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Abstract.—The analysis of time-resolved phylogenies (timetrees) and geographic location data allows estimation of dispersal
rates, for example, for invasive species and infectious diseases. Many estimation methods are based on the Brownian Motion
model for diffusive dispersal on a 2D plane; however, the accuracy of these methods deteriorates substantially when dispersal
occurs at global scales because spherical Brownian motion (SBM) differs from planar Brownian motion. No statistical method
exists for estimating SBM diffusion coefficients from a given timetree and tip coordinates, and no method exists for simulating
SBM along a given timetree. Here, I present new methods for simulating SBM along a given timetree, and for estimating
SBM diffusivity from a given timetree and tip coordinates using a modification of Felsenstein’s independent contrasts
and maximum likelihood. My simulation and fitting methods can accommodate arbitrary time-dependent diffusivities
and scale efficiently to trees with millions of tips, thus enabling new analyses even in cases where planar BM would be a
sufficient approximation. I demonstrate these methods using a timetree of marine and terrestrial Cyanobacterial genomes,
as well as timetrees of two globally circulating Influenza B clades. My methods are implemented in the R package “castor.”
[Independent contrasts; phylogenetic; random walk; simulation; spherical Brownian motion.]

Phylogeographic methods are widely used for
reconstructing the dispersal dynamics of plant and
animal species (Lemmon and Lemmon 2008; Landis
et al. 2013), infectious diseases (Lemey et al. 2009,
2010; Pybus et al. 2012; Faria et al. 2012), and culture
(Bouckaert et al. 2012; Currie et al. 2013), especially when
the dispersal process cannot be directly observed (e.g.,
because it happened in the past) or when the detection
rate is unknown (as is the case in many infectious
diseases). The most common aims of such studies is
to estimate rates of dispersal and/or to estimate the
likely geographic locations of ancestral nodes (Lemmon
and Lemmon 2008; Bouckaert and Cartwright 2016).
Knowing the dispersal rates of invasive species can
help prioritize management actions in the case of
budgetary constraints, or weigh proactive management
costs versus risk of dispersal. If a species has already
spread substantially, then dispersal rate estimates
could give insight into the possible mechanisms of
dispersal or rule out possible dispersal mechanisms.
Very fast dispersal of an invasive species may, for
example, rule out certain animals as potential dispersal
vectors, while very slow dispersal may, for example,
rule out human movement as the dispersal mechanism.
Comparative analyses of dispersal rates between taxa
could also yield insight into how morphology, behavior,
or environmental conditions affect dispersal. Further, a
reconstruction of historical dispersal rates of invasive
species or infectious diseases over time can yield insight
into the effects of past policies, as well as insight into
potential evolutionary changes (e.g., towards greater or
lower transmissivity). Knowledge of dispersal rates is
also important for properly interpreting biogeographic
diversity patterns—for example, a highly debated
question in microbial ecology is whether patterns
of geographic restriction are fully attributable to

environmental filtering or whether dispersal limitation
is an important factor (Whitfield 2005; De Wit and
Bouvier 2006; van der Gast 2015).

A widely used mathematical model of dispersal is
planar Brownian motion (BM), which describes the
dispersal of each lineage as an independent continuous-
time continuous-space diffusion process or “random
walk” on a 2D plane (Bloomquist et al. 2010; Lemey et al.
2010; Faria et al. 2011, 2012), similarly to the evolution of a
continuous bivariate trait along a phylogeny. BM models
offer a powerful alternative to phylogeographic models
where species ranges are treated as discrete traits (i.e.,
geographic locations are grouped into discrete regions),
especially when the number of possible geographic
regions is large and computational bottlenecks become
a serious issue (Ree and Smith 2008; Goldberg et al.
2011; Landis et al. 2013; Matzke 2014). The planar
BM process is characterized by a single numeric
parameter known as diffusion coefficient (henceforth
simply “diffusivity” and denoted D), which in principle
could depend on time although in most practical cases
is assumed to be constant for simplicity. Given a
time-calibrated phylogeny (henceforth “timetree”) and
geographic locations of its tips, the diffusivity of planar
BM can be efficiently estimated using Felsenstein’s
independent contrasts (Felsenstein 1985; Freckleton
2012) or generalized linear models (Tung Ho and Ané
2014), both of which are equivalent to a maximum
likelihood estimation.

When the examined geographical range is large (e.g.,
several thousands of km), planar BM can no longer
be used to model the full dispersal process even if
locally (i.e., at small spatial and temporal scales) the
dispersal process is adequately described by planar BM.
This is because geographic coordinates (latitude and
longitude) cannot be mapped to a single 2D Cartesian
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system while preserving distances, and because the
transition probabilities of diffusion on a sphere differ
from those of planar BM. This limitation is particularly
relevant for viral epidemics, many invasive species,
human migration, and language. In these cases, a
modification of the process is needed that accounts
for Earth’s spherical geometry, known as spherical
Brownian motion (SBM) (Perrin 1928; Brillinger 2012);
however, tools able to fit SBM models are rare and
tools for simulating phylogeographic data under the
SBM model are non-existent. Efficient simulations of
phylogeographic models are needed for evaluating the
accuracy of estimation tools, for obtaining confidence
intervals via bootstraps, for hypothesis testing and for
approximate Bayesian computations (Janzen et al. 2015).
To my knowledge, the only existing phylogeographic
tool able to handle SBM is a package developed by
Bouckaert and Cartwright (2016) for estimating ancestral
geographical locations within the BEAST software
environment (Bouckaert et al. 2014), which uses an
approximation of the transition probability density by
Ghosh et al. (2012) as well as an approximation of the
likelihood of the tree (Eq. 2 in Bouckaert and Cartwright
2016). The approximation used for the transition density,
however, is inaccurate when geographical distances
between sister tips span global scales, that is, if dispersal
is fast compared to lineage branching rates in the
timetree, and the approximation used for the likelihood
was not justified and remains poorly understood.
Further, the tool provided by Bouckaert and Cartwright
(2016) is part of BEAST’s molecular sequence analysis
pipeline, and is thus not suitable for situations where a
timetree has already been obtained by other means.

This article makes the following contributions: first, I
present a method for efficiently simulating SBM models
along any given timetree. Second, I present a method for
efficiently and accurately calculating the likelihood of
a phylogeographic data set (timetree + tip coordinates)
under an SBM model that is accurate both for slow
as well as fast dispersal. Third, I present methods for
estimating the SBM diffusivity via maximum likelihood.
Fourth, I present a method for evaluating the extent
to which a fitted SBM model is a good description of
the dispersal process underlying a given data set, based
on a data-consistency approach similar to Lindholm
et al. (2019). In contrast to existing tools, the presented
methods can accommodate models with arbitrary time-
variable diffusivities and scale well to large trees with
millions of tips, thus enabling analysis of modern
massive phylogenetic data sets (Louca et al. 2018; Smith
and Brown 2018). My methods are implemented in
the package castor (Louca and Doebeli 2018) for the
computational environment R (R Core Team, 2019), and
can thus be easily integrated into other workflows.
I examine the accuracy of these methods through
simulations and demonstrate their use using a timetree
of Cyanobacterial genomes, as well as two Influenza
B hemagglutinin timetrees sampled between 1987 and
2015 (Langat et al. 2017). The Cyanobacterial example,

in particular, illustrates how using planar BM instead
of SBM to model global dispersal can lead to different
biological conclusions.

