q ` r, and therefore

n ´ s ą p ` q ` r ´ s. We also know that cds´qpsq “ 0 unless s ď q ` 1. Thus, for every nonzero

term, n´ s ą p` q ` r ´ s ě p` r ´ 1 ě r ´ 1, and therefore n´ s ě r.

We have now shown that cipnq is equal to cipn ´ 1q plus a function of n that agrees with

a polynomial of degree at most i{2 ´ 1 whenever n ą i. This implies that cipnq is given by a

polynomial in n of degree at most i{2 whenever n ě i.

Since the function cipnq takes integer values, Proposition 5.2 implies that there exist integers

ai,k for 0 ď k ď i{2 with the property that, for all n ě i,

cipnq “

ti{2u
ÿ

k“0

ai,k

ˆ

n´ i

k

˙

.

Conjecture 5.3. The integers ai,k are all non-negative.

Conjecture 5.3 is motivated by the following corollary of Proposition 5.2, in which we compute

the coefficients ai,k for all i ď 9.

Corollary 5.4. We have the following identities:

for all n ě 0, c0pnq “ 1

for all n ě 1, c1pnq “ 0

for all n ě 2, c2pnq “ n´ 2

for all n ě 3, c3pnq “ n´ 3

for all n ě 4, c4pnq “

ˆ

n´ 4

2

˙

` 2

ˆ

n´ 4

1

˙

for all n ě 5, c5pnq “ 2

ˆ

n´ 5

2

˙

` 4

ˆ

n´ 5

1

˙

`

ˆ

n´ 5

0

˙

for all n ě 6, c6pnq “

ˆ

n´ 6

3

˙

` 5

ˆ

n´ 6

2

˙

` 9

ˆ

n´ 6

1

˙

` 6

ˆ

n´ 6

0

˙

for all n ě 7, c7pnq “ 3

ˆ

n´ 7

3

˙

` 12

ˆ

n´ 7

2

˙

` 20

ˆ

n´ 7

1

˙

` 15

ˆ

n´ 7

0

˙

for all n ě 8, c8pnq “

ˆ

n´ 8

4

˙

` 9

ˆ

n´ 8

3

˙

` 30

ˆ

n´ 8

2

˙

` 53

ˆ

n´ 8

1

˙

` 50

ˆ

n´ 8

0

˙

for all n ě 9, c9pnq “ 4

ˆ

n´ 9

4

˙

` 25

ˆ

n´ 9

3

˙

` 73

ˆ

n´ 9

2

˙

` 125

ˆ

n´ 9

1

˙

` 123

ˆ

n´ 9

0

˙

.

Proof. By Proposition 5.2, we can compute cipnq for n ě i by polynomial interpolation as n ranges

from i to t3i{2u. We do this using the formulas in the appendix.

Example 5.5. Corollary 5.4 says that, for all n ě 2, dim IH4pXnpCq;Qq “ c2pnq “ n ´ 2, or

equivalently dim IH4
SLnpCq

pXnpCq;Qq “ n ´ 1. Indeed, dim IH4
SLnpCq

pXnpCq;Qq is equal to the

14



coefficient of t2 in the power series Pnptq{fnptq; Equation (6) shows us that this coefficient is n´ 1,

corresponding to the n ´ 1 different compositions consisting of a two and a bunch of ones. At the

level of vector spaces, Remark 3.5 tells us that IH4
SLn

pXnpCq;Qq decomposes as a direct sum of

n ´ 1 copies of the 1-dimensional vector space H0
SL2

p‚;Qq b IH4
cpXSL2pCq;Qq, one for each such

composition.4 Similarly, dim IH6
SLnpCq

pXnpCq;Qq “ n ´ 2, and IH6
SLn

pXnpCq;Qq decomposes as a

direct sum of n´ 2 copies of the 1-dimensional vector space H0
SL3

p‚;Qq b IH6
cpXSL3pCq;Qq, one for

each composition consisting of a three and a bunch of ones.

Proposition 5.6. If i is even, then ai,i{2 “ 1. If i is odd, then ai,pi´1q{2 “ pi´ 1q{2.

Proof. If i is even, then Equation (7) gives us the difference equation

cipnq ´ cipn´ 1q “ ci´2pn´ 2q `Oppi´ 4q{2q.

If i is odd, we get

cipnq ´ cipn´ 1q “ ci´2pn´ 2q ` ci´3pn´ 3q `Oppi´ 5q{2q.

The proposition now follows from induction on i.

Remark 5.7. The formulas for c2pnq and c3pnq are related to identities involving Stirling numbers.

