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Abstract. By the work of Ferroni and Larson, Kazhdan—Lusztig polynomials and Z-polynomials
of complete graphs have combinatorial interpretations in terms of quasi series-parallel matroids.
We provide explicit formulas for the number of series-parallel matroids and the number of simple
series-parallel matroids of a given rank and cardinality, extending results of Ferroni-Larson and
Gao—Proudfoot—Yang-Zhang.

1 Introduction

Given a graph, a series extension is a graph obtained by subdividing an edge, and a parallel
extension is a graph obtained by adding a new edge parallel to an existing one. A graph is
called series-parallel if it can be constructed from a 2-cycle by a sequence of series and parallel
extensions. By convention, a single edge and a single loop are also considered series-parallel graphs.
A matroid associated with a series-parallel graph is called a series-parallel matroid. A series-
parallel matroid is simple if and only if it comes from a graph with no loops or parallel edges.

A (possibly empty) direct sum of series-parallel matroids is called quasi series-parallel; this
is the same as taking matroids associated with disjoint unions of series-parallel graphs. A quasi
series-parallel matroid is simple if and only if each of its components is simple. Quasi series-parallel
matroids are characterized by the property of having no minors equal to the uniform matroid of
rank 2 on 4 elements or the matroid associated with the complete graph K, [FL24, Proposition 2.1].
The rank of a quasi series-parallel matroid is equal to the number of vertices minus the number of
connected components of the corresponding graph.

Consider the following quantities:

Ch, 1 = the number of series-parallel matroids on [n] of rank k [OEI24, A140945]
E,, 1, = the number of simple series-parallel matroids on [n] of rank k [OEI24, A361355]
[OET24, A359985]
l ]

OFEI24, A361353

A, = the number of quasi series-parallel matroids on [n] of rank k

Sp.k = the number of simple quasi series-parallel matroids on [n] of rank k

Remark 1.1. The letter A stands for All quasi series-parallel matroids, S stands for Simple quasi
series-parallel matroids, and C stands for Connected quasi series-parallel matroids, which are the
same as series-parallel matroids (with the convention that the empty matroid is not connected).
The letter E does not stand for anything, but it means simple and connected. In [FL24], the
quantity Eoy 41 is denoted Ej.
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Remark 1.2. The original motivation for studying these quantities is that A,, ;, (respectively S, i)
is equal to the coefficient of "% in the Z-polynomial (respectively Kazhdan-Lusztig polynomial)
of the matroid associated with the complete graph K, 1 [FL24, Theorem 1.1]. This is the only

known combinatorial description of these coefficients.

Remark 1.3. Note that the number of series-parallel matroids on [n] is not the same as the number
of series-parallel graphs with edge set [n], because different graphs can induce the same matroid.
For example, there are three different ways (up to isomorphism) to label the edges of the 4-cycle
with the labels {1,2, 3,4}, but they all induce the uniform matroid of rank 3.

Consider the following generating functions:

E(z,y) = ZZEn,kyk%, S(z,y) ::ZZSn’kyk%

n=1 k=0 n=0 k=0

co n k$n 0o n k$n
C(:L'ay) = chn,ky H? A(.I,y) = ZZAn,ky F

n=1k=0 n=0 k=0

Note that the two generating functions on the left begin with n = 1, while the two on the right begin
with n = 0; this is because the empty matroid is quasi series-parallel but not series-parallel. The
combinatorial relationships between these numbers can be expressed in terms of their generating

functions.

Proposition 1.4. We have the following identitiesﬁ

exponentiate
E S
S(x7 y) = eE(oc,y) precompose precompose
R with e* — 1
A(.%', 3/) = eC(:c,y) V:Iﬂll :chd_ml and multiply
by e”
Clz,y) = E(e—1ly) +w & M
A(-T’ y) = S(em - 1, Z/) e’ exponentiate

Proof. A quasi series-parallel matroid on [n] is given by a partition of [n] along with a series-parallel
matroid on each part, and it is simple if and only if each component is simple. This fact, combined
with [Sta24l Corollary 5.1.6], implies the first two identities. When n > 2, a series-parallel matroid
on [n] is given by a partition of [n] into parallel classes and a simple series-parallel matroid on the
set of parallel classes. This observation, combined with [Sta24, Theorem 5.1.4], implies the third
identity. (The addition of x comes from the matroid of rank 0 on the set [1], which is series-parallel
but not simple.) Finally, a quasi series-parallel matroid on [n] is given by a set of loops, a partition of
the nonloops into parallel classes, and a simple series-parallel matroid on the set of parallel classes.
This statement implies the fourth identity by [Sta24, Proposition 5.1.1 and Theorem 5.1.4], with

the factor of e* corresponding to the choice of the set of loops. O

3With the fourth equality, we fix a sign error from an equation appearing in the proof of [FL.24, Proposition 2.14].