MATHEMATICAL FORMALISM

Transition Density and Cumulative Distribution of the SBM
The methods presented here consider an SBM process

with diffusivity D on a sphere with radius r. I assume
that diffusion is isotropic and homogeneous, that is, no
particular direction is favored and diffusivity is the same
at all locations. For now I will also assume that D does
not depend on time, although I later discuss how a time-
dependent D can be accounted for. Note that locally (i.e.,
over short time scales and small distances) the diffusion
process resembles a bivariate planar BM process with
diffusivity D, that is, after some short time step t the
expected squared geographical distance traversed is 4tD.
Note that D is related to the infinitesimal variance �2 as
D=�2/2 (Lange 2010). The probability density for the
central angle ω∈[0,�] between the initial and final point
reached by a diffusing particle after some time step t is
given by:

�(ω;t)= sin(ω)
2

∞∑
n=0

(2n+1)Pn(cosω)e−n(n+1)tD/r2
, (1)

where Pn is the Legendre polynomial of order n (Perrin
1928; Brillinger 2012). Observe that the probability
density of the central angle ω (henceforth “transition
density,” see Fig. 1a) depends on the unitless quantity
tD/r2, henceforth denoted by � for brevity. When � is
large (i.e., ��0.1), the series in Eq. (1) converges rapidly
and can be well-approximated by a truncated version:

�(ω;t)≈ sin(ω)
2

N∑
n=0

(2n+1)Pn(cosω)e−n(n+1)�, (2)

where N is chosen sufficiently high to ensure that only
terms below a certain error threshold are omitted. For
small � (i.e., much smaller than 0.1), the convergence
of the series is slow and its truncations exhibit strong
oscillations over ω that are not present in the full series
(i.e., the true density �). This makes the truncated series
a bad choice for purposes of likelihood calculations
in practice. In that case, an alternative approximation
developed by Ghosh et al. (2012) may be used instead:

�(ω;t)≈ N (�)
2�

√
ωsin(ω)e− ω2

4� , (3)

where N (�) is an appropriately chosen normalization
factor. Note that N (�) depends on � and must be
calculated numerically. This approximation formula
is used in the phylogeographic analysis package by
Bouckaert and Cartwright (2016), and while fairly
accurate for small �, it becomes inaccurate when � is
large (which is where the truncated series becomes
accurate). To address this shortcoming, here I calculate
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likelihoods using either the truncated series in Eq. (2) or
the approximation in Eq. (3) depending on whether � is
larger or smaller than 0.1, respectively.

To simulate an SBM model in forward time, the
cumulative distribution function (CDF) of the central
angle is needed. The CDF can be obtained by integrating
the transition density in Eq. (1) over ω and using
well-known properties of Legendre polynomials:

F(ω;t)= 1
2

∞∑
n=0

e−n(n+1)� [Pn−1(cosω)−Pn+1(cosω)]. (4)

As with the transition density, for ��0.1 the series in Eq.
(4) can be well-approximated by truncation, whereas for
much smaller � the convergence of the series is slow and
an accurate truncation would require an impractically
large number of terms. Hence, for small � I construct the
CDF using the approximate density in Eq. (3). Because
an analytical form for the integral of Eq. (3) is not known,
and to avoid costly numerical integrations, I approximate
the formula in Eq. (3) using a Taylor expansion of√

ωsin(ω) in ω:

√
ωsin(ω)≈ω− ω3

12
+ ω5

1440
− ω7

24192
+ 67ω9

29030400
. (5)

Inserting this Taylor expansion into Eq. (3) and
integrating over ω yields the following approximate CDF
for small �:

F(ω;t)≈ N (�)
1814400

·[
−384 ·(−4725+1575�−105�2+75�3+67�4)

+5760e− ω2
4� (−315+105�−7�2 +5�3)

+15e− ω2
4�

[
96(105−7�+5�2)ω2 +(−84+60�)ω4 +5ω6

]

+1072e− ω2
4�

(
24�4 +6ω2�3 + 3ω4�2

4
+ ω6�

16
+ ω8

256

)]
.

(6)

This approximation is accurate for �<0.1 because in that

case e− ω2
4� decays rapidly for increasingω (in other words,

large ω are rare) and hence any errors of the Taylor
expansion in Eq. (5) due to large ω are negligible when

multiplied by e− ω2
4� (Appendix Fig. 2 ).

Likelihood Calculations from Independent Contrasts
In order to construct a likelihood function that can be

used for model fitting, I extract independent realizations
of the diffusion process from the timetree and tip
coordinates as follows. Because the diffusion process is
isotropic and homogeneous, the central angle between

the locations of any two tips is a realization of the
diffusion process with �= tD/r2, where t is the length
of the shortest phylogenetic path connecting the two
tips, also known as their patristic distance (see Appendix
1 for explanation). For any other pair of tips, whose
shortest connecting path does not overlap with the
shortest connecting path of the first tip pair, the central
angle is independently distributed from that of the first
tip pair. Thus, if we have N tip pairs whose shortest
connecting paths are all disjoint, we have at hand
N independent realizations of the diffusion process
(Fig. 1b). Denoting by t1,..,tN their respective patristic
distances and by ω1,..,ωN their central angles, one can
estimate the diffusivity via maximum likelihood, that is,
by numerically maximizing the expression:

L=
N∏

n=1

�(ωn;tn) (7)

through choice of D. This idea is analogous to the
independent contrasts for a numerical trait evolving
according to 1D or multi-dimensional planar BM, where
independent realizations (or “contrasts”) are obtained
by subtracting the trait values of tip pairs (Felsenstein,
1985). The difference is that instead of simply subtracting
the coordinates of two tips, here the great-circle distance
(or equivalently, the central angle) is calculated between
the tips. For any bifurcating tree with M tips one can
extract �M/2� such independent contrasts (example in
Fig. 1b; proof and explicit algorithm in Appendix 3). The
likelihood in Eq. (7) is the joint probability density of
observing the geographic distances between the tips in
the N extracted independent contrasts.

Note that, in contrast to planar BM, it is unknown
whether and how additional independent realizations
of the SBM process could be efficiently extracted
from the tree, for example, by comparing nodes as
done by Felsenstein (1985) for planar BM, because one
cannot simply “add” or “subtract” geographic locations
similarly to planar coordinates. Consequently, here only
about half the number of independent contrasts are
used compared to Felsenstein (1985). Also note that in
the present implementation of the likelihood I consider
the transition density for the transformed variable
x=cos(ω) rather than ω, which is equal to �̃(x;t)=
�(arccos(x);t)/sin(arccos(x)). The reason is that �(0;t)=0
when t>0, which can cause issues during maximum
likelihood estimation when multiple tips have been
sampled from the same geographic location (in contrast,
�̃(1;t)>0).

Simulating SBM
Simulation of SBM along a timetree proceeds from

root to tips, generating random transitions on the sphere
along each edge. Random transitions from an ancestral
node to its child along an edge of length t are generated
by drawing a random central angle ω according to the
SBM transition density and choosing a random direction
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FIGURE 1. Spherical Brownian motion algorithm. a) Illustration of the central angle ω between two points on a sphere (small circles), traversed
by a Spherical Brownian Motion during a given time step t. The probability distribution of ω depends solely on tD/r2, where D is the diffusivity
and r the sphere radius. b) Illustration of five independent contrasts (continuous line segments) representing independent realizations of SBM,
extracted from a timetree.

uniformly within �∈[−�,�] (e.g., a random longitude
if the ancestral node was located at the North pole).
The central angle can be drawn using the cumulative
distribution function, F(ω;t), by drawing a random
variable u uniformly from [0,1] and then solving F(ω;t)=
u numerically for ω. Given ω and �, and given the
latitude ϑa ∈[−�/2,�/2] and longitude ϕa ∈[−�,�] of
the ancestral node, the latitude ϑc and longitude ϕc of
the child can be calculated as follows. Define the vector:

x=
( sin(ω)cos(�)

sin(ω)sin(�)
cos(ω)

)
. (8)

Note that x would be the location of the child in a 3D
Cartesian coordinate system if the ancestral node was
located at the North pole. Let A be the unique 3×3
rotation matrix that takes the North pole to the ancestral
node, and calculate y=A ·x. Then y is the location of
the child in 3D Cartesian coordinates, adjusted for the
true location of the ancestral node. The corresponding
latitude and longitude are:

ϑc =arcsin(y3), ϕc =arccos(y1/cos(ϑc))·sgn(y2), (9)

where y1,y2,y3 are the three components of y and sgn()
is the sign function (note that if ϑc =±�

2 , i.e., the child
landed at one of the poles, the longitude ϕc is irrelevant
and can be arbitrarily set to 0).

