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Abstract

As the size of phylogenetic trees and comparative data continue to grow and more complex models are
developed to investigate the processes that gave rise to them, macroevolutionary analyses are becoming
increasingly limited by computational requirements. Here we introduce a novel algorithm, based on the
“flow” of the differential equations that describe likelihoods along tree edges in backward time, to reduce
redundancy in calculations and efficiently compute the likelihood of various macroevolutionary mod-
els. Our algorithm applies to several diversification models, including birth-death models and models
that account for state- or time-dependent rates, as well as many commonly used models of discrete-trait
evolution, and provides an alternative way to describe macroevolutionary model likelihoods. As a demon-
stration of our algorithm’s utility, we implemented it for a popular class of state-dependent diversification
models — BiSSE, MuSSE, and their extensions to hidden-states. Our implementation is available through
the R package castor. We show that, for these models, our algorithm is one or more orders of magnitude
faster than existing implementations when applied to large phylogenies. Our algorithm thus enables the
fitting of state-dependent diversification models to modern massive phylogenies with millions of tips, and
may lead to potentially similar computational improvements for many other macroevolutionary models.
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There is a vast, and ever-growing, array of statistical models that can be fit to phylogenetic trees and
comparative data to investigate the historical dynamics of diversification, trait evolution, and the interaction
between the two (O’Meara, 2012; Pennell and Harmon, 2013; Morlon, 2014; Ng and Smith, 2014; Harmon,
2018). These models have empowered researchers to move beyond summary statistics such as tree balance
(Mooers and Heard, 1997), towards explicitly quantifying the variation in speciation and extinction rates
across the Tree of Life (Magallon and Sanderson, 2001; Alfaro et al., 2009; Henao Diaz et al., 2019) and
identifying the major drivers of this variation (Schluter and Pennell, 2017; Wiens, 2017). Concurrently,
the scale of comparative data has also been growing tremendously. There are now phylogenetic trees for
multiple groups that contain tens of thousands or even millions of lineages (Jetz et al., 2012; Zanne et al.,
2014; Hinchliff et al., 2015; Thompson et al., 2017; Parks et al., 2018; Smith and Brown, 2018) — though
we are still far from having a comprehensive representation of the full Tree of Life (Mora et al., 2011; Larsen
et al., 2017; Hinchliff et al., 2015). Similarly large-scale efforts are underway to assemble trait information
for many lineages, both multicellular (Cornwell et al., 2018) and microbial (Mendler et al., 2018).

Taken together, these developments provide tremendous opportunities for gaining new insights into
macroevolutionary processes at unprecedented scales. However, as we show below, current computational
procedures for fitting macroevolutionary models become practically unfeasible at the scale of modern mega-
phylogenies. This greatly limits the analyses conductible with existing models and restricts the future de-
velopment of even more complex models. For example, massive bacterial phylogenies could shed light on
the role that the repeated loss and gain of metabolic functions, generally suspected to be dominated by hor-
izontal gene transfer (David and Alm, 2011; Polz et al., 2013; Hehemann et al., 2016), has had on bacterial
diversification over geological time scales (Latysheva et al., 2012; Muscarella and O’dwyer, 2018). Models
for state-dependent speciation and extinction (Maddison ef al., 2007; FitzJohn, 2012; Goldberg and Igic,
2012; van Els et al., 2018; Caetano et al., 2018) would be particularly suited for such an analysis, but are
computationally too demanding to be applied at this scale.

To address these emerging challenges, we leverage results from dynamical systems theory, a well-
established field in physics and mathematics (Meiss, 2007), and develop a novel algorithm for computing the
likelihood of a large class of models for diversification and trait evolution. Dynamical systems theory inves-
tigates the behavior of time-dependent systems (including their trajectories, equilibria and stability), often
described through differential equations analogous to the “equations of motion” in classical mechanics. Cal-
culating the likelihood of macroevolutionary models often translates to calculating the solution of an equation
of motion for a set of probabilities along a tree’s branches, in backward time. As we show below, basic tools
from dynamical systems theory can thus be used to devise an algorithm for macroevolutionary likelihood
calculations that can be orders of magnitude faster than existing approaches. Our work also highlights a
previously unrecognized deep similarity between seemingly distinct classes of methods; we anticipate that
the recognition of this similarity will help spur the development of new types of models.

Classical approaches for calculating likelihoods of macroevolutionary models

Birth-death processes (Kendall, 1948) have long been a pillar of macroevolutionary theory (Raup, 1985), and
following the pioneering work of Nee ef al. (1994) researchers have routinely fit these models to phylogenetic
data. While the simple, single-rate birth-death process has been extended to an impressive variety of models
(Morlon, 2014; Harmon, 2018), these modifications broadly fall into three major classes. First, there may be
variation in speciation and extinction rates through time (Rabosky et al., 2007; Stadler, 2011a; Morlon et al.,
2011); this includes models where the rates depend on another environmental variable (e.g., Condamine
et al., 2013). Second a phylogeny may be partitioned by clade into several rate classes (Alfaro et al., 2009;



Rabosky, 2014). And third, rates at each lineage may be associated with the current state of an evolving trait.
The pioneering work of Maddison et al. (2007) and their BiSSE (Binary State Speciation and Extinction)
model, triggered the development of a plethora of State-dependent Speciation and Extinction (SSE) models.
For example, it is now possible to fit models where diversification rates vary with the state of a multi-state
character (MuSSE; FitzJohn et al., 2009), geographic area (GeoSSE; Goldberg et al., 2011), or quantitative
character (QuaSSE; FitzJohn, 2010), and character transitions may occur either along lineages (anagenetic
transitions; FitzJohn et al., 2009) or during speciation events (cladogenetic transitions; Magnuson-Ford and
Otto, 2012; Goldberg and Igi¢, 2012). More recently, SSE models have been extended to include hidden
states (Beaulieu and O’Meara, 2016; van Els et al., 2018; Caetano et al., 2018), which has been demonstrated
to greatly improve the applicability of SSE-type models (Caetano et al., 2018). These ways of introducing
variation (by time, clade, or state) are not mutually exclusive (e.g., Rabosky and Glor, 2010; Morlon et al.,
2011; Cantalapiedra et al., 2014), nor are they exhaustive (e.g., Etienne and Haegeman, 2012). Finally,
some models merely describe the evolution of discrete characters along branches of a given phylogeny, i.e.,
diversification and character evolution are assumed to have occurred independently (Pagel, 1994; Lewis,
2001).

Beneath this apparent variety of models lies a deep similarity. Indeed, the likelihood of all of these
models can be computed by moving down the tree postorder (tips to root), and recursively solving the Kol-
mogorov backward equation of the Markov chain along each edge (Kolmogorov, 1931; Feller, 1949). This
works because each edge is assumed to represent a realization of a continuous-time Markov chain that is
independent of all other edges, with initial state equal to the final state at the parent node. The Kolmogorov
backward equation is a differential equation that describes how the likelihoods of arriving at a “target state”
(the observed data) change as one moves backward in time.

In the simple case of a character-independent birth-death model, where diversification rates are either
constant or depend only on time (and not on the value of an evolving state) (e.g., Morlon et al., 2011), the
Kolmogorov backward equation describes the likelihood X (¢) that a lineage alive at “age” t (time before
present) would leave exactly one descending lineage in the phylogeny at some fixed later time:
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where A is the speciation rate, p is the extinction rate, and E'(t) is the probability that a lineage alive at age
t would be absent from the phylogeny (computed separately). We mention that this class of models includes
models where the time-dependency of A and w also partly stems from a dependency on varying environmental
conditions (Condamine et al., 2013), as well as models where rates shift discontinuously over time (Stadler,
2011a). The solution to the differential equation (1), for any given initial condition at age s, is given by the
simple product:

X(t) =W(s,t)- X(s), 2)

where the factor W(s, t) is given by:
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and where p is the sampling fraction (fraction of extant species included in the tree). Observe that Eq. (2)
can be used to obtain the solution to the differential equation (1) for any arbitrary initial condition, and hence
the W(s,t) fully encode the dynamics expressed by the differential equation. The quantity ¥(s,¢) must be



computed for each edge in the tree, where s is the age of the child node and ¢ is the age of the parent node
(Morlon et al., 2011). We mention at this point that for any three ages ¢, s, ¢, the following property holds:

(s, t) = WUty t) - U(t,,s) L. 4)

Hence, if ¥(¢,,t) was known (e.g., pre-calculated) for some fixed ¢, and for all ¢, then one could calculate
U (s, t) for any arbitrary s, ¢ through the simple formula in Eq. (4). As we explain below, such a relationship
can be retrieved for a very general class of models, and constitutes the foundation of our proposed algorithm.

As mentioned above, a similar logic applies to the Mk models of trait evolution (Pagel, 1994), where
transitions between any two states ¢ — j occur along edges according to some fixed probability rate ();;.
In Mk models, the Kolmogorov backward equation describes the evolution of the likelihoods X;(t) that a
lineage, which at age ¢ was at state 7, would have a specific state at some fixed later time:

dX

i Q- X, )
where X is a vector containing the likelihoods X7, X5, .. and Q is the transition rate matrix. Calculating
the model’s likelihood involves solving the above differential equation for each edge in the tree, in postorder
traversal, with the initial conditions at each node depending on the likelihoods calculated for the child edges.
At the root, the final X; are averaged to obtain an overall likelihood for the model. For any given initial

condition at age s, the solution to the differential equation (5) is given by the product:
X(t) = \II(Sa t) ' X(S)’ (6)

where U(s,t) = e(!~%)Q is the matrix exponential. The fact that solutions to the differential equation (5)
can be expressed as matrix exponentials is sometimes used for efficient computations of model likelihoods
(Louca and Doebeli, 2017). As in the previous example, the matrices W(s, t) fully encode the dynamics
expressed in the differential equation (5), and for any three ages ¢, s, t satisfy the relationship:

(s, t) = W(to, 1) - ¥(to, 5)_17 (7
where ¥(t,,s) ! is the matrix inverse.

