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Boolean Lattice Bn and its
Sn representations

e g 1,23,43

12,33
2,45

3,43 2,343

425 us

B
4

Sn acts on Bn bypermuting values

action preserves so induces action on chains

Maximal chains Im permutations of 1 n

in Bn label sequences

33 1,33 1,2 33 31,23,4 1312141



Partition Lattice In and its

Sn Representations
1234

1231412134 341312 413 2321134

tk EFfIda

we
114 1121314

Snacts on In by permuting values
e S 13 12 3 45 32 1 45 Is

Action preserves so permutes
chains u Luze Luk





Sn action on poset chains

gives rise to Sn representations
on Homology Groups

Recall P is graded if uav in

P implies all maximal chains u to
uparrow

have same length

Bn graded of rank n

pin graded of mind n1

Sn action on Bn resp pih

preserves rank distance from hat0

Action on chains of P induces
action on faces of DeltaleftPright

veehat0



Sn action on chains of P
commutes withDidry map for ACP

d us our Ép no ca cur

Therefore Sn permutation rep'n
on ith chain gp of Δ P

induces Sn reph on ith homology

SP of Δ p action sends cycles
to cycles boy to boy

But B In have homology
concentrated in top degree

homologydue to shellability facet
implying wedge e yof top dim l
spheres



Def Given a graded poset P
of

rank n with G actin preserving rank

for each Ssubseteqleft12negn1right define
1l

leftS1S2Skright

alphasleftPrightcdot permutation rep'n of G
on chains c1ldotsckinP
where rank leftcirights for i12k

G repinbetaSleftPrightsum_TleqSleft1rightleftSTrightalphaTleftPright virtual

Fact If graded
supset

I with G action is

Cohen Macaulay e.g shellable then

a PSleftninPrkleftnrightinSright has homology
concentrated in topdegree forallSsubseteqSigma1 rkP 1

b betaSleftPright is an actual G representation

namely repin on top homology of

Ps coming from G action on ps



Whitney Homology for Graded Postes

WHS P In
rklu maxs Ps maxs

for P In this decomposes into

Sn Submodules

WHs Tn Bsmalfin
rk u maxs

type a

e 9 type 123 4 5 2,0 1

Ipants't parts of

type 234 1 5 of size
size 3

WH F βs F Ps maxs B

Observation H Reiner essentially Orlik Solomon

WH312 Tn Esn H PconfyR2
Thim H Reiner

WH Tn stabilizes at 3 its



Rand Selected Homology Bs in of

PartitionLattice In
5 1,3 n 23 case

β 1,2 n z Tn Htop Tu

The Hanlon Stanley

Binn z
in _same

4

where Y is linear repin sending generator

for Cn to eatin

Rk This is an n 1 dim'd neph of Sn

Them Joyal Pinnatin sushi itnice ptsby
Barcelo Wachs free Lie alg



betasleftoverlinepinright for other rank sets 5

Qn Stanley 82 Understand betaSleftoverlinepinrightforallSsubseteqSigma1n2

Lots of pastwork on leftlanglebetasleftoverlinepinright1rightrangle
but betasleftoverlinepinright not well understood

encapsulates hard questions on plethysm

Much of our focus representation stability

for betasleftoverlinepinright for any fixed 5 as n grows

Aside For P geometric lattice PS

is matroid analogue of partial

flag variety



RepresentationTheoretic Stability

Def Church fail A series

of Sn modules M Mz Mz
for n 1 2,3 stabilizes at n no

If Mn 5

Mn n.GS
ith no but

for u no

e
s As 3 1111317ME
MY nov 4 1171531733

i



How Representation Statility
Arises in WHS but NOT betaS

Have finite ineps S sit

1 S 1st appears in Mleftlambdaright
2 each Mn for ngeqleftlambdaright has

Slambdaotimes11n1times1uparrowSleftlambdarighttimesSntimesSn
c

l

omponent

sn
3 All 5M are in some Slambdaotimes11

nleftlambdaright
SNtimesS n1lambda1Pieri Rule

5

uparrow

sina.in'implies
stability at max Al X

M St as above essential part of M



Sn Module Structure for Bs Bn

The Solomon Bs Bn Es In
for S S S Specht module

of ribbon shape

Non standard IEEE'sExplanation that
foreshadows results for geometric lattices

Step 1 Consider well known Specht
module basis polytabloid basis

B Ev IT std of shape IF
for STD
8 B

u.ggIiggJ 3 for DB
with

1,171 1EE Caltism
tabloids



Step 2 Apply Sn equivariant quotient map
Fchain to B to get ribbon basis

for Bs Bn
fcham ripping MY5ham

1 quotient bijection

Fchain ftp.i
Max chains
in BE

e g 5 2 n 5 bijection

fchain 113 1 0 1 1,33 213,232

Fchain 11131 51 1,33 1,2 3,45

tabloid add Eversole steps

Step 3 Use shellability theory to prove
f chain B is indeed basis for Bs Bn
e s Fchain 1122451 1