Time-Dependent Diffusivity
So far I assumed that D is constant over time. However,

the transition density in Eq. (1) and the presented
approximations can be easily generalized to the case
where D varies over time. This can be done by replacing
any occurrence of tD with the integral

∫ t2
t1

D(t) dt, where t1
and t2 are the start and end time of the transition (t= t2 −
t1) (explanation in Appendix 2). Hence, the probability
density for the central angle ω traversed by a diffusing

particle from time t1 to time t2 is:

�(ω;t1,t2)= sin(ω)
2

∞∑
n=0

(2n+1)Pn(cosω)

exp

[
−n(n+1)

1
r2

∫ t2

t1

D(t) dt

]
. (10)

To simulate a time-dependent SBM model one thus
simply needs to calculate the antiderivative of D over
time, D̃(t)=∫ t

0 D(s)ds, and for any edge generate random
transitions according to the standard SBM density, using
D̃(tc)−D̃(ta) instead of (tc −ta)D, where ta and tc are the
times of the ancestral and child node, respectively.

To calculate the likelihood of a set of independent
contrasts one can proceed similarly, as follows. For any
two tips defining an independent contrast, let tc,1 and
tc,2 be the times of those tips (i.e., their distances from the
root) and let ta be the time of their most recent common
ancestor. Then the probability density of their central
angle can be obtained using the transition density of the
time-independent SBM (Eq. 1) by replacing tD with the
expression:

D̃(tc,1)−D̃(ta)+D̃(tc,2)−D̃(ta). (11)

See Appendix 1 for explanation. In the present
implementation, the antiderivative D̃ is calculated only
once at the beginning of a simulation or likelihood
calculation and stored internally as a piecewise
polynomial function; thus SBM models with time-
dependent D do not require substantially more
computation than SBM models with constant D. I
mention that methods for examining time-dependent
diffusivities in the context of planar BM have been
developed previously (Eastman et al. 2011; Stack et al.
2011).
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SCALABLE ALGORITHMS FOR SIMULATING AND FITTING SBM
MODELS

Based on the mathematical approaches outlined
above, I implemented efficient computer code for
simulating SBM models with arbitrary time-dependent
diffusivity on any given timetree, that is, generating
random geographical coordinates for the tree’s tips and
nodes. The root’s coordinates, that is, the start location,
can be explicitly specified or randomly drawn from
the equilibrium distribution of the SBM process (i.e.,
the uniform density on the sphere). The algorithm
scales well to large trees, with computation time scaling
asymptotically linearly with the number of edges. For
example, simulating an SBM model with constant
diffusivity takes about 0.005 s on a tree with 1000 tips
and about 5 s on a tree with 1 million tips, when
tested on a 2015 MacBook Pro (Fig. 2a). Simulating
a model with time-dependent diffusivity does not
introduce a noticeable overhead at these tree sizes,
since the antiderivative of D only needs to be pre-
computed once prior to the simulation and typically
only takes a few milliseconds thanks to internally used
symbolic representations (previously described in Louca
2020). The simulation method is available as function
simulate_sbm in the R package castor v1.6.2 (Louca
and Doebeli 2018).

Using the above approaches, I also implemented
efficient code for calculating the likelihood of
phylogeographic data (timetree+tip coordinates)
under SBM models with arbitrary time-dependent
diffusivity, as well as for fitting such models via
maximum likelihood. In the case of time-dependent
models, the user can provide an arbitrary functional
form for D, parameterized by an arbitrary number of free
parameters to be estimated from the data. For example,
if D is suspected to vary approximately exponentially
with time, D(t)=�e�t, my methods can be used to fit
the parameters � and �. Alternatively, if D is suspected
to be proportional to some continuous environmental
variable (e.g., temperature T), D(t)=�T(t), my methods
can be used to fit the free parameter �. The implemented
methods scale well to large trees, and computation time
scales asymptotically linearly with the number of tips.
For example, fitting a constant-diffusivity SBM model
(including 100 parametric bootstraps) takes about 5 s
on a tree with 1000 tips and about 260 s on a tree with
1 million tips (Fig. 2b). My methods are also much
faster than existing R packages for fitting planar BM
(by multiple orders of magnitude in the case of large
trees), that is, they present a performance improvement
even in cases where planar BM would be an adequate
approximation (Appendix Fig. 7 ).

The availability of efficient methods for simulating
and fitting SBM models opens the door to parametric
bootstrapping for calculating confidence intervals of
parameter estimates, to the assessment of model
adequacy through posterior predictive simulations
(Brown and Thomson 2018) (see “data consistency”
approach described below), and to statistical hypothesis

testing. For example, one could fit a separate SBM
model to each of two taxa and then use simulations
to examine the statistical significance of their fitted
diffusivities, that is, estimate the probability that the
fitted diffusivities would be as different as observed,
if the two taxa actually had identical diffusivities (see
Cyanobacterial example below). For convenience, I have
implemented this binary diffusivity comparison, as well
as parametric bootstrapping, in castor. In the case of
linear models, that is, where D(t)=�+�t, one can also
estimate the statistical significance of the slope, that is,
the probability that |�| would be at least as large as
observed if the data had been generated by a constant-D
model (where the constant D used is fitted via maximum
likelihood). Hence, the presented methods can be used
to test hypotheses regarding a decline or increase of
geographic dispersal rates over time. This question is of
particular interest in epidemiology, where the efficacy
of implemented containment policies often needs to be
determined in retrospect.

I mention that methods for examining temporal
variation in the diffusivity using planar BM have been
developed previously (Eastman et al. 2011; Stack et al.
2011; Clavel et al. 2015). None of these methods, however,
can fit arbitrary functional forms of D over time,
and instead require that discrete “selective regimes”
with distinct diffusivities be specified beforehand. In
contrast, the methods presented here can fit arbitrary
temporal profiles of D with an arbitrary number of free
parameters. This allows, for example, modeling potential
effects of continuously varying environmental variables
on dispersal rates over time (as illustrated above).

To assess the accuracy of my methods and to examine
the improvements of SBM over planar BM, I performed
two types of simulations of SBM models on timetrees and
investigated the ability to correctly reconstruct the true
diffusivities. In the first type of simulations, I generated
multiple timetrees using a Yule model (i.e., with constant
speciation rate 
 and no extinction) and then simulated
SBM models with constant diffusivity on those trees.
It is worth noting that in such simple scenarios the
identifiability of the diffusivity is largely determined by
the magnitude of D compared to the radius of the sphere
and the typical time scales separating sister tips in the
timetree. In other words, if � is the average temporal scale
of independent contrasts (�≈1.37/
 in the case of a Yule
tree) and D is the diffusivity, then the identifiability of D
(given a certain number of tips) is largely determined
by the unitless ratio D/(r2/�), since one can always
change distance and time units so that r and � are 1. The
related quantity �=√�D/(r2/�) (henceforth “diffusion
scale”) is the expected Euclidean distance that a lineage
would traverse after time �, counted in sphere radii
r, if the diffusion process took place on a 2D plane.
Hence, a larger diffusion scale � means that on average
compared tips tend to be geographically further apart.
My simulations of SBM models with constant D on Yule
trees showed that, when tip locations are exactly known,
the accuracy of the estimated diffusivity increases for
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a) b)

FIGURE 2. Computational efficiency. Benchmarks of computation time for simulating and fitting SBM models to phylogenies of varying sizes.
a) Simulating an SBM model with time-independent D along a timetree. b) Fitting a time-independent D via maximum likelihood, including
100 parametric bootstraps. In both figures, circles show mean computation times and vertical error bars extend one standard deviation above
and below the mean, calculated based on 100 independent repeats. See Fig. 7 for a comparison to other R packages in the case of planar BM.