Our final example are models where speciation and extinction rates depend on the state of an evolv-
ing discrete character. Here, and throughout the paper, we focus primarily on discrete-state speciation and
extinction models (BiSSE and MuSSE; Maddison et al., 2007; FitzJohn, 2012) and their extensions to in-
cluding incomplete sampling (FitzJohn et al., 2009), overlapping states (GeoSSE; Goldberg et al., 2011),
hidden variables (HiSSE, MuHiSSE, SecSSE, and GeoHiSSE; Beaulieu and O’Meara, 2016; van Els et al.,
2018; Caetano et al., 2018), and cladogenetic state transitions (BiSSE-ness and ClaSSE; Magnuson-Ford and
Otto, 2012; Goldberg and Igi¢, 2012), henceforth collectively “dSSE”. The likelihood of a dSSE model with
S diversification-modulating trait states is calculated based on a set of “extinction probabilities” F;(¢) and
likelihoods X;(t), defined for each state 7 = 1, .., S and age t. More precisely, E;(t) is the probability that a
lineage, which at age ¢ was in state ¢, would be absent from the phylogeny either due to eventual extinction or
due to incomplete species sampling. X;(¢) is the likelihood that a lineage, which at age ¢ was in state ¢, would
evolve into the clade observed in the given phylogeny, taking into account the present-day states at the tips
(if known). The variables F;(t) and X;(t) are computed by solving a system of differential equations along
each edge in backward time. For dSSE models with non-cladogenetic transitions (such as BiSSE, MuSSE,
SecSSE, GeoSSE, HiSSE and GeoHiSSE), these differential equations take the form:
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where ();; is the (anagenetic) transition rate from state 7 to state j along a lineage, \; are the state-dependent
speciation rates and p; are the state-dependent extinction rates. For models with cladogenetic transitions
(BiSSE-ness and CIaSSE), the above differential equations are somewhat modified to accommodate state
transitions during speciation events (e.g., see Goldberg and Igi¢, 2012, Appendix equations A1 & A2 therein).
In all dSSE models, the extinction probabilities F; can be computed regardless of the likelihoods X; and
regardless of the tree structure, by integrating the differential equation (9) from the present all the way back
to the root, with initial conditions at present (¢ = 0) depending on the fraction of extant species in each state
1 that is included in the phylogeny (“‘sampling fractions”). In contrast, the X; must be computed for each
edge, traversing postorder from tips to root, with the initial conditions at each node depending on the values
computed for the child edges (details in Appendix 1.). At the root, the final X; are averaged to obtain an
overall likelihood for the model. Contrary to the previous two examples, an explicit formula for the solutions
of the differential equation (9) is almost never available. As we show below, however, a relationship between
solutions along different time intervals as in the previous examples (Eqgs. 4 and 7) can still be retrieved.

A new algorithm for the likelihood of macroevolutionary models

General description

All of the macroevolutionary models described above, and in fact many others, share the following funda-
mental aspect: Defining and computing the likelihood involves the calculation of one or more variables X;
at each node, based on a linear differential equation that must be solved in backward time along each edge:

dX
=AW -X(), (10)

where X (¢) is a column-vector listing the variables X (¢), X2(t).. to be computed along a specific edge and
A(t) is some quadratic matrix. For example, in the case of Mk models Eq. (10) corresponds to Eq. (5), and
in the case of MuSSE models Eq. (10) corresponds to Eq. (9). The coefficients in the matrix A(t), which
describes the infinitesimal transitions of X along an edge, may depend on time, model parameters and the
data at hand, but must be independent of the particular edge. As explained earlier, X (¢) typically represents
the likelihoods of some given observations depending on the state of a lineage at some age ¢, in which case Eq.
(10) is the Kolmogorov backward equation of the underlying stochastic Markov process (Kolmogorov, 1931;
Feller, 1949) and A(t) depends on the instantaneous probability rates of modeled events (e.g., extinction,
speciation, trait changes). The initial conditions at each node are typically specified based on the solutions
of X on the descending edges, in which case X must be computed in a postorder fashion (from tips to root),
although in some simple models a postorder traversal is not necessary (Stadler, 2011a; Morlon et al., 2011;
Condamine ef al., 2013). For massive trees and for most models, explicitly solving the differential equation
(10) for each edge can lead to impractically long computation times. Indeed, since edges (for example, in
sister clades) span repeatedly overlapping time intervals, in large trees this approach exhibits a high level
of redundancy. As explained below, this redundancy can be partly removed with an appropriately revised
algorithm.

The linear structure of the differential equation (10) implies that it is in principle possible to find a
general representation of solutions, such that any given initial condition at a node can be mapped to the
corresponding solution at the parent node without explicitly solving the differential equation along the con-
necting edge. Before showing how such a representation can be obtained, it is useful to first highlight some of
its general properties. For any two ages s and ¢, let U (s, t) be a function that maps initial conditions at age s to
the corresponding solution of the differential equation (10) at time ¢; symbolically W (s, t) : X(s) — X(t).



That is, for any given X; and any age s, let X(¢) = W(s,t)(X;) be the solution to the differential equation:

dX (t)

— A(t) - X(t), (1D

for the specific initial condition X(s) = X (note that the solution to the differential equation depends on
the initial condition). The collection of mappings ¥ (s, ¢), which encode the correspondence of initial condi-
tions to solutions of a differential equation, is known in the dynamical systems literature as the “flow” of the
differential equation (Olver, 2012; Arnold, 2013). The flow thus provides an alternative and complete de-
scription of the dynamics encoded by the differential equation; instead of describing changes in infinitesimal
time steps, the flow describes changes across any finite time interval s — ¢. In the typical scenario where
X represents state-dependent likelihoods of observing the data, as in the examples discussed above, the flow
U(s,t) becomes a “likelihood flow” that describes how the likelihoods X are transformed between any two
ages s and t. Observe that the quantities W (s, t) introduced for the model examples in the previous section
(Egs. 3 and 6) constituted exactly the flow of their Kolmogorov backward equations.

A defining property of flows is that for any three ages t,, s, t, the following relationship holds:
U(s,t)(X1) = Y(to, t) (¥(s,t,)(X1)). (12)

That is, instead of mapping the initial condition X at age s to the corresponding solution at age ¢, one can
first map X from age s to age ¢,, and then map the obtained solution from age ¢, to age ¢. Since ¥(s,t,) is
the inverse of ¥(¢,, s), we obtain the representation:

(s, 8)(X1) = U(to, 1) (U(te, s) " (X1)) . (13)

This symbolic representation forms the foundation of our algorithm: If one could somehow pre-calculate the
flow W(t,,t) for some fixed ¢, (such as t, = 0) and for all ¢ > ¢,, then one could obtain solutions for any
initial condition defined at any other time s through the right-hand-side of Eq. (13). Conceptually, Eq. (13)
provides an alternative, more abstract, description for the progression of X along edges and between nodes
that is mathematically equivalent to the differential equation (10).

The precise nature of the flow W depends on the nature of the differential equation (10). How, then,
can one explicitly calculate the flow W in practice? As the differential equation (10) is linear, for any two
ages t,, and t the function ¥(¢,, t) must itself be linear. Hence, W(¢,, ¢) can be written in matrix format, i.e.
the abstract notation W(t,,t)(X,) becomes ¥(t,,t) - X,, where W(t,,t) is a matrix of the same size as A.
This matrix satisfies the differential equation:

d¥(t,,1
L R ] (14)
dt
with initial condition ¥ (t,, t,) = I, where I is the identity matrix. Thus, for any initial condition X(s) = X;
at some age s, the corresponding solution at age ¢ can be obtained algebraically:

X(t) = Uty t) - U(ty,s) ' - Xy, (15)

where WU(t,,s)"! is the matrix inverse. The differential equation (14) can itself be solved from the present
(t = 0) all the way to the root (¢ = tg), regardless of tree structure and passing only once through each time
point. Typically, ¢, will simply correspond to the present, i.e. t, = 0. Once ¥(¢,, t) is calculated for all ¢, one
can calculate the solution of the differential equation (10) at one end of an edge, given any initial condition
at its other end, without solving the differential equation along the edge from scratch. This idea is illustrated



in Figure 1, where the flow W(%,,t) is used to compute the variable X at successive nodes, traversing from
tips to root.

Calculating the term W(t,,s) ! in Eq. (15) corresponds to inverting the matrix ¥(t,, s), which can
be computationally costly and is in fact not necessary. Indeed, the entire expression W¥(t,,s)~! - X; in Eq.
(15) can be replaced by a vector X,, that must be chosen such that it satisfies the condition:

Uty s) - Xo = X;. (16)
To see why this is the case, note that the vector Y (¢) := U(t,,t) - X, satisfies the differential equation

dY  d¥(t,,t
N AWol) 5wty w(t,,1) - X, = A1) Y (1) (17
dt dt
with initial condition
Y (s) = U(ty,s) - X, = Xy, (18)

which is the same differential equation and initial condition satisfied by X(¢) in Eq. (15). Thus, it is not
actually necessary to invert the entire matrix W (¢,, s), so long as a solution X, to Eq. (16) can be found.
Solving the linear system in Eq. (16) is generally easier than inverting the entire matrix ¥(t,, s), and corre-
sponds to mapping X; “back to the future” at age t,; the vector X,, is the hypothetical initial condition at ¢,
that would lead to X at age s according to the differential equation (10).

