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An abstract simplicial complex is a set

of vertices and a set Δ of subsets

of V such that

1 SEA and TES TED

2 BE A VEV

Remark For each SE Δ dim s 151 1

We regard 0 as the mique t dim'd face

e g 12
y 01

encodes as Ev v23 v3 v3
V3 vi V23 4 V33 Even V3ua

Evi a v V2 V33 03

The reduced Euler characteristic of Δ
is E.fi i dim l faces in Δ

e s 1 4 5 1 1



A simplicial complex is

gallery connected if there is path

from any maximal
face ie facet

F to any other facet f through

a series of facets sit each

consecutive pair share a codimension

II.IE
IEtEEite

EE
Fi to Fj but not f to f j
so not gallery connected

Fact Shellable defied next implies

gallery connected



A simplicial complex is pure of dimension d
if all maximal faces are d dimensional

A simplicial complex is shellable if there

is a total order F fa fr on its maximal

faces called facets such that

Finly F is a pure cnet.EE l
subcomplex of Fj for each 522

such orders f fy are

called shellingsiFiÉFifiI

KeyProperty Each Fn yf is either

contractible due to having come point or

equals JFj When it is contractible then
attaching Fj does not change the homotopy



type of Δ whereas when it equals Ifj
then Fj attaches along entire boundary
closing off a sphere

Upshot Δ Shellable homotopy equivalent
to wedge of spheres with i spheres

maximal fees that are i dim'd attaching

along entire baby Thus

x ̅ Δ i i spheres in wedge
w

reduced
20

of spheres

Euler characteristic

I v is shellable with

x ̅ A 4J 1 1
a

1 spheres

Q Why shellable gallery connected



Ans Given facets F Fy with j 1 there

exists codimension one face of F shared

with earlier facet fj than Fj in our shelling

order Repeat for Fj if j's 1 and keep
repeating to get path from f to F

Likewise get path f to f

eye a

Next Vertex decomposability a property

implying shellability gallery connectedness

Deth for vertex ve Δ define

lk v GEA Gu v EA Gn 03 0

Tek of v in Δ

del v G E Δ GEA Gn 0 0

Water deletion of v in Δ



É FI deacutt eracus

A d dimensional simplicialcomplex Δ is

Vertex decomposable If Δ is pure and either

a Δ is d simplex or

b there exists vertex ve Δ such that

link Δ v del v are vertex
decomposable

Them Biller Provan Vertex decomposable
implies shellable

Usefulness if family of simplicial complexes has

vertex ordering such that last vertex v in each

Δ has lk v delav both in family with

suitable base cases then all simplicial

complexes in family are vertex decomposable

Key Example Subword complexes defined
Today shortly after reviewingCoxeter groups



A group W is a Coxeter group if it is generated

by a set S with relations exactly si e SES

and s S
m 5

e for some m i j 23,4 0

for each si.sj.ESwith S Sj
Note m i g when no power of s Sj equals e

e.g W S set of permutations of 1,2 7

S 1,2 2,3 3,4 4,5 5 61 6,713
53 so 5s

M 1 3 2 since 5,53 5,53553 5,53 s e

m 1,2 3 since 5,525 525,52 5,52 e

123 7213 22317 321 5,52s

132 312 12 525 52

S
to

2 x
any XX 333 3

The set S of generators is called the set

of simple reflections of W



The length of new is the smallest r such

that w si Sir for some Sip Sire 5

A reduced expression for WEW where

length w r is any product Si Sir of

exactly r simple reflections with Si 5 W

e g w 321 reverse permutation in 53

has reduced expressions 5,525 and

525 52 since length w 3

An expression s 5 for w is a

nonreduced expression for w if

w S S but length w

e s S S S is nonreduced expression for

5 since s S but length s 1 3

Any reduced expression SS Sid can be written
more compactly as reduced word inia id
e S 1,2 1 for 5,525



Defn Knutson Miller Given Coxeter group
W S element we W and word Q the

subword complex given by Q and w is

Δ Q W Q'EQ Q Q contains a

shroud reduced word for w

e g Q 1,2 1,2 1 with w s 525 53
is.ir
giiii i i it

c i i s t

tianya.ms
12

Them Knutson Milla Δ Q w is vertex

decomposable hence shellable hencegallery connected

Idea Order vertices v v2 ur byposition
e s Chris l l r s s k lagged

Show delaca.ws vr lkaca w ur are smaller
Subword complexes so in same family of complexes



