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ABSTRACT. The Winfree model describes finite networks of phase oscillators.
Oscillators interact by broadcasting pulses that modulate the frequencies of
connected oscillators. We study a generalization of the model and its fluid-
dynamical limit for networks, where oscillators are distributed on some abstract
o-finite Borel measure space over a separable metric space. We give existence
and uniqueness statements for solutions to the continuity equation for the
oscillator phase densities. We further show that synchrony in networks of
identical oscillators is locally asymptotically stable for finite, strictly positive
measures and under suitable conditions on the oscillator response function
and the coupling kernel of the network. The conditions on the latter are a
generalization of the strong connectivity of finite graphs to abstract coupling
kernels.

1. Introduction.

1.1. Historical background. In the last 50 years, an ever increasing number of
biological and physical systems displaying collective behavioural patterns has been
modelled by networks of coupled oscillators. Examples include the synchronization
of flashing fireflies, circadian rhythms in animals, the seemingly spontaneous activity
coherence in the visual cortex, crowd synchronization on the Millennium Bridge,
and large arrays of coupled Josephson junctions [39, 41, 36, 37, 38, 15]. To a large
extent, these oscillators represent stable limit cycles, coupled so weakly that after
any coupling-induced distortion they quickly return to their attractor, albeit with
a certain phase shift.

One of the first models of such so-called phase oscillators was introduced by
Winfree [40] and assumes the interaction to be driven by a mean field generated
by pulses emitted by the network, with each oscillator’s response depending on its
current phase. In its typical form the model describes N coupled oscillators with
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time-dependent phases 01, ...,0y € S!, constant intrinsic frequencies wy, . ..,wy €
R and dynamics
N
0; = wi+¢i(0:) > G(i,)I;(0;), ie{l,...,N}. (1)

J=1

The functions ; : S — R and I; : S' — R, are called the response function
and pulse of the i-th oscillator, respectively', G € RV*¥ is the coupling matriz,
and the weighted sum in (1) is the stirnulus driving the i-th oscillator. A deriva-
tion of such dynamics is given by [26, §3.2 & §5.2] using a perturbation analysis
around stable limit cycles, where the authors assume a short stimulus distorting
the (multidimensional) oscillator dynamics as an additive term in the full equation
of motion. Note that it is not always clear what form such a stimulus should have
as a result of overall network activity. The mean field form used in (1), specifically
the additive character of simultaneous perturbations, is justified by the assumption
of weak interactions.

The Winfree model (1) has recently seen increased attention [4, 18, 32, 17, 7],
though with a strong focus on the mathematically tractable case G(i,5) = G (all-
to-all coupling), 1;(6) = —siné, and I;(6) = 1 + cos@, Vi,j. Using this type of
models to understand neural network activity, and in particular synchronization,
currently seems to be a promising approach [35]. Note that the model describes the
dynamics of oscillators on a finite graph. Given that the mammalian brain consists
of billions of interacting neurons [14], large-network limits could be particularly
fruitful, despite (or because of) their simplicity. As N — oo, an often considered
limit of (1) for all-to-all coupled networks with identical oscillators (w; = w, I;(p) =
I(p), and ¥;(v) = ¥(p), Vi) is the equation

uplt.0) =00 {p(t0) o +00)G [ 10tprae| )@

describing the evolution of the probability density p(¢,d) at time ¢ € R of an oscil-
lator being at phase ¥ € S* [3]. This limit, analogous to the Boltzmann equation in
kinetic gas theory, has already been considered in the celebrated Kuramoto model
of coupled oscillators with great success [25, 26, 1].

1.2. Models examined in this article. In this article we introduce generaliza-
tions of the models (1) and (2) to the case where oscillators are distributed on some
abstract o-finite Borel measure space (X, (X), ), over a separable metric space X
with Borel o-algebra #(X). The measure p can be seen as a fixed oscillator distri-
bution on X, similar to the continuous neuron distribution often assumed in neural
field theory [9, 19]. The space X itself, which can be finite or infinite, may have vir-
tually any topology of interest. Simple examples would be the n-dimensional sphere
S™ or torus T™, but more complicated topologies comparable to the central nervous
system are equally possible. In this context, the oscillator index i € {1,..., N} is
replaced by a coordinate x € X and the coupling matrix becomes a coupling kernel
G : X x X — R. Furthermore, we do not a priori assume any particular shapes for
1 and I, which can even vary on X, though some of our results assume certain key
features.

L Also known as the sensitivity function and the influence function, respectively.
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In the most general case we consider the field equation (or field model)

040(t,x) = ult, z, 0(t, 2)) + (. 0(t, 2) /X Gl Iy 6(ty) duly)  (3)

in the time-dependent field # : R x X — S! as a generalization of (1) and in
analogy to field theories in continuum physics [21]. The function u : R x X x
S1 — R encapsulates any individual, possibly non-autonomous, dynamics of isolated
oscillators. Similarly, we consider the continuity equation (or fluid model)

6tp(t,51/'719) = —0y [p(t7m,19) : V(t,.’t,’l?,p(t))] (4)

as a generalization of (2), with the velocity field v being given by

v(t,z,9,p(t)) =U(t7xﬂ9)+¢(wﬂ9)/XG(x7y) /31 I(y, p)p(t,y, p) de duly). (5)

Here, p(t,x,-) represents the phase-probability distribution on S of oscillators lo-
cated at the point z € X at time ¢. In the simple case where X is a finite set with
counting measure p and u(t, z,9) = w(zx), (3) takes the original form (1). Similarly,
(4) can then be interpreted as a system of coupled continuity equations for finitely
many networks, each one comprising infinitely many identical oscillators. Analogous
models have been considered as limits of the Kuramoto model for infinitely many
oscillators [34, 27, 29], for the cases when X is the real line, the two-dimensional
plane, or the circle S*.

In this article we show the existence and uniqueness of strong solutions to the
initial value problem for the continuity equation (4), at least within a certain func-
tion class and for certain initial values. To the best of our knowledge, little has
been published so far on this issue for continuity equations where the velocity field
v explicitly depends on the current distribution p(t). Furthermore, we study syn-
chronization in certain subclasses of the field and fluid models, i.e., solutions where
all oscillators share one common, time-dependent phase. In the field model (3) this
corresponds to 0(t,z) not depending on z. In the fluid model (4), this formally
corresponds to p being a rotating Dirac distribution. We give sufficient conditions
for the existence and local stability of synchrony, which involve the structure of the
oscillator response function as well as the connectivity properties of the coupling
kernel. The latter is a generalization of strong connectivity of finite graphs. Our
stability results show that prior findings for finite oscillator networks extend to the
large-network limit in a wide range of connection topologies. Our approach removes
the focus from the particular geometric structure of the underlying space X, plac-
ing it instead on the measure-transformation properties of the connection kernel G.
Moreover, it is our impression that no similar results have been obtained for the
fluid model, not even for all-to-all coupling.

1.3. Article structure. Section 2 introduces the basic notation and terminology,
summarized in table 1. In section 2.3 we show how the field model connects to the
fluid model, indicating that the latter can be interpreted as a statistical approx-
imation of the former by looking at values of the field § within small regions in
the space X instead of single points x € X. As will become clear in the proof of
Theorem 4.16, a similar connection exists in the other direction as well.

In section 3 we study the existence and uniqueness of solutions to the continuity
equation (4). We also point out the connection to the equivalent question for densi-
ties p(t,z,-) on R, evolving within a velocity field v(t, 2,9, p(t)) that is periodic in
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. The main results are given by Theorems 3.6 and 3.7 for quite abstract velocity
fields. The velocity field (5) is only considered in Theorem 3.9 as a special case.
In section 4 we deal with the question of synchrony in both the field and fluid
models for the case when u(t,z,9) = w V(t,z,9) € R x X x S* for some constant
w > 0, G is non-negative, and the response function ¥ (x,-), pulse I(z,-), and the
total coupling ||G(, ") 11, do not depend on z € X. In section 4.1 we introduce
a generalization of strong graph connectivity to integral kernels on o-finite measure
spaces. The connectivity properties of the coupling kernel G play a key role in
section 4.2. In particular, Theorem 4.10 gives sufficient conditions for the local
stability of synchrony in the field model, thus generalizing the results of [18] who
considered the special case of finitely many oscillators. In section 4.3 we study
the stability of synchrony in the fluid model against distortions with an adequately
narrow bandwidth. We show that, under certain assumptions on the model, the
diameter diam UQL,€ supp p(t,z,-) decreases exponentially with time, provided it
starts below a certain threshold. A key assumption of the theorem will be the
stability of synchrony in the corresponding field model. For the stability analysis of
synchrony in both the field and fluid model, we assume the measure p to be finite.

2. Preliminaries.

2.1. Notation. We denote Ry = [0,00) and Ny = NU {0}. The indicator function
of a set A is denoted by 14. For an interval J C R, we write |J| = sup J—inf J. The
derivative of a function on the boundary of J is understood to mean the appropriate
one-sided derivative. The Borel o-algebra of a topological space @ is denoted by
AB(Q); we will always assume the space to be endowed with that o-algebra. The
space of bounded linear operators between two Banach spaces E,F is denoted by
L(E,F), and L(E, E) is abbreviated to L(E). For a linear operator # on a normed
space, we write o(#) for its spectrum, o,(H) for its point spectrum, r(H) for its
spectral radius and ||#H|| for its operator norm. The symbol Id denotes the identity
operator. For a measure space (K, #,x) and 1 < g < oo, we write L4(k) for
the Li-space defined on (K, %, k) and ||| 14(,, for the corresponding norm. The
notation Be(x) denotes the closed ball of radius € > 0 centered at the point x in a
metric space. The symbol ‘d’ denotes the metric in the given context. The diameter
of a set A is given by diam A = sup, ,c 4 d(z,y). If f maps to a metric space, the
support of f is the set supp f :=cl{x € X : f(x) # 0}, where “cl” denotes closure.

The Cartesian product Q1 X - - - X @, of topological spaces Q1, ..., Q, is assumed
to be endowed with the product topology. The Cartesian product X; x --- x X,
of metric spaces (X1,d1),. .., (Xn,d,) is assumed to be endowed with the product
metric d((z1,..., %), Y15+ Yn)) = >ory di(z4,y;). The direct product Vi x - -+ x
Vy, of Banach spaces (V1, ||[|y),---, (Va, [|-]l,,) is assumed to be endowed with the
product norm |[(v1,...,v,)|| = Y i, |lvs]l;- The product Ky x- - -x K,, of measurable
spaces (K1, 1), ..., (K, %) is assumed to be endowed with the product o-algebra
Q- @ Ky, Finally, recall that Z(X; x -+ x X)) = B(X1) @ - @ B(X,,) for
separable metric spaces X7, ..., X, [10, Theorem 6.4.2].

The circle S* is identified with the quotient group R/Z. For a set Y and f :
Y x © — R we shall denote by supp,,, f the closure of Uer supp f(y,-) in © and
diampy, f := diam(supp,, f). For ¥°,9/ € S* we denote by [#°,9/] the circular arc
between 9° and ¥/ (inclusive), covered as one traverses S* from ¥° to ¥/ in the
positive sense. By convention [19b,19b] = {ﬁb}.
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Let V be a Banach space or a smooth, complete manifold with tangent bundle
TV and let H : R x V — TV be a time-dependent vector field on V. Let U(t,t,)
be the flow generated by H, i.e., the unique solution to the initial value problem

LU t)(0) = HEU ()0, Ulto,to)(2) =

We also refer to U(t, t,) as as the propagator from time ¢, to t; induced by H. It is
said to be autonomous if U(¢,t,) only depends on the difference (¢ —t,).

The coordinates t € R, z € X and ¢ € S* (or occasionally ¥ € R) introduced
in the models (3) and (4) will be referred to as time, space, and phase coordinates,
respectively.

2.2. Special function spaces. Let M, N be measurable spaces, X,Y, Z metric
spaces, F, F Banach spaces and P, Q topological spaces. We denote by M(M, N)
the set of measurable functions f : M — N, and by My(M, X) the metric space
of measurable, bounded functions f : M — X endowed with the supremum metric.
C(P, Q) denotes the class of continuous functions from P to @ and Cy,(P, X) denotes
the metric space of bounded continuous functions from P to X endowed with the
supremum metric. C,(X,Y) denotes the class of uniformly continuous functions
mapping X to Y. Let C,(X,Y) be endowed with the supremum distance doo (f, g) =
sup,ex d(f(x), g(z)) (whenever defined). Then C,1,(X,Y) denotes the subclass of
uniformly continuous, bounded functions, which forms a metric space under d.

C(Z,Cy(X,Y)) denotes the class of functions f: Z x X — Y satisfying f(z,-) €
Cu(X,Y) for all z € Z and doo(f(2n,-), f(2,-)) "=3° 0 whenever z, — z in Z. The
notation C(Z,Cy b (X,Y)) shall have similar meaning, and Cy,(Z, Cy 1 (X,Y")) denotes
the subclass of bounded functions in that space.

CYH(R,Cy(X, F)) denotes the subclass of functions f € C(R,Cy(X, F)) for which
there exists a mapping d; f € C(R,Cy,b(X, F)), called the time-derivative of f, and
a so-called error term R: R x X x R — F, such that

ft+ex)= f(t,z)+ (def)(t,2) - € + R(t,z,€)

and sup,cx [|[R(t,z,€)|| € o(e) as ¢ — 0 for every ¢ € R. The notations
CYHR,Ch(P,SY)), CH(R,Cyp(X,SY)) and CH(R, My(M, S')) are to be understood
in a similar way.

Remarks 2.1.

1. The class Cy,(X,Y) is a closed subset of the metric space Cp(X,Y).
2. If Z is a compact metric space, then any f € C(Z,Cyp(X,F)) is also in
Cun(Z x X, F).

Definition 2.2 (Wrapping). We call a function p : S' — R a wrapping [30] of
p:R — R and p an unwrapping of p if

p(0) = (0 +n) = Ty (5)(9)
nez
for all & € S', with the series converging absolutely. For any set Y we call
p:Y xSt =R a wrapping of p : Y x R — R if p(y,-) is a wrapping of p(y,-)
for every y € Y. We then write p = IL,(p).
Remarks 2.3.

1. For any p: S' — R there exists an infinite number of unwrappings.
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Symbol Description

R [0, 00).

Ny Nu {0}.

14 Indicator function of set A.

B(X) Borel o-algebra of X.

L(E,F) Space of bounded linear operators from E to F.

o(H) Spectrum of operator H.

op(H) Point spectrum of operator H.

r(H) Spectral radius of operator H.

B.(z) Closed ball of radius € and centre x.

supp f Support of function f.

diam A Diameter of set A.

supp,y, f Closure of |, ¢ x supp f(z,-).

diampy, f Diameter of suppyy, f-

Iy (p) Wrapping of function  around S*.

IT. Canonical projection of R to S = R/Z.

M(M,N) Set of measurable functions from M to V.

My (M, X) Set of measurable, bounded functions from M to N.

C(X,Y) Continuous functions from X to Y.

CHX,Y) Continuously differentiable functions from X to Y.

Cb(X Y) Bounded continuous functions from X to Y.
Cu(X,Y) Uniformly continuous functions from X to Y.