Here we introduced the flow W as an alternative description of the differential equation (10), which
in typical macroevolutionary models specifies the instantaneous rates at which likelihoods change in back-
ward time along edges. The flow can be seen as the “macroscopic” probabilistic behavior of the model
(i.e., across the finite time steps spanning adjacent nodes), emerging from the “microscopic” behavior (i.e.,
across infinitesimal time steps) described by the differential equation (10). This relationship is analogous
to the duality between discrete-time and continuous-time population models, where the former conceptually
correspond to the time-integrated version of the latter. The flow could thus enable novel interpretations of
macroevolutionary processes and allow previously unrecognized model generalizations. For example, while
every model with a Kolmogorov backward equation of the form in Eq. (10) admits a likelihood flow, the re-
verse need not be true. Indeed, one could envision models where anagenetic character transitions along edges
occur discontinuously at discrete time points (e.g., due to sudden environmental change); in such scenarios
the flow algorithm may be more suitable than differential equation models.

A revised algorithm for dSSE models based on “flow”

In the following, we illustrate how our flow algorithm can be used to efficiently calculate the likelihood of
dSSE models. As explained above, the flow algorithm only requires that the differential equation for the
likelihoods along each edge, abstracted as in Eq. (10), is linear and has coefficients that are independent of
the particular edge. This condition is satisfied for dSSE models with non-cladogenetic transitions (Eq. 9) as
well as for dSSE models with cladogenetic transitions (Goldberg and Igi¢, 2012; Magnuson-Ford and Otto,
2012). Note that all dSSE models are based on equations analogous to MuSSE (Eqgs. 8 and 9), although they
may differ in the interpretation of states, the initial conditions at the tips, the weighting of the likelihoods at
the root, and how likelihoods are combined at each node; for models with cladogenetic transitions, additional
terms are included in the differential equations. The flow algorithm exemplified below for MuSSE can thus
also be applied to all other dSSE models mentioned above.

The algorithm begins by solving the differential equation (8) to obtain the trajectory of the extinction
probabilities F;(t) from the present to the root age. For given computed F, .., Fg (where S is the number



of diversification-modulating states), the differential equations for X along any edge (Eq. 9) can then be
written in matrix notation:

dX
=AM X(), (19)

where A(t) is a time-dependent S x S matrix containing the various coefficients from Eq. (9). In the
following, let X 5 (¢) denote the solution of Eq. (19) along the edge with child node N. The initial condition
at the node, denoted X v (¢x) where ¢y is the node age, is specified based on the X¢, (tn), Xy, (tn), .-
previously computed along the child edges, as in the classical formulation of MuSSE (FitzJohn, 2012). At
the tips, the initial conditions for X; depend on the species sampling fractions as well as on the probability
that a species in state ¢ would have a known state, conditional upon being included in the tree (see Appendix
1. for details).

For any age t, let G(¢) be an S x .S matrix satisfying the following differential equation:

dG
— = A1) G(), (20)

with initial condition G(0) = L. In the terminology of the previous section, G(t) corresponds to the likeli-
hood flow W (0, ¢), that is, mapping initial conditions (initial likelihoods) at age O to solutions of the differ-
ential equation (19) at age ¢. We reiterate that Eq. (20) can be solved for all £ > 0 regardless of tree structure
and passing only once through each time point. Then, for any given edge connecting the parent node P (at
age tp) and child node N (at age ¢ ), and for any given initial condition X (¢ ), one can directly compute
the solution of the differential equation (19) at ¢t p using simple matrix algebra:

Xn(tp) = G(tp) - XY, 2D
where X is the solution to the linear system:
G(tn) - X% = Xn(tn)- (22)

Equation (22) is Eq. (16) for the special case where t, = 0, s = ty, X, = X, X; = Xy(ty) and
G(tn) = ¥(0,tn).

Observe that, for any given edge, we have replaced the need to solve the differential equation (19)
along the edge with the need to solve a linear system of S equations (Eq. 22) and performing a matrix
multiplication (Eq. 21). As a tradeoff, we need to pre-compute G(t) for all ages up until the root (Eq. 20).
As we demonstrate below in our simulations, for large trees this approach tends to be computationally much
more efficient, despite the slight initial overhead of calculating G. Indeed, the time needed to calculate G
scales linearly with the age span of the tree, which itself scales only sub-linearly (typically logarithmically)
with tree size.

We mention that the above algorithm can in principle also be extended to quantitative-trait-dependent
speciation and extinction models (QuaSSE; FitzJohn, 2010), by replacing the matrix-valued differential equa-
tion in Eq. (20) with a partial differential equation, and by replacing matrix multiplications as in Eq. (21)
with convolution integrals. The situation, however, becomes complicated when writing the linear system in
Eq. (22) in integral form, because deconvolutions tend to be hard inverse problems (Groetsch and Groetsch,
1993). Discretizing the continuous trait, in order to solve these differential and integral equations numeri-
cally, essentially would lead back to the case of discrete-trait SSEs. Developing efficient algorithms for this
limit of large S'is undoubtedly a separate challenge.



Evaluation and comparison to other dSSE implementations

We implemented the above algorithm for dSSE likelihoods in the R package castor (Louca and Doebeli,
2017), a project devoted to making established phylogenetics methods accessible to modern large datasets
using redesigned algorithms. Our implementation can calculate the likelihood of a model for a specific
set of parameters, but can also perform maximum-likelihood estimation of model parameters and para-
metric bootstrapping for estimating confidence intervals. castor supports an arbitrary number of states
(S), missing and potentially biased information on tip states (Appendix 1.), incomplete and potentially
biased species sampling, and an arbitrary number of concealed and observed states (when expressed in
the terminology of van Els ef al., 2018). In contrast to existing methods, castor fully supports trees
containing multifurcations, a common issue in massive phylogenies. Further, castor can fit models us-
ing multiple alternative start parameters to reduce the risk of local non-global likelihood optima, and can
do so by using multiple CPU cores in parallel. For further details regarding the numerical implementa-
tion of the flow algorithm see Supplement S.1, for pseudocode see Supplement S.2 (available on Dryad at
http://dx.doi.org/10.5061/dryad.6vm72sm).

To confirm that our flow algorithm is correct and that our numerical implementation is accurate, we
performed simulations of BiSSE models with random parameters and compared the log-likelihoods calcu-
lated for the simulated data using castor and another popular R package, diversitree (FitzJohn, 2012)
(Supplement S.4). We found that across all simulated trees the log-likelihoods were practically identical
between the two methods, with relative differences always below 0.01% (Supplemental Fig. S1). We also
performed maximum-likelihood estimations of model parameters for simulated BiSSE and HiSSE models,
and compared the resulting parameter estimates to their true (known) values, using castor and two other im-
plementations: diversitree (BiSSE only) and hisse (BiSSE and HiSSE) (Beaulieu and O’Meara, 2016).
Using the same optimization parameters across packages, we found that parameter estimates by castor were
generally similarly accurate as those of other tested packages, when measured in terms of the relative esti-
mation error (Supplemental Figs. S2 and S3). This was true regardless of the parameter considered (\;, u;
or Q;5), and regardless of tree size.

To compare the computation time of castor to alternative implementations we performed benchmarks
with trees and tip states simulated under the BiSSE or HiSSE model with randomly chosen parameters. The
following implementations were considered: diversitree (BiSSE only), hisse (BiSSE and HiSSE) and
secsse (HiSSE only) (van Els et al., 2018). For each tree, we counted the time needed by each method to
calculate the likelihood of the original model given the simulated data; for any given tree size, we calculated
the average time needed by each method across multiple trees of that size (Figs. 2a,b, details in Supplement
S.3). As becomes evident in Figs. 2a,b, on large trees castor clearly outperforms existing implementations,
reducing computation time by one or more orders of magnitude, depending on the methods compared and
depending on the size of the tree. For BiSSE, all tested methods (castor, diversitree and hisse) exhibit
roughly asymptotically linear scaling with tree size. Towards larger trees (>200 tips), all methods differ from
each other by a roughly constant speedup factor (Fig. 2a), with castor being on average 12 times faster
than diversitree and about 500 times faster than hisse. Towards small trees, castor’s run time does
not converge to zero as fast as diversitree, and diversitree is somewhat faster than castor for trees
with fewer than 200 tips. This is because for small trees castor’s computation time is mostly allocated
to solving the differential equations for F;(t) and G(t) and for preparing the interpolation of G(t) for the
subsequent postorder traversal. castor’s algorithm becomes increasingly advantageous for larger trees,
where the initial preparations become less important and computation time is dominated by the postorder
traversal. When compared to diversitree the speedup in castor is largely attributable to the advantages
of the flow algorithm itself, whereas when compared to hisse the much greater performance of castor
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also partly results from castor’s more efficient code (as described by Louca and Doebeli, 2017).