15

ngtskii5is 1,33 1,23 Bez Bs



II Main Results of Talk
1 Sharp Uniform Representation Stability
Bound for Bs Bn as 5 held

fixed and n grows

2 New ribbon basis for β P

and WHS P for any geometric
lattice P

3 Proof of H Reiner Conjecture

i e sharp uniform representation

stability bound for Bs Tn

Whs In for fixed S as n grow

Technique for Stability Bound Apply Young
symmetrizer to ribbon basis for V to
show St V 0 for X bound 1 1



III Stability Bound for Bs Bn

Them H Sundaram The Su modules

Bs B for fixed 5 5,52 5k 1 n i

stabilize sharply at 2 maxs 151 1

Idea Prove 1 1 1 2 maxs 151 1

for each St Hs Bn that's enough
mn

essential part of WH B

Def n of wits Bn 1 1 max 5

for Ste WH Bu

Passing to Wits Bn

e.EEwits0Hn silsisn.EsnEEsts

Use ribbon basis Fchain B for WHS
to prove X max 5 151 1



Showing lambda1leqmaxSleftSright1
efn7Sleft23right 2367

14
left15rightleft154right so 15

5S3timesSs7S3timesS4

WH left23rightleftoverlineB7rightsimbetaleft2rightleftB3rightotimes1S4
congscongmathbbDotimess

essential part
Ribbon for essential part has

exactly maxS 1 511 columns

max 5 3 boxes
151 1 1 ribbon boxes havingboxeg

11
rows 1directly above

themmaxSleft1511right31 columns
inribbonYoungSymmetrizer Approach

Given filling T e s Tfrac123
Young symmetrizer bTaTleftsum_sigmainCTrightsnleftsum_tauinRleftTrighttaurighte g lefteleft12rightrightlefteleft13rightright row symm



Idea If lambda rightharpoondown columns in T then

leftbTaTrightvT0 ribbon

any basis element forSMSYoung
symmetrizerbecause

there exist two entries in 1st
row of T and same column of T

e S T1 Z of shape lambda

so lambda14
3 2

T Z ribbon shape
w columns 4

4
13

aTsum_sigmainR T

has factor eleft23right with
vT

lefteleft23rightrightleftbeginmatrix2412endmatrixright

leftfrac241312rightleftbeginmatrix3412endmatrix13right0



Thus bTaTvTbTleftldotsrightlefteleft23rightrightvT0
Young 0

symmetrizer for T

We show bTaTvT0 for all VT
in ribbon basis for V and all

SYT T of shape wlambda1maxS
1511

But bTaTVOforallT of shape

RightarrowleftlangleSlambdaVrightrangle0leftwlambda1right
max SleftSright

Thus we rule out all 5

with leftlambdarightlambda12maxSleftSright1
yielding stability bound

2 max SleftSright1

1





Homology Basis for beta5leftoverlinePright WHsleftoverlinePright
for all Geometric Lattices P

totally order the atoms a1a2an in

geometric lattice P

e g 121323142434ldots in pin

recall atoms cover hat0

label uv with lambdaleftuvrightminleftAlefturightAlefturightright
where Aleftxrightsum atoms leqx since 35 45

e S lambdaleft1234512345right35sqrt
label sequences on maximal chains of

backslash

1

are the ordered NBC bases of matroid

this gives map fr b sending max chains of P

to fillings of ribbon Rib S s2s1s3s2
nowlengthswithNBC bases

e g 5 52 6 12 3 4 12 1341234
G equiv't inversemap133412Schainmatroid basis fillings max chains

supset

1
a 9 V92 992093a52931



Lexicographic order on label sequences

gives EL shelling for DeltaleftoverlinePright which induces

shelling for DeltaleftPsright

Homology facets in DeltaleftPSright shelling given by

standard atom fillings of ribbonSEE

with NBC indep sets of size rank l

Get basis for beta5leftoverlinePright by
sendingS

each NBC filling T of

to VTsum_sigmainCol
s s
T

n leftsigmarightcdotleftsigmaTrighttabloid
then applying

overlinefchain tabloids3
max
chains
in

PSTmoverlinef chain leftVTright 1 T is std atomfilling of
ribbon with NBC

basisishomology basis for betaSleftoverlinePright
Thm Ribbon basis for omegaHsleftoverlinePright is