Cu7b(X Y) Uniformly continuous, bounded functions from X to Y.

C(Z,Cy(X,Y)) Continuous functions from Z to Cy(X,Y).
CY(R,Cy(X,F)) Continuously differentiable functions from R to Cy(X, F).

TABLE 1. Summary of considered function spaces and non-
standard notation used in our article, elaborated on in sections
2.1, 2.2 and definition 2.2.

2. Each p € C¥(S',R,) (with k € Np) has at least one unwrapping 5 € C*(R,R,)
with support in [—1, +1].

3. The symbol Il shall denote the canonical projection of reals to the quotient
group R/Z = S'. Note that II. is a covering map for S'. For any function
f defined on S* we call the composition f o Il. its pullback on R. We will
often abbreviate f(II.(9)) with f(«9); the distinction should be clear from the
context.

4. A similar notion to wrappings exists in the algebraic topology literature for
maps f € C(Y,S!) defined on some topological space Y, where a map f €
C(Y,R) is called a lift of fif Il.o f = f.

2.3. The fluid model as an approximation of the field model. The two
models (3) and (4) studied in this article are connected in a certain sense that might
not be apparent at first sight. In Theorem 4.16 we will show that the stability
of network synchrony in the fluid model is implied by the stability of synchrony
in the corresponding field model under appropriate assumptions. In fact, in the
proof of that theorem we will see that the mean oscillator phase solves the field
equation (3), within the context of the fluid model and up to an error of order
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o(sup, ¢ x diamsupp p(t, x,-)). We can thus interpret the field model as a limit of
the fluid model as oscillator densities p(t, z, -) approach a Dirac distribution at each
point z. As we will show below, this link works in both ways. We present a heuristic
interpretation of the fluid model as a certain statistical approximation of the field
model.

For simplicity, we consider X in this section to be a compact metric space and p
a finite, strictly positive Borel measure on X (i.e. u(A) > 0 for all open nonempty
sets A). We also assume in this section the following homogeneity condition: The
limit

m MB@)
==0+ (1(Be(y))

exists in (0,00) for all z,y € X, is approached uniformly in z,y, and the mapping
A X x X — (0,00) is continuous. A simple example of such a space would
be the n-sphere X = S™. Let u € Cy(R x X x SL,R), ¢, € C(X x S, R), and
G € C(X x X,R). Define v:R x X x S* x M(X,S') — R by

v(t,z,9,0) ZU(f,Lﬁ)+¢(Iﬂ9)/}(G(I,y)f(y,ﬂ(y))du(y)

Note that [[v(-,z, ) = v(-, &, )|l — 0as d(z,&) — 0. Let 6 € C' (R, M, (X, S1))
satisfy the field equation
Wb (t,x) = v(t,z,0(t,x),0(t,-)).

For any ¢ > 0 and (¢t,7) € R x X, let p.(t,z,-) € L(Cp(S',R),R) stand for the
non-negative bounded linear functional defined by

_ _dply)
<p€(t, z,-), f> = /Bs(z) f(@(t, y))/i(Bs(x))

for f € Cp(S1,R). Its operator norm is given by ||p:(t,z, )| = {(pe(t,z,-),1) = 1.
Furthermore, for f € C*°(S1,R) one has

def

<8tp5(t7x7')7f> :at <p€(t7l',')7f> = A ( )8tf(9(t7y))dﬂ(y

du(y)
1(B:(x))

:/B ( )f/(e(t,y)) vty 0t 1), 0(t, ) — W)

:/ J'(0(t,y)) - 0:0(t,y)
B.(x)

o) [ PO vt 000,000, )
B.(x)

:O(EO) + <p€(ta Z, ')’ f/ ! V(ta -, 9(t7 ))>

Lo(e) = (@ lp-(t,,) - v{t,, -, 0(t )], £

while we interpret p.(t,z,-) as a distribution on C°>°(S*, R). This translates to
atpe(tv €, ) = 0(50) — Oy [pS(tv €, ) ’ V(tv Ly a(tv ))] (6)

in the distributional sense. The error o(e”) scales down with ¢ — 0 uniformly
in (¢,z,0), but pointwise in the distribution’s argument f € C*(S',R). Note
that the mappings y — u(Be(y)) and y — (p:(t,y,-), f) (with f € C,(S',R)) are
both measurable. This follows from the measurability of (X x X, Z(X x X)) —
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(R, Z(R)), (y,2) = 1p_(y)(2), and the fact that B(X) x B(X) = B(X x X), the
latter holding since X is separable. Furthermore, one has

/X Glw,y) (p-(t,y, ) I(y, ) du(y)

:/ Gz, y)/B( I(y.0(t, Z))u(dge((zzj))du(y)

o dut)
/ /E () 1(B:(y)) G(m’Z)I(Z’G(t’Z))M(Ba(z)) W)
dp(z)
/ / I(z,6(¢, z))m du(y)
du(z)
0 +/)(G($,Z)I(270(t72))/)(1Bs(y)(z)d’u(y)m

=o(e”) + /X G(x,2)I(2,0(t,2)) du(z),

the error o(g°) scaling down as ¢ — 0 uniformly in (¢,z,0). Note that for the
error estimate we used the uniform continuity of G and .4 on X?, the uniform
continuity of I on X x S, the uniform convergence u(B:(z))/u(Be(y )) — N (z,y)
as € — 07, the fact that 4 (y,y) = 1 and u(X) < co. Therefore v(t,z,9,0(t,-)) =
o(e%) + v (t, 2,9, pe(t,-, ), with

V(t, 2,9, pe(ts -, ) = ult, z,0) +w(wﬂ9)/XG(x,y) (p<(t:y,-), 1(y,-)) dp(y)-
Together with (6) this implies

8tp€(tv Z, ) = 0(60) - 819 [pi(ta z, '){I(tv Z, -, pe(tv K ))] (7)

in the distributional sense. The error o(g?) scales down as ¢ — 0 uniformly in (¢, z, )
but pointwise in the distribution’s argument f € C>(S',R). The distribution
pe(t,z,-) can be interpreted as a probability density for the random variable 6(t,Y")
on S', where Y is a random variable on B, (x) distributed by the law p/u(Be(x)).
The continuity conditions on u, 1, G, and I with respect to X ensure that oscillators
in the ball B.(x) have similar properties, for sufficiently small € > 0. Ase — 0, (7)
formally takes the form of the continuity equation in the fluid model.

The advantage of the fluid model over the field model is the possibility to rep-
resent local phenomena (other than synchronization), like statistically stationary
states, in which current oscillator phases are even on a spatially local level and are
best described in a statistical way. In particular, the local variation of 0(t,-) might
tend to infinity, with p.(¢,z,-) still (weakly™) continuous in = € X (see Fig. 1). In
the limit of infinitely many oscillators at each spatial point, an alternative justifi-
cation of the continuity equation might be attempted using a method equivalent to
the BBGKY hierarchy known from kinetic gas theory. A similar approach has been
taken by [13, Appendix B] for a generalization of the Kuramoto model.

3. Existence and uniqueness results for the fluid model. We study the ex-
istence and uniqueness of solutions to the initial value problem of the continuity
equation (4). Unless stated otherwise, here X will be a separable metric space and
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(a) (b)

0(t,-) pe(t,'u')

Sl

i
% X X

FIGURE 1. Motivation of the fluid model as a statistical approxi-
mation to the field model, as described in section 2.3. (a) Example
field 0(t,-) € M(X, S'), plotted over the one-dimensional space X.
(b) The corresponding density pe(t,-,-) for some £ > 0, illustrated
as a colour map over X x S! with darker colours representing a
higher density. The density p.(t,x,-) at = results from a statistical
evaluation of the field values within the disc B.(x).

p a o-finite Borel measure on X. For © € {R, S'} we shall consider

Q0 = {p0 € Cun(X x O,Ry) : 190, ) 1) = 1 Yz € X } (8)

to be endowed with the supremum metric. The aim of this section is to provide
sufficient conditions for the existence of maximal solutions to initial value problems
for the continuity equation in the function space

Qo :={peC(J,Qe):0eJCRinterval A Iyp,Oyp exist 0
A (0p)(yx,+) €C(J x O,R) Vo € X}. )

For this purpose, we write the initial value problem as an integral fixed-point equa-
tion and apply Banach’s fixed point theorem. The integral operator is constructed
using the flow on O, which is induced by the velocity field corresponding to a given
p € Qg. This connection between flows and densities satisfying the continuity
equation has its roots in the observation that the continuity equation is an ensem-
ble description of point orbits in ©. The technical auxiliary statements 3.2 and 3.3
give a synopsis of the smoothness properties of flows generated by velocity fields
and densities corresponding to flows. The auxiliary statement 3.4 gives an existence
and uniqueness statement for the initial value problem for continuity equations with
velocity fields not explicitly depending on the density itself, which is based on the
ideas of [2, Lemma 8.1.6]. We make used of these auxiliary statements in Theorem
3.6, where we prove the existence and uniqueness of solutions for the case when
the velocity field depends explicitly on the density p. For convenience, we occa-
sionally identify the continuity equation on S* with its equivalent counterpart on R
for phase-periodic densities and phase-periodic velocity fields. In Theorem 3.7 we
provide a connection between solutions p € Qg1 of the continuity equation and the
evolution of unwrappings of p. Theorem 3.9 concretizes these results to our model
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at hand, that is the continuity equation for pulse-coupled phase oscillators with the
velocity field (5).

Remark 3.1. As already mentioned, there is a relationship between the phase
density and the flow generated by the velocity field that we would like to note
here for future reference. Let J C R be some time interval (finite or infinite) and
O € {R,S'}. Let v:J x ©® — R be such that both v and dyv are continuous and
bounded on J x ©. Suppose that n : J x © — R is differentiable in ¢ and ¢, and
0y is continuous on .J x ©. Let ® : J2 x © — O be the flow induced on © by the
velocity field v. Let n satisfy the continuity equation

5’1:7](75’ 19) = _819 [77(757 19) : V(ta 19)} .
Then 7 is of the form

n(t,9) = n(te, ®(to, t, 1)) - exp [/t o(&gv) (1,@(7,t,9)) dr (10)

for (t,9) € J x © and any ¢, € J (note the reversed role of t, and ¢ in the flow).
Furthermore,

supp7(t,-) € {0 € © : d(V, suppn(to,-)) < [t —to| [Vl } - (11)

Representation (10) has already been pointed out by [2, Lemma 8.1.6] in the context
of gradient flows in spaces of probability measures. The estimate (11) follows from
d(®(t,t0,9),9) < [t —to| IVl -

Auxiliary statement 3.2 (Smoothness of flows). Let J C R be a time interval.
Let v : J x X x R — R be such that the partial derivatives dgv,d3v exist and
v, 0yv,02v are uniformly continuous and bounded. Let ® : J*> x X x R — R be the
flow induced by v, defined as the solution to the initial value problem

D(ty,to, z,9) =10,

d

%q>(t,to,x,19) =v(t,xz, ®(t, to, x, 1))

for every (t,t,,x,9) € J> x X x R. Then the following hold:

1. ®(,ty,+,) € CHJ,Cu(X x R,R)) for each t, € J. Furthermore, ®(-,-,-,-) is
uniformly continuous on K2 x X x R for any compact sub-interval K C J.

2. ®(t,-,-,) € CY(J,Cu(X x R,R)) for each t € J. The derivative (d;, ®)(t,t,,z,V)
is given as the solution to the initial value problem

(dto¢)(toatoax7ﬁ) = —V(to,x,ﬁ),
%(d%@)(t, to,x,9) = (Oyv)(t,x, P(t, to, x, 1)) - (dy, P)(t, to,x, V)

in R. Moreover, (d;,®) is uniformly continuous and bounded on K2 x X xR for
any compact time interval K C J.

3. B(t,to, x,9) is differentiable in ¢ with the derivative Oy® given as the solution
to the initial value problem

(819(1))(t03 th Jj, 19) - Id]Ra
(01,0, ,9) = (00%) (0,2, D 1, 0)) - (o)1 1, . )

in R. Moreover, (0y®) is uniformly continuous and bounded on K? x X xR for
any compact time interval K C J.
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4. (09®)(t,+,-,-) € CHJ,Cun(X x R,R)) for any fized t € J. The derivative
(dy, 09®)(t, o, x, 1) is given as the solution to the initial value problem

(di, 09®) (to, to, 2,0) = — (D) (to, 2, V),

%(dtoaﬁq’)(t,to,x,ﬁ) =(03v)(t,, ®(t, o, x,0))
X (09®)(t,to, x,9) - (de, P)(t, to, x, D)
+ (Opv)(t, , P(t, to, x, 1)) - (di, D9 P) (L, to, z, V)

in R. Furthermore, dy,09® is uniformly continuous and bounded on K? x X xR
for every compact time interval K C J.

5. The partial derivative O3®(t,t,,z,9) exists and is given as the solution to the
initial value problem

(3129@)(1507150,90719) =0,
%(63@)@7150,%19) =(O2V)(t, x, B(t, to, z,9)) - [D9D(t, to, x,9)]?
+ (Ogv)(t, x, ®(t, to, x,00)) - (83@)(t,t0,x719)

in R. Furthermore, 8129@ is uniformly continuous and bounded on K? x X x R
for every compact time interval K C J.

The assertion is merely an extension of known facts about flows induced by ODEs
and can be proven using standard techniques [5, 28].

Auxiliary statement 3.3 (Smoothness of densities corresponding to flows). Let

J C R be a time interval and let ® : J?> x X x R — R satisfy the following:

F1. ®(t,-,-,) € CH(J,Cu(X x R,R)) for allt € J,

F2. (09®)(t,,-,) € CY(J,Cup(X x R,R)) for allt € J,

F3. (929)(t,to,-,-) is uniformly continuous and bounded for all t,t, € J, and
(02®)(t,-,-,-) is continuous for all t € J.

Fix some t, € J and let the initial state p, : X x R — R be such that p,,0ygp, are

uniformly continuous and bounded. Then the mapping p: J x X x R — R defined

by

p(t, z, ) :=p, (z, ®(t,,t,2,0)) - (O P)(to, t, x, )

(note the reversed role of t, and t) satisfies the following:

1. p€CH(J,Cup(X X R,R)),
2. Oyp is continuous and (Oyp)(t,-,-) is continuous and bounded for every t € J.

The assertion follows directly from the assumptions on ® and p, using standard
calculus. We will make use of it in the auxiliary statement 3.4 below.

Auxiliary statement 3.4. Let J C R be a time-interval. Suppose that the initial
state p, : X x R — R and the velocity field v : J x X x R — R are such that
Pos D9po, v, 0gv and O%v are uniformly continuous and bounded. Define the flow
®:J? x X xR =R as the solution to the initial value problem

Wt tor,0) =0, S (1,2, 0) = (1,2, B(1 1 2,))

for each (t,t,,z,9) € J2 x X x R. Then the following hold:
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1. For each s € J, the mapping p: J x X x R — R defined by
p(t,x,9) :==p, (x,®(s,t,x,9)) - (Oy®)(s,t,x,9) (12)

is in C1(J,Cun(X X R,R)). Furthermore dgp is continuous and (Oyp)(t,-,-) is
uniformly continuous and bounded for every t € J.
2. The continuity equation

atp(taxaﬁ) = —0y [,O(t,x,ﬁ) ’ V(t,l’,'&)] (13)

and the initial condition p(s,-,-) = p, are satisfied.