For HiSSE models, both hisse and secsse exhibit a super-linear scaling of computation times with
tree size, whereas castor maintains linear scaling (Fig. 2b). For large trees containing hundreds of thou-
sands of tips, hisse and secsse are about 1,000-10,000 times slower than castor; this difference further
increases for larger trees. For example, hisse would require about 3 hours and secsse about 50 hours for
a tree with one million tips for a single evaluation of the likelihood function, compared to castor which
requires about 12 seconds. Since castor treats HiSSE internally as a variant of MuSSE, its computational
complexity scales similarly to BiSSE, although castor remains faster than hisse and secsse even for
small trees. We note that the dramatic speedup of castor compared to hisse and secsse, when applied to
HiSSE models (Fig. 2b), only partly results from the theoretical advantages of the flow algorithm. Indeed,
the computation time of the original HiSSE algorithm, in which the differential equation (19) is solved along
each edge, should in principle scale roughly linearly with the number of tips (assuming that the number of
tips grows exponentially with the age of the clade). Hence, the super-linear scaling of hisse’s and secsse’s
computation times can likely be avoided with improved code.

To exemplify the application of our implementation to real data, we investigated the diversification of
angiosperms depending on their woodiness (woody vs. herbaceous), using a previously published dated tree
(31,749 tips) and associated trait data (Zanne et al., 2014). We fitted a BiSSE model via maximum-likelihood,
while allowing each \;, u; and @;; to differ from one another. To reduce the risk of local non-global likeli-
hood maxima, fitting was repeated 20 times using random start parameters. This task took about 4 hours on
our MacBook Pro laptop; the next-fastest implementation available would have taken about two days for the
same task (Fig. 2a). Estimated speciation rates were ~ 5.1 Myr~—! for herbaceous plants and ~ 2.3 Myr—!
for woody plants, with respective extinction rates almost identical to (but slightly below) speciation rates.
Estimated transition rates were ~ 0.0043 Myr~—! from herbaceous to woody and ~ 0.0036 Myr—! from
woody to herbaceous, suggesting that transitions between the two growth types are rare and approximately
equally likely. We note that BiSSE models do not account for temporal or geographical variations in speci-
ation/extinction rates, previously suggested to occur in angiosperms (Jansson and Davies, 2008; Crisp and
Cook, 2011). The present analysis should thus only serve to illustrate the application of our method to mas-
sive trees. The complete R code used is available as Supplemental Code 1.

Efficient simulation of dSSE models

An evaluation of dSSE models for large trees (e.g., Supplement S.5), as well as complementary analyses
such as parametric bootstrapping for estimating confidence intervals and Monte Carlo integration, necessitate
efficient dSSE simulators for large trees, which are currently lacking. We thus also implemented an algorithm
for simulating large dSSE models in forward-time, sometimes referred to as “simple sampling approach”
(Stadler, 2011b) (pseudocode in Supplement S.6). Our implementation is orders of magnitude faster than
any existing implementation, and can handle both anagenetic and cladogenetic transitions between states, thus
covering the broad range of dSSE models discussed. In our tests castor was able to generate BiSSE trees
with millions of tips in about 5 seconds (Fig. 2c, details in Supplement S.7). When assessed over varying tree
sizes, it becomes apparent that our algorithm exhibits a nearly linear scaling of computation time (power-law
exponent 1.1). In contrast, diversitree and hisse (to our knowledge the only other R packages able to
simulate dSSE models) both exhibit super-linear scaling (exponents 2.0 and 1.5, respectively), and would
require 10-100 hours to generate a tree with 1 million tips (Fig. 2c). Even when compared to existing
simulators of simple uniform time-homogeneous birth-death processes, i.e. ignoring trait evolution and
assuming a single constant A and p, castor’s simulations of the more general BiSSE process are at least
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an order of magnitude faster than other tools (Supplemental Fig. S4). For example, to generate a tree with
1 million tips under the simple birth-death model, and based on the fitted scaling exponents, we estimate
that the package geiger (Pennell ef al., 2014) would take on average about 73 hours, the package TESS
(Hohna et al., 2015) about 7 hours, the package phytools (Revell, 2012) about 32 hours and the package
TreeSim (Stadler, 2011b) about 112 hours (although we caution the reader that TreeSim and TESS use a
different conditioning and thus do not sample from the same exact distribution as castor; Stadler, 2011b).
The correctness of our code is confirmed by comparing the distribution of generated trees to those generated
by diversitree, both in terms of their lineages-through-time curves as well as the distribution of pairwise
node-to-node distances (Supplement S.8 and Supplemental Fig. S5).

Similarly to most previous implementations, our implementation is essentially a Gillespie algorithm,
which generates statistically correctly distributed trajectories of the stochastic model (Gillespie, 1977). In
Gillespie algorithms, the waiting time until the next event — in our case speciation, extinction or transition
between states — is randomly drawn from an exponential distribution according to the rates of the various
processes. Variants of the Gillespie algorithm are also used in other implementations, such as diversitree,
hisse, phytools and geiger. The greater efficiency of our implementation is achieved in mainly two ways.
First, we use temporary auxiliary redundant data structures, which are either generated at the beginning (in
linear time) or continuously updated after each event (in constant time), to accelerate certain operations and
eliminate redundant calculations. This enables us to achieve the linear scaling that is theoretically predicted
for the Gillespie algorithm. For example, during a simulation we keep track of lineages that are not yet
extinct and in a particular state using continuously updated lookup tables (Louca and Doebeli, 2017); hence,
choosing the next tip for a speciation/extinction/transition event can be done in constant time. Indeed, a
common issue that we observed in other implementations is the repeated use of function calls (such as the
R function which) that iterate through the entire tree at each event, thus leading to a needless super-linear
scaling of overall computation time. Second, our code is almost entirely written in C++, a programming
language that is especially well suited for high-performance computing. Note that the algorithms underlying
TreeSim and TESS should, in theory, also scale linearly with tree size and should be comparable (if not
faster) than the Gillespie algorithm, since they sample only branching times in the extant phylogeny rather
than all speciation/extinction events (Stadler, 2011b; Hohna et al., 2015). The lower performance and super-
quadratic scaling of TreeSim and TESS (power-law exponent ~2.2) thus likely result from sub-optimal code
design, and could perhaps be improved using similar approaches as in castor (Louca and Doebeli, 2017).

Conclusions

An impressive number of mathematical methods have been developed for comparative phylogenetics over
the last few decades (O’Meara, 2012; Pennell and Harmon, 2013; Garamszegi, 2014; Morlon, 2014; Ng and
Smith, 2014; Harmon, 2018). However, existing numerical procedures for the majority of these methods
— while adequate in the past — scale poorly to increasingly common large-scale phylogenies. As biology
ventures into an era of massive datasets, and bottlenecks become increasingly computational, a deeper con-
sideration of algorithmic complexity and numerical limitations is needed in order to keep these mathematical
tools applicable (Freckleton, 2012; Tung Ho and Ané, 2014; Goolsby, 2017; Louca and Doebeli, 2017).

Here we present a new algorithm for calculating the likelihood of a large set of macroevolutionary
models, including diversification models with time-dependent speciation and extinction rates (Morlon et al.,
2011; Condamine et al., 2013; Rabosky, 2014), models for discrete-state-dependent diversification (Mad-
dison et al., 2007; FitzJohn et al., 2009; Rabosky and Glor, 2010; Goldberg et al., 2011; FitzJohn, 2012;
Goldberg and Igi¢, 2012; Magnuson-Ford and Otto, 2012; Beaulieu and O’Meara, 2016; van Els et al., 2018;
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Caetano et al., 2018) and Mk models for the evolution of a discrete trait along a fixed tree (Pagel, 1994;
Lewis, 2001). Our algorithm makes use of the fact that the solutions to the Kolmogorov backward equation,
a cornerstone of the aforementioned models, can be represented by a likelihood flow that only needs to be
computed once from the present to the root. Our flow algorithm can also be applied to dSSE models where
the rates \;, u; and Q;; depend on time and/or on time-dependent environmental variables (Rabosky and
Glor, 2010), as well as to Mk models with time-dependent transition rates. The algorithm can even be ap-
plied to cases where rate parameters vary between some taxa (Alfaro et al., 2009; Rabosky, 2014), so long as
a separate flow is used for each taxon-specific rate class. The flow algorithm has the potential to substantially
reduce computation time whenever it is costly to solve the Kolmogorov backward differential equation for
the likelihoods, as is typically the case for complex models for which no closed-form solutions are known.