We focus here on the numbers E,, 1, from which all of the others can be computed. We know
that we have E,, ;, = 0 when n > 2k > 0 [FL24], Proposition 2.10]. Theorem provides formulas
for Eop—1y [FL24, Corollary 2.12] and FEo,_2 ) [GPYZ, Corollary 1.6]. We adopt the standard

notation (2k — 1)1:=1-3-5---(2k —1) = <2"2! .
Theorem 1.5. [FL24, I(GPYZ] We have

E2k 1,k —3 E2k: 2.k k2 2 b3
o = (2R d R k-1 2k —2)F 2 S(k—2)(2k—2
2k — 1)l = (2k—1)F an 2k — 31 = (2k—1)F7 —( )+ (k= 2)( )

Our goal in this note is to provide a formula for Eo;_,j for arbitrary k£ and r. Our formula
becomes more complicated as r grows. It can be used to recover Theorem and we also use it
to provide an explicit closed formula for the next case Ea;_3j (Example [1.7).

Consider the unsigned associated Stirling number of the first kind

(AR s R o

which counts the number of derangements of [n] with k cycles [ComT74, page 256]. This quantity

vanishes when n < 2k, and Equation implies the following formulas when n is close to 2k:

] -

Theorem 1.6. For all 0 < r < k, we have

2k —p—1{| o= (=)7L (2k — hop-l
Eok—rk = Z " P ” ( p—9) :

= k—p = il(r—p—1)!

2k +1
k

2

2k + 2
= ZE(2k+1)1,  and *

_ %(4k+5)(kz+1)kz(2k+1)!!.

Example 1.7. When » = 1 and » = 2, Theorem reproduces Theorem When r = 3,
Theorem [1.6] tells us that

Eap_3

1 B 1

P T B e A 1o
20k = 2) ((2k =35 — (2 - 2"
+$(4k ST (k= 2)(k — 3)(2k — 3)F

Remark 1.8. Let M be a simple quasi series-parallel matroid of rank k on the set [2k — r], and
let {M;} be its connected components. Then M; is a simple series-parallel matroid of rank k; on a
set of cardinality 2k; — r;, and we have ) . k; = k and ), r; = r. Thus Sa;_, ; may be computed

in terms of Fp;_s ; for j < k and s < r. The precise formula can be derived from the first equation

in Proposition

We prove Theorem using the generating functions. Ferroni and Larson provide an expression



for the generating function C(z,y) in terms of the compositional inverse of the function
1
glog(l +ay) +log(l + x) — x,
where y is regarded as a parameter (Section . We explicitly compute the coefficients of this

compositional inverse, which gives us a formula for the numbers C), ; (Corollary . We then
combine this with the third identity in Proposition [1.4] to prove Theorem

Acknowledgments: The authors are grateful to Luis Ferroni and Matt Larson, whose work made

this paper possible.

2 Two Stirling lemmas

We begin with two lemmas about Stirling numbers that we will need later in the paper. Let {Z} be

the Stirling number of the second kind, which counts partitions of [n] into & nonempty parts.

_ m+1
Cm—t+1]

Proof. Let us denote the left-hand side of the equation by 7}, .. We have

bt f = e =m=ew0d, 7

Lemma 2.1. We have

saen(m )[4
‘ {+p P

p=




and we will show that T, , satisfies the same recursion. Indeed, we have

14

—14+p l+p
ot = S () (2L
N4 1.4 pz:;( ) f—l—p £_|_p D
_ z‘:(_l)p+é<m+p—1) (+p
=0 l+p—1 P
¢
-1 14 -2 ¢ -1
=Z<—1W<m+p )(Hp—l) TPt
=0 {+p—1 p—1 P
—1 £+p—2 {+p—1
- (1) S (et (MR
(m =+ pz:: <€+p 2 p

([t
— (m— e+1£_20 qM((Tquq__Ql) <€T;—ql>> HZ_IH
)

]

{—1
+qg—1
_ —¢ 1 q+€ 1<m
(m + )q_( l4+q—1

O

= (m—L+1)Tn-14-1-

This completes the proof.

Lemma 2.2. We have

Proof. We have

mz{”““} = [{f s It K] = [}

" L
_ Z(j)’{f![n—i-l]—»[m - 1f ] = [m] | [j] C im(f)}]
7j=1
_ — (m n+1
= Fﬂ<j)(nl_ )!{nl j}.}{f [k“l]_’hn]\U]C1HKf)H

and therefore



By the inclusion-exclusion principle,

k—1 .
5Bt bl Gl i) = -0 ()75 = 1= ] ] 2 (1)

This completes the proof. O

3 Sums of products of reciprocals

Consider the numbers

1
Hm,k = Z " " .
P R TR (Y
J121,.5k21

Lemma 3.1. We have the recursion

nHy g =kHy g1 p—1+(n—1)Hp_ 1.