3. Within the class of functions p : J x X x R — R with partial derivatives Op
and Oyp such that Oip(-,x,-) is continuous in J x R for every x € X, there
exists a mazimal solution on J for the continuity equation (13) with initial value
p(8,+,+) = po. That solution is given by (12).

Proof. To avoid any ambiguity, we shall denote where needed the partial derivatives
of ® by 019, ...,04® (similarly for v and p,), indexed by the argument with respect
to which we differentiate. Observe that by the conditions on the velocity field v,
the flow @ is indeed well-defined.

1. By the auxiliary statement 3.2 the flow & is differentiable in 4, so that p is
well defined. In fact, by the same proposition it satisfies the assumptions of the
auxiliary statement 3.3, which in turn implies all of the assertions.

2. By the auxiliary statement 3.2 the partial derivatives 0,4®, 9P take the form

(049P)(s,t,2,9) =exp |:/ts(63V)(T,ZL',(b(T7t,I,19)) dT:| ,

(02®)(s,t,2,9) = — exp [[S(a3v)(7,$,©(T,t,$,ﬂ)) dr] -v(t,x,9) (14)

= (84@)(5,15,1}, 19) ' V(t,l‘,ﬁ)-

Note that by 3.2(1) and 3.2(3), ® and 99® : J? x X x © — O are both contin-
uous. Consequently, the compositions (7,t,x,9) — (95v)(7,x, ®(7,t,z,9)) and
(1,t,2,9) — (03v)(1, 2, ®(7,t,2,9)) are also continuous. We can therefore use
(14) to find that 9,04® exists and takes the form

0204D(s,t,x,9) =(04P)(s,t,z,9)
X /S(agv)(T,x,é(T,t,m,ﬁ)) < Oo®(T,t,x,9) dr (15)
— (é4<1>)(3,i,a:,19) - (03v)(t,x, ).
Similarly,

D3D(s,t,x,0)) =0,®(s,t,x,9)

S, (16)
x/ (03v) (1,2, O(T,t, 2,0)) - 04D(7,t, 2,9) dr.
t

Starting from (12) and using (14), (15) and (16), we find that indeed
atp(t7 x, 19) + 819 [p(tv xZ, 19) : V(ta z, 19)] =0.

3. The existence of a solution is ensured by assertion (2). Its uniqueness is given
by Remark 3.1. O
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Representation (12) is essentially a special case of the known transformation of
Lebesgue densities under diffeomorphic coordinate transformations [11], the trans-
formation in our case being the flow ® defined by the velocity field v.

Remarks 3.5. Let p, and p be as described in the auxiliary statement 3.4. Then

the following are easily verified:

(i) If po > 0 (resp., po > 0), then p > 0 (resp., p > 0).

(i) If po(x,¥) and v(t,z,9) are 1-periodic in ¥ € R, then so is p(t, z,¥). In that
case, the value fsl p(t, z, p) dp is a constant in time for all € X. The latter
is in fact a common property of the continuity equation.

(iii) If (J,cx supp po(z,-) is relatively compact in R (i.e. has compact closure),
then for any compact interval J, C J the union J,c; U,ex supp p(t, @, ) is
also relatively compact. In that case, the value f@ p(t,x,p) do is a constant
in time for all x € X.

Theorem 3.6 (Periodic solutions to the continuity equation). Let , g1 and Qg1
be the function spaces defined in (8) and (9) respectively. Suppose the velocity field
viR XX x S xQ, s = R satisfies the following conditions:

V1. The mappings given by p1  +—  v(,-p1), p1+— Ogv(--p1), and
p1 > Bgv(-,-,-,pl) are well-defined, bounded, and continuous, as mappings
from Q, 51 to Cy (R x X x SLR) .

V2. Both v and Oypv are Lipschitz continuous in Q, g1 with a uniform Lipschitz
constant.

Let the initial state p, € §, g1 be such that Oyp, is uniformly continuous and
bounded. Then in Qg1 there exists a mazximal solution to the initial value problem

p(ov'v') = Po; atp(tvxvﬁ) = —0y [p(tvxa'ﬁ) 'V(taxvﬂvp(t"v‘))]’ (17)

defined for all times t € R. This solution p is of class C' (]R, Cup(X x Sl,R)), Oy p
is continuous and (Ogp)(t,-,-) is uniformly continuous and bounded for every t € R.

Proof. We identify v with its pullback on R (with respect to the phase 9) and
identify
Qo51 ={p€Cup(X xR,Ry): p(x,-) 1-periodic
A oG, sy =1 Ve € X},
Qg1 ={peC(J,Qs1): 0€JCRinterval A J9yp,¢p
A (Op)(+,x,-) is continuous Vo € X}.

(18)

We prove the theorem without loss of generality for the spaces (18) instead. Fix
some compact time interval J = [t,,t1] C R (¢; > t,). Note that p, satisfies the
axioms of the auxiliary statement 3.4. For any p € C(J,€, s1) define v[p] : J x
X xR = R by vip|(t,z,d) = v(t,z, 9, p(t,-,-)). Then v[p] satisfies the assumptions
of the auxiliary statement 3.4. To see this, observe that the image p(J) C Q, g1
is compact so that v is by Remark 2.1(2) uniformly continuous and bounded on
R x X xR x p(J). Since p(t,-,-) is uniformly continuous in ¢, this shows that the
mapping (¢, z,9) — v(t, x,9, p(t, -, -)) is uniformly continuous and bounded. Similar
arguments hold for dyv and 93v. Let ®[p] : J? x X x R — R be the flow generated
by v[p] as in the auxiliary statement 3.4. Consider the metric space

QJ = {P € Cb(‘L QO,SI) : p(toa E ) = p0}7
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endowed with the supremum metric. Note that €1, g1 is a closed subset of the
complete metric space Cy (X xR, R), so that 2 is complete. Consider the function
A:Qj; — Qj defined by

Alp)(t, z,9) = po (z, R[p](to, t, x,9)) - (09 ®lp]) (Lo, t, 2, V), (19)

for (t,z,9) € J x X x R. Note that by 3.4(1) and Remarks 3.5(i) and 3.5(ii), A
indeed maps 0 into ;. We will show that A[p] is a contraction on the complete
metric space 0 for sufficiently small |.J|.

Let L be a Lipschitz constant for v and dyv in §, g1, as predicted by (V2). Since
Oyv and 05v are bounded, v and dyv are Lipschitz continuous in ¥ with Lipschitz
constant, say without loss of generality, L. For any (t,s,z,9) € J? x X x R and
p1, p2 € 1y, one can therefore estimate

|(I)[p1](ta5axaﬁ) - CD[pQ](t’sax’ﬁ”
S‘/ |V[p1] (1,2, @[p1](7, 5,2,9)) — VIp2] (1, 2, ®[p2](7, 5, 2, 1)) } dr
S/ |V[p1] (T’x’ (I)[pl](T7 S5, 17,19)) - V[pl] (T,.I, (I)[pQ](Tv 5,1‘,19)) } dr

+/ |V[p1] (T,w,(I)[pg}(T,S,x,ﬁ)) - V[pg] (T,x, @[pg](T,S,x,ﬁ)) ‘ dr

t
S/ LV|(I)[p1KTa S, .73,’[9) - (I)[pQ](T’ 5, T, 19)| dr + |J| L, le - p2|| :

By the integral Gronwall inequality [8], this implies
[®[p1](t, 5,2, 9) — ®lpo](t, 5,2, 9)| <el!V [T Ly |1 — po

(20)
=:Lo(|J]) [[o1 — p2| -
From the auxiliary statement 3.2(3) we know that
t
O ®[p](t, s, z,¥) = exp [/ (Ogvp]) (T, z, ®[p](T, s,2,0)dT |,
so we can estimate
|819<I)[p1](ta 5, T, 7‘9) - aﬁé[pﬂ(t’ S, T, 19)|
t
<10 [ |(@ylpa) (7.2, Blpal (7, 5,,0)
— (O9vip2]) (1,2, ®[p2](T, 5,2,9))| dT
t
<100 [ @vipn])(r,, o7 5.,9)
— (0pvip]) (1,2, ®[pa](T, 5,2,9))| dT
(21)

410 [ 1(@yvlp]) .. Blpa)(r, 5., )
- (819\/[,02])(7-,95, (I)[pg](T,S,m,ﬁ)ﬂ dr
<eloovllos . I, /t |<I>[p1](7',s,x,z9) — <I>[p2](7',$,$,19)| dr

+ elMoovlle L 17] [Ip1 = pol|
<elTVlee L |7 [La (1)) + 1] llp1 = pall =: Lo, (1)l — p2ll -
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For the last inequality we used (20). Since 9yp, is bounded, p, is Lipschitz con-
tinuous in ¥ with Lipschitz constant ||0pp,||.,. Using (20) and (21), as well as the
bound

109®[p](to, t, 2, 3)|| < et~ tellOolloc, (22)
we can estimate, for (¢,z,9) € J x X x R and p1, p2 € Q,
|Alp1](t, x,9) = Alp2](t, 2, V)|
<polloc 109 @lp1](tos t, 2, 9) — Dy ®p2](to, t, 2, I
+ el N0Vl 18y po | o, @ [01] (Eos , 2, ) — @[p3)(Eo, t, 2, D)

< [19ollos Lowa (171 + €12 3y, | La(1ID] o1 = o]

=:LallJ]; llpoll - 106p0ll o] lp1 = P21l

with Le and Lp,s as defined in (20) and (21) respectively. This shows that A is
Lipschitz continuous on €27 with Lipschitz constant L4 [[t1 — to|, [0l > 0600 &)
the latter tending to 0 as [t; —t,| — 0. Now choose |J| = |t; — t,| small enough
so that L [[t1 — to|, |0l » |100p0ll ] < 1. Then by Banach’s fixed point theorem,
A has a unique fixed point p; in Q;. By the auxiliary statement 3.4, p; is in
CY(J,9,,51) and satisfies dgp,(t,-,-) € Cup(X x R,R) for every ¢t € J as well as
deps € C(J x X x R,R). By 3.4(2) it satisfies the continuity equation d;p; =
—0y(py - v[ ps]) and by construction the initial condition p;(t,,-, ") = po-

Note that ps(t1,-,-) satisfies again the conditions on the initial state imposed
in this theorem. Therefore, p; can be extended to [t,,t2] for some to > t1 suffi-
ciently small so that L [|ta —t1|, ||ps(t1)]l o s [|0eps(t1)]|.] < 1. That extension
is in C([to,t2],2 s1). Since by the continuity equation 0;ps(t1,-,-) is completely
determined by p;(t1,-,-), this extension is in fact in C*([t,,t2], €2, s1). Similarly,
O9py € C([to, t2] x X x R,R). In order to apply an induction argument to extend
pJ to the whole real line, we need to make sure that the size of possible time steps
|tnt1 — tn| does not decrease too fast with increasing n. By the auxiliary state-
ment 3.2(5) and estimate (22), one can either using Gronwall’s inequality or direct
calculation to estimate

105 [p] (o t, -, Yoo < €17t MON e [ — 2] 5] oo

By (19) this leads to the estimates

HpJ(ta B )“oo < HpOHOQ 6|t*toH|8¢)va7

10001 (t, Moo < €1 MOMox Dy ol oo + 1 Polloc [t = tol 05V lx]

for all ¢ in the domain of py. This implies that we can always extend p; to any
arbitrary finite time interval, say for example [t,,t, + 1]. Indeed, at any time
tn € [to,to + 1] in the domain of p; and any t,y1 € [tn,t, + 1] one can by (23)
estimate

(23)

Lalltnir = tal s [lps(tn)llo 10000 (n) ]l o]
<elVle [lpo|l o, Loy (tnss — tul) (24)
+ [10900ll oo + 190l oo 105 lloc ] La (1 — t])]-

The length |t,,41 — t,| can thus be chosen small enough for the Lipschitz constant
on the left hand side of (24) to be less than 1, uniformly in ¢, € [t,,t, + 1]. Conse-
quently, a solution p € C'(R, 2, 51) can by induction be constructed for the initial
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value problem (17), satistying Ogp(t, -, ) € Cy,p(X X R, R) for every t € R as well as
Oyps € C(R x X x R, R).

It remains to show uniqueness. By Remark 3.1, any local solution p € Qg1 to
the initial value problem defined on some interval 0 € J C R is a fixed point of
A: Q5 — Q5 I La(|J],]lpollo s 109p0ll.) < 1, then the uniqueness of the fixed
point implies p = p|;. In any other case a similar induction by interval-splitting
can be used to show that p = p|;, noting that p(t,-,-) satisfies for all t € R the
initial state conditions of this theorem and an estimate similar to (23). O

Theorem 3.7 (Evolution of unwrappings). Let the velocity field v : R x X x

St x Q,51 — R satisfy the assumptions (V1) and (V2) of Theorem 3.6. Let

v:RXxX xR xQ,r = R satisfy the following conditions:

N1. v is bounded.

N2. v(-,x,-,-) and Oyv (-, x,-,) are continuous and bounded for every x € X.

N3. v is Lipschitz continuous in ¢ with a uniform Lipschitz constant.

N4. Forall p1 € Q, g with diampy, p1 < 00 one has v(t,z,9, p1) = v(t, =, 9, Iy (p1)),
with the wrapping operator Il defined in definition 2.2.

Let the initial state p, € Q, g1 be such that Oyp, is uniformly continuous and

bounded. Let p € C'(R,Cy (X x S, R)) be the mazimal solution to the initial value
problem

p(O, E ) = Po; atp(tvxa 79) = —0y [,O(t, (E,ﬁ) ~V(t,x7197p(t7 ) ))}

within Qg1, as predicted by Theorem 3.6. Let ¢, € Qo be a an unwrapping of p,
with diampy, (, < 00 and such that 0y(, is uniformly continuous and bounded. Then
there exists in Qr a mazimal solution ¢ to the continuity equation

8t<(tax»ﬁ) = _819 [C(taxaﬁ) 'V(ta$7197C(t7'7'm ) C(O»,) :<o~ (25)

The solution ((t,-,-) is an unwrapping of p(t,-,-) for all t € R and
satisfies ¢ € CH(R,Cyup(X x R,R)), while Oy is continuous. Furthermore,
B9C(t,-,") € Cup(X x R, R) and

Suppph C(tv K ) g {?9 eER:d (197 Suppph CO) S ||V||oo |t|}
for every t € R.