Our tests showed that for large trees our algorithm, which we used to newly implement various previous
dSSE models, is one or more orders of magnitude faster than existing implementations. For maximum-
likelihood estimation or Bayesian MCMC, which can involve thousands of evaluations of the likelihood
function and take hundreds of hours, these differences in performance become crucial determinants of the
feasibility of a study. We also presented a new numerical method for simulating dSSE models, which for large
trees is several orders of magnitude faster than existing methods. Our methods are provided through castor,
an R package for efficient comparative phylogenetics on large trees (Louca and Doebeli, 2017). Practically,
our methods make a large class of diversification models accessible to modern massive phylogenies, which are
bound to shed new light on macroevolutionary questions. We also hope that our algorithm gives researchers a
new perspective on macroevolutionary models and, in doing so, helps spur the advance of the next-generation
of comparative methods.
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Figure 1: Conceptual illustration of the revised algorithm. Our proposed algorithm can be used to rapidly compute
variables (e.g., state likelihoods) at nodes that are a priori defined as solutions of a linear differential equation along
edges. In the example illustrated above, as in dSSE models, the initial condition for the vector-valued variable X
at node NV is determined based on the values of X calculated previously on the descending edges (connecting tips
L and K). The goal is to obtain the solution X p of the differential equation along edge N — P, given the initial
condition X at node N. Instead of explicitly solving this differential equation along the edge, one can calculate
Xpas Xp = Uty tp) Uty tn) "t - Xy, where ¢, is some starting time point (e.g. t, = 0) for which the flow
U (t,,t) has been previously calculated. The direct mapping ¥ (¢, tp) (continuous arrow) is equivalent to the product
U(ty,tp) - W(t,, tn) ! (dashed arrows), and hence an explicit calculation of W (¢, #p) is not necessary.

a) BiSSE likelihood b) HiSSE likelihood c) BiSSE simulation
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Figure 2: Comparison of computation times. Comparison of computation times needed for the calculation of a single
BiSSE likelihood (a), the calculation of a single HiSSE likelihood (b), and the simulation of a single BiSSE model (c),
using castor and other software packages (time 7" over tree size .S, one curve per package). Note the logarithmic axes
in all figures. Package names are listed in the legends. Fitted asymptotic power-law exponents (7" o S?) are shown
next to every curve. Vertical bars show standard deviations. Compared packages include diversitree (FitzJohn,

2012), hisse (Beaulieu and O’Meara, 2016) and secsse (van Els et al., 2018). Detailed functions and options used
are explained in the Methods.
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Appendix 1. An extension to existing dSSE models

In the following, we describe how existing dSSE models can be extended to account for multifurcations in
the phylogeny (a common issue in massive phylogenies), as well as for potential biases in the identification of
tip states, i.e. where some states are easier to detect/confirm than others. Such “reveal biases” are probably
present in a multitude of traits, for example when it is easier to confirm the presence of a behavioral trait or
metabolic capability than its absence. A prominent example are bacterial metabolic phenotypes, where cul-
turing success is strongly biased towards specific phenotypes, depending on available techniques and current
research interests (Dunbar et al., 1997; Marchesi and Weightman, 2003; Tamaki et al., 2005; Lagkouvardos
et al.,2017). Existing formulations of dSSE ignore such biases, that is, it has so far been assumed that either
all tips have known state (Maddison et al., 2007), or that all tip states have the same probability of being
known (FitzJohn et al., 2009; FitzJohn, 2012; Beaulieu and O’Meara, 2016; van Els er al., 2018).

In dSSE, available trait data and information about sampling fractions is incorporated into a model’s
likelihood via the initial conditions assumed for the E; (probability that a lineage at state ¢ will eventually be
absent from the tree) and the likelihoods X; at the tips, i.e. at age ¢ = 0. Specifically, the initial conditions
for F; at t = 0 depend on the fraction of extant species in state ¢ that is included in the phylogeny, usually
referred to as “sampling fraction” and denoted p;:

Ei(0) =1—pi. (23)

The initial condition for X; at ¢ = 0 is defined separately for each tip, and depends on the sampling fraction
of species in state ¢, as well as on the probability that a species in state 7 would have a known (“revealed”)
state, conditional upon being included in the tree. In existing dSSE variants, this probability — here referred
to as “reveal fraction” r; — was assumed to be independent of state (Maddison et al., 2007; FitzJohn et al.,
20009; FitzJohn, 2012; Beaulieu and O’Meara, 2016; van Els et al., 2018). For tips known to be in state ¢,
thus:

XZ(O) = pPi - Tiy X]'(O) =0 Vj?él, (24)

and for tips with unknown state:
X;j(0)=pj-(L—rj) Vi (25)

Observe that even if the state of a tip is unknown, the mere fact that it is included in the phylogeny (which
occurs with probability p;) and the fact that its state is unknown (which occurs with probability 1 — 7;),
constitute potential information that is incorporated into the model’s likelihood. In Supplement S.9 we use
simulations to illustrate how ignoring or accounting for reveal biases can influence dSSE parameter estimates.
Note that, unless most other model parameters are known a priori, it may not be possible to estimate the
reveal fractions 7; from the phylogenetic data alone. For example, for trait-independent birth-death models it
is well known that the sampling fraction p cannot be directly estimated from the tree when the speciation and
extinction rates are unknown (Stadler, 2009; Morlon et al., 2010; Stadler and Steel, 2019), and that p must
be determined using additional information (e.g, via mark-recapture-type surveys, Louca et al., 2018). It is
thus possible that the r; may also need to be determined beforehand using additional data, although more
thorough investigations of parameter identifiability are required to confirm this suspicion.

At internal nodes, the initial conditions for X depend on the values computed for the descending
clades, as explained in the following. Since we will be referring to the values of X at various notes, in the
following we will deploy double-indices, with X ; denoting the value of the j-th component of X (where
j =1,..,5) at node N, and with A/ denoting the set of all nodes (hence N € N). At any node N € N/
of age ty and having child nodes C1, ..,C,, € N (with n = 2 in the case of bifurcating trees), the initial
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condition X ;(¢x) is determined by the final values of X¢, 4, .., X, ; on the daughter lineages:

Xn,i(tn) = AT Xepa(tn). (26)
k=1

Note that classical formulations of dSSE only consider the bifurcating case (n = 2). The more general
scaling factor )\?_1 for any n > 2 can be derived in two alternative ways. First, multifurcations can be
decomposed into n — 1 bifurcating sub-nodes in close temporal proximity, i.e., with the length of artificially
introduced edges being infinitesimally small. Along these edges, the likelihoods X change only little, and
at each sub-node a factor \; would be introduced as one traverses towards the root; the classical formula
for dSSE in bifurcating trees would thus eventually lead to the expression in Eq. (26) for the likelihoods
at the sub-node closest to the root. Second, the scaling )\?_1 corresponds to the leading-order expression
for the probability that the cladogenic process generates n lineages during an infinitesimal time step ¢, after
rescaling to remove time units. Indeed, for a cladogenic process with some speciation rate ); and extinction
rate u;, starting with a single lineage at time ¢, the probability of having n or more extant lineages at time
t + ¢ is given by (Nee et al., 1994):

o0
di
P — 1= n—l 27
© kz:;z Ai — pie %€ [T = g™, 27
where 0; = \; — p; and where:
1— 67516
U Ai 28
e S V— (28)
Keeping only terms of leading order in ¢ yields:
P(e) =" I\ 4+ O(e), (29)

and hence one recovers the scaling factor in Eq. (26).

We clarify that Eq. (26) is primarily designed to deal with poorly resolved multifurcations, i.e. where
multiple bifurcations occurred in such close temporal proximity that they cannot be resolved in the phylogeny.
As most existing phylogenetic software (including most existing implementations of dSSE) crash when ap-
plied to multifurcating trees, it is common practice to artificially resolve multifurcations into multiple and
closely adjacent bifurcations (i.e., by introducing short artificial edges), prior to applying dSSE. Our formula
essentially allows directly calculating the outcome of such an adjustment without actually modifying the in-
put tree, in the mathematical limit where the introduced artificial edges are infinitesimally small. Note that
Eq. (26) does not apply to truly multifurcating diversification models, i.e. where true n-furcations occur at
some non-zero probability rate.

21



A General and Efficient Algorithm for the Likelihood of
Diversification and Discrete-Trait Evolutionary Models
- Supplemental Information -

Stilianos Louca'? & Matthew W. Pennell>*

' Department of Biology, University of Oregon, USA
2[nstitute of Ecology and Evolution, University of Oregon, USA
3Biodiversity Research Centre, University of British Columbia, Vancouver, Canada
4Department of Zoology, University of British Columbia, Vancouver, Canada

S.1 Numerical considerations

Mathematically, our flow algorithm for dSSE models is equivalent to the original formulation of SSE. How-
ever, the following clarifying notes are warranted regarding its numerical implementation (also see Supple-
ment S.2 for pseudocode). First, the pre-computed solution for F;(t) is inevitably stored on a finite discrete
time grid, however F; needs to be evaluated at arbitrary times during the subsequent calculation of G. Thus,
any evaluation of F; at a time falling between grid points is obtained through linear interpolation. Simi-
larly, the precomputed G is stored on a discrete time grid, and is later evaluated at the branching times via
interpolation if necessary. An accurate interpolation is ensured by using sufficiently fine time grids.

Second, the differential equation (20) tends to generate matrices G(¢) that become increasingly difficult
to invert, or equivalently, the linear system in Eq. (22) becomes increasingly difficult to solve accurately.
Intuitively, trajectories of the differential equation dX /dt = A - X starting at distinct initial conditions tend
to gradually converge to similarly shaped (and thus linearly dependent) likelihood vectors X for increasing
t. For illustration, suppose A is roughly constant over time and has eigenvalues o1, o9, .., with o1 having
the largest (i.e., most positive) real part. Then G(t) will have eigenvalues exp(to1), exp(toz), .., with the
largest modulus of any eigenvalue being exp(¢Ro ), where R denotes the real part. Since the eigenvalues of
G(t) will increasingly diverge from one another at an exponential rate, for almost any initial condition X (0)
the shape of X(t) = G(¢)X(0) will increasingly resemble the eigenvector corresponding to the dominant
eigenvalue exp(to1). A standard measure for how close the matrix G(t) is to singularity for numerical
purposes is the “condition number”, denoted x(t) (Cline ez al., 1979, Turing, 1948); a greater (t) generally
means that G(t) is harder to invert numerically. The condition number is given by the ratio of the largest
over the smallest singular value, s1/s,, where s1, .., s,, are the singular values in decreasing size (Watkins,
2010). Estimating the singular values of G(t) without explicitly solving the differential equation (20) is hard,
however an upper bound can be found. Assuming as before that A is constant, then the singular values of
G(t) are related to the singular values of A according to the following inequality (So and Thompson, 2000,
Theorem 2.1):

51(G(t)) = s1(e) < 1@, (1)



and:

_ 1 _ 1 _ 1 1 —ts1(A)
Sn(G(t)) - Sl(Gil(t)) - 81(681(_tA)) - Sl(etsl(A)) Z etSl(A) 2 € 1 . (2)

Consequently, the condition number x(G()) can be bounded as follows:

#(G(t)) = m < e2tsid), 3)

In our implementation, we thus check whether the condition number x(¢) could become dangerously high
as t approaches the root age, based on the given A and using the upper bound in Eq. (3). In those scenarios,
we split the tree’s age interval into sufficiently short subintervals, and solve the differential equation (20)
separately for each subinterval with the initial condition G(¢;) = I applied to the beginning (¢;) of each
subinterval. Eq. (21) is then adjusted by replacing G(¢p) with a product of matrices corresponding to
subintervals between ages ¢y and t,,. Further, when solving for X%; in Eq. (22), we explicitly verify that the
matrix G(¢x) has full rank within the bounds of numerical accuracy; in the rare occasion where G(ty) is
rank-deficient or close to rank-deficient, we instead calculate the “best” approximate solution to (22) in the
least-squares sense.