larger trees and decreases for larger diffusivities (or
equivalently, larger diffusion scales) (Fig. 3a–f and
Appendix Fig. 4a–c). For example, for a true D=0.01 r2/�
(i.e., �=0.17) and a phylogeny of 1000 tips, the width
of the 95% confidence interval for the estimated D is
about 0.0020 r2/�, for a true D=0.1 r2/� (i.e., �=0.56) the
95% confidence interval has a width of about 0.022 r2/�,
and for a true D=1 r2/� (i.e., �=1.8) the 95% confidence
interval has a width of ∼0.35 r2/� (Fig. 3d–f). For smaller
trees (e.g., with 10 or 100 tips) the confidence intervals
naturally tend to increase (Fig. 3a–c and Appendix
Fig. 4a–c). At the scales examined here the estimated
diffusivity does not appear to be substantially biased,
as becomes evident from the strong agreement between
the median estimated and true D (Fig. 3c,f). In contrast,
when using an approximation for the likelihood under
the assumption that pairwise geographic tip distances
are generated by a planar BM, the diffusivity tends to
be underestimated especially for larger D (Fig. 3b,e).
Alternatively, when fitting a planar BM model directly
using latitudes and longitudes as Cartesian coordinates
(Fig. 3a,d), diffusivity estimates are either positively
biased (for intermediate diffusivities, D∼0.1–1 r2/�) or
negatively biased (for high diffusivities, D�10 r2/�).
This highlights the importance of accounting for
spherical geometry when reconstructing global or
continental-scale dispersal processes. For much higher
diffusivities (i.e., �	1), the accuracy of the estimated
diffusivity deteriorates rapidly and much larger trees
are needed for reasonable estimates. The reason is
that under very fast diffusion the distribution of
individual transitions over the time scale � approaches
the uniform distribution on the sphere (i.e., every point
is approximately equally likely to be reached after
time �), and hence the distribution of tip coordinates
contains little usable information for fitting the model. In
conclusion, it should be remembered that reconstructive
accuracy ultimately depends on a variety of factors,
including tree size, phylogenetic distances between sister

tips and diffusivity; consequently, the reliability of
diffusivity estimates and biological inferences should be
assessed on a case-by-case basis, for example in terms of
statistical significances and confidence intervals.

In practice, tip coordinates may not be exactly known.
This situation is common in epidemiological data sets,
where sampling locations may only be known at the
city or county scale (e.g., due to rules regarding
patient privacy). To examine the effects of inaccurate tip
locations, I repeated the above analysis using randomly
varied tip coordinates, that is, after replacing each
tip’s geographic location with a random point within
a certain “error radius” ε from its true location (Fig. 3g–
l and Appendix Figs. 3 and 4 ). I considered various
error radii, ranging from ε=0.016×r (i.e., 100 km) up
to ε=0.16×r (i.e., 1000 km). These analyses revealed
that the resulting error in the estimated diffusivity is
fundamentally different from the error stemming from
a planar approximation. Indeed, inaccurate tip locations
mainly led to a strong positive bias in diffusivity
estimates when the true diffusivity was low, that is, when
the diffusion scale � was comparable to or smaller than ε.
For larger diffusion scales (i.e., �	ε), the resulting bias
was negligible. This pattern is not too surprising, since
errors in geographic location are expected to matter little
if they are much smaller than the geographic distances
between compared tips.

In the second type of simulations, I generated
timetrees of various sizes (10–10,000 tips) using a birth–
death model with constant speciation rate and an
extinction rate equal to 90% of the speciation rate,
roughly resembling typical diversification scenarios
(Marshall, 2017), and simulated SBM models with
diffusivities that depend linearly on time (either
increasing, decreasing, or constant). I then fitted the two
free parameters of an SBM model with linearly varying
diffusivity to the simulated data, calculated confidence
intervals using parametric bootstrapping, estimated the
statistical significance of the slopes and compared the
results to the true diffusivity profile over time (examples
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FIGURE 3. Evaluation of accuracy. Diffusivities (D) fitted to simulated phylogeographic data (timetrees generated by a Yule model, tip
coordinates generated by an SBM model with constant diffusivity). Each figure shows the distribution of fitted diffusivities across a large
number of simulations and for various true diffusivities. Horizontal axis: true diffusivity used in the simulations. Vertical axis: maximum
likelihood-fitted diffusivity. Black curves show median fitted diffusivities. Shaded areas show 95% and 50% percentiles of fitted diffusivities.
Dashed diagonals are shown for reference. a–c) Considering trees with 100 tips, and with exactly known tip locations. Diffusivities are either
estimated (a) using planar BM, considering latitudes and longitudes as Cartesian coordinates, or (b) by correctly calculating geodesic distances
between tips and fitting D under the assumption that these distances are generated by planar BM, or c) by fitting an SBM model. d–f) Similar to
(a–c), but considering trees with 1000 tips. g–l): Similar to (a–f), but with inaccurately known tip locations; each tip location was replaced by a
random location within a 500 km radius (i.e., �0.078×r) from its true location. All diffusivities are expressed in terms of squared sphere radii
per �, where � is the average temporal scale of independent contrasts. See Appendix Fig. 3 for alternative location error sizes.

in Fig. 4 and Appendix Figs. 5 and 6). I found that in about
85–90% of cases the 95% confidence interval contained
the full true diffusivity profile over time. In nearly all
cases (99–100%) where the fitted slope was estimated to
be statistically significant, the fitted diffusivity profile
had the same trend over time (i.e., positive or negative)
as the true diffusivity profile, although I mention that
for very small trees (10 tips) only about 2% of trees

yielded statistically significant slopes. The width of
the confidence intervals generally decreased towards
later time points (i.e., closer to the present); this is not
surprising, since independent contrasts used for fitting
are constructed exclusively from pairs of tips and in the
simulated trees most tips are located near the present.
In order to accurately reconstruct diffusivities at older
times, samples (i.e., tips and their coordinates) from
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these time periods generally need to be included in the
tree. This requirement could be satisfied for example in
cases where pathogen strains are sampled continuously
over the course of an epidemic (Stadler et al., 2013), thus
yielding a timetree whose tips cover multiple time points
rather than just the present.

The above examples confirm the accuracy of the
implemented simulation procedures and likelihood
calculations, and highlight the issues associated with
using planar BM to model large-scale dispersal. These
examples do not, however, imply that the diffusivity
is always fully identifiable as a function of time
no matter how complex its true profile is; more
systematic examinations of various diffusivity scenarios
are needed to understand what scenarios (e.g., which
functional forms) are identifiable and under what a
priori constraints, which is beyond the scope of this
article. Indeed, recent work on birth–death models has
shown that just because one can accurately calculate the
likelihood of a phylodynamic model this does not imply
that all parameters of the model are fully identifiable
(Louca and Pennell, 2020).

CAVEATS

The methods presented here are subject to a number of
caveats, largely stemming from a potential inadequacy
of the SBM model and similar to common caveats
encountered in other trait-evolution models. First, it
is assumed that dispersal is diffusive and, crucially,
isotropic and homogeneous across space. In some cases,
however, dispersal may occur at different rates in various
regions, or may not occur at all in some regions (e.g.,
no dispersal across the ocean in the case of most
terrestrial organisms). Further, dispersal may occur
mainly along certain routes, for example, along shipping
routes or animal migration routes. If the diffusivity is
suspected to be non-isotropic or non-homogeneous, the
estimated diffusivity should be considered an “effective”
diffusivity, averaged across the globe. A more realistic
model would of course be one that takes into account
variation in dispersal rates between regions or sub-
clades as well as geographic barriers; similar frameworks
have been proposed previously for planar BM (O’Meara
et al. 2006; Eastman et al. 2011). However, this would
come at the cost of a much larger parameter space
(potentially subject to serious identifiability issues) and
a substantially increased computational cost both for
simulation and fitting. Hence, whether diffusion is a
reasonable model for understanding a clade’s dispersal
dynamics, or whether more complex models need to
be deployed, should be judged on a case-by-case basis.
To facilitate this decision process, I have implemented
a criterion similar to the “data consistency” approach
introduced by Lindholm et al. (2019), which quantifies
the deviation of a data set from expectations based on
the fitted model. Specifically, I consider the deviation
of the log-likelihood of the observed data, denoted Ẑ,

from the expected log-likelihood of hypothetical data
generated by the model, denoted E{Z} (where Z is a
random variable, representing the log-likelihood of data
generated by the fitted model, under that same model). I
define the “consistency” of the data as the probability Q
that |Z−E{Z}| would be larger than |Ẑ−E{Z}|. Hence,
an improbably strong deviation |Ẑ−E{Z}|, that is, a low
consistency (e.g., Q<0.05), suggests that the fitted model
should be rejected as a model for the observed data.
Reciprocally, a log-likelihood Z close to the expectation
E{Z}, that is, a high consistency (Q>0.05), means that the
data are at least consistent with the model’s distribution
of log-likelihoods.