Proof. We start with uniqueness. Suppose ¢ : J x X xR — R is of class (g, defined
on some time interval J C R and solving the initial value problem (25). Fix = € X.
Then the mappings (¢,9) — v(t,x,9,((t,-,-)) and (¢,9) — v (¢, x,9,((t,-,)) are
bounded and continuous by assumption (N2). The velocity field v(t,z, 9, (¢, ,-))
therefore satisfies the assumptions in Remark 3.1. By that remark, ¢ is of the form

0
C(t,2,9) = oz, @(0,¢,2,1)) - exp [/t (Oyv) (1,2, ®(T,t,2,9),{(T,-,-)) dT |, (26)

with @ : J? x X x R — R being the flow generated by the velocity field v : (t,9)
v(t,z,9,((t,-,-)). Furthermore, by that remark ((, -, -) satisfies

supp,p, ¢(t,+,-) C {9 € R: d (¥, suppyy Co) < [Iv[lo [t}
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for all ¢t € J. Therefore by assumption (N4) wv(t,z,d,{(t,-,-)) =
v(t, z, 9,1 (((t,-,+))) and by the continuity equation,

8tHw(C(ta R ))(m719) = Z 8t<(tam719 + n)

nez
=—0yp Y _vlt,z,9+n,((t,--) ((tz,0+n)
neZ (27)
== Oy [v(t,2, 0, T (C (1)) D (o, 9+ m)
neZ

= - 619 [V(t,l’,ﬁ,nw(((t, ) ))) ' HW(C(t7 %y ))(1‘719)] .

Note that the sum in (27) a finite one for all ¢ € J, whose order can be chosen to be
constant for any compact time interval. Therefore II,, (¢) € Qg1 and II,(¢) satisfies
the continuity equation with initial value I1(¢(0,-,)) = po. By maximality of p,
this implies I, ({) = p|s. Therefore v(t, x,9,((t,-,-)) = v(t,z,9,p(t,-,-)) for all
t € J, which by (26) implies the uniqueness of ¢ on J.

It remains to show existence. Define the velocity field kK : R x X x R — R by
k(t,z,9) = v(t,x,9, p(t,-,-)). Then for any compact time interval J := [0,¢1] C R,
the mapping ¢ — p(t, -, ) is uniformly continuous as a function J — €, g1, and its
range over J is compact. By assumption (V1) and Remark 2.1(2), the restriction
v:Jx X xR xp(J) — R is uniformly continuous and bounded, hence so is % : J X
X xR — R. Similar conclusions hold for Oy« and 8129#;. Thus « satisfies the axioms of
the auxiliary statement 3.4, by which the initial value problem 0, = —9y({- k) with
initial value ¢(0,-,-) = ¢, has a solution ¢ € C'(J,Cy (X x R,R)). This solution
satisfies 09C(t,-,-) € Cubn(X x R,R) for every t € J and 9y¢ € C(J x X x R, R).
By Remarks 3.5 (i) and (iii), one has ((¢,-,-) € Q,r, Vt € J. Furthermore, the
set Uyes Upex supp((t,@,-) is bounded in R by Remark 3.5(iii). Since ((t1,-,-)
again satisfies the initial state conditions of the auxiliary statement 3.4, the same
reasoning can be used to extend ¢ to [0, 2¢1], resulting in ¢ € C([0, 2t1], Q r). Since
0 (t1,-,-) depends by the continuity equation only on ((t¢1,-,), one has in fact
¢ € CH([0,2t1],Cu (X x R,R)). Similarly, dy¢ € C([0,2t1] x X x R, R). Inductively,
one arrives at constructing ¢ € C'(R,Cyp(X x R,R)) N Qg with the smoothness
properties postulated by the theorem. Just as in (27), we find that

6tHW(<)<t7x7’0) = —0y [HW(C)(tv'x’ﬁ) 'V(t’x719ap(t7 K ))] )

with I, ({) € Q51 and I (¢)(0,-,:) = po. By uniqueness of solutions given
in the auxiliary statement 3.4(3), one has II({) = p, so that 9:((¢t,z,d9) =
_819 [C(t,l‘,’l?) : V(t,.f, 19’ C(ta y ))] ]

Theorem 3.6 is our main result on the existence and uniqueness of solutions to
the continuity equation on the circle S*. Theorem 3.7 connects this result to similar
statements on the continuity equation for densities on the real line. The theorem
shows what should be intuitively clear: For velocity fields v(¢, z, 1, p) depending only
on the projection of ¥ to S' and the wrapping of p, the wrapping and evolution of
densities should be commuting operations. In the next Theorem 3.9, we apply the
above results to our fluid model of pulse-coupled phase oscillators, defined by the
velocity field (5). For the proof of the theorem we require the following technical
auxiliary statement.
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Auxiliary statement 3.8 (Continuity of stimulus in oscillator networks). Let
(K, # k) be a o-finite measure space. Let K be either R or C and consider the
function class

Q, = {p € My(X x K,K) : p(a, )| = 1 Vo € X},

endowed with the supremum metric. Let I : X x K — K be measurable and bounded.
Let G : X x X — K be measurable, such that the mapping x — G(z,-) € L*(u) is
uniformly continuous and bounded. Then the stimulus

S(x, p) ::/XG(x,y)Lp(y7<p)I(y,<p) dr(p) du(y)

is well-defined for any x € X and p € Q, and satisfies the following:

1. S(-, p) is uniformly continuous and bounded for every p € Q,, and S(x,-) is
continuous and bounded for every x € X. Furthermore, S is bounded on X x €),.

2. If k(K) is finite, then S is uniformly continuous and bounded on X x §, and
Lipschitz continuous in 0, with a Lipschitz constant uniform in X.

For a proof see appendix A.1.

Theorem 3.9 (Solutions for oscillator networks). Let G : X x X — R be measurable
and such that the mapping x — G(z,-) € L' (i) is bounded and uniformly continu-
ous. Let I : X x S' — R be measurable and bounded. Let u,v: R x X x S* — R be
such that 1, Dgip, 03, u, dyu and O3u are uniformly continuous and bounded. Let
Qo.51, Qor, Qg1 and Qg be the function spaces defined in (8) and (9). Define the
velocity field v:R x X x S' x Q, 51 = R as

2, 0,p0) = ultn, )+ 6l ) [ Glon) [ o) (00) di duto)

Identify u, and I with their pullbacks on R (with respect to 9) and define the
velocity field v : R x X xR x Q,r — R as

v(t,2,0,C,) = ult, z,9) + (t, 2, 9) - /X G(z,y) / ol )T (9, 0) dp du(y).

Let po € §p 51 be an initial state and (, € Qor an unwrapping of p,, such that
09 po, 09Co are uniformly continuous and bounded and diampy (, < co. Then there
ezists in Qg1 a mazimal, global solution to the initial value problem

,O(O, ) ) = Po; 3tp(t755a19) = _619 [p(t,x,ﬂ) ’ V(tv .13,19,p(t, K ))] :

The solution p is in CY(R,Cyn(X x SY,R)), dgp(t,-,-) is uniformly continuous and
bounded for all t € R, and Oyp is continuous. Similarly, there exists in Qr a
maximal, global solution to the initial value problem

C(Oﬂ " ) = CO’ atC(t’xvﬁ) =—0y [C(t,l’,ﬁ) : V(t,.’ﬂ, 193 C(tv ) ))] .

The solution ¢ is in CYH(R,Cup(X X R,R)), 09C(t,-,") is uniformly continuous and
bounded for allt € R, and 0y( is continuous. Furthermore, for allt € R one has

Suppph g(t7 ) ) g {19 S R : d (193 Suppph CO) S ||V||oo |t‘} .
Finally, p(t,-,-) is a wrapping of {(t,-,-), Vt € R.

The last statement underlines the equivalence of solutions obtained by either
regarding the oscillator phase on the real line, or on S!.
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Proof. We will show that the velocity fields v and v satisfy the assumptions of
Theorem 3.7. For p1 € , 51,(1 € Qor, and z € X denote

Ssi(@pn) = [ Gla) [ o)) dpduty),

Sa(e, ) = /X Gz y) /R (4 0) 1y, ) doduly).

By the auxiliary statement 3.8(2) we know that Sg1 € Cy (X x €, g1,R) and Sg1
is Lipschitz continuous in €, g1 uniformly in X. By the assumptions on u and
v, the velocity field v = u + 1S as well as its derivatives 9yv, 05v are thus in
Cup(Rx X x S' xQ, 1,R). Similarly, v and dyv are Lipschitz continuous in €, g1
uniformly in R x X x S'. Therefore v and p, satisfy the assumptions of Theorem
3.7.

By 3.8(1), Sg is bounded and one has Sg(z,-) € Cp(Qr,R) for every z € X.
Consequently, v satisfies conditions (N1) and (N2) of Theorem 3.7. Since Oyv is
bounded, v is Lipschitz continuous in ¢, uniformly in R x X x Q,r. Condition
3.7(N4) is also clearly satisfied. Applying Theorems 3.6 and 3.7 completes the
proof. O

4. Synchrony. In this section we consider the field and fluid model for networks
composed of identical oscillators, that is with u(¢,z,9) = w, for some intrinsic
frequency w > 0, ¥(x,9) = ¥ (¥9) and I(z,9) = I(9) for all x € X, ¥ € S1, and
t € R. We give sufficient conditions on the coupling kernel GG, the response function
1, and the pulse I for the existence and local stability of synchrony in both models.
In the field model defined by the field equation

010(t,2) =+ 0(6(t,) | Gl y)60(t, ) duty), (25)
X

synchrony takes the form 6(t,z) = ¢(t) for some function ¢ : R — S'. In the fluid

model described by the continuity equation

Ouplt..0) = =0y |olt..0) [+ 0(0) [ Glan) [ Hodote. o) dodutn)] |

it takes the formal form of a Dirac distribution p(t,z,v9) = (¢ — ¢(¢)) with time-
dependent support ¢(t). Since Dirac distributions are somewhat pathological when
it comes to stability analysis, the methods we use and the results we obtain are of a
special character, the measure of deviation from synchrony being the distribution’s
bandwidth. Throughout this section X will be a separable metric space and p a
o-finite Borel measure on it.

In section 4.1 we introduce the property of strong connectivity for integral ker-
nels as a generalization of irreducibility of non-negative matrices. This property
will allow us in section 4.2 to use the generalized Jentzsch-Perron theorem, a gener-
alization of the Perron-Frobenius theorem on irreducible matrices to operators on
Banach lattices. Applying it to the coupling kernel G will give us the necessary in-
sight to the spectrum of the linearized dynamics around the limit cycle of synchrony.
With Theorem 4.10 we give a sufficient condition for the stability of synchrony in
the field model. In section 4.3, and in particular Theorem 4.16, we prove the sta-
bility of synchrony for the fluid model under the assumption of its stability in the
corresponding field model. This will be done by looking at the dynamics of the
mean phase and any deviations about it. The proof of the theorem will underline
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the relationship between the two models, supplementing the interpretation provided
in section 2.3.

4.1. Strongly connecting integral kernels. The connectivity of the oscillator
network inevitably plays a crucial role in the emergence and stability of synchro-
nization. For finite networks of a structure similar to the Winfree model, it has been
shown that irreducibility of the coupling matrix is key to the stability of synchro-
nization [18, 23]. In both of the cited articles, the Perron-Frobenius theorem was
used to show the existence of a maximal positive eigenvalue of the coupling matrix
with simple algebraic multiplicity. Irreducibility of the (non-negative) coupling ma-
trix is equivalent to the strong connectivity of the graph it defines. We generalize
the notion of irreducibility to so-called strong connectivity of integral kernels on
o-finite measure spaces. The idea is that, just as any two vertices in a strongly
connected graph are connected by a directed path, so a strongly connecting kernel
should spread any arbitrarily small bump to the whole space by means of iterated
convolutions. We are then able to use a generalization of the Perron-Frobenius
theorem for band-irreducible, positive operators on Banach lattices.

We refer the reader to [33] and [42] for extensive information on Banach lattices
and the terminology used in this article. As an overview, a lattice vector space is a
partially ordered vector space where the partial order is a lattice. A Banach lattice
is a Banach space with a vector lattice structure that is compatible with the norm,
that is |z| < |y| implies ||z]| < ||y||. A sub-lattice vector space B, of some lattice
R-vector space V, is called a band in V,, if:

B1. For each v € V, and b € B, with |v| < |b|, also v € B,.

B2. For each ) # A C B, for which the supremum sup A exists in V,, one has

sup A € B,.

If V is the lattice C-vector space given by complexification of V,,, then a band B in V
is the complexification B, 4 i3, of a band B, in V,. It still satisfies axiom (B1) with
respect to the complex modulus |z + iy| := supyc g1 |z cos¥ + ysind| (z,y € V,). A
band B is called trivial if either B = {0} or B = V. For any sequence (hy,)nen C Vo
and h € V,,, we write h,, | h if the sequence (h,,), is decreasing and h is its infimum.
A linear operator K on V is called band irreducible if there exists no non-trivial,

K-invariant band in V. We say K is o-order continuous if from V, 3 h,, | 0 follows
Khy, | 0.

Definition 4.1 (Strongly connecting integral kernel). Let (K, K, k) be a o-finite
measure space and G : K x K — R, be measurable. Let F be the set of measurable
functions h : K — R, U{oco} and G : F — F be the integral operator corresponding
to G, defined as

(Ch)(z) = /K Gz, y)h(y) dr(y), heF, acK

Note that Gh : K — R, is measurable by Tonelli’s theorem [6, Theorem 5.2.1]. We
say that G strongly connects K if for every h € F with ||hHL1(H) > 0, the set

U (@"n) " ((0,00])

n€Ng

has full measure, that is, its complement has measure zero. Note that for the
definition it suffices to consider only indicator functions h = 14 of sets A € K of
non-zero measure.
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Examples 4.2.

(i)

If there exists a set A € K such that k(A) > 0, k(K \ A) > 0, and G(x,y) =0
forallz € A, y € K\ A, then G does not strongly connect K. See figure 2 for
an example.

Let G € RfXN be a non-negative matrix and let K = {1,.., N} be endowed
with the counting measure. Interpret G : K x K — R, as an integral kernel.
Then G strongly connects K if and only if the matrix G is irreducible, or
equivalently, if and only if the underlying directed graph (which has a directed
edge m — n whenever G,,,,, > 0) is strongly connected.

If the convolution G- - -x G is strictly positive everywhere for some sufficiently
large convolution order, then G strongly connects K.

Let K be a path-connected separable metric space and k a strictly positive o-
finite Borel measure on K. Let G satisfy the following blurring property: For
every x € K there exists an open neighbourhood U, of x such that whenever
#(Uy N A) > 0 for some A € B(K), one has (G14)|y, > 0. Then G strongly
connects K.

Proof. Note that the blurring property is equivalent to the following statement:
For every x € K there exists an open neighbourhood U,, of x such that when-
ever ||h-1y, || £1(x) > 0 for some h € F, one has (Gh)|y, > 0. Now let h € F be
arbitrary with [[h[[ ;1) > 0. For each « € K let U, be a neighbourhood as de-
scribed above. Since K is a Lindel6f space, it is the union of countably many of
those neighbourhoods {Us, }, ¢ 5. Thus ||h-1y, [|11 () > 0 for at least one x € K
and by the blurring property (G’h)|UT > 0. Now let y € K be any other point.
We shall show that (G"R)(y) > 0 for some n € N. Since K is path connected,
there exists a finite sequence of points x = x1,x2,...,2, = y in K such that
Uy, MUy, # 0 for 1 <i<n—1. We have seen that (Gh)|U$1 > 0. Since & is

strictly positive we know that (U, NU,,) > 0, so that H(C?h)lUl2 1) >0,
and thus by the blurring property ((G)Qh)\ymz > 0. By induction we conclude
that ((G)"h)|v, > 0. O

Let K be a separable metric space and k a o-finite Borel measure on it. Let
G : K x K — R, be continuous and satisfy G(z,z) > 0 for every = € K.
Then G satisfies the blurring property from example (iv). See figure 2 for an
example.