Third, the linear structure of the differential equation (20) permits the use of specialized efficient numerical
differential equation integrators. Despite this useful property, existing dSSE implementations use generic
integrators (mostly in the Runge-Kutta family; Butcher, 1987) that do not exploit this structure and often
necessitate impractically small time steps to achieve satisfactory accuracy. Here we use a variant of expo-
nential integrators (Friedli, 1978, Lawson, 1967), which are particularly suited for problems where time-step
requirements are largely determined by the linear component, nested into an explicit 2-stage Runge-Kutta
scheme. Within this scheme, each iteration G(™) — G("+1) proceeding from age t,, to ¢, is computed as:

Gt — 2 Al) |, () (t), 4)

where € = t,, 11 — t, is the time step and A(t,) = 0.5 - (A(t,) + A(t,11)) corresponds to the averaged
dynamics at times ¢,, and ¢,,+1. In our implementation, the matrix exponential is approximated numerically
using a finite sum of matrix polynomials, and the time step ¢ is adjusted adaptively at each iteration to en-
sure sufficient accuracy. For linear differential equations such as here, this scheme tends to be more robust
than standard explicit Runge-Kutta schemes, because the exponential form strongly reduces the risk of over-
shooting into negative values. In our simulations, we also observed that this scheme yielded more accurate
solutions than classical 2-stage Runge-Kutta schemes, for any given time step . This is not surprising, since
the iteration in Eq. (4) yields exact solutions if A is constant, whereas this is not the case for classical Runge-
Kutta. As the age ¢ increases, the extinction probabilities F;(t) typically converge towards an asymptotic
value and consequently A(¢) indeed converges towards a constant matrix.

Fourth, for large trees the solution to the differential equation (20) can reach quite extreme scales, eventually
leading to numerical underflow or overflow. This problem is especially common for models where speciation,
extinction and/or transition rates are fast compared to the time scales covered by the tree, for example when
net diversification rates were low but species turnover rates were high, or when state transitions occurred
much more frequently than speciations, or when the likelihood is computed for an unlikely parameter set.
Typically, the eigenvalues of A(¢) will have negative real part, and hence G(¢) decays exponentially fast
towards zero as t — oo. In our tests we encountered cases where entries in G(¢) become as small as
10~10:000 __ guch values currently cannot be represented by standard computer floating point variables. In
existing dSSE implementations, similar underflow problems are encountered in the computation of D as



one approaches the root, and are mitigated by normalizing D at each node and adjusting the model’s log-
likelihood to correct for this normalization. Here we use a similar rescaling approach when calculating G(t),
whereby we normalize entries in G(t) at each iteration, keeping track of the logarithm of the cumulative
rescaling applied and correcting the model’s log-likelihood for this rescaling. Since the differential equation
(20) is linear, this is permissible, i.e. the obtained solution is mathematically equivalent (but numerically
easier to represent) to the original integration scheme in Eq. (4).

S.2 Pseudocode description of the flow algorithm

The following pseudocode outlines the flow algorithm, as implemented for MuSSE models in the package
castor. Let bold characters (e.g. p or X) denote vectors of size S, where .S is the number of modeled states,
and let double-lined symbols (e.g. Q or &) denote matrices of size .S x .S. For any two vectors x,y of the
same length denote x ® y the element-wise product, also known as Hadamard product. For any vector x, let
||x|| denote the sum of the modulus of its components.

Input: Model parameters A, u, Q, p, r
Input: Ultrametric tree and tip states (whenever known)
Input: Maximum allowed condition number «, (typically ~ 104-10%)
Output: Log-likelihood L
# Pre-calculate E and G

1: Calculate the root age t,
Calculate E(t) for all ¢ € [0, ¢,], by solving the differential equation (8) (main article) in backward time
with initial condition E(0) = 1 — p. Store the result at discrete times.

N

3: Using E and the model parameters, construct interpolation function for obtaining A(¢) at any ¢ € [0, ¢,]
4: Calculate the maximum condition number (spax) of A(t) at various ¢ € [0, t,]

5: Aint < In(Ko)/(2 - Smax)s Nint < [tr/A]; Aing < tr/Ning  # Define age intervals for calculating G
6: for : =1 : N do

7 to < (Z — 1) - Aint

8: Calculate G;(¢) fort € [to, to+Aint], by solving dG; /dt = A(t)-G; with initial condition G;(t,) = I
9: end for

# Define function for getting ¥ (t,t,) - X for any t. < t, and any X,
10: function mar(X,, t¢, tp)
11: ic < 14 |te/Aint ]
12: ip < 1+ [tp/Aint)

13: Solve the linear system G;_ () - X, = X, to obtain X,, using least-squares
14: Initialize X, <— X,

15: for i =i.: (ip — 1) do

16: Xp — GZ(Z . Aint) . Xp

17: end for

18: Xp Gy, (tp) - Xp

19: return X,

20: end function

# Postorder traversal
21: For any node k, let X, be the log-likelihoods up until that node, ¢, the age of the node and nj, the number
of children at the node (if not a tip)



22: for each tip k£ do

23: Initialize X}, according to Egs. (24) and (25)
24: end for

25: Initialize L < 0

26: for each internal node k in postorder do

27: Initialize Xy + A(¢)™ 1

28: for each child c of the node do

29: Y  mapr(Xe, te,ty) # map child X, to parent node
30: X+ Xp0Y
31: end for

# Avoid numeric overflow
32: a <+ || Xkl
33: X +— Xp/«
34: L+ L+ In(o)
35: end for

# Use root likelihoods, X, to calculate overall model likelihood
36: w < Xy/ || Xe|| # calculate root prior from likelihoods
37: a+ [|[TOAO (1 —E(ty)) © (1 — E(ty))|| # 'madfitz” conditioning
38: Xy +— X/
39: L+ L+In||X; o

S.3 Evaluating dSSE likelihood accuracy

To verify that our algorithm is correct and that our numeric implementation yields accurate likelihoods, we
performed simulations of BiSSE models with random parameters and calculated the likelihoods of the sim-
ulated data using castor (Louca and Doebeli, 2017) and diversitree (FitzJohn, 2012). Transition rates
between states were chosen randomly and uniformly within the interval [0.1, 0.5], birth rates were chosen
randomly and uniformly within the interval [5, 10], and death rates were chosen randomly and uniformly
within the interval [0, 5]. The root state was chosen randomly and uniformly among all possible states. The
sampling fraction of tips was set to 10% (i.e. p; = 0.1) in order to emulate the common scenario where only
a small fraction of species is included in the phylogeny. All tip states were assumed to be known during the
evaluation of the likelihood (i.e. ; = 1). Simulated trees comprised either 500 or 10,000 tips. The likeli-
hoods were calculated using the actual model parameters (i.e., as used in the simulations), and are shown in
Supplemental Fig. S1.

To further evaluate the accuracy of our implementation, we also performed maximum-likelihood estimates of
model parameters for multiple simulated BiSSE and HiSSE trees (each comprising 500 tips). We considered
the following R packages: castor v1.4.0 (Louca and Doebeli, 2017) for BiSSE and HiSSE, diversitree
v0.9-10 (FitzJohn, 2012) for BiSSE, and hisse v1.8.9 (Beaulieu and O’Meara, 2016) for BiSSE and HiSSE.
The package secsse (van Els et al., 2018) was omitted due to impractically long computation times. We
first simulated 50 BiSSE or HiSSE models with randomly chosen parameters, and used each package to re-
estimate model parameters from the simulated data via maximum-likelihood. Model parameters, root state,
sampling fractions and reveal fractions were chosen in the same way as described above. No parameters were
held fixed during maximum-likelihood, and all parameters (\;, j1; and (Q;;) were assumed to be independent.
Parameter start values were chosen by first fitting a simple birth-death model (Louca et al., 2018) as well as
an Mk-model to the simulated data (Yang ez al., 1995) using castor; the same start values were used for all



packages. The “subplex” optimization algorithm (Rowan, 1990) was used with all packages, with a relative
tolerance of 1075, The maximum number of iterations was set to 10°, which was sufficiently high to always
achieve convergence. The likelihoods at the root were conditioned on the survival of the two child lineages
and the speciation event joining them; this is option “root_conditioning=‘madfitz’” in castor, option
“condition.surv=TRUE”indiversitree and option “root.type=‘madfitz’” inhisse. Theroot prior
(i.e., the weights for averaging the likelihoods) was set to the likelihoods themselves (after normalizing), as
described by FitzJohn et al. (2009, Appendix 1); this is option “root_prior=‘likelihoods’” in castor,
option “root=R00T.0BS” in diversitree and option “root.p=NULL” in hisse. For each tree and each
package, we calculated the relative estimation errors as | — x| / |z|, where z is the true value of a parameter
(i.e., as used in the simulation) and Z is the estimated value of that parameter. The box plots in Supplemental
Figs. S2 and S3 show the distribution of relative errors for selected parameters and for each package. Note
that the higher estimation errors by the hisse package (compared to castor) seen in Figs. S2E-H and
S3E-H are probably due to approximations done by the package when solving the differential equations for
the likelihood, for purposes of computational efficiency and at the cost of reduced accuracy.