More precisely, to prove directly that c2pnq “ n´ 2, assume inductively that

Pmptq “ 1 ` pm´ 2qt2 ` ¨ ¨ ¨

for all m ă n. We observe that

fnptq

fσ1ptq . . . fσrptq
“ 1 ` pkσ ´ 1qt2 ` . . . ,

where kσ is the number of i such that σi ą 1. The inductive step is equivalent to the identity

n´ 2 “

n
ÿ

r“2

p´1qrpn´ r ´ 1q

ˆ

n´ 1

r ´ 1

˙

,

which in turn is equivalent to the statement

n´1
ÿ

k“0

p´1qkk

ˆ

n´ 1

k

˙

“ 0.

The left-hand side is equal to p´1qn´1pn´1q! times the Stirling number of the second kind Sp1, n´1q

[Sta12, Equation 1.94a], which counts the number of ways of partitioning a 1-element set into n´1

nonempty subsets, and therefore vanishes for n ě 3.

4Since all of these terms appear in the same entry of the E1-page, the filtration with respect to which we need to
take the associated graded is trivial.
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To prove directly that c3pnq “ n ´ 3, a similar induction, along with our calculation of c2pnq,

allow us to reduce to the identity

n
ÿ

r“1

p´1qr
ÿ

σ1`¨¨¨`σr“n

pr ´ kσq “ 0. (8)

We are grateful to Paul Balister for explaining the following proof of Equation (8). The internal

sum can be rewritten as a sum over i of the number of compositions σ into r parts with σi “ 1.

This in turn is equal to the sum over k of the number of compositions of k into i ´ 1 parts times

the number of compositions of n´ k ´ 1 into r ´ i parts. Letting

Ak :“
k

ÿ

r“1

p´1qr
ÿ

σ1`¨¨¨`σr“n

1,

we can therefore express the left-hand side of Equation (8) as ´
ř

iAi´1An´i. But Ak “ 0 for

k ě 2, so this sum vanishes for n ě 4.

6 Two bigraded rings

In this section, Xn will always mean XnpCq, and intersection homology and cohomology will always

be taken with rational coefficients. Let m and n be positive integers, and consider the normal slice

map

φm,n : Xm ˆXn Ñ Xm`n

from Example 2.6 with r “ 2. This is a normally nonsingular inclusion, and therefore induces a

graded map

pφm,nq˚ : IH˚pXmq b IH˚pXnq Ñ IH˚pXm`nq

on intersection homology. Given a third positive integer l, Example 2.6 shows that

φl,m`n ˝ pidXl
ˆφm,nq “ φl,m,n “ φl`m,n ˝ pφl,m ˆ idXnq,

therefore our two natural maps

IH˚pXlq b IH˚pXmq b IH˚pXnq Ñ IH˚pXl`m`nq

agree. This in turn means that our maps define an associative, bigraded ring structure on the

vector space

R :“ Q ‘

8
à

n“1

IH˚pXnq.

We can also build a version of this ring using equivariant intersection homology goups

IHSLn
2i pXnq :“ IH2i

SLn
pXnq˚.
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For any m and n, we have maps

IHSLm
˚ pXmq b IHSLn

˚ pXnq – IHSLm ˆSLn
˚ pXm ˆXnq Ñ IHSLm ˆSLn

˚ pXm`nq Ñ IH
SLm`n
˚ pXm`nq,

where the first map is induced by the SLm ˆSLn-equivariant normally nonsingular inclusion φm,n

and the second is induced by the inclusion of SLm ˆSLn into SLm`n. We thus obtain an associative

bigraded ring structure on

pR :“ Q ‘

8
à

n“1

IHSLn
˚ pXnq.

Remark 6.1. One motivation for studying the ring pR is that its Hilbert series is equal to the

power series Ψpt, uq from Proposition 4.5. If the ring pR were commutative, then the non-negativity

of the plethysitic logarithm discussed in Remark 4.6 would be equivalent to the statement that pR

is an infinite polynomial ring with epi, nq generators in bidegree pi, nq. However, this ring is in fact

very far from being commutative, as we can see below.

While we are unable to give a complete description of either R or pR, it is possible to describe

these rings in low homological degree. Let x P IHSL1
0 pX1q “ IH0p‚q, y P IHSL2

4 pX2q – HSL2
4 p‚q,

and z P IHSL3
6 pX3q – HSL3

6 p‚q be generators of their respective 1-dimensional vector spaces. These

classes freely generate the ring pR in homological degree at most 6:

• For all n ě 1, IHSLn
0 pXnq is 1-dimensional with generator xn.

• For all n ě 1, IHSLn
2 pXnq “ 0.