U ribbon basis for betaleftlefthatourightrightSbackslashxi maxs3nlrb a maxs



e f n8

Sleft25right
ribbon row lengths
2,5 2,8

5Totalorder on atoms of pin
121323142434152 52

12 3 41_
1817141378IS

standard Young
tableau whose
entries are NBC basis

T
1256 5613

12 56

11

overlinef
chain leftleftTrightrighte12veee56e12veee56veee13veee15veee78

1 I

12 56 3 4 7 8

1235617814max
chain in pins for Sleft25right

14 l 77817
8157131413vToverlinef chain 1125615 11256

left12vee5612vee56vee13vee15vee78right12vee5612vee



Basis for Whitney Homology WHs
e g W

2,53 Ts

choose u of rank 5

e g u 12356 78 4

type a 1 1 0,0 1,0

Ets gets
choose NBC standard filling for
geometric lattice 0 u IT 2356 28

1137151781e.g T
1121561

again calculate ut for all T for

all n of rand max s

Useful fact WHS In decomposes

into Sn submodules based on type of

u where WHs Tn Ps maxsrk a maxs
94



Young Symmetrizers Behave Well

on Ribbon Basis for betasleftpinright

Given Sn module v well known

that

leftlangleSlambdaVrightrangle0LeftrightarrowbTaTV0forallT
Youngsymmetrizer
of shape given
by filling Tleftsum_tauinColleftTrightsilefttaurighttaurightleftsum_sigmainRouleftTrightsigmaright LeftrightarrowbTaTcdotVOforallT

forallv in basis for V

PropicH Sundaram for ribbon basis

for pin bTaTvT0 whenever

existscdef in 1st row of T sit leftcdright
leftefright in same column of T where

cdef not in any other box labels of T

aTbT



e g.Cd 4,5
e f 67T124S 67

8314,5no
copies of 4 5,6

or 7 in any

other box labels

18T
1 26 7

bTaTvT0 since

aTleftldotsrightcdotlefteleft46rightleft57rightright
6,745181 1,8vdotsVT1267 112 451

We later show Slambda with large I

has leftlangleSlambdabetasleftpinrightrightrangle0 by
usingYoung symmetrizers Big lambda1
forces pairs c d e f as above

in same column



s 1

112
1

v 11 EI
1 1000150

Key fact
at Vt 0 because

at letfffns.is
Σ

further facilities

H 4113112517 2,29gg p
e a3kz

where 3 25 V 1 0

Thanges boxes of 7
implying btatv 1 0 up

ribbon
basis

fillings T of

Thus St βs in 0



Using Ribbon Bases to Reprove

WH
El i

leftPrightcong ith graded
pieceofOrlikSolomon algebra

uses ribbon shapei where

NBCT std
fillingsareexactly the NBC bases w

atoms arranged in descendingorder

map ea1ea2ldotsear1rightarrowoverlinef chain VFlefta1a2ldotsright
gives G equivariant isomorphism
0.5 relins translate to interesting
relins in Whitney homology



I Prof of Reiner Conjecture

Sharp StabilityBone 4 max 5 151 1

for Bs Tn

Stability Bd for WHs Tn

Stability Bd for Bs Tn

Decompose WHs Tin EmasPsies
into submodules based on partition type
of u ie sizes of blocks of u

e g 4 2,4 5 7,9 10 1 3 6 8

type m 4 parts size

me I

Mz 0

My L



Show component of WH s In
of type 25

2

stabilizes sharply at 4 max 5 151 1

a
WHs 2 manEg β B 12

112

5 12

Show all other components of

Whs In also satisfy

4maxS 151 1 stability bd due

to all 5 in essential part WIs
satisfying 1 1 1 4 maxs 151 1



To this end note that

1 1 Σ j.mg sum of part sizes
5 2 of n of size 1

2 maxs

Use Young symmetrizers to

prove X 4 maxs 151 1 1 1

implies b at V 1 0 Vt
in ribbon basis due to

large 1st now in forcing

Ee in same column

of ribbon all in 1st row of T

Conclude S WIs Tn 0

for 1 1 X 4 maxs ISH BE



Thanks