S.4 Evaluating dSSE likelihood run times

To evaluate the computational efficiency of our algorithm, we assessed the time needed for computing dSSE
likelihoods and compared them to those of other R packages, using simulated BiSSE and HiSSE trees.
Throughout this article, all benchmarks were performed on a MacBook Pro (Retina, 13 inch, early 2015),
with 8 GB RAM and 2.9 GHz Intel Core i5 processor, running MacOS 10.13.6 and R 3.6.0. For computation
time benchmarks, only a single core was used. The following R packages were considered: castor v1.4.0
(Louca and Doebeli, 2017) for BiSSE and HiSSE, diversitree v0.9-10 (FitzJohn, 2012) for BiSSE, hisse
v1.8.9 (Beaulieu and O’Meara, 2016) for BiSSE and HiSSE, secsse v1.0.0 (van Els et al., 2018) for HiSSE.
For any given tree size, we simulated 10 BiSSE or HiSSE models with randomly chosen parameters, and
used each package to calculate the likelihood of the model for the same parameters and given the simulated
data. For any given tree size, the run times needed by each package were averaged across simulations. Model
parameters, root states, sampling fractions and reveal fractions were chosen in the same way as described
above (Supplement S.3). BiSSE likelihoods were calculated using the castor function £it_musse (options
“sampling_fractions=0.1, root_prior=‘likelihoods’, root_conditioning=‘madfitz’,
check_input=TRUE”), the diversitree function make.bisse (with option “sampling.f=0.1") and
the hisse function makeHiSSELikelihood (with options “f=0.1, condition.on.survival=TRUE,
root.type=‘madfitz’”). For purposes of benchmarking, we disabled the automatic calculation of start
parameters in hisse so as not to inflate hisse’s evaluation time with tasks not performed by the other pack-
ages. HiSSE likelihoods were calculated using the castor function fit_musse (with similar options as for
BiSSE), the hisse function makeHiSSELikelihood (with similar options as for BiSSE) and the secsse
function secsse_loglik (with options ‘“num_concealed_states=2, cond=‘maddison_cond’,
root_state_weight=‘maddison_weights’, sampling fraction=0.1").

S.5 Scaling of dSSE maximum-likelihood accuracy on large trees

Our revised algorithm for computing dSSE likelihoods, combined with rapid dSSE simulation methods, al-
lows an assessment of the behavior of dSSE maximum-likelihood estimation for large phylogenies. So far
the statistical performance of dSSE models has only been tested for trees with at most a few hundred tips
(Davis et al., 2013, Gamisch, 2016, Pyron and Burbrink, 2013, Rabosky and Goldberg, 2015), and hence it



is unclear how much better dSSE models perform on larger trees. Here we used castor to simulate multiple
BiSSE models with up to hundreds of thousands of tips, and to evaluate the accuracy of BiSSE parameter
estimates via maximume-likelihood for those trees (Supplemental Fig. S6). Model parameters, root states,
sampling fractions and reveal fractions were chosen as described above (Supplement S.3). We found that es-
timation accuracy, measured in terms of relative error, clearly improves when comparing trees with hundreds
of thousands of tips versus only hundreds of tips, although the extent of improvement differs substantially
between model parameters. For trees with >10,000 tips, speciation rates (A;) and net diversification rates (9;)
in particular could be estimated to great accuracy, with median relative errors below 3%. This underscores
the great statistical potential of modern massive phylogenetic datasets.

S.6 Pseudocode description of the MuSSE simulation algorithm

The following pseudocode outlines the algorithm for simulating MuSSE trees, as implemented in the package
castor. Let S denote the number of states. Let bold characters (e.g. A or q) denote vectors of size S, and
double-lined characters (e.g. Q) denote matrices of size S x S. At any time, every node or tip (henceforth,
“clade”) ever created has a unique index, called its “clade index”. We maintain the following auxiliary data
structures:

o EXTI][] keeps track of extant tips at each state, i.e. EXT[s][] lists clade indices of extant tips in state s

o C2PARENT(] maps each clade to its parent, i.e. C2PARENTIk] is the clade index of the clade with
index k.

e C2STATEJ] maps each clade to latest state, i.e. C2STATE[K] is one of 1,..,S

o C2ENDI] maps each clade to its time of extinction or branching, i.e. C2ZENDI[k] is the time when clade
k ceased to be an extant tip. Will be negative if the clade is an extant tip.

Input: Model parameters A, pu, Q
Input: Final number of tips, Nmax
Input: Initial state of stem lineage, s,
Output: Ultrametric timetree with Ny, extant tips
Output: Final state at each extant tip
Let g5 < ZHAS Q sz # Sum of transition rates from each state
Initialize EXT, C2PARENT, C2STATE, C2END with a single extant tip at state s,
A X, # Total speciation event rate
M < pg, # Total extinction event rate
T < gs, # Total transition rate
t < 0# Current time
N < 1# Number of extant tips
while N < Ny,,x do
R+ A+ M + T # Total event rate
Choose time until next event, dt, according to rate R
t+—t+dt
Decide if speciation, extinction or anagenetic transition event according to A, M, T
if speciation then
Choose random tip k for speciation from within EXT, according to A
s < C2STATE[k]

R e A i e

e e e
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# Create 2 new extant tips as children of k

16: for jin 1:2 do
17: Choose child state o < s # Note that cladogenetic transitions can be incorporated here
18: Add child to EXT, C2PARENT, C2STATE, C2END
19: Update A« A+ )Xo, M+ M+ py, T < T + q,
20: end for
21: Remove k from EXT[][], and set C2ZEND[k]< ¢
22: Update A < A —A\s M+ M — ps, T+ T — g5
23: N+ N+1
24: else if extinction then
25: Choose random tip k for extinction from within EXT, according to
26: s <+ C2STATE[k]
27: Remove k from EXT[][], and set C2END[k]« ¢t
28: Update A «— A —Ag, M < M — ps, T < T — g
29: N+ N-1
30: if N =0 then
31 return failure code
32: end if
33: else if transition then
# Perform an anagenetic transition
34: Choose random tip k for transition from within EXT, according to q
35: s +C2STATE[k]
36: Choose random new state o # s according to probabilities Qs1/¢s, .., @ss/qs
37: Update A <~ A+ Xy —As, M <~ M + pig — s, T <~ T + q5 — g5
38: C2STATE[k]+ o
39: end if

40: end while

41: Built timetree according to ¢, C2PARENT, C2END and EXT

42: Assign states to tips according to C2STATE

43: Remove extinct tips if needed, and remove any resulting monofurcations

S.7 Evaluating BiSSE simulation run times

The following R packages were included in the benchmarks: castor v1.4.0 (Louca and Doebeli, 2017),
diversitree v0.9-10 (FitzJohn, 2012), hisse v1.8.9 (Beaulieu and O’Meara, 2016), geiger v2.0.6.1
(Pennell et al., 2014), TESS v2.1.0 (Hohna et al., 2015), phytools v0.6-60 (Revell, 2012), TreeSim v2.3
(Stadler, 2011) and ape v5.2 (Paradis et al., 2004). For any given tree size, each package was used to simu-
late multiple BiSSE models with randomly chosen parameters; the same model parameters were used across
packages. Transition rates between states were chosen randomly and uniformly within the interval [0.1, 0.5],
birth rates were chosen randomly and uniformly within the interval [5, 10], and death rates were chosen ran-
domly and uniformly within the interval [0, 5]. All packages except TreeSim and TESS simulate trees in
forward time according to the model until a stopping criterion is met (“simple sampling approach” or SSA;
Stadler, 2011), whereas TreeSim and TESS sample the branching times of a reconstructed timetree condi-
tional upon the time span of the tree and/or the number of extant species. For all SSA simulators except ape,
the targeted number of tips was provided as the sole stopping criterion for the simulation. Because ape did
not support such a stopping criterion, a maximum simulation time interval of log(N/2) /(A — ) was used as



sole stopping criterion for ape, where N is the targeted number of tips; whenever the resulting tree had fewer
than 0.9- N tips, the test was repeated. For TreeSim and TESS, trees were conditioned upon a fixed number of
tips. BiSSE trees were simulated using the castor function simulate_musse (with options “max_tips=N,
coalescent=TRUE, all_Mk_transitions=TRUE, no_full_extinction=TRUE”), the diversitree
function tree.bisse (with options “max.taxa=N, include.extinct=FALSE, max.t=Inf”) and the
hisse function SimulateHisse (with options “max.taxa=N, nstart=1"). Simple birth-death clado-
genic models (i.e., without trait evolution) were simulated using the geiger function sim.bdtree (with op-
tions “stop=‘taxa’, n=N, extinct=TRUE”), the TESS function tess.sim.taxa (with options “n=1,
nTaxa=N, max=log(N)/(lambda-mu), samplingProbability=1"), the phytools function pbtree
(with options “n=N, nsim=1, type=‘continuous’, extant.only=TRUE”), the TreeSim function
sim.bd.taxa (with options “n=N, numbsim=1, frac=1, complete=TRUE, stochsampling=TRUE”),
and the ape function rbdtree (with option “Tmax=log(N/2)/(lambda-mu)”). Whenever a simulation
failed due to a tree going extinct, the test was repeated. For any given tree size, 10 models were simulated
and the run times of each package were averaged.