Proof. For x € K choose the open neighbourhood U, so that G|y, xu, > 0.
Let A € B(K) be such that k(U, N A) > 0. Then for any z € U, one can
estimate

(GLa)(2) = /A Gz, y) dn(y) > / Gz, y) di(y) > 0.

UzNA
O

Let T™ = R™/Z™ be the m-dimensional torus with the metric inherited from
R™ and & be the normalized Haar measure on it. Let G : T™ x T™ — R4 be
of the form G(z,y) = g(z — y) for some continuous g : T™ — R,. If g is not
identically zero, then G strongly connects T"".

Proof. By continuity of g there exists a ball Ba,.(z) C T™ of radius 2r > 0
and centre z € T™ such that g|32r(z) > (0. Let A C T™ be of strictly positive
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measure, then there exists some point z, € T™ such that « (A N B, (z,)) > 0.
Let 1 = x, + 2, then for any « € B,.(z1) one has

<GlA><x>=Lg<x—y>dy2AmB( ot =)y >0

that is, (GIA)|B7,(w1) > 0. Note that in the last step we used the fact that the
difference (z — y) appearing in the integral is in Ba,(z). Now suppose h € F
is strictly positive on some ball B, (z,). Set z,+1 = x, + z, then for any
= (xpt1+9) € Byryr(Tns1) one has

{lye K:g(x—yh(y) >0} D{ye K :y € Bur(zp) Az —y) € Bapr(2)}
=B, (x,) N Bay.(x — 2) = By (x,) N Bay (z, + 0) .

As the intersection By, ()N By, (, + 8) is non-empty, one has (Gh)(z) > 0
for all € By iy (2n41). By induction we conclude that ((G)"14)|B,,, (z,) > 0
Vn € N for appropriate centres x, € T™. Since T™ has finite diameter,

((G)"h)|gm > 0 for n € N large enough. Thus G strongly connects T'™. O

(a) (b)

0 max 0 max

G(x,y)
G(x,y)

1 0 1 0

FIGURE 2. Illustration of two non-negative integral kernels on
the interval K = [0,1] endowed with the Lebesgue measure.
Brighter colours correspond to larger values. The kernel in (a)
does not strongly connect K, due to the invariance of the subset
{h € F :supph C [0,0.5]} under the action of G. The kernel in (b)
strongly connects K. Note the apparent similarity to the notion of
irreducibility of square matrices.

Lemma 4.3 (Irreducibility of strongly connecting kernels). Let X be a separa-
ble metric space and p a strictly positive o-finite Borel measure on X. Sup-
pose that G : X x X — Ry is measurable, strongly connecting X, and the mapping
x — G(z,-) € LY(pn), is continuous, non-trivial, and bounded. Consider the C-
linear space V.= Cp(X,C) of complex continuous bounded functions on X as the
complezification of the R-linear Banach lattice space Vg = C,(X,R) endowed with
the pointwise partial order. Let G:V =V be the integral operator corresponding
to G. Then

1. Gisa bounded, linear, positive operator; that is, Gh > 0 whenever 0 < h € Vi

and G £ 0.
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2. G is o-order continuous.

3. G is band irreducible.
For a proof see A.2.

Corollary 4.4 (Generalized Jentzsch-Perron theorem for integral operators). Let
X, u, G and V be as in Lemma 4.3. Consider the integral operator G e L(V)
corresponding to G and let G™ be compact for some n € N. Then T(G) > 0, and
r(é) s an eigenvalue ofé of algebraic multiplicity one.

Proof. Apply the generalized Jentzsch-Perron theorem for positive, o-order contin-
uous, band irreducible operators on Banach lattices [20, Theorem 6], which holds
by Lemma 4.3. 0

Lemma 4.5 (Spectrum of strongly connecting integral operators). Let X, u and V

be as in Lemma 4.3. Let G : X x X — Ry be measurable, satisfying the following.

G1. G strongly connects X.

G2. ||G(z, )11y = Go for some constant G, >0 and all v € X.

GS3. The mapping x — G(z,-) € L' (1) is continuous.

G/. The integral operator G:V-V corresponding to G is power compact, that

18, G" is compact for some n € N.

Then G € L(V) satisfies

1. Both the spectral radius 7(GQ) and the operator norm |G| equal G,.

2. G, is an eigenvalue of G and the kernel of(GofCA}') is one-dimensional, consisting
of all constant functions.

3. sup {R(A): X € a(@)\ {Go}} < Go.

Proof. Note that by assumptions (G2) and (G3), the integral operator G : V — V.
is well-defined and continuous. In fact, it satisfies the assumptions of corollary 4.4,
so that r(é‘) is an eigenvalue of algebraic multiplicity one.

For any h € Ch(X,C) one can, using Holder’s inequality, estimate ||Ghllo <
G, ||k, so that r(G) < |G| < Go. On the other hand, the constant function
1 € V is an eigenvector of G for the eigenvalue Gy, so that the first and second
claims are verified.

Since G is power-compact, one has o(G) = 0,(G) U {0} and the only point of
adherence of 0, (G) is the origin. Thus G, > 0 is isolated from o(G) \ {G,}. Since

|A| < G, for any A € o(G), this implies the last claim. O

oo

Example 4.6. Consider the m-dimensional torus T" and the normalized Haar
measure g on it. Let G : T™ x T™ — R, be of the form G(z,y) = g(x — y) for
some continuous 0 # g : T™ — R, . Then G satisfies all assumptions of Lemma 4.5
(see Example 4.2(vi) on its strong connectivity). The point spectrum of the integral
operator G : Cp(T™,C) — Cp(T™, C) is given by the set 0,(G) = {g(k) : k € Z"},
with g(k) = [ 9(x)e™ 2™ dz being the k-th Fourier component of g and corre-
sponding to the eigenfunction ey(x) = ¢’?™**. Note that §(0) = G, and for k # 0
one has |g(k)| < G,, since g > 0 and g # 0.

Example 4.7. Let X = {x1,...,2,} be a finite nonempty set, with the discrete
metric and the counting measure p. Then the space V = C,(X, C) can be naturally
identified with C". Let G = (Gi;)};—; be a square matrix with non-negative entries,
identified with the function G : X x X — Ry given by G(z;,z;) = Gj;. The
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latter satisfies assumptions (G3) and (G4) of Lemma 4.5, with the integral operator
G : V — V being simply the action of the matrix G on vectors in C*. Condition
(G2) is equivalent to each row summing to G, (in case G, = 1, G is called a
stochastic matriz [22]). Condition (G1) is equivalent to the irreducibility of the
matrix G (see Example 4.2(ii)). Finally, statement (2) is nothing more than the

Perron-Frobenius theorem for irreducible non-negative matrices [22, §8.4.4].

4.2. Stability of synchrony in the field model. The auxiliary statement 4.8
gives a technical spectral result for the linearized dynamics around the limit cycle of
synchrony, and can be seen as an adaptation of [18, §2.5] to our system. The auxil-
iary statement 4.9 provides sufficient conditions for the stability of sub-manifolds in
a special class of abstract dynamical systems, by looking at the contraction proper-
ties of their stroboscopic map [24]. In Theorem 4.10 we apply these two statements
to the field model and give sufficient conditions for the existence and stability of
synchrony in oscillator networks.

Auxiliary statement 4.8. Let X be a separable metric space and p a strictly
positive finite Borel measure on X. Let G : X x X — Ry satisfy all assumptions
of Lemma 4.5 and assume in addition that HG(~,y)IIL1(H) = G, for ally € X.
Let ¢, I : S' — R be continuously differentiable and w > 0. Let ¢ : R — S' be
continuously differentiable, strictly increasing, T-periodic for some minimal T > 0
and satisfying the ODE ¢(t) = w+ Goth(o(t))I(4(t)). Consider the time-dependent,
bounded linear operator

H(t) = Got (D) (6(1) T+ (o) ($(1))G
on the Banach-space V. = Cy(X,C), with G € L(V) being the integral operator
corresponding to G. Then the following hold:
1. For every initial value h(t,) € V, the differential equation %(t) = H(t)h(t)
admits a global, mazimal solution h € C*(R,V), given by
B(t) = Ult,to)h(to) i= exp | (L, 1)Go — B(t,1,)G] hlto), (29)

where

At t) = / B (S I(0(5)) ds,
o (30)
Blt.to) = — | (o(s)I(9(s)) ds.

to
2. The operator K = Ul(t, + T,t,) : V. — V is independent of t, and given by
K = exp[B(G, — G)], where

B B P () ()
B:=B(t, +T,t,) = /Sl w+ G () ()

3. The linear sub-Banach space Vo = {h eV:[h d,u:()} is G- and flow-
invariant, that is, G(Va) C Va and U(t,t,)(Va) C Va for all t,t, € R.

4. If B <0 then r(Kl|y,) < 1.

Proof.

1. Existence and uniqueness follow from the continuity of the mapping ¢ — H(t) €
L(V). Differentiation of (29) verifies the assertion.
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2. Substituting dyp = %(Ss)ds in (30) yields

o V() (¢)
B(to +T, to) - /Sl w + Goiﬁ(@)l@)

A [ A ek G ()] dy

G, St dSD
N / () I(p)
51w+t Goiﬁ(@)l(@)
V() I(p)
=, 37 Gtttz o ~ At T
Independence of B(t, + T,t,) and U(t, + T, t,) from ¢, is apparent from (31).
3. Since the linear functional h — [ h dp is continuous on V, V5 is indeed a Banach

space. The rest follows from the easily verifiable fact that [ Gh dp = G, Jh du.
Thus

(31)

/ Ut to)h dpt = oxp [Go (At t0) — B(t,1,))] / h dp

forallheV.
4. Since B(G, — G|v,) : Vo — Vs is a bounded operator, we know that

o(K]y,) =exp [a (B(Go — C;|V2))} — exp [B(Go . o((;|v2))]
—exp [B(Go —{0}u a,,(ém))} :

In the last step we used the fact that G is power-compact. By Lemma 4.5 one has
r(é’) = (G, and the only eigenvectors of GinV corresponding to the eigenvalue
G, are the constant non-trivial functions, which are not in V5. By Lemma 4.5(3)
it follows that r(K|y,) < 1. O

Auxiliary statement 4.9. Let V1, V5 be Banach spaces and (H1,H2), (H1,0, H2,0)
Vi x Vo = Vi x Vi functions satisfying the following:
1. H:= (Hy,Ha) : Vi x Vo = Vi x Va is Lipschitz continuous.
2. Hoo(vi,v2) = Hao(vi)ve, with Hoo(vi) @ Vo — Vo being a bounded, linear
operator for each vi € V7.
3. The mapping Vi — L(Va), v1 — Ha o(v1), is Lipschitz continuous and bounded.
4. [(H1,Ha)(v1,v2) — (H1,0, H2)(v1,v2)] € 0(v2) as va — 0, uniformly in v1 € V4.
5. Hio(v1,v2) = Hi,o(v1) only depends on v;.
Let U := ((U1,U2)(t,t0))i>1, be the autonomous flow generated by H = (H1,Hz)
on Vi X Va. Suppose that there exists some period T > 0 such that the propagator
K : Vo — V5 from time t, to t, + T induced on Vy by the non-autonomous ODE
02(t) = Ha,o(U1(t,t0)(v1,0))v2(t) does not depend on the fived v1 € Vi. Further-
more, suppose that there exists an n, € N such that | K™ < 1.
Then the U-invariant sub-space Vi x {0} C Vi x Vi is locally exponentially
stable. That is, there exist constants A,[5,5 > 0 such that ||Us(t,t,)(v1,v2)|| <
Ae=P=t0) ||luy|| for all t > t,, v € Vi and vy € Va, provided that ||vz < 6.

For a proof of this assertion see A.3.
We are now ready to state our main theorem regarding the stability of synchrony

in the field model (3). We consider X to be a separable metric space and p a
finite, strictly positive Borel measure on X. We assume all oscillators to have the
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intrinsic frequency w > 0, response function ¢ € C2(S!,R) and pulse I € C?(S,R).
Oscillators shall be connected through the sufficiently well-behaved coupling kernel
G : X x X — Ry. The field model then becomes the ODE

G 0) =+ 0(0(0.2)) [ Gla 100t duty) (52)

in the variable 6 € C,(X, S'). Without loss of generality, we regard (32) as an ODE
on the Banach-space C,(X,R), by identifying ¢ and I with their pullbacks on R
(see also Remark 4.11 below). For 6 € C,(X,R) we denote by 8 = [ 6du/u(X) the

mean phase and by 6, = 6 — @ the variation about it.

Theorem 4.10 (Local exponential stability of synchrony). Consider the field model
(32). Let G : X x X — Ry satisfy all assumptions of Lemma 4.5, and assume in
addition that |G(-,y)|| 11,y = G1 Yy € X for some constant Gy € R. Also assume

that w + ¥ (p)Gol(p) > 0 for all o € S*. Let ¢ : R — S satisfy the autonomous
ODE

B1) = w + v () 160G (33)

Note that ¢ is T-periodic for some minimal T > 0. Then 0(t,x) = ¢(t) is a
(so-called synchronized) solution to (32). Assume furthermore that

_ [ _VIle)
- [ i et <O 34

Then synchrony is locally exponentially stable. More precisely, there exist constants
A,B>0and 0 < § < 1/2 such that ||0y(t,")|lcc < Ae™P4|0,(0,)|lco for all t >0,
provided that [|0,(0, )|l < and 6 € C*(R,Cp(X,R)) solves (32).

Proof. We make use of the auxiliary statement 4.9. As a preliminary, let us note
that by Tonelli and Fubini’s theorems and the assumptions on G, one has

= [ [ G duty) duta)
// z,y) dp(z) du(y) = p(X)Gy,

so that G; = G,. We also note the approximation

»(0(x)) = v (0) + ' (0)(0(x) — 0) + o([|0() — O]|)

for any 6 € Cy,(X,R), with the error scaling down uniformly in §. The uniformity of
the error follows from the uniform continuity of ¢’. A similar approximation holds
for I(0(x)). We may thus write (32) as

D (1,2) = w0+ SOOIDD)Co + o COIDD)GC, - (011, ) (1)
@) [ Gl 6t9) ~B)duty) O
Yoot )~ B(1) ).

using the fact that ||G(z, )|, = G, for all z € X. Using (35), we find that

df 1 do
E(t) :m/ 7 —(t,x) dp(x)

=w + (1) 1(0(t))Go + o([|0(t, ) — 0(t)] ),

(36)
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where we have used the fact that |G(-,y)|1(,) = Go for all y € X, and to exchange

integration and differentiation, we used the fact that <£0(t,) is a derivative in
Cp(X,R). Combining (35) with (36) leads to the coupled system of ODEs

D (1) = + 0 BNIOD)Co + o{ 0],
(37)

%(t ) = [¢ @I, + v @) OE)G] 00 (t, ) + o(6v]1),

in the variables
0eVi:={f: X — R:const} =R,
Oy € Vo:={f €Co(X,R): [f du=0}.