Another caveat is that tips are assumed to be sampled
randomly across the globe, that is, the probability
of sampling a tip from the full phylogeny does not
depend on geographic location. In reality, sampling may
be geographically heterogeneous, for example in the
case of infectious diseases sampling may be strongly
determined by the medical and scientific infrastructure
available in a country. In the extreme case where
sampling is only performed in a small region of the world
that does not cover the full dispersal range, the presented
methods will tend to underestimate the true diffusivity.
This issue may be mitigated by only considering a sub-
clade that is known to have not (yet) dispersed past the
sampled region.

It should also be noted that, because the presented
likelihood function only uses independent contrasts
between tips and not between internal nodes, reliably
estimating the diffusivity at older times (i.e., close to
the root) requires that the timetree include extinct tips
or tips sampled at older times (e.g., as is often the case
in viral phylogenies). For example, if the timetree only
consists of extant species, then the diffusivity can at most
be estimated near present day (i.e., over a recent time
range in the order of �), unless it is assumed that D was
constant throughout time.

APPLICATION TO CYANOBACTERIAL DISPERSAL

A fundamental question in microbial ecology is
whether microbial dispersal rates are sufficiently slow
to cause geographic endemism and other biogeographic
patterns (Finlay and Clarke 1999; Whitaker et al. 2003;
Whitfield 2005; De Wit and Bouvier 2006; van der
Gast 2015). A heavily debated hypothesis, for example,
is that “all microbes are everywhere” and that “the
environment selects” (De Wit and Bouvier, 2006). Past
global surveys suggested that marine bacterial species
are indeed distributed globally, in other words, the time
it takes for a marine bacterial lineage to disperse around
the world is shorter than the typical time scales involved
in bacterial speciation (Gibbons et al. 2013; Gonnella et al.
2016). Surveys strongly supporting or refuting a similar
conclusion for terrestrial microorganisms are currently
lacking. While for free-living terrestrial microorganisms
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FIGURE 4. Fitting SBM models with linearly varying diffusivity. Diffusivities fitted to simulated phylogeographic data (1000 tips) simulated
under an SBM model. In both the simulation and the fitted models the diffusivity was assumed to vary linearly over time. The timetrees were
generated using a birth–death model with extinction rate equal to 90% of the speciation rate, and both extant and extinct lineages were kept.
Geographic coordinates were either simulated with a constant diffusivity (i.e., zero slope, a and d), a linearly increasing diffusivity (b and e)
or a linearly decreasing diffusivity (c and f). Examples in the bottom row consider a roughly 10-fold higher diffusivity than in the top row. The
diffusivity is measured in units of r2/�, where r is the sphere radius and � is the average temporal scale of the independent contrasts. Dashed
lines show maximum likelihood fitted diffusivities, shaded areas show 50% and 95% confidence intervals, and the solid lines show the true
diffusivities. For analogous simulations using trees with 100 or 10,000 tips, see Appendix Figs. 5 and 6 , respectively.

dispersal is suspected to be generally slower than for
marine microorganisms, the actual dispersal rates are
largely unknown in either case.

Here, I demonstrate how my methods can be used
to examine this question, using a time-calibrated
phylogeny of 371 georeferenced Cyanobacterial genomes
obtained from GenBank (Clark et al. 2015). Specifically,
I fitted an SBM model with constant diffusivity via
maximum likelihood separately to marine and terrestrial
Cyanobacteria. Only considering Cyanobacteria allows
controlling broadly for taxonomy, while assessing
the effects of a terrestrial versus marine lifestyle on
dispersal rates. For marine Cyanobacteria I estimated a
diffusivity of 535 km2 ×yr−1 (50% confidence interval
141–723 km2 ×yr−1), while for terrestrial Cyanobacteria
I estimated a diffusivity of only 1.47 km2 ·yr−1 (50%
confidence interval 1.27–1.66 km2 ·yr−1). The difference
between the two diffusivities was highly statistically
significant (P=0.0006 on a linear axis, P<0.0001 on a
logarithmic axis). For both fitted models, the consistency
was far above the significance threshold of 0.05 (marine:
0.96, terrestrial: 0.54), indicating that the data are—
at least in terms of the expected log-likelihoods —

consistent with the fitted models. These diffusivity
estimates imply that within 1500 years a marine
Cyanobacterial lineage is expected to traverse on average
∼1582 km, while a terrestrial lineage is expected to
only traverse on average ∼83 km during that time. It is
worth mentioning that the ocean’s average circulation
time is in the order of 1500 years (although strong
variation exists between regions and depths) (Frank,
2002), which is roughly consistent with the estimated
average marine cyanobacterial dispersal distances over
that time interval. Further, the strong difference in
diffusivities is consistent with the hypothesis that free-
living terrestrial microorganisms tend to disperse much
slower than marine microorganisms.

Note that if one were to use standard planar BM-
based methods to estimate Cyanobacterial diffusivities,
for example, as commonly used for clades with smaller
dispersal ranges (Lemey et al. 2010; Faria et al. 2011;
Monjane et al. 2011; Faria et al. 2012), one would partly
obtain very different results. For example, fitting a
bivariate BM model of continuous trait evolution using
the R package mvMORPH (Clavel et al., 2015), while
treating latitudes and longitudes as two numerical traits
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FIGURE 5. Analysis of Influenza B phylogeographic data. Top row: Hemagglutinin (HA) timetrees for two globally circulating Influenza B
clades and strain locations (a: Victoria clade, b: Yamagata clade), used in this analysis. Timetrees were obtained from Langat et al. (2017). Bottom
row: SBM diffusivities fitted to the two timetrees shown in the top row, assuming that the diffusivity varies linearly with time (black curves:
maximum likelihood estimates, shaded areas: 50% and 95% confidence intervals). The statistical significances of the slopes are estimated to be
0.12 for the Victoria clade and 0.006 for the Yamagata clade.

with equal diffusivity, yields a diffusivity of 3.6 km2 ·
yr−1 for marine and 1.35 km2 ·yr−1 for terrestrial
Cyanobacteria. Hence, while for the slowly dispersing
terrestrial Cyanobacteria spherical and planar BM
yield comparable diffusivity estimates, for marine
Cyanobacteria the diffusivity estimates differ by a factor
of ∼150, that is, by about two orders of magnitude.
Not only does the planar diffusivity estimate contradict
expectations based on typical ocean circulation rates, it
also fails to reveal the fact that marine Cyanobacterial
dispersal is much faster than terrestrial.

APPLICATION TO INFLUENZA B DISPERSAL

To further demonstrate the use of the presented
methods, I also examined the dispersal rates of Influenza
B over time. Influenza B viruses are an important human
pathogen that repeatedly causes serious epidemics
throughout the world. Influenza B viruses are grouped

into two major antigenically and phylogenetically
distinct clades, with reference strains “B/Victoria/2/87”
(henceforth “Victoria clade”) and “B/Yamagata/16/88”
(henceforth “Yamagata clade”), which diverged before
1983 and since then co-circulate globally (Rota et al.,
1990; Yang et al., 2012). Here, I separately examine
the geographic diffusivity of these two clades using
timetrees based on the hemagglutinin gene and obtained
from Langat et al. (2017), comprising 956 (Victoria) and
1113 (Yamagata) strains sampled between the years 1987
and 2015 (note that I only consider a subset of the
strains from Langat et al. (2017) for which reasonably
accurate geographic coordinates could be determined).
The analyzed timetrees and tip coordinates are provided
as Supplemental Material and shown in Figure 5a,b.
To each clade, I fitted an SBM model with linearly
varying diffusivity, estimated the statistical significance
of the fitted slope, and assessed the “consistency” of the
data with the fitted model as described in the previous
section.
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For both fitted models, the consistency was far
above the significance threshold of 0.05 (Victoria: 0.306,
Yamagata: 0.684), indicating that the data are—in terms
of the expected log-likelihoods—consistent with the
fitted models. For the Victoria clade, I estimated that the
diffusivity has been increasing over time from D=0.17×
106 km2 ·year−1 (i.e., a diffusion scale of �=0.15, based
on an average temporal scale �≈1.7 years of independent
contrasts) at the root to D=23×106 km2 ·year−1 (i.e.,
�=1.7) at the youngest tips (Fig. 5c). The slope of the
fitted linear profile was not found to be statistically
significant given the data at hand (P=0.12), although the
95% confidence intervals strongly suggest at least some
increase occurred over time (Fig. 5a). In contrast, for
the Yamagata clade I estimated that the diffusivity has
been decreasing over time from D=85×106 km2 ·year−1

(i.e., �=3.0 based on �≈1.4 year) at the root to D=21×
106 km2 ·year−1 (i.e., �=1.5) at the youngest tips (Fig.
5d). This decrease was found to be statistically significant
(P=0.006) and is also strongly supported by the 95%
confidence intervals (Fig. 5b). These estimates suggest
that the two co-circulating Influenza B clades have
historically differed substantially in their geographic
dispersal rates, although at present both clades appear
to exhibit similar diffusivities. The magnitude of the
estimated diffusivities can be put into perspective
by considering the expected distance that would be
traversed by a lineage within a specific time interval:
Based on the estimated present-day diffusivities, an
Influenza B lineage traverses on average about 2400 km
within 1 month. It should be kept in mind that this is
an approximate estimate under the idealized scenario
of purely diffusive dispersal; in reality, non-diffusive
dispersal (e.g., through long-distance flights) likely also
occurs in addition to diffusion-like dispersal (Bonabeau
et al., 1998).