Proof. We have

n! 1
nHp kr = 7 E , :
’ | .
k! J1tFje=n—k (jl —+ 1) (]k + 1)
J121,.. k21

G+ +--+Grt+1)
2 Gr+1)--- Gk +1)

Jittig=n—k
J121,.,jkg>1

By symmetry, we may replace the numerator in the fraction above by k(jx + 1), and we obtain the

equation

k(ji + 1)
nHy ki = E , :
Jit+jp=n—k (‘]1 + 1) T (]]‘7 + 1)
J121,...,j>1

> .
Jitetie=n—k (jl + 1) o (]k—l + ]-)
J121,.,jkg>1

k
-y Y
g2l g1t tir—1=n—k—j (1 +1) (Jr—1+1)
J12l, k121




Similarly, we have

k
(n—1)Hy 1% = Z Z (Gi+1)- (r—1+1)

Jk21 jitetjp—1=n—k—jp—1
J121, 0 jk—1>1

Taking the difference, we find that

k
nHy g — (n—V)Hp g1p = Z . '
Jitetig—1=n—k—1 (j1+1) (Jk-1+1)

J121,. g —12>1

= kH, p_1k.

sl

Proof. The recursion in Equation matches the one in Lemma

This completes the proof.

Lemma 3.2. We have

O]

Remark 3.3. There is a direct proof of Lemma not requiring Lemma [3.1, making use instead

of a comment by Copeland in J[OEI24, A008306]. We thank the referee for this observation.

Lemma 3.4. We have

> Hlﬂﬂl i Zi:()ﬂe,pmMp

Jit+t+jp=m i=1

1>l ,0k>1
Proof. We have
1 _|_sz Jl+ “+ip
> oIt - (), .
Jite+ig=m i=1 Jit-+jg=m p=0 1+1 (Jk+1)
71>21,..,0k>1 121,521

k k m—k+p 1
B Z(p) 2V X GED G

p=0 l=p Jitetp=m
g1t ap=t
Jjizl,..Jk>1
m k
l
= E Yy E < )Hé,p m—L,k—p-
{= p=

This completes the proof.

O

Combining Lemmas [3.2] and [3.4] yields the following corollary, which we will use in Section [4



Corollary 3.5. We have

{+p
p

SO e ()
= Y
|
Jittj=m i=1 ]Z+1 (m — k /=0 p=0 t+p
Jj121l,..,k>1

4 Inverting a power series

The partial Bell polynomials B,, ;(t1,...,t,—+1) are characterized by the identity

0 .
xJ z"

CXp | Y E tj? E Bnk t17-- ln— k+1)ykm~ (2)
= ! !

0<k<n
The following lemma gives an explicit expression for these polynomials.

Lemma 4.1. We have

n! t; t;
Bn,k(tla---atn—k+1) = E Z %ﬁ
o e=n J1- k-

J1z1,.,0k>1
Proof. Equation implies that By, k(t1,...,th—k+1) is equal to the coefficient of 2™ in the power

series

The lemma follows. O

Suppose that
> " > z"
Z noy and G(x) = Z Gnm
n=1 n=1
are power series with coefficients in some commutative Q-algebra R. Suppose further that Fy # 0,

and let F, = (nilf)lFl, so that

— TL x

The following result is a corollary of the Lagrange inversion theorem |[Cha02, Corollary 11.3].



Theorem 4.2. We have G(F(x)) = x if and only if Gy = F;'" and, for all n > 1,

1 n—1 R R
Gn = g donln+ 1) (b k= DBy (FlFH)
b g=1
1S o (n+k—1)
- DI
I k=1 ' dittie=n—1i=1 J

121, >1

We now apply Theorem [£.2] to a particular power series with coefficients in the commutative
Q-algebra Qly]. Let

1
ZF x—' = ;log(l—kxy) +log(l+ ) — x.

Explicitly, we have Fy(y) = 1 and F,,(y) = (—=1)"1(n — 1)!(1 +y" 1) for all n > 1. Let

= ny;: nkzyi
> Cal) = DD Gur ™
n=1 :

be the unique power series with the property that G(F(z,y),y) = .