Note that the error in (37) depends on both @ and 6, but scales down with ||6,]c0
uniformly in . Observe the similarity of the first part of (37) to the ODE (33) for
the common phase in case of synchrony. It reveals that, up to first order in the
variation 6, the mean phase § advances as if the network was in total synchrony.
Note that the mapping

Vi = L(Va), 0 Hao(0) =2 (0)I(0)Go +(0)I'(0)G
is Lipschitz continuous and bounded. Any solution ¢ € C1(R,V;) of the ODE

1) = Ha0(0(1)) 1= w + V() (6(1)C
is T-periodic if projected to S!. Let K|y, : Vo — Vi be the propagator induced by
the non-autonomous ODE 6, (t,-) = Ha ,(¢())y(t,-) from time t, to time t, + T,
as described in the auxiliary statement 4.8. By 4.8(2), K]y, is independent of
the initial value ¢(t,) and initial time t,. By 4.8(4), K|y, has a spectral radius
smaller than 1, so that ||(K]|y,)™|| < 1 for some sufficiently large n, € N,. Identify
Ch(X,R) = V; @ V, by means of the decomposition 6 = 6 + 0. Identify (H;,Hs) :
Vi x Vo — Vi x V45 as the Lipschitz-continuous function appearing on the right
hand side of (32), that is with H; : Vi x Vo — V; (i € {1,2}) so that % = 74,(0)
and % = H2(0). Then the dynamics (37) satisfy the assumptions of the auxiliary
statement 4.9. By the latter, the flow-invariant sub-space V4 x {0y, } is indeed stable
in the way postulated above. 0

Remark 4.11. The stability result of Theorem 4.10 holds at first instance for solu-
tions of the field equation in Cp(X,R). But in fact it remains valid in an equivalent
form for solutions in Cp, (X, S) if one replaces ||0y (¢, )|, by diam 6(¢, X): There ex-
ist constants A, 3 > 0 and 0 < § < 1/2 such that diam (¢, X) < Ae~#* diam (0, X)
for all t > 0, provided that diam (0, X) < § and 0 € C*(R, C,(X, S')) solves the field
equation (32). To see this, note that for any 6, € C(X, S') with diam 6,(X) < 1/2,
there exists a lift 0, € C,(X,R) with respect to the covering map Il : R — S* such
that [|(6o)v]|ee < diam6,(X). If 6 € C'(R,Cyp(X,S')) has initial value 6(0,-) = 6,
then there exists a unique lift § € C(R x X, R) of 8 with 6(0,-) = ,. This follows
from the homotopy lifting property of covering maps [31, §6.2.3]. Since the covering
map II. is a local diffeomorphism and a local isometry, one has 8;0(t, ) = 9,0(t, x)
and 0 € C'(R,Cy(X,R)) satisfies the field equation. Finally, the exponential decay
of |0y (t,)||oe as t — oo implies the exponential decay of diam (¢, X).
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Remark 4.12. Key to the proof of the theorem is the exponential stability of the
iterated dynamical system (Va, ((K|v,)")nen, ), given by the fact that the spectrum
o(Klv,) = exp[B - (G, — {0} U,(Gly,))] lies in the open unit disc in the complex
plane (see the auxiliary statement 4.8). The subspace Vo C V corresponds to the
stable subspace of the linear propagator K : V' — V, mapping phase fields 0(¢,)
at time ¢, to phase fields 6(t, + T) at time t, + 7. It is a complement to the one-
dimensional neutral subspace V3 = {f € V : f = const} of constant functions. The
latter corresponds to uniform phase shifts of the oscillator population, under which
the limit cycle of synchrony is invariant.

Example 4.6 gives a hint on how the strength of stability might depend on the
detailed shape of G. For that example, where X = T™ and G(x,y) = g(x — y) for
some g € C(T™, R, ), we know in connection with the proof of 4.8(4) that the point
spectrum of G lv, : Va = V4 is the Fourier-spectrum of g, the value G, excluded.
The stronger any non-trivial modes are represented in the latter (more precisely,
the greater the real part of their eigenvalues), the closer the eigenvalues of K|y,
will be to the boundary of the unit disc. On the other hand, if g is constant on T™
then all eigenvalues of G |y, are zero and the spectral radius of K|y, takes the value
eB% (B being strictly negative).

Remark 4.13. It is worth comparing Theorem 4.10 to the equivalent asymptotic
stability result by [18, §2.5] for the special case of finitely many oscillators, that
is, for X finite with u as the counting measure. Their condition (ii) corresponds
to our condition [|G(z, )1, = GG Yy = Go > 0 Vo,y € X with G
strongly connecting X (also see Example 4.2(ii)), their condition (iii) to our condi-
tion w +1(¢)Gol(p) > 0 Vi € S, their condition (iv) to our condition G(z,y) > 0
Vz,y € X and their condition (v) to our condition B < 0. Apart from the greater
generality achieved in Theorem 4.10, the latter allows us to study the local stability
of synchrony in the fluid model. This will be the subject of section 4.3.

4.3. Stability of synchrony in the fluid model. This section starts with the
auxiliary statement 4.14 on the stability of certain orbits in abstract dynamical
systems. We use this rather technical statement to prove Theorem 4.16, by showing
how our fluid model for coupled oscillator networks fits into the context of 4.14
and, under sufficient conditions, satisfies its assumptions. This will lead to a local
stability statement for synchrony in the fluid model.

Auxiliary statement 4.14. Let T', be a nonempty set and I' a collection of map-
pings v : [0,00) = I'y, henceforth referred to as orbits. Let {Da}, .4 be a fam-
ily of functions D, : T'y — Ry such that for any orbit v € T', the mappings
t = Dq(7(t)) are differentiable and the family {Do(V(-))} 4 is equicontinuous. Let
Dioc = sup,eq Do be defined pointwise. Let Vi, Vo be Banach spaces, V = Vi x Va,
and Ho : V — V a Lipschitz-continuous function. Let ©1 : Ty, — Vi, ©9 : 'y, — Vs,
and € : T, =V be such that for any orbit v € T, the mappings t — ©1(y(t)) and
t — Oa(y(t)) are differentiable, the mapping t — E(v(t)) is continuous, and all
three of them satisfy

% (©1(7(1), ©2(7(1))) = Ho [O1(7(1)), O2(v(1))] + € (7(1)) -

Assume that £(,) € O (Dioc(Y0)) as Dioc(Yo) = 0, vo € T's. Define Dy = 2 ||©2]|+
2D1oc and assume the following stability conditions:
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C1. There exists an € > 0 such that whenever Dg(Y(t)) < €, one has %Da(’y(t)) <
0 for all @« € A and any orbit v € T.

C2. There exists a period T > 0 and a constant v < 1 such that the following
statement holds: Whenever v € T and t, > 0 are such that Dg(y(t)) < € for
all t € [to,to + T, one has Do(Y(to +T)) < 1Do(7(to)) for all a € A.

C3. The dynamical system induced by H, on'V = Vi x V4 is locally exponentially sta-
ble in the second coordinate. That is to say, there exist constants A,, B, > 0
such that whenever (41 (t),Qu2(t)) satisfies the ODE % (©,1(t), Op2(t)) =
Ho [O01(t), B02(t)] in V' and the initial condition ||©,2(0)|| < d,, one has
1©02(t)|| < Age™Pot[|©42(0)|| for all t > 0.

Then there exist constants A,3,5 > 0 such that for any orbit v € T satisfying
Dy (7(0)) < 6, one has Dgi(y(t)) < Ae=P Dy (v(0)) for allt > 0 and every D, (y(t))
(o € A) is decreasing in t.

For a proof see A .4.

Remark 4.15. In the proof of the theorem below we will be making use of the
following useful fact (sometimes known as law of mass conservation): Suppose p :
[to, 00) x R — R is continuous and continuously differentiable in the 2nd argument,
with d;p existing and continuous on [t,,00) X R. Let v : [t,,00) Xx R — R be
continuous in the 1st argument and continuously differentiable in the 2nd argument.
Suppose p satisfies the continuity equation

atp(t’ 19) = —0y [p(t’ 19) ’ V(ta 19)] :

Let t; > t, and let 67 : [t,,t1] — R be a continuously differentiable solution to the
ODE 6?P(t) = v(t,0”(t)). Then

121 07 (t1)

[ omereni= [ gt (38)
to 07 (to)

To see this, note that

0P (t1)
[ stnoyan
0

P(to)

t 0
4 / ot 0) di dt
dt Jor(z,)

Il
T~

=

o

ty 07 (t)
07 (£)p(t, 07 (1)) + /9 (@p)(1,) dﬁ] dt

?(to)
07 ()

I
=~

6 () p(t, 07(1)) — / By [p(t, ) - v(t, 9)] dﬁ] dt

07 (to)

I
—
~
S

o

1 -

07 (0)p(t,67(1)) — p(t,67(1)) v(t,6°(2)) + p(t, 67 (o)) v(L, 67 (20)) | dt

Il
T

o

_ / Pl 07 ()L 07 (1)) dt.

o

An interpretation of (38) is that the time-integrated probability flux through 67 (¢,)
from time t, to t; equals the mass between 6(t,) and 6P(¢;) at time t;.
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We are now ready to state our main theorem on the stability of synchrony in
the fluid model. We assume X to be a separable metric space and p a finite Borel
measure on X. We consider a measurable coupling kernel G : X x X — R, such
that the mapping z — G(x,-) € L'(u) is uniformly continuous and bounded. All
oscillators shall have the intrinsic frequency w > 0, the response function ¥ €
C?(S*,R) and the pulse I € C*(S*,R;). Let , g1 and Qg1 be the function spaces
defined in (8) and (9), respectively. We consider the continuity equation

6tp<ta Z, 19) = _819 |:p(t7 z, 19) [w + 1?(19)551 (.73, p(t7 ) ))] } ) (39)
with the stimulus
Sso(ap0) = [ Gw.n) [ poln2)T() doduty) (10)

defined for x € X and p, € 2, s1. Also consider the collection of orbits
Qcp.st = {p € Qg1 : Op(0,-,-) € Cyup(X x S1,R) A p solves (39)}. (41)

We shall temporarily identify I and 1 with their pullbacks on R. The theorem
and its proof emphasize the connection to the corresponding field model, i.e. the
dynamical system on the Banach space V = C,(X,R) induced by the ODE

d
£0(t,) = Ho(6(1, ). (12)
Here, H, : V — V is the Lipschitz-continuous function defined by
Ho(0(t, ) () :=w + P (0(t, x)) /X Gz, y)1(6(t,y)) du(y). (43)

We shall denote 0(t) = [0(t,z) du(z)/p(X) and 6, = 0 — 6.

Theorem 4.16 (Stability of synchrony against perturbations with small support).
Consider the fluid model (39) and assume the following:

C1. The derivative v’ is strictly negative on some circular arc containing supp I.
C2. Synchrony is locally exponentially stable in the corresponding field model (42),
that is, there exist constants Ao, B, > 0 and 0 < §, < 1/2 such that

10+ (2, )]0 < Aoei'@OtHQV(Ov Moo

for all t > 0 whenever ||04(0,)]|oo < 0, (see Theorem 4.10).
Then synchrony is locally exponentially stable in the space Qcg g1, defined in (41).
That is to say, there exist constants A, > 0 and 0 < & < 1/2, such that
for any orbit p € Qcg g1 with diampy p(0,-,-) < &, one has diampp p(¢,-,-) <
Ae=Ptdiampy, p(0, -, ) fort > 0.

Proof of the theorem. The proof consists of preparations necessary for an applica-
tion of the auxiliary statement 4.14. We start with a short remark on I and G.
The stability assumption on the field model, I can not be trivial and in particular
[1]/;,1(s1) > 0. By condition (C1) also I+ is non-trivial. Furthermore, by the sta-
bility condition on the field model, there exists a solution of the type 0(t,z) = ¢(t)
(synchrony) for some appropriate continuously differentiable ¢. This implies that
|G(@, )|l 11(, is independent of z € X and in fact equal to some constant G, > 0.
Consider the continuity equation

8tp(t7$77~9) = —0y p(t,$,’t9) [W + ¢(19)SR($7p(t7 K ))] (44)
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for densities p: R x X x R — R, instead of R x X x S! — R, with Sk defined as
in (40) with the integration domain S* replaced by R. Recall that by Theorem 3.9
every orbit in Qcg g1 is a wrapping of an orbit of class

QCE,R = {P € QR : 319/0(07 B ) € Cu,b(X X RvR)
A diampy p(0,-,-) < oo A p solves (44)},

with Qr defined in (9). For technical convenience, we shall prove the theo-
rem for orbits in Qcgr instead. Also recall that, by Theorem 3.9, every orbit
p € Qcrr is in fact in C!([0,00),Cup(X x R,R)) with dgp(t,-,-) being contin-
uously differentiable and bounded for all ¢ > 0. Furthermore supp, p(t,-,-) C
{19 eR:d (19, suppy, (0, - )) < Ct} for all ¢ > 0 and some constant C' > 0.

For any fixed orbit p € Q0cgr and € X consider the non-autonomous equation
of motion

oz (1)
dt

in the real variable 62, whose solutions we shall refer to as point orbits. We begin

with some regularity statements:

R.1. Every p, € Qg is also in Cp(X,L'(R,R)). To see this, note that
Po € Cp(X,Ch(R,R)). Furthermore, by [12] every sequence (f,)n € Ch(R,R)
with Hf"”Ll(R) = 1 Vn, converging uniformly to some f € Cp(R,R) with

= V(t’ T, Gg(t)) =w A+ 7#(95(75))5]1@(% p(t7 ) )) (45)

[fllz1®y = 1, also converges to f in L'(R,R).

R.2. By the auxiliary statement 3.8(1), for any p, € Q,r the mapping =z
Sr(z, po) is well-defined and continuous. Furthermore, for any orbit p € Qg
and fixed x € X, the mapping t — Sg(z, p(t, -, -)) is continuous. Finally, Sg is
bounded on X x Q, .

R.3. The velocity field v : [0,00) X X X R — R defined in (45) is bounded by
Vmax 1= w + [[¢]| Go ||I||,, continuous in (¢,7) and Lipschitz-continuous in
1, while the Lipschitz constant can be chosen to be independent of ¢ € [0, o)
or z € X, and in fact of the orbit p itself. A similar statement holds for
Ogv. Thus the initial value problem for the equation of motion (45) has,
for any intermediate value at ¢; > 0, one maximal corresponding point orbit
[0,00) = R.

For any orbit p € Qcgr and any corresponding point orbit 62, one finds as in
Remark 3.1 the representation

plt,,62(1)) = exp [— / W (02(7))Sk (2, () dr | p(0, 2, 62(0)).

This shows that p(¢,z,02(t)) is either zero for all ¢ > 0 or non-zero for all t > 0,
depending on the initial position 62(0). We thus conclude that any two point orbits
01(-), 65 (-) initially enclosing p(0,x,-), that is supp p(0, x,-) C [6(0), 64(0)], do so
for all ¢ > 0. For any p, € Q,r with diampp p, < 0o and z € X, define

O(p0)(x) = / pol, 0)0 do.