CONCLUSIONS

I have presented methods for efficiently simulating
and fitting spherical Brownian motion (diffusion)
models along a phylogeny, using a modification of
Felsenstein’s independent contrasts. In the case of fast
global dispersal, accounting for spherical geometry is
essential for obtaining accurate diffusivity estimates.
Even for small dispersal ranges, where planar BM
and SBM become equivalent, the methods presented
here enable new types of analyses not previously
possible, such as simulating and fitting arbitrary
time-dependent diffusivity profiles with an arbitrary
number of free parameters, for example depending
on continuously varying environmental variables. My
methods scale well to large phylogenies comprising
thousands to millions of tips, thus enabling efficient
large-scale analyses, including parametric bootstrapping
and simulation-based hypothesis testing. My methods
provide improved means to investigate the dispersal

process of bacteria, globally circulating viral pathogens,
invasive species, and human culture.
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Appendix 1 TIP DISTANCES ARE INDEPENDENT

REALIZATIONS OF SBM
In this section, I explain how the central angle ω

between any two given tips can be interpreted as a
realization of an SBM. I will consider the general case of
time-dependent diffusivity D(t). Specifically, I will show
that if ta is the time (distance from root) of the most recent
common ancestor (MRCA) of the two tips, and tc,1 and
tc,2 are the times of the two tips, then ω is distributed
as if it were the central angle traversed by an SBM
during the time interval [0,t1 +t2] (where t1 := tc,1 −ta
and t2 := tc,2 −ta) with time dependent diffusivity:

D(t) :=
{

D(ta +t) t∈[0,t1)
D(ta +t−t1) t∈[t1,t1 +t2]. (A1)

Proof: Let pa be the geographic location of the MRCA,
and pc,1 and pc,2 the geographic locations of the two
tips. In the language of stochastic processes, lineage
1 started at pa at time ta and diffused on the sphere
according to an SBM with diffusivity D over the time
interval [ta,tc,1]. Concurrently, lineage 2 started at pa
at time ta and diffused on the sphere according to an
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SBM with diffusivity D over the time interval [ta,tc,2],
independently of lineage 1. One would obtain the same
probability distribution for (pc,1,pc,2) if lineage 1 started
at pa at time 0 and diffused according to the diffusivity
D over the time interval [0,t1], and lineage 2 started at
pa at time t1 and diffused according to the diffusivity D
over the time interval [t1,t1 +t2] (these modifications are
simple time-shifts of the two processes). Since the SBM
process is assumed to be isotropic and homogeneous,
the distribution of the central angle ω between pc,1 and
pc,2 remains unchanged if instead of lineage 2 diffusing,
lineage 2 stayed at pa and lineage 1 continued to diffuse
according to the diffusivity D over the time interval
[t1,t1 +t2]. Hence, ω has the same distribution as the
central angle traversed by a lineage during the time
interval [0,t1 +t2] with diffusivity D.

Appendix 2 TIME-DEPENDENT DIFFUSIVITY

In this section, I explain why the transition density
of a time-dependent SBM model can be obtained from
the transition density of a time-independent SBM by
simply replacing (t2 −t1)D with

∫ t2
t1

D(t)dt. Instead of the
central angle ω, I will consider the transformed variable
x=cos(ω), whose transition density is simply that of ω
divided by sin(ω). According to Brillinger (2012, Eq. 3.10
therein), the stochastic differential equation for x can be
written as:

dx=−2
D(t)
r2 x dt− D(t)

r2

√
2(1−x2) dB, (B2)

where B is the standard 1D Brownian Motion, also
known as “Wiener process”. Let y be a stochastic process
satisfying the simpler stochastic differential equation
with unit diffusivity and unit radius:

dy=−2y dt−
√

2(1−y2) dB. (B3)

Then the transition density of y after time t is that of a
standard time-independent SBM:

�̃(y;t)= 1
2

∞∑
n=0

(2n+1)Pn(y)e−n(n+1)t. (B4)

Let A(t)= 1
r2

∫ t
0 D(s) ds. Then it is straightforward to verify

that the modified process x(t)=y(A(t)), that is, with time
t non-linearly rescaled according to A, is a solution to
the stochastic differential equation (B2). Further, the
transition density of x is the same as that of y after
replacing t with A(t), that is:

�̃(x;t)= 1
2

∞∑
n=0

(2n+1)Pn(x)e−n(n+1) 1
r2
∫ t

0 D(s) ds
. (B5)

Corollary: The probability density of the central angle ω
between two tips can be calculated using the transition
density of the time-independent SBM (Eq. 1 in the main

article) by replacing tD therein with the expression:

D̃(tc,1)−D̃(ta)+D̃(tc,2)−D̃(ta), (B6)

where D̃(t)=∫ t
0 D(s) ds is the temporal antiderivative of

D, ta is the time of the MRCA between the two tips and
tc,1 and tc,2 are the times of the two tips.
Proof of corollary: In Appendix 1, we have seen that ω
is distributed as if it were the central angle traversed by
a diffusing lineage over a time interval [0,t1 +t2] (where
tk := tc,k −ta) with diffusivity D given by Eq. (A1). By
Appendix 2, Eq. (B5), the probability density of ω is thus:

�(ω;t)=sin(ω)
2

∞∑
n=0

(2n+1)Pn(x)

exp

[
−n(n+1)

1
r2

∫ t1+t2

0
D(s) ds

]

=sin(ω)
2

∞∑
n=0

(2n+1)Pn(x)

exp

[
−n(n+1)

1
r2

[∫ t1

0
D(s) ds+

∫ t1+t2

t1

D(s) ds

]]

=sin(ω)
2

∞∑
n=0

(2n+1)Pn(x)

exp

[
−n(n+1)

1
r2

[∫ tc,1

ta

D(s) ds+
∫ tc,2

ta

D(s) ds

]]
.

(B7)

Appendix 3 PROOF ON THE NUMBER OF INDEPENDENT

CONTRASTS

In this section, I prove the following statement: For
any rooted bifurcating and/or monofurcating tree with
M tips one can find �M/2� independent contrasts, that
is, tip pairs with disjoint shortest connecting paths. By
“disjoint” I mean that any two such paths have no edge
in common (although they may share nodes). I prove this
statement by providing an explicit algorithm for finding
�M/2� such tip pairs. In the following I say that a node is
an “n-node” (for some n∈N) if it has exactly n descending
tips.

Lemma: Existence of nodes with exactly 2 descending
tips Consider a rooted tree with only bifurcating or
monofurcating nodes, and at least 2 tips. Then there must
exist at least one 2-node.
Proof: One needs to show that the tree has at least one
2-node. The following algorithm will inevitably lead to a
2-node, moving from root to tips. The variable K denotes
a node in the tree, and the algorithm guarantees that K
always has ≥2 descending tips.
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1. Set K to the root node. Note that by assumption K
has ≥2 descending tips.

2. If K is a 2-node, we are done. Otherwise, since K
has ≥3 descending tips, at least one of its child
nodes (of which there are at most 2) must have ≥2
descending tips. Set K to that child node. Repeat
step 2 until reaching a 2-node.