Note first arose as Stanley Reisner ideals of

initial ideals of coordinate rings of matrix

Schubert varieties which helped Knutson Miller

prove these varieties were Cohen Macaulay

defined next
Them Knutson Miller If 5Q w then

Δ Q w is homeomorphic to a sphere

If SCQ w then

Δ Q W is homeomorphic to a closed ball

e g Q 1,2 1,2 1 S Q w

w 5,5252

A Q W S I dimensional

sphere

Proof follows from shellability of subword

complexes property of being pseudomanfold

namely each codin one face contained in at
most two max l faces



The Demazure product SCs si is product

which omits any steps which decrease length
e S S s Sz 5,052 53153

5,525 253
2

23
omitted steps

I

2

2 2
3

3 3

I

2 I X.IE
formally S s S

S w s
w if laws law
ws if elws Lw

S sin Sig S Scsi Sign Sig

Useful fact If si Sig is reduced

expression then 8 Sip Sid Si Sid



Matsumoto Theorem Any two reducedexpressions
for same we W are connected by a series of

commutation moves braid moves

Any expression for weW

can be converted to a reduced expression

for w by a series of commutation moves

braid moves and nil moves sire
C S 5,525,525353 5 525 52

were
all in

steambraid

525

DemazuveProcut Variation Any sequence
Si Sir of simple reflections can be

converted to one with the same Demazure

product that is reduced expression by
series of braid moves commutation moves and
modified nil moves S S 5



e 8 S 51,5215 52,5313 S 5,525,352,53
53 815 52,52153

se iÉ
525,5253

Bahat Order on Coxeter Group 4 Given any
u VEW we say user v

if and only if

every reduced expression
for v has a

Subexpression that is reduced expression

for u 5,525 525,52

13211eg 51525,52 5251 525 312

w S3 PX 13 I
V 5,525 51213 52132 S 213

2582 e 3
e

u
Br Siss for all ues S 5,52 5,524525



The faceposetFCA of simplicialcomplex Δ is the

partial order on faces with f f f f

C g Ev Nails

v2
v.v vis Ev2N Eusive

Δ IX Ideas
vs

More generally the face poset of stratified space e.g

regular CW complex is partial order on strata

e.g cells with a E C I

eg I F

v

ERP
a Tea

V2

n You
I v FCA



Above example is CW complex but not

regular CW complex

contractible
e Lez

9

BEdime
ball

fed
FCS

v2

me 0
example of

regular CW complex

Roughly speaking K is regular CW
complex if built by attaching m cells

pieces homeomorphic to 10,1M for m 0

Then m 1 then m 2 etc with each m cell

glued to union of lower cells via continuous

map called attaching map that is homeon
so injective

e s u y.E.ve
vs 3

O cells of 1 cells 0,142 cells



A face poset is a CW poset if it

is the face poset of a regular
CW complex

e s
1 1 face poset for 1

p k

D face poset for E

P not cw poset
4 s

would need edgewith
3 vertices

Note CW poset can also be face poset
for other stratifiedspace j

es XI for itEE



Total Positivity

A real matrix is totally positive if all its minors

are positive It is totally nonnegative if all
minors are nonnegative

8
is totally nonnegative since

all entries 1 1 minors are nonnegative 2 2

minors e.g I 4 5 and 1 1 are

nonnegative and 3 3 minor is 1 so nonnes

Any product of totally nonnegative matrices
is totally nonneg Each minor in A B is a

sum of products of minors of A B

is 55
1

Today Spaces of totally
I 5nonnes matrices stratified based on

1 12 35

which minors strictly positive I



Maps to Space ofTotally Nonnegative
Matrices

Given any reducedword in is id for TESn
define map flinaria Rio

Fingtisative
non matrices

column it t
f ti to x t idea

where t

Int tfi.itrow i

l

es fans titats 8 9
Yes Yes

Maps arise in work
eg of Lusatigon f titts tats
dual canonical bases to

0 0 1
We'll discuss a

stratification of the fibers heavily relying upon
subword complexes Demazure product to describethestructure