• For all n ě 1, IHSLn
4 pXnq is pn ´ 1q-dimensional with basis txi´1yxn´1´i | 1 ď i ď n ´ 1u,

corresponding to the decomposition described in Example 5.5.

• For all n ě 2, IHSLn
6 pXnq is pn ´ 2q-dimensional with basis txi´1zxn´2´i | 1 ď i ď n ´ 2u,

also corresponding to the decomposition described in Example 5.5.

The subring R Ă pR contains the classes x, xy ´ yx, and xz ´ zx, and is freely generated by these

classes in homological degree at most 6.
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A Appendix

Here we list the polynomials Pnptq for n ď 13.

P1ptq “ 1

P2ptq “ 1

P3ptq “ 1 ` t2

P4ptq “ 1 ` 2t2 ` t3

P5ptq “ 1 ` 3t2 ` 2t3 ` 2t4 ` t5 ` 2t6

P6ptq “ 1 ` 4t2 ` 3t3 ` 5t4 ` 5t5 ` 6t6 ` 5t7 ` 4t8 ` t9

P7ptq “ 1 ` 5t2 ` 4t3 ` 9t4 ` 11t5 ` 15t6 ` 15t7 ` 20t8 ` 13t9 ` 12t10 ` 9t11 ` 9t12 ` t13

P8ptq “ 1 ` 6t2 ` 5t3 ` 14t4 ` 19t5 ` 29t6 ` 35t7 ` 50t8 ` 51t9 ` 55t10 ` 55t11 ` 58t12 ` 43t13

` 38t14 ` 30t15 ` 16t16 ` 5t17

P9ptq “ 1 ` 7t2 ` 6t3 ` 20t4 ` 29t5 ` 49t6 ` 67t7 ` 103t8 ` 123t9 ` 160t10 ` 178t11 ` 213t12

` 212t13 ` 229t14 ` 215t15 ` 202t16 ` 162t17 ` 137t18 ` 109t19 ` 83t20 ` 35t21

P10ptq “ 1 ` 8t2 ` 7t3 ` 27t4 ` 41t5 ` 76t6 ` 114t7 ` 186t8 ` 248t9 ` 354t10 ` 445t11 ` 569t12

` 666t13 ` 797t14 ` 867t15 ` 944t16 ` 968t17 ` 972t18 ` 938t19 ` 888t20 ` 767t21

` 624t22 ` 539t23 ` 420t24 ` 277t25 ` 138t26

P11ptq “ 1 ` 9t2 ` 8t3 ` 35t4 ` 55t5 ` 111t6 ` 179t7 ` 308t8 ` 446t9 ` 683t10 ` 931t11

` 1284t12 ` 1639t13 ` 2131t14 ` 2554t15 ` 3068t16 ` 3516t17 ` 3978t18 ` 4299t19

` 4620t20 ` 4722t21 ` 4738t22 ` 4655t23 ` 4443t24 ` 4047t25 ` 3552t26 ` 2937t27

` 2514t28 ` 2029t29 ` 1484t30 ` 873t31 ` 265t32

P12ptq “ 1 ` 10t2 ` 9t3 ` 44t4 ` 71t5 ` 155t6 ` 265t7 ` 479t8 ` 742t9 ` 1202t10 ` 1749t11

` 2561t12 ` 3511t13 ` 4828t14 ` 6255t15 ` 8049t16 ` 9969t17 ` 12172t18 ` 14362t19

` 16721t20 ` 18888t21 ` 20965t22 ` 22755t23 ` 24178t24 ` 25133t25 ` 25498t26

` 25195t27 ` 24670t28 ` 23456t29 ` 21772t30 ` 19414t31 ` 16711t32 ` 14123t33

` 12023t34 ` 9482t35 ` 6833t36 ` 4006t37 ` 1317t38

P13ptq “ 1 ` 11t2 ` 10t3 ` 54t4 ` 89t5 ` 209t6 ` 375t7 ` 710t8 ` 1165t9 ` 1980t10 ` 3043t11

` 4692t12 ` 6807t13 ` 9838t14 ` 13505t15 ` 18404t16 ` 24159t17 ` 31296t18 ` 39361t19

` 48823t20 ` 58981t21 ` 70278t22 ` 81886t23 ` 93869t24 ` 105612t25 ` 116901t26

` 126688t27 ` 135618t28 ` 142267t29 ` 147027t30 ` 148755t31 ` 147909t32 ` 144539t33

` 139430t34 ` 131305t35 ` 120931t36 ` 108095t37 ` 93604t38 ` 80199t39 ` 68481t40

` 55663t41 ` 42067t42 ` 27881t43 ` 13597t44
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