Observe that with every iteration the number of tips
descending from K decreases, and hence the algorithm
must inevitably reach a point where K is a 2-node.
�

Algorithm for extracting �M/2� independent contrasts
Consider a rooted bifurcating and/or monofurcating
phylogenetic tree with M tips. For any two tips i and
j denote pij their shortest connecting path, that is, the
minimal sequence of edges connecting tip i to tip j.
Consider the following iterative procedure:

1. Pick a 2-node of the tree (according to any rule)
with descending tips i and j and consider the path
pij between those tips.

2. Remove the two tips from the tree and prune the
tree accordingly, that is, removing any ancestral
node that has no descending tips left.

3. Repeat steps 1 and 2 until no more 2-nodes are left.

Then the following holds: for any two tip pairs chosen in
step 1, their shortest connecting paths are disjoint. Since
the tree has a 2-node as long as it has at least 2 tips (see
previous Lemma), this algorithm continues until there is
exactly 1 tip left (if M is odd) or 0 tips left (if M is even).
Thus the algorithm yields �M/2� tip pairs with disjoint
shortest connecting paths.
Proof: The proof proceeds by contradiction. Suppose
that two tip pairs (i,j) and (k,l) were chosen in step 1 of
the above algorithm such that pij and pkl overlap (i.e., are
non-disjoint). Then the 4 tips i,j,k,l must be topologically
connected in the original tree as shown in Appendix
Fig. 1 , where the letters A and B denote the two depicted
nodes and the letters C–F denote path segments that may
consist of one or more edges (i.e., may or may not include
additional nodes). Note that no statement is made a
priori about the direction (downstream vs. upstream)
of the various segments. I will show that there cannot
exist a 2-node whose sole descending tips are i and j
(henceforth referred to as N). If N was at A, then j must
also be descending from N and hence N cannot be a 2-
node (it must be at least a 3-node). Similarly, if N was at
B then i must also be descending from N and hence N
cannot be a 2-node. If N was located somewhere along
segment C, then both k and l must also be descending
from N and hence N cannot be a 2-node. For a similar
reason N cannot be located in segment E. If N was
located in segment D then both k and l must also be
descending from N, and hence again N cannot be a 2-
node. If N was located along segment G then k must also

Appendix Figure 1. On the proof that �M/2� tip pairs with disjoint
shortest connecting paths can be extracted from a rooted bifurcating
and/or monofurcating tree with M tips (Appendix 3).

be descending from N and hence N cannot be a 2-node.
For a similar reason N cannot be located along segment F.
In conclusion, there cannot be a 2-node in the tree whose
sole descendants are i and j.
�

Appendix 4 METHODS DETAILS

To examine the accuracy of my simulation and fitting
methods, I performed two types of simulations. In the
first type (summarized in Fig. 3 and Appendix Fig. 3 ), I
simulated Yule timetrees of various sizes with a constant
speciation rate 
, where without loss of generality I
set 
=1. For any given tree size (e.g., 100 tips), I
simulated SBM models with a constant diffusivity D,
where various discrete values of D were considered. All
SBM simulations were performed using the R function
simulate_sbm in the R package castor v1.6.2 (Louca
and Doebeli, 2018). Without loss of generality the sphere
radius was set to r=1, which essentially means that
distances are measured in multiples of r. The root’s
location was set to latitude 0◦ and longitude 0◦. The
diffusivity was measured in units of r2/�, where � is
the expected temporal distance between sister tips in
independent contrasts (∼1.37/
 in the case of Yule trees).
For any given tree size and diffusivity D, I performed
100 independent simulations of the SBM model along
the tree, each time generating random tip coordinates,
and then fitted a separate constant-diffusivity model to
the data of each simulation. For fitting the SBM model, I
extracted �M/2� independent contrasts (where M is the
number of tips) and maximized the likelihood function
described in the main article, using the castor function
fit_sbm_const. For comparison, I also considered an
alternative likelihood function (referred to as “planar
distances” in Fig. 3), which assumes that pairwise
tip distances are generated according to a 2D planar
Brownian Motion process with constant diffusivity. For
comparison, I also fitted the diffusivity using a classical
planar BM model, by considering the (appropriately
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Appendix Figure 2. Taylor approximation of the transition density. a) The function f (ω)=√ωsin(ω) (“original,” dashed curve) compared

to its Taylor expansion of 9th degree (continuous curve). b) The curves shown in a, multiplied by e− ω2
4� , where �=0.1. Observe that any errors

of the Taylor expansion at larger ω become negligible when multiplied by the rapidly decaying e− ω2
4� .

rescaled) latitudes and longitudes as two numerical
traits (castor function fit_bm_model with option
“isotropic=TRUE”); this approximation is referred
to as “planar coordinates” in Fig. 3. To examine the
role of inaccurate tip coordinates, I repeated the above
analyses using modified tip coordinates, which were
chosen randomly within a specific “error radius” ε
from their true location. I considered the error-radii
ε=0.016×r, ε=0.078×r and ε=0.16×r, corresponding
to geographic deviations up to 100 km, 500 km, and 1000
km, respectively. The distribution of fitted diffusivities
across all 100 simulations, for any given tree size, error
radius, and true diffusivity D, is shown in Fig. 3 and
Appendix Figs. 3 and 4 .

In the second simulation type, I generated timetrees
using a birth–death model with constant speciation

=1 and extinction rate �=0.9
. On each timetree,
I simulated an SBM model with a time-dependent
diffusivity that varied linearly through time, from Dr
at the root to Dp at the present (i.e., the tip farthest from
the root), using the castor function simulate_sbm.
As before, I assumed r=1. For each simulation, Dr and
Dp were chosen randomly and uniformly between 0.01
and 1. I then fitted an SBM model with linearly varying
diffusivity to the simulated data using the castor
function fit_sbm_linear. Confidence intervals were
estimated using 100 parametric bootstraps (option
“Nbootstraps=100”) and the statistical significance
of the fitted slope was estimated using 100 simulations
(option “Nsignificance=100”). I considered trees
with 100 tips, 1000 tips, and 10,000 tips. For any given
tree size, I counted the fraction of cases where the
true diffusivity profile was completely contained in the
estimated 95%-confidence interval. I also counted how
many of the statistically significant fitted slopes had the
same sign as the true diffusivity slope. Examples of
simulated and fitted diffusivity profiles are shown in Fig.
4, Appendix Fig. 5 and Appendix Fig. 6 .

To demonstrate the computational efficiency of my
simulation method (as implemented in castor), I
proceeded as follows. I used a birth–death model
with constant speciation rate 
=1 and extinction rate
�=0.9
 to generate extant timetrees of varying tree
sizes (500–1,000,000 tips). For any given generated
tree, I randomly chose a diffusivity between 0.01 r2 ·

and 100 r2 ·
 (uniformly on a logarithmic scale) and
simulated an SBM process along the tree. For any given
tree size, this process was repeated 100 times, and the
runtimes averaged over all 100 simulations and plotted
as shown in Fig. 2a. To demonstrate the efficiency of my
maximum likelihood fitting methods, I proceeded as
follows. For any given tree size I generated 100 random
extant timetrees and simulated an SBM process on
each tree as described earlier in this passage. I then
fitted the diffusivity and estimated confidence intervals
through 100 parametric bootstraps, using the castor
function fit_sbm_const. Runtimes were averaged
over all 100 cases and are shown for various tree sizes
in Fig. 2b. To compare the efficiency of my fitting
method to that of other R packages capable of planar
BM fitting (Appendix Fig. 7 ), that is, in the case where
a planar approximation is adequate, I proceeded as
follows. For any given tree size, I generated 100 random
extant timetrees as before, and on each tree simulated
an SBM process with a diffusivity chosen randomly
between 0.001 r2 ·
 and 0.01 r2 ·
 (uniformly on a
logarithmic scale) and with the root coordinates set to
zero latitude and zero longitude. In each case, I fitted the
diffusivity using thecastor function fit_sbm_const
(with option “planar_approximation=TRUE”),
the function mvBM function in the package
mvMORPH v1.1.3 (Clavel et al., 2015) (with options
“model=‘BM1’, method=‘rpf’, param =
list (constraint = ‘equal’, smean=TRUE,
trend =FALSE), diagnostic=FALSE”), the
function transformPhylo.ML in the package
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Appendix Figure 3. Evaluation of accuracy when tip locations are erroneous. Diffusivities (D) fitted to simulated phylogeographic
data (timetrees generated by a Yule model, tip coordinates generated by an SBM model with constant diffusivity and subsequent random
modification). Each figure shows the distribution of fitted diffusivities across a large number of simulations and for various true diffusivities.
Horizontal axis: true diffusivity used in the simulations. Vertical axis: maximum likelihood-fitted diffusivity. Black curves show median fitted
diffusivities. Shaded areas show 95% and 50% percentiles of fitted diffusivities. Dashed diagonals are shown for reference. a–c) Considering
trees with 100 tips, and with tip locations replaced by random points within a 100 km radius (i.e., �0.016×r) from the true locations. Diffusivities
are either estimated (a) using planar BM, considering latitudes and longitudes as Cartesian coordinates, or (b) by correctly calculating geodesic
distances between tips and fitting D under the assumption that these distances are generated by planar BM, or (c) by fitting an SBM model. d–f)
Similar to (a–c), but considering trees with 1000 tips. (g–l): Similar to (a–f), but with tip locations replaced by random points within a 1000 km
radius (i.e., �0.16×r) from their true locations. All diffusivities are expressed in terms of squared sphere radii per �, where � is the average
temporal scale of independent contrasts.