Then the mapping = — ©O(p,)(x) is well-defined and by (R.1) continuous and
bounded. Furthermore, for any orbit p € Qcgr, the mapping [0, 00) — Cp(X,R),
t — ©(p(t,-,-)), is continuous. This follows from the definition of Qcgr and the
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fact that the boundaries of supp,, p(t, -, -) grow at most linearly with time. In fact,
the mapping is for similar reasons differentiable with derivative

d
GO0l @ = [ ()t oa, (46)
with d;p being the time-derivative of p in C*([0, 00), Cup(X x R,R)). By continuity
of the map t — (dip)(t) € Cup(X x R,R), the map t — L£0(p(t)) € Cb(X,R) is
continuous. We conclude that ©(p) € C([0, ), C,(X,R)) for any orbit p € Qcg k.
Using (44) and (46) one finds that ©(p) satisfies the ODE

d =— . v)(t, x @ v)(t, x
GOt )@) == [ 9-00o(ta.0)a0 2 [ (o)t a0 -
—o-+ Sa(aspt19) [ plt )0 (0)

where partial integration is used in step (2). Take any p, € Q,r with
diam supp p,(y,:) < oo for some y € X. Then since I’ is uniformly continuous,
one can approximate

/R Poly, 0)I(9) dD = 1(©(p,) (1)) + o([diam supp po(y, )], (48)

with the error term on the right hand side depending on p,(y,-) but scaling down
as diamsupp p,(y,-) — 0. A similar estimate holds for [ po(y,?)1(9)dv. Using
(48) and the fact that sup, ||G(z, )|, < oo, for any p, € Q,r and x € X one finds

oo

SR(x,pa)/XG(x,y)I(G(po)(y))du(y)+0(21€15diamsupppo(y,~)), (49)

with the error term on the right hand side depending on p, and = but scaling down
as sup, diam supp p,(y,-) — 0 uniformly in z. Since Sg is bounded on X x Q, g,
using (47) and (49) we conclude that for any orbit p € Qcrr, ©(p) satisfies the
ODE

LO(p(t, 1) = Ho(O(plt,, ) + Ealplt, ), (50)

with H, : Co(X,R) — Cp(X,R) given by (43) and the term &,(p(t,-,-)) being of
order o(sup, diamsupp p(t,y,-)). We point out that comparing (50) to (28) reveals
the following relationship: The mean phase field ©(p(t,-,-)) evolves similarly to
the phase field in the field model, up to leading order in the phase distribution’s
diameter diampy p(t, -, ). We now proceed with an important statement about the
speed of decay of density diameters.

Claim. There exist constants € > 0, 0 < r < 1, and a period T > 0 such that for
any orbit p € Qcrr and any corresponding family {Hz(t), ag(t)}xex of point orbits
enclosing p(t,-,-), that is supp p(t, =, -) C [02(t),0L(t)] for allt > 0 and z € X, one
has:

(1) If

2[|0(p(t,-,-)) = O(p(t;-, )|, + 2sup 01(t) = 05(t)] < e (51)

holds for some t, then % (04(t) — 65(t)) <0 for allz € X.
(i) If (51) holds for all t € [t,,to + T and some t, > 0, then

(egjcc(to +T) - og(to + T)) < T(ai(tO) - Qg(tc)))
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forallz e X.

Roughly speaking, the density diameter decreases with time provided it is small al-
ready, and does so at an exponential rate.

Proof of statement. By condition (C1) there exist 0 < e; < &y < 1/2 and 9, € S*
such that supp ! C B, (VJ,) and ¢’ is strictly negative on B, (d,). Without loss
of generality we may assume 9, = 0. Furthermore, there exists a constant a > 0
such that ¢(¥1) — ¥(¥2) < —a(¥1 — ¥9) for any —ey < Yo < Y1 < +e4. Choose
e = (g4 —er)/2 > 0 and denote 0°(t) = inf,cx 6°(¢). Then whenever condition (51)
is met one has 0°(t) < 6% (t) < 01(t) < 6°(t) +¢ and supp p(t, z,-) C [0°(t),0°(t) + €]
for all x € X. The former stems from the fact that O(p(t, -, -))(z) is always between
6% (t) and 0/ (t). Denote L, (t) = 64 (t) — 6°(¢) and suppose that (51) is satisfied at
some time ¢ > t,. Then

d

< —al, ()SR( ,p(t, ; ))

(52)

for all x € X. The equality in (52) follows from (45). To see the inequality, consider
the following complementary cases:

e Either B.,(n) N [0°(t),0°(t) + €] = 0 for all n € Z, in which case one has
Sr(z, p(t,-,-)) =0for all z € X,

e or Be,(n)N[0°(t),0°(t) +¢| # 0 for some n € Z, in which case [6%(t),01(t)] C
n + [—ey, +ey] and therefore (04 (t)) — ¥ (05(t)) < —aL,(t) for all x € X.

In both cases the inequality in (52) and thus the first part of the claim are verified.
We also see that whenever (51) is satisfied for all ¢ € [t,,t, + T}, the estimate

tot+T
L,(t,+T) <exp [—a/ Sr(x, p(t,-,-)) dt| Ly(to) (53)
to
holds. Now choose T' = 4/w. Then one can estimate
to+T G
J R L e LT Y
to

To see this, consider the two complementary cases:

e During [t,,t,+ T, every point orbit 62(t) (x € X) has advanced by at least 2.
By 1-periodicity in ¢ of the corresponding velocity field v : (¢, z,9) — v(t, z,9)
defined in (45), this implies that any point orbit 62(¢) (with arbitrary initial
value) has during [t,, t,+ 7] advanced by at least 1. Consequently, by Remark
4.15 one can estimate

to+T 9+1
/ p(t,y, 0)v(t,y,)dt > /9 p(to +T,y,p) de
t

o
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for all ¥ € R. This implies, for any y € X,

to+T
[10) [ sty deas
R t

o

1 to+T
> [1w) [ sty oty ) deas
Vmax R to
1 941
> [10) [ plto+ Topp)doas
Vmax JR J
1 @
= /p(to+T,y,s0)/ I(9) dv dep
Vmax R LP,1
111150 I,
=) /p(to+T,y,s0)ds0: 10
Vmax R Vmax

This allows us to estimate

tot+T
/ Sk, p(t, ) dt

t

L1l Go
ZHG(%')HLI(SI)iLl =3 1l 151 -

VHI ax max

’ to+T
- [ G /R 1(0) / plt,y, 9) dt i du(y)

which verifies (54).

e There exists an * € X so that the point orbit #%(¢) has advanced by less
than 2 during [te, t, + T]. Since [05(t) — 05 (t)] < e < 1/2 for all y € X and
t € [to,to + T, this implies that all point orbits 92(2&) have advanced by less
than 3 during [t,,t, + T]. In particular

to+T

o

tod+T
— 4 ¢l / Sa(y. plt, ) dt,

o

to+T

so that [,“"" Sr(y,p(t,--)) dt > 1/|[¢]|, for all y € X. This also verifies
(54).
Choosing 7 = exp [—oz . min{l/ %10 » Go 11l 1 1y /vmax}] proves by (53) the
second part of the claim. O

We finish the proof by putting the above into the context of the auxiliary state-
ment 4.14. Define the set

Lo = {(po; (05)zex, (eajcc)weX) € Qo x RY x R¥
s diampy, p, < 00 A supp po(z,-) C [02,0)] Vo € X}

T
and T as the collection of orbits v = (p(t, -, ), (0%(¢))z, (01(t))2)i>0 C T, satisfying
the following:

e pis of class Qcg .
e 0> and 6 are point orbits corresponding to and enclosing p.
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For each x € X define the function
Dy :To =R, Dy(po, (0))yex, (0])yex) =0 — 65

Then for any orbit v € T', the mappings ¢ — D, (v(t)) are differentiable with a
derivative bounded by 2vpax, so that the family {D,(v(-))},cy is equicontinuous.
Define the functions

0,: Iy = Vi =R, 6, (pm (G (‘93]:)1,) = 0(po) = 1(O(po))/1(X),
@2:I‘O%Vg:{fECb(X,R):ffd,u:O},

S (Pm (02)1, (aajg)m) = 0(po) — O1(po),

E:Ty = Vi x Va 2 Ch(X,R), E(po, (02)2, (01)2) = Eo(po).

Note that we identify Cp(X,R) = V; x V5 by means of the decomposition § =
0+ 0, for § € Cp(X,R). As seen above, for any orbit v € T' the mapping ¢ +
(©1(7(t)), ©2(y(t))) is continuously differentiable and satisfies by (50) the ODE

d

7 (©100(1)), ©:2(7(1))) = Ho (O1(7(1)), O2(7(1))) + E(7 (1)),
with H, : V. — V being the Lipschitz continuous function defined in (43). This
ensures in particular the continuity of ¢ — &(v(t)). Furthermore, we have seen
that £(7,) is of order o(sup,cx dz(70)) uniformly in v, € I',. Conditions (C1) and
(C2) of 4.14 are satisfied by the auxiliary statement above. Condition 4.14(C3)
is satisfied by the stability assumption (C2) of this theorem on the field model.
Therefore, the auxiliary statement 4.14 can be readily applied. Observe that
diampy po < 2[|02(70) || + 25up,e x Da(70) for any 7o = (o, (0%)2, (04),) € T, and
that for any p, € Q,r with diampy p, < oo there exists a 7y, = (po, (6%)., (Hg)w) €
I’y such that 2{|02(7,)|| + 2sup,cx Dz(70) < 4diampy po. This translates the re-
sults of 4.14 to the claim of this theorem. O

By Theorem 3.9, any initial state p, € €, g1 with uniformly continuous and
bounded p, and dyp, corresponds to a global, maximal solution of the continu-
ity equation (39) within Qcg 1. The theorem ensures the synchronization of the
network, provided initial states are smooth enough and have an adequately small
bandwidth (diampy, po < ). Condition (C1) is similar to findings in finite networks
of weakly coupled spiking oscillators [18, §2.4], which identify a negative response
derivative 1)’ at the spiking point as a sufficient condition for the stability of syn-
chrony. Our results are an extension to the fluid model, i.e. the thermodynamic
limit, for arbitrarily strong coupling but for identical oscillators. Also compare (C1)
to the condition in the stability Theorem 4.10 for the field model, demanding that
the scalar product (34) defining the constant B be strictly negative. If condition
(C1) of Theorem 4.16 is satisfied, B will indeed be strictly negative. Figure 3 gives
an example of a response function v and pulse I satisfying the two conditions.

The condition of a bounded initial density bandwidth can be translated to a con-
dition on the upper bound in the inter-network variation of external perturbations,
which keep the network within the basin of attraction of synchrony. Let the oscil-
lator phase density satisfy the continuity equation (39) and suppose that at time 0
each oscillator is subject to a random, spike-like external stimulus, independent of
other oscillators. Specifically, let the network be in the state p(0~,-, ) at time 0.
At each point z € X let 3 (z) be a real random variable representing an external
random stimulus acting on oscillators at z. We model the perturbative effects of
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(a) (b)

max -

-0.5 0 0.5 -0.5 0 0.5

FIGURE 3. On Theorem 4.16. (a) Example response function
¥ : S — R and (b), example pulse I : S' — R, satisfying con-
dition (C1) of Theorem 4.16. The localization of the pulse within
the region {¢’ < 0} results in the local stability of network syn-
chrony.

the stimulus F' on the network, by setting p(0T,z,-) to be the probability density
on S! of the random variable 6 + 1(0)E(z), with 6 being some random variable
on S' distributed with probability density p(0~,z,-) and independent of F(x). If
the network at time 0~ was synchronized, that is p(0~, z,9) = 6(Y — ¢,) for some
common phase ¢, € S and all z € X, the new density p(0", x, ) will correspond to
the distribution of the random variable ¢, + (¢, )F (z). If furthermore there exist
an e > 0 and F, € R such that for every z € X one has |F(m) — F,| < ep almost
surely, then all oscillator phases will be within an interval of width 2|¢(¢,)|eF.
Let f(x,-) be the (sufficiently smooth) probability density for F(z). If § > 0 is
as postulated by this theorem, then the condition ep < 6/(2]|¢||,,) ensures the
asymptotic recovery of synchrony after any such external perturbation.

5. Conclusion. In this article we have studied two generalizations of the Winfree
model for networks of phase oscillators distributed on a o-finite Borel measure space
over a separable metric space X. The oscillator coupling strength is described by
a coupling kernel G. The first model is the differential equation (28) for the phase
field (¢, x). For a special subclass of this model, we have studied the local stability
of synchrony against distortions within a certain smoothness class. The three key
conditions for stability, as described in Theorem 4.10, concern the symmetry prop-
erties of the coupling kernel G, the strong connectivity of G, and the relation of the
response derivative ¢’ to the pulse I.

These results generalize previous findings on finite oscillator networks (see Re-
mark 4.13). Furthermore, they demonstrate that network synchronization, even in
the continuum limit, is a question of network connectivity and oscillator interac-
tion dynamics, separated from the underlying space geometry (e.g. ring or infinite
chain). The strong network connectivity, as defined in 4.1, may appear to be a quite
abstract condition. But examples such as 4.2(iv) and (v) show that in many prac-
tical cases, strong connectivity reduces to the existence of short-range connections
between oscillators, such as a non-vanishing local synapse density in nervous tissue.
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The second model considered is the fluid model, defined as the continuity equa-
tion (4) for the oscillator phase density. In Theorems 3.6, 3.7 and 3.9 we have
proven the existence and uniqueness of solutions within a certain function class and
for certain initial values. In Theorem 4.16 we have shown the local stability of syn-
chrony for networks of identical oscillators on finite measure spaces. The conditions
are that synchrony be locally exponentially stable in the corresponding field model
and v’ be strictly negative on a circular arc enclosing supp I. To the best of our
knowledge, no similar results have been obtained for the fluid model, not even for
all-to-all coupling (i.e. G(x,y) = const Va,y € X). This might be due to the fact
that the synchronized solution is, strictly speaking, a rotating Dirac-distribution,
therefore difficult to treat using classical perturbation methods.

Acknowledgments. S. L. thanks the Max Planck Institute for Mathematics in
the Sciences, Leipzig, for their support. This work was partially supported by
the European Commission under the 7th Framework Programme Grant #318723
(MatheMACS).

Appendix A. Supplemental proofs.

