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Equivalently a polytope P is simple
if its dual polytope P is
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simple simplicial
polytope dual polytope

Next Some important examples with
associated posets



Permutedon with weak order poset

Hesse diagram as its 1 skeleton graph
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cost vector I 4,3 2,1 EIR has

E w̅ E v2 for w̅ v2 in weak order

e g E 4,32,1 42 32 22 12
V

E 1 2,3 4 4 1 3 2 2 3 1 4

graph has up edge in w̅ if i obtained

from w̅ by sorting consec pair of letters
e g 1432 4132



Association with Tamar lattice
Hesse diagram as 1 skeleton digraph

using today's realization of Assoc

f1 I

Ii

Tamar lattice is poset on binary trees

with cover relations V V
a b c a b c

Third Example Generalizedassociahedra
Cambrian lattices cluster algebras of
finite type edges for mutation



Quick Background on Poett
The Hasse diagram of poset P is

directed graph with vertices the
elements of P and edges u v

for u v sit ZEP with

u Z CV i e cover relation's u v

A poset L is a lattice if for each
u VEL there exists unique least upper
bound uvv called the join and unique
greatest lower bound unv called meet

e g
novo

1 I
lattice I not lattice



The order complex denoted Δ P

of poset P is simplicial complex
whose i dimensional faces are

the 1 chains vo v Lvi
in P

e s got a
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It vent's

The atoms of u v in P are the
elements a covering u ie with us a



Defn Given polytope P cost

vector I let G P c digraph
on vertices of P with u v

E use

This H If P is simple
polytope E is generic cost

vector sit GCP E is Hasse

diagram of lattice L then

u v ball or sphere 5
for each UCV Hence

McCu v
0 if ball
1
Σ
if 5 2
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Today simple polytopes where

G P c is Hasse diagram





Nonesiting Path Conjecture
For each u v in polytope P there

exists path u to v that does not

revisit any facets
max l faces

Nonevis Path Conj Hirsch Conj

Any non revisiting path u to v

leaves a facet at each step but

is still incident to at least d facets

when it reaches d so

steps facets a
II.fi i

Upset Both conjectures are false
in general So is monotone HirschConj



Conjecture 1 If P is simple

G P c is Hasse diagram of lattice

then no directed path in GCP E ever

revisits
any facet equiv ly any face

it has left

Known cases 3 polytopes spindles w

source sink the distinguishedvertices

Consequence of Conjecture Under these
conditions no directedpath has length
greater than facets dim P so

monotoneHirsch Conjecture holds
Then Dominik Pread Under hypotheses of
Harsh conjecture monotoneHirsch conj holds
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Evidence for Conjecture Noncisiting
Dimension Propagation Leema I

If P is simple polytope with

faces F G with dim G dim F I

and G P C is Hasse diagram

then V W E F cannot have

directed path PF.IT Xto w in F

1 5 4 4outward edge
6

to G F inward

edge G F to w



Other Examples we Hasse

Diagram Paperty

Hypercube Lattice of subsets
of 1 n

Permatahedon us Weak order

Associahechon us Tamani Lattice

Generalized us Cambrian
Associahedra Lattices

Next Directionally Simple Polytopes
Bruhat Interval Polytopes
image of moment map on nonneg

part of Schubert variety



Bruhat Interval Polytopes
For a

Banat
V let

Qu v Conv Eze Bruhat us z v3

Qu Qe
Pv poset on 1 skeleton of Qu

y 14323214 3142

2314 4 1423

13412 123

231 243

1234

not simple polytope e g have 4 edges
downward from 3412 top



A polytope P with cost vector I

sit G P T is Hasse diagram of

poset is directionally simple if

u e P and all collections

a ar of poset elements

covering u there exists r face of

P containing u ansar

Them Gaetz Qu is directionally
simple writ cost vector consistent
with Bruhat order
Them Gaetz Dw is lattice



Q Stanley What is M u u
Pw

Them Gaetz H Mpo u v 0 or 1

where a atoms of u u depending
whether u v is face of Pw Moreover

u v ball or 59
2

Method Generalize results from simple
to directionally simple polytopes

Them Gaetz H If P is directionally

simplepolytope G P T is Hasse diagram
of lattice L then

a psj a a a v va for nel covered
by a 9

b Δ a v ball or sphere ucv



Bidge Polytopes Plabic Graphs

a Result on Higher connectivity

Lauren Williams

Bridge polytopes all isomorphic to Bruhat
interval polytopes Qw for we Sn a

Grassmannian perm ie perm w at most one

descent
Maximal chains in such Poor BCFW

bridge decompositions of w

Moves across 2 faces to series of Postnikov
moves on plabic graphs

Mothation Postnikov theory of plabic graphs
w equlu classes under moves labeling
positoid strata in cell decoup of Gr k n



Matsumoto'sTheorem Any two
reduced expressions for same

permutation connected by braid
moves commutation moves
e g 5352535 54525253525,5452

where S Ci iti

3 1 III
5,525 move

525,52

Polytope Version
reduced or max chains in
expressions weak order

braid moves

commutation or
flips across
2 faces of

moves permutahedron



e g

5,525,53525 ÉfÉÉÉÉ
É I

1423

525 5253525 2134

Them Athanasiadis Edelman Reiner

Graph of reduced expressions for wes

connected by braid commutation moves
is at least a 1 connected where
a atoms of Ce w

Idea Prove more generally for

flip graphs of simple polytopes
Them Gaetz H Extension of AER to
directionally simple polytopes



This Gaetz H for Buchat internal

polytopes the graph whose vertices

are poset max l chains whose

edges are moves across 2 faces
is at least a 1 connected

Cor Gaetz H The graph of
BCFW bridge decompositions
of plabic graphs with edges
given by extended Postrikov moves

is at least a t connected
where a atoms of Pw



BLEW BridgeDecomposition Mere
e g 1 2 3 4
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Bruhat interval polytopes



Q1 4 Use theory of fiber polytopes

coherent paths to explain generalize
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Theorem Dominik Pru B If P
is simple polytope GCP e is

Hasse diagram of lattice L then
P E satisfies monotone

Hirsch conjecture

Idea A vertex v e P is the

unique source of a facet
v E or v is a join i wed of L

Each cover relation wi ou it
in L has uit u v j for a join ined j

3
Length of longest saturated

chain join ineducibles facets
dim P



Idea for join pseudojoin Z dim lease

jiffy
it vz psiG z

yI

ios

a

let d la length of longest path 8
to u

choose 2 face f with source u with
d la as large as possible sit F has

vertices x y both covering
u sit

X v
y pseudo join of x y

There exists x or y with edge exiting
revisiting f Choose i as large as possible
prove xp or y it also has property