S.8 Evaluation of BiSSE simulation accuracy

As mentioned in the main article, our MuSSE simulator is essentially a Gillespie algorithm that simulates the
exact stochastic process in forward time until a halting criterion is met — in our case, until a specific number
of extant species is reached (Stadler, 2011 calls this the “simple sampling approach”, or SSA). To confirm the
accuracy of our implementation and consistency with existing software, we performed multiple simulations
of models using castor, and compared the generated trees to those generated by another SSA simulator im-
plemented in the package diversitree. We considered two different models: The first model was a BiSSE
model, with parameters Ay = 1, Ao = 2, uy = 0.5, uz = 1, Q12 = 1 and ()21 = 2 (all rates are in Myr_l),
and with the initial state chosen randomly according to the stationary distribution of Q. The second model was
essentially a birth-death model, which however was simulated as a BiSSE model with equal speciation rates,
equal extinction rates and zero transition rates, i.e. A\ = Ay = 1, 1 = pg = 0.5 and ();; = 0. For the simu-
lations we used the castor function simulate_musse and the diversitree function tree.bisse. Each
simulation was halted when the generated tree reached 500 extant tips. Each model was simulated 1000 times.
Trees generated by castor were compared to trees generated by diversitree in terms of their lineages-
through-time curves (LTT) as well as the distribution of pairwise phylogenetic distances between nodes
(“patristic distance”). LTTs were calculated using the castor function count_lineages_through_time
and averaged over all simulations of a given model and simulator. For each of the two models, averaged
LTTs were then visually compared between castor and diversitree (Figs. S5A,C). Pairwise node dis-
tances were calculated using the castor function get_all_pairwise_distances, and their distribution
density was calculated using the R function density, using a Gaussian kernel and a smoothing bandwidth
equal to the inverse mean speciation rate. Distance distribution densities were averaged over all simulations
of a given model and simulator; averaged distributions were then visually compared between castor and
diversitree (Figs. S5B,D). As can be seen in Figs. SSA-D, for the models examined, trees generated by
castor are almost statistically identical to those generated by diversitree, increasing confidence in the
correctness of our code.



S.9 Assessing the effects of reveal biases

If the identification of tip states is biased towards certain states, i.e., the reveal fractions r; differ between
states, then maximum-likelihood parameter estimates can become substantially distorted if these biases are
not properly accounted for (as is the case in all existing tools). To demonstrate this effect, we proceeded as
follows. We simulated 50 BiSSE trees, whereby model parameters were randomly chosen as in the other
benchmarks described above (Supplement S.3). The sampling fraction was set to 10% as before (i.e., p; =
0.1). Only a randomly chosen subset of tips was considered to have a known tip state, with reveal fractions
(r;) being 0.2 and 0.8 for states 1 and 2, respectively. We then used these simulated data as input to maximum-
likelihood estimation with the castor function fit_musse, while either providing the true reveal fractions
or while wrongly assuming that all reveal fractions were equal. Optimization options were as described above.
Default parameter start values were chosen by first fitting a simple birth-death model (Louca et al., 2018)
as well as an Mk-model to the simulated data (Yang et al., 1995), however multiple alternative start values
were also considered to avoid non-global local optima in the likelihood function (option “Ntrials=10").
For each tree and for each method (i.e., while providing or omitting information on the reveal fractions) we
calculated the relative estimation errors of parameters as described above (Supplement S.3). The box plots in
Supplemental Fig. S7 show the distribution of relative errors for both methods and for a selection of model
parameters, for BiSSE trees with 500 or 10,000 tips.

We found that the mean and median relative errors of estimated parameters were substantially higher when
not correcting for reveal biases than when reveal biases were corrected for. The greatest reduction in accuracy
was observed for the transition rates (Q;;. Indeed, when reveal biases were not corrected for, the transition
rate (1 2 was substantially overestimated and ()21 was substantially underestimated. This effect persisted
even for large trees with thousands of tips (Supplemental Fig. S7). Hence, not correcting for the fact that
state 1 is much harder to reveal than state 2, leads to biases in the estimated transition rates between states 1
and 2, in addition to higher estimation errors in all model parameters.

Note that if there are no biases in identifying tip states (i.e., the r; are the same across states), then the mere fact
that a tip state is known or unknown contains no useful information for parameter estimation. Mathematically,
this means that the factors ; and (1 — ;) in the initial conditions can be omitted, since their inclusion only
rescales the model’s likelihood function by a constant factor that is independent of model parameters. In that
case, one retrieves the dSSE models formulated in previous studies (FitzJohn, 2012, FitzJohn et al., 2009,
Maddison et al., 2007).
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Figure S1: Comparison of calculated BiSSE likelihoods. Comparison of BiSSE log-likelihoods calculated using
diversitree (horizontal axis; FitzJohn, 2012) and castor (vertical axis; Louca and Doebeli, 2017), for multiple
simulated BiSSE models with randomly chosen parameters (one point per simulation). Trees either comprised 500 tips
(A) or 10,000 tips (B). Detailed functions and options used are explained in the Methods.
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Figure S2: Comparison of maximum-likelihood accuracies across tools (modulus). Comparison of maximum-
likelihood estimation accuracy for BiSSE models (first row) and HiSSE models (second row), using castor and other
software packages (one sub-figure per model parameter, one box per package). Box plots show the distribution of the
modulus of relative errors of estimated parameters compared to their true values, over multiple random trees; boxes
span the 2nd and 3rd quartiles, whiskers span 90% percentiles, outliers are not shown. Note the logarithmic axes
in all plots. Trees and tip states used as input were simulated under the BiSSE or HiSSE model (top and bottom row,
respectively), with randomly chosen parameters. Trees comprised 500 tips. Compared packages include diversitree
(FitzJohn, 2012) and hisse (Beaulieu and O’Meara, 2016). The package secsse (van Els ef al., 2018) was omitted
due to impractically long computation times. Detailed functions and options used are explained in the Methods. See
Fig. S3 for plots of the relative errors.
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Figure S3: Comparison of maximume-likelihood accuracies across tools. Comparison of maximum-likelihood es-
timation accuracy for BiSSE models (first row) and HiSSE models (second row), using castor and other software
packages (one sub-figure per model parameter, one box per package). Box plots show the distribution of the relative
errors of estimated parameters compared to their true values, over multiple random trees; boxes span the 2nd and 3rd
quartiles, whiskers span 90% percentiles, outliers are not shown. Based on the same simulated trees as Fig. S2. Com-
pared packages include diversitree (FitzJohn, 2012) and hisse (Beaulieu and O’Meara, 2016). Detailed functions
and options used are explained in the Methods. See Fig. S2 for the modulus of relative errors.
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Figure S4: Comparison of run times between simulators. Comparison of computation times needed for the simula-
tion of a single BiSSE model (using castor, diversitree or hisse) or a single bird-death cladogenic model (using
geiger, TESS, phytools, TreeSim or ape) (time 7" over tree size .S, one curve per package). Note the logarithmic
axes. Except for castor and ape, the power-law exponents for all other packages were > 1.5. The package ape (Par-
adis et al., 2004) failed to generate any trees with more than 50,000 tips in our trials, even for the simple case A = 1
and ¢ = 0. Detailed functions and options used are explained in the Methods.
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Figure S5: Accuracy of simulated BiSSE models. Comparison of trees simulated under the BiSSE model (top
row) or the birth-death model (bottom row), in terms of their lineages-through-time curves (LTT, left column) or the
distribution of pairwise node distance (right column), between castor (continuous curves) and diversitree (dashed
curves). Each curve represents the average LTT or the average distribution of pairwise node distances, obtained across
1000 independent simulations of the same model. All trees had 500 tips. Simulations of the birth-death model were
performed using the BiSSE simulators, after setting all transition rates to zero (Q);; = 0) and setting Ay = A and
11 = pe. Detailed functions and options used are explained in the Methods.
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Figure S6: Comparison of maximum-likelihood accuracies across tree sizes. Comparison of maximum-likelihood
estimation accuracy for BiSSE models using castor, estimated using random trees of various sizes (one sub-figure per
model parameter, one box per tree size). Box plots show the distribution of the relative errors of estimated parameters
compared to their true values, over multiple random trees; boxes span the 2nd and 3rd quartiles, whiskers span 90%
percentiles, outliers are not shown. Trees and tip states used as input were simulated under the BiSSE model with
randomly chosen parameters.
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Figure S7: Correcting for state identification biases. Comparison of maximum-likelihood estimation accuracy for
BiSSE models using castor, while correcting or without correcting for biases in the identification of different tip
states (one sub-figure per model parameter, left box with correction, right box without correction). Box plots show the
distribution of the relative errors of estimated parameters compared to their true values, over multiple random trees;
boxes span the 2nd and 3rd quartiles, whiskers span 90% percentiles, outliers are not shown. Trees and tip states used
as input were simulated under the BiSSE model with randomly chosen parameters. All trees comprised 500 or 10,000
tips. Probabilities of state identification were 0.2 and 0.8 for states 1 and 2, respectively.
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