A.1: Proof of the auxiliary statement 3.8
Let Giax = sup,ex [[G(@,)|[11(,- Since for any p € Q, and z € X

/ Gz y)] / (4, )T (4: 2| dri(2) dp(y) < Coe 1.
X K

the stimulus S : X x Q, — K is well-defined and bounded.
1. For any p € ), and x1, 22 € X one can by Holder estimate
1S(x1,p) = S(x2,p)| <G(21,) = G2, )l g1 ) Ml
<we(d(z1,22)) [l »

with we being the modulus of continuity of the mapping z — G(x,-) € L*(p).
Therefore S(-, p) € Cup(X,K). Now fix z € X and let (p,)n C Q, be a sequence
converging to p € Q,. By [12] we have ||p,(y,) — p(y, -)HLI(H) 237 0 for every
y € X. This implies that

/pn(yw)f(ywp)dﬁ(@) "130/ p(y, ©)I(y, ) dr(e)
K K

for every y € X. Since | [ pu(y. )1y, 9) di(0)| < [T, and G(z. ) € L} (),

by Lebesgue’s dominated convergence theorem one has S(z, pn) "—3 S(z, p).
2. For any z1,29 € X and pq, p2 € §2, one can estimate

|S(x1, p1) — S(x2, p2)|

/ |G (21, y I/ lp1(y, ©) — p2(y, V)| L (y, )| dr(ep) du(y)

+/X|G(x1, G(x2,y I/ 1p2(y, )1 (y, p)| dr(p) du(y)

Gmax [l o £(K) [p1 = p2ll oo + wa(d(z1, 22)) 1],

which shows that S € C, (X x Q,,K). It also shows that S is Lipschitz contin-
uous in §, with Lipschitz constant Lg = Gmax ||| o, £(K). O
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A.2: Proof of Lemma 4.3

The continuity of the operator G : V — V follows from the fact that
supzex [|G(z, )11,y < oo Non-negativity is clear since G is real and non-
negative.  Non-triviality of G follows from the non-triviality of the mapping
x +— G(z,-) € L' (p). Its o-order continuity follows from Lebesgue’s dominated
convergence theorem. It remains to show its band irreducibility.

Let {0} € Be € V be a G-invariant band in V = Vi 4 iVg. We show that
Be = V. For that it suffices to consider its real part B 2 {0}, a G-invariant band
in Vg, and show that B = V. We begin by showing the existence of a function
0 < f € B, strictly positive on a dense subset of X.

Proof. By assumption, there exists some 0 # h € B. Since B is a
band, we may without loss assume h > 0. Then by continuity, A
is strictly positive on some non-empty open subset of X. Since p is
strictly positive, this means [|h|[;:,) > 0. Define the family of func-
tions 0 < f,, :== G"h € B for n € N. By strong connectivity of G, the
union U, ey, fr 1((0, 00]) has full measure, and by strict positivity of the

measure, it is dense in X. We rescale f, := mfn/(l + || full) and

consider the pointwise sum f := > 7 fr. Then f is the uniform limit
of the sequence of partial sums Y ,_, fr, so that f € Ch(X,R). It is also
the supremum of the family { fk}keNO in Vg, so that by band property
(B2), f € B. Furthermore, f > 0 is strictly positive on a dense subset
of X.

We finish the proof by showing that every h € Vg is in B. Since B is a sub-lattice
vector space, it suffices to show that the positive part of h is within B, so that we
may assume h > 0. For each x € X define h, = ?Ei;f if f(z) >0 and h, =0 if
f(z) = 0. Then 0 < h, € B. Furthermore h,(x) = h(xz) whenever f(z) > 0. For
each € X define h, = min(h,,h). Then h, € B by band property (B1), since
it is dominated by h,. By construction, h, < h for all z € X and h,(z) = h(zx)
whenever f(z) > 0. Consequently, & is an upper bound for all {ﬁy}yeX and h(z) is
the supremum of the values {h,(z)}yex whenever f(z) > 0. Since h is continuous
and f is strictly positive on a dense subset, h is the smallest upper bound for
{fzy}yex in Vg, which by band property (B2) implies h € Bec. O

A.3: Proof of the auxiliary statement 4.9
We start with two remarks:

1. (H1,0,H2,0) generates a flow (U1 ,,Us,) on Vi x V. To see this, note that
Hi,0(v1) = Hi(v1,0) for all v; € V; by assumptions (4) and (5). By assumption
(1), H1,, is Lipschitz-continuous, so the flow Uy ,(t,t,) : Vi — V7 is well-defined.
Since by assumption (3) Ha, : Vi X Vo — Va2 is continuous, for each fixed
v1 € V4 and t, € R the mapping (¢, v2) +— Ha,0(Ui,0(t,to)(v1))v2 is continuous.
Furthermore, by assumption (3) the mapping (¢,v2) — Ha o(U1,0(t,to)(v1))v2
is Lipschitz continuous in the second argument, with a time-independent Lip-
schitz constant. Therefore, for each v; € V3 and t, < t € R, the propagator
Uao(t,to)(v1,) : Vo — V4 is well-defined and a bounded linear operator on Va.
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2. Since Ha(v1,0) = 0 for all v; € Vi, the subspace Vi x {0} is indeed U-
invariant, that is (U, Us)(t,%0)(v1,0) € Vi x {0} for any v; € V; and ¢, <
t € R. Thus Ui(t,to)(v1,0) = Uro(t,to)(v1). Consequently, Kvy is simply
Uz,o(to + T, to)(v1,v2) for any arbitrary v, € V4.

Since the flow is autonomous we may fix the initial time ¢, without loss of generality.

We claim that

(U1, U2)(t,t0)(v1,v2) — (Ut,o, Uzo)(t, to)(v1,v2)] € 0(v2)
as vy — 0, uniformly in v; € V; and t € [to,t, + T.

Proof of claim. Define 11 = Hy —H1, and 2 = Ha — Hz,,. By Lipschitz continuity
of (H1,H2) there exists a constant C' > 0, depending only on T" and the Lipschitz-
constant of (H1,Hz), such that

(U1, U2)(t, o) (v1,v2) — (Ut, Ua)(t, 2) (v1,0)|| <C'[[(v1,v2) — (v1,0)]|
=C [|vz]|.

for all (vi,v2) € Vi x Vo and t € [to,t, + T]. By flow invariance of V3 x {0} in
particular,

[U2(t,t0)(v1,v2)|| < C oz . (55)
We can therefore estimate
[m:((Ur, U2)(¢, to) (v1,02))]| € o(v2) (56)

for i € {1,2}, uniformly in v; € V; and t € [t,,t, + T]. Let Q C V5 be an open
neighbourhood of the origin such that (#1,,, Ha2,,) is Lipschitz continuous on V3 x 2
with Lipschitz constant L,. Such a neighbourhood exists by assumptions (2) and
(3). Any solution (v1(t),v2(t)) to the ODE - (v1(t), va(t)) = (H1, Ha)(vi(t), va(t))
in V7 x V5 satisfies

d
7 (01(8),v2(8) = (H1,0, Ha,o) (v1(1), v2(2)) + (11, 712) (v1(8), 02(2))-
By Gronwall’s inequality, this implies
H (Ula UQ)(tv to)(vlv ’02) - (UI,O; UQ,O)(ta to)(vla v2) H

<Te™e sup () (U, Ua) (s, to) (01, 02))| (57)
5€[to,to+T]
for t € [to,to + T| and (vi,v2) € Vi x Va, as long as both (Uy,Us)(t,t,)(v1,v2)
and (U1,0,Ua2,0)(t,to)(v1,v2) are within V3 x Q for all ¢ € [t,,t, + T]. By (55)
we can guarantee that (Up,Us)(t,t,)(vi,v2) € Vi x  for all ¢ € [to,to + T
and all v; € V; by choosing vy arbitrarily small. On the other hand, one can
estimate ||Uz,(t,t,)(v1,v2)|] < eT™ ||lvg|| for all ¢t € [to,t, + T], with M :=
Sup,ey, [|Hao(u)|| < co. We can thus also guarantee (Uio,Us,o)(t,t0)(v1,v2) €
Vi x Q for all ¢t € [to,t, + T] and all v; € Vi by choosing vy adequately small.
Therefore the estimate (57) holds for all v; € V; and t € [t,,t, + T provided that
vy is chosen sufficiently small. By (56) the supremum on the right hand side of (57)
is of order o(vg), uniformly in v, € V;. O

Define f = Us(to + T, to) — Uao(to + T, to). Then Us(to + T, t0)(v1,v2) = Kvg +
f(v1,v2) with K € L£(V2) uniformly exponentially stable [16, Chapter II]. Since
f(v1,v2) € o(vz) uniformly in v, it follows easily that uniform exponential stability
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in V5 is still valid for Us(t, + T, t,): There exist constants A, 3,6 > 0 such that
whenever |[vz|| < 6, one has

[Ua(to + 0T, to) (01, 02)]| < Ae™"T |lug| (58)

for any v; € V; and all n € Ny. Choose § = 6/(C + 1) and A = CAePT. Then for
any n € Ng, 7 € [0,T], v1 € V1 and ve € Vo with |Jva]| < ¢ one has

|Uz(to + nT + 7,t,)(v1,v2)||
Y\ Us(ty + 0T, t,) 0 (Ui (te + 7, t0), Us(to + 7 t)) (01, v2) |
(2) -
< Ae P || Uy (to + 7, t0) (01, v2) ||

(3)
<CAe T ||ug|| < Ae™POTHT) ||y | .

In step (1) we used the fact that the flow U is autonomous. In step (2) we used
(55) and (58). In step (3) we used again (55). This completes the proof. O

A.4: Proof of the auxiliary statement 4.14
As a preliminary, we begin with the following remark: Let [t,,t1] C R be a com-
pact interval. Let {fo},ca € C([to,t1],R) be a family of equicontinuous functions
differentiable on (to,t1). Let f := sup,c4 fa be defined pointwise (not necessarily
finite). Suppose there exists some M € R such that whenever f(t) < M for some
t € [to,t1] one has & f,(t) <0 for all o € A. Then if f(to,) < M, one has f(t) < M
for all t € [to,t1]. This follows from the fact that the supremum of equicontinuous
functions is continuous. We shall make use of it below

Without loss of generality we assume A, > 1, r < L and Aje PT < 1 7 (otherwise
increase T'), and A,d, < £/8 (otherwise decrease d,). We may also assume that there
exists a constant C, > 0 such that ||E(7,)]| < CoDioc(Vo) Whenever Dioe(v,) < 0,
(otherwise decrease d,). In the following, we shall denote by ©,(t) = (0,1(t), Ou2(t))
the solutions of the ODE £0,(t) = H,(0,(t)) in V. Let us fix some orbit v € T'
and write f(t) instead of f(y(¢)) for any function f defined on T',, as for example
O(t) = (61 (1), ©a(1)) = (01 (+(1)), ©2(1(1))).

Since H, is Lipschitz continuous there exists a constant C' > 1, depending only
on the Lipschitz constant of H,, the period T, and C,, such that for all 0 < ¢, <
t<t,+T,

O(t) — B,()|| < C sup Digel(s),
[6() =0, <€ st Dio(s) (59)
provided O(t,) = ©,(t,) and supyc, g Dioc(s) < do. Now choose some

0<d < (50/(40).
Claim 01. Suppose O(t,) = O,(t ) Dioc(to) < 61 and ||O2(t0)] <, at some
time t, > 0. Then ||O(t) — O, (t)|| < do/4 for all t € [to,to + T).

Proof of claim. Assume the contrary. Then by continuity of O(¢) and 0,(¢) in ¢,
there exists t1 € [to, 1, + T such that ||O(f) — O,(¢)| < do/4 for all t € [t,,t1) and
19(t1) — Op(t1)]] = 0o/4. Since [|©o2(to)|l = [1©2(to)|| < do, by condition (C3) one
has [|©,2(t)]| < &/8 for all t € [t,,t1]. This implies

[02(6)1 < [1042(0)] + 02(8) ~ Oua(t)| < & + 2 < (60)

0l ™
N
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for all ¢t € [t,, t1]. Thus whenever Dio.(t) < §; < ¢/8 with t € [t,, t1], one has by (60)
Dgi(t) < ¢, and therefore by condition (C1), %Da(t) < 0 Va € A. Consequently,
the initial condition Dioe(t,) < 01 implies that Dio.(t) < 01 for all ¢ € [t,, t1], by
the preliminary remark above. By (59) this implies ||©(¢) — ©,(t)]| < Cdy < 0,/4

for all ¢ € [t,,t1], which is a contradiction. O

Claim 02. Suppose Dioc(to) < 01 and ||O2(t,)]| < d, at some time t, > 0. Then
Dgi(t) <€ for allt € [to, to+ T).

Proof of claim. Set ©,(t,) = ©O(t,). By condition (C3) one then has ||©,2(¢)| <
g/8 for all t € [ty,t, + T]. Since by claim 01 also [|©(t) — ©,(¢)|| < /8 for all
t € [to,to + T, this implies ||©2(¢)|| < /4 for all t € [to,t, + T]. Thus whenever
Dioc(t) < 01 < €/8 with t € [to,t, + T, one has Dgi(t) < ¢ and therefore by
condition (C1) 4 Do (t) < 0 VYo € A. The initial condition Dioc(t,) < 61 implies
by the preliminary remark above that Dj..(t) < 01 for all ¢ € [t,,t, + T]. Thus
Dy (t) = 2(|©2(t)|| +2D1ocr) < € for all t € [t,, t, +T1. O

In the following, suppose Dioc(t,) < 61 and [|©2(t,)]| < 6, at some time t, > 0.
Then by claim 02 and condition (C1), Dj,(t) is non-increasing on [t,,t, + T, so
Dioe(to, +T) < 61. By condition (C3) ||©u2(te + T)|| < Age T ||Op2(to)|| < 80/4
and by claim 01 ||©2(to +T) — On2(to + T)|| < 6o/4 if we set Oy(t,) = O(t,).
Therefore |©2(t, +T)| < d,/2 < J,. By induction we conclude that Dioc(to, +
nT) < 61 as well as ||©2(t, + nT)|| < 0, for all n € Ny and by claim 02 Dgi(t) < e
for all t > t,. By condition (C1) this implies that all D, (¢) (o« € A) are non-
increasing with ¢ and by condition (C2) that Dy (to + (n+ 1)T) < D, (t, + nT)/4
for all n € Ny and « € A.
Through similar reasoning as above and by using estimate (59), we find that

[©2(to + (n+ 1)T)|| <Aoe™ " |Os(t, + nT)|| + CDioc(to + nT)
1 (61)
SZ H@Q(to + nT)H + CD]OC(tO + nT).
Denoting a,, = ||O2(t, + nT')|| and b, = 4C Dioc(t, + nT'), inequality (61) reads

< O by,
an+1_ 4 4

Note that also b, 41 < % + %", so that (apt1 + bnt1) < (an + by)/2 and therefore
(an + bp) < (ap + b,)/2™. Consequently,

1
§Dg1(to +nT) <||O2(to + nT)|| + 4C Dioc(to + nT)
1 2C
§27n( ||@2(tO)H + 4CDloc(to)) < o
where we used the fact that C' > 1. Similarly to (61), for any n € Ny and 7 € [0, T
we may estimate

Dy (to + nT + 7) =2Dioc(to + nT + 7) + 2[|Oa(ty + nT + 7)|
<2Dioc(to +nT) + 24,6 P ||Oy(t, + nT)||
+ 2CDyoc(to +nT)
<A1 Dg(t, +nT),

(62)
Dgl (to)7

(63)
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with A; > 0 being some constant only depending on C and A,. By combining (62)
with (63) we find

Dy (t) < Ae Pt Dy (t,)

for all t > t,, with g = % In2 and A > 0 being some constant only depending on C'
and A;. Choosing § = §; completes the proof. O
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