Proposition 4.3. We have

l . .
; +/ n+j
Gt = Grnt1 = > (~1y ]|’ .
nt n,n—~_0—1 ];( ) ] j—l—g—i-l
Proof. Let
Fuly) = Foaly) (=)™l +y")
By Theorem we have
n—1
(n+k—1)!
Gy = SplEEs s A
k=1 ' Jittjr=n—1i=1
J121,.,0k 21
n—1
_ tho1(n+k—1)! 1+y”
- Sapualahot g L
k=1 ji+-ti=n—1i=1 7"
J121,.,052>1

Note that this polynomial is clearly palindromic of degree n—1, which implies that G,, o = Gy, ,—¢—1.
By Corollary Gn(y) is equal to
n+k—1
l+p )

n—1

¢
Z y Z 1)n+k71 Z
p=0

k=1

L+p

n—1—0+k—p
k—p




Taking the coefficient of y* and reindexing with j = k — p, we get

n—_—1
an _ (71)n+]—€—1
7=0

¢

S

p=0

{+p
p

n—1—4+j
J

(n —1+4+j —I—p>
l+p '
Note that the symmetry G, = G, ,—1—¢ can be seen by exchanging j and p in the summation

above. By Lemma [2.I] with m =n — 1+ j, we have
n+j
n+j—42J

Replacing ¢ with n — 1 — £ allows us to rewrite our expression as

{n—i—j}
jres1)

This completes the proof. ]

n——(—1 .
, —1-7
T

j=0 J

14
Gn,Z = Gn,n—l—Z = Z(_l)j—M

Jj=0

J+/
J

Proposition along with a theorem of Ferroni and Larson, provides a formula for Cy, .

E+0—1|| (n—1+k

k k+e¢ |
Proof. Using the work of Drake [Dra08, Example 1.5.1], Ferroni and Larson [F'L24], Proposition 2.3]
show that

Corollary 4.4. For all n > 2, we have

/-1

Cu = Yo (1)

k=0

Clx,y) = (1+y)z +y/G(x7y) dz,

where the improper integral is taken to have no constant term. This means that, for all n > 2,
Cho = Gp—14-1. The Corollary then follows from Proposition O

Remark 4.5. In Proposition we gave an algebraic proof of the identity G,y = Gy, p—1—¢. We
can reinterpret this identity as saying that 141 = Cp41,n—¢, Which follows from the fact that
matroid duality is a bijection from the set of series-parallel matroids on [n + 1] of rank £+ 1 to the

set of series-parallel matroids on [n + 1] of rank n — /.

5 Proof of Theorem [1.6l

This section is devoted to using Corollary to prove Theorem (1.6

Lemma 5.1. For all n > 2, we have



Proof. This can be derived from the third identity in Proposition or one can prove it directly
using the same combinatorial reasoning employed in the proof of Proposition That is, a series-
parallel matroid on [n] is given by a partition of [n] into m parallel classes for some m, along with

a simple series-parallel matroid on the set of parallel classes. The lemma follows. O
‘Z 20 — p —1 %Z”:p (—1)i+PHl(20 — p — i)t
= pard il(20 —n —p—1)! ’

. 2%k —p—1|| <= (—=1)HPTL(2k — p — j)k—p1
Fop :§
Zk—rk ” " il(r—p—1)!

p=1 =0

Let

so that

is the expression appearing on the right-hand side of the equation in the statement of the theorem.

We next prove the analogue of Lemma for E.

Lemma 5.2. For all n > 2, we have

Cn,@ = Z {;}Em,é

m=/{

Proof. By Corollary [4.4 and using Lemma we have

k+£—1 kl{ }ib Yi(k + € — i)k-
= k+0—3j il —1)! ’

/-1

Cn,ﬁ _ Z(_l)kJrﬂfl

k=0

1=

Setting m =k + ¢ — j, we get

Cop = i {Z} “Zl(_lw_l

m=1 k=0

k+€—1k§?}4y(k+b4ﬁl
2 v Ak+l—m—i)

thus it will suffice to show that

-1 +4—
( 1)k:+€1 k+0-1 Z )(k"’—g_z)kl
— k — iNk+0—m—1)!
is equal to
1l — —p—1)! ’
= {—p — il(20 —m —p—1)!
This is readily seen by setting k = ¢ — p. O

Proof of Theorem[1.6, We need to prove that E,, = E,, for all n > ¢ > 1. We fix £ > 1 and

proceed by induction on n. If n = £ = 1, we can verify the equality directly. Otherwise we have

11



n > 2, so Equation (5.1)) and Lemma tell us that

n n n n) ~ n \ = n) ~
E E E,o=Cho=14 \E E E,,.
{f} 00+ {£+1} 41,0+ + {n} ne = Cny {g} 00+ {€+1} 41,0+ + {n} .0

By our inductive hypothesis, we can conclude that E,, ; = E,, . O
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