motmot v2.1.3 (Thomas and Freckleton, 2012)
(with options “model=‘bm’, modelCIs=FALSE,
returnPhy=FALSE”), the function brown.fit in the
packageslouch v2.1.4 (Hansen et al., 2008), the function
fitContinuous in the packagegeiger v2.0.7 (Pennell
et al., 2014) (with option “model=‘BM’”), the functions
find.mle and make.bm in the package diversitree
v09-13 (FitzJohn, 2012) and the function brownie.lite

in the package phytools v0.7-47 (Revell, 2012). For
packages that could only handle univariate numerical
traits I only provided tip longitudes. All benchmarks
were performed on a 2015 MacBook Pro (2.9 GHz
Intel Core i5) using a single core. For any given tree
size and any given package, runtimes were averaged
across all 100 simulations and are shown in Appendix
Fig. 7 .
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Appendix Figure 4. Evaluation of accuracy for small trees (10 tips). Diffusivities (D) fitted to simulated phylogeographic data (timetrees
generated by a Yule model, 10 tips per tree, tip coordinates generated by an SBM model with constant diffusivity and subsequent random
modification). Each figure shows the distribution of fitted diffusivities across a large number of simulations and for various true diffusivities.
Horizontal axis: true diffusivity used in the simulations. Vertical axis: maximum likelihood-fitted diffusivity. Black curves show median fitted
diffusivities. Shaded areas show 95% and 50% percentiles of fitted diffusivities. Dashed diagonals are shown for reference. a–c) Considering trees
with exactly known tip coordinates. Diffusivities are either estimated (a) using planar BM, considering latitudes and longitudes as Cartesian
coordinates, or (b) by correctly calculating geodesic distances between tips and fitting D under the assumption that these distances are generated
by planar BM, or (c) by fitting an SBM model. d–f) Similar to (a–c), but considering trees with tip locations replaced by random points within a
100 km radius (i.e., �0.016×r) from the true locations. g–i): Similar to (a–c), but with tip locations replaced by random points within a 500 km
radius (i.e., �0.079×r) from the true locations. j–l) Similar to (A–C), but with tip locations replaced by random points within a 1000 km radius
(i.e., �0.16×r) from the true locations. All diffusivities are expressed in terms of squared sphere radii per �, where � is the average temporal
scale of independent contrasts.

To analyze the geographic diffusivity of
Cyanobacteria, I proceeded as follows. Genomes were
downloaded from GenBank according to the following
criteria: their contig-N50 value is below 5000, geographic
coordinates are available for their associated BioSample,
their completeness is ≥90% and their contamination
is ≤1% (as inferred using the software checkM v1.1.2;
Parks et al., 2014). A phylogeny was constructed from
the genomes based on multiple universal marker genes

using GTDB-Tk v0.3.3 (Chaumeil et al., 2019) (with
default options) and FastTree v2.1.11 (Price et al., 2010)
(with options “-wag -gamma”). The tree was rooted
using non-Cyanobacterial bacteria as outgroup. The
tree was subsequently dated (time-calibrated) using
PATHd8 v1.0 (Britton et al., 2007), by fixing the root at
2.55 Ga (Shih et al., 2017). Cyanobacteria were identified
as either marine or terrestrial (defined here as anything
non-marine) based on their geographic locations using
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Appendix Figure 5. Fitting SBM models with linearly varying diffusivity (100 tips). Diffusivities fitted to simulated phylogeographic
data (100 tips) simulated under an SBM model. In both the simulation and the fitted models, the diffusivity was assumed to vary linearly
over time. The timetrees were generated using a birth–death model with extinction rate equal to 90% of the speciation rate, and both extant
and extinct lineages were kept. Geographic coordinates were either simulated with a constant diffusivity (i.e., zero slope, a and d), a linearly
increasing diffusivity (b and e) or a linearly decreasing diffusivity (c and f). Examples in the bottom row consider a roughly 10-fold higher
diffusivity than in the top row. The diffusivity is measured in units of r2/�, where r is the sphere radius and � is the average temporal scale of the
independent contrasts. Dashed lines show maximum likelihood fitted diffusivities, shaded areas show 50% and 95% confidence intervals, and
the solid lines show the true diffusivities. For analogous simulations using trees with 1000 or 10,000 tips, see Figure 4 and Appendix Figure 6 ,
respectively.

the python package global_land_mask v0.0.3 (van
Rossum, 1995). To fit an SBM model separately to marine
and terrestrial Cyanobacteria, the timetree was pruned
to each of the two environment types prior to model
fitting. Note that, strictly speaking, each pruned tree
may include old ancestral nodes adapted to a different
environment type than the tips; this, however, has
a negligible effect on the fitted diffusivities since the
independent contrasts are mostly constructed from pairs
of closely related tips. The Cyanobacterial marine and
terrestrial timetrees are provided as Supplementary Files
S1 and S2 available on Dryad; associated tip metadata
(including accession numbers and coordinates) are
provided as Supplementary File S3 available on
Dryad. SBM models with constant diffusivity were
fitted to the two trees and compared using the
castor function fit_and_compare_sbm_const,
with options “Nbootstraps=1000,
Nsignificance=10000, radius=6371, only_
distant_tip_pairs=TRUE”. Planar BM models with
constant diffusivity were fitted using the function mvBM
in the R packagemvMORPH v1.1.0 (Clavel et al., 2015), with
options “data=coordinates*(6371*pi/180),
model=‘BM1’, method=‘rpf’,param =
list(constraint = ‘equal’, smean = TRUE,
trend=FALSE)”, where coordinates is a matrix

listing the latitudes and longitudes of the tips. Example
code demonstrating the SBM model fitting to the
Cyanobacterial trees is provided as Supplementary File
S4 available on Dryad.

To analyse the geographic diffusivity of Influenza B, I
proceeded as follows. Separate timetrees for the Victoria
and Yamagata clades based on the hemagglutinin
gene were obtained from the supplementary material
published by Langat et al. (2017), available on Dryad
(https://doi.org/10.5061/dryad.s1d37)
(maximum clade credibility trees “unified_global_
vic.HA.mcc.tre” and “unified_global_
yam.HA.mcc.tre”). Geographic coordinates for
some of the strains were also obtained from the same
location (file “fluB_location_summary.txt”)
and supplemented where needed and possible based
on city or other administrative unit names. Models
with linearly varying diffusivity over time were fitted
using the castor function fit_sbm_linear, with
options “Ntrials=100, Nbootstraps=500,
Nsignificance=500, radius=6371”. The
timetrees of the Victoria and Yamagata clades are
provided as Supplementary Files S5 and S6 available
on Dryad, respectively; associated tip coordinates are
provided as Supplementary Files S7 and S8 available on
Dryad.
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Appendix Figure 6. Fitting SBM models with linearly varying diffusivity (10,000 tips). Diffusivities fitted to simulated phylogeographic data
(10,000 tips) simulated under an SBM model. In both the simulation and the fitted models the diffusivity was assumed to vary linearly over time.
The timetrees were generated using a birth–death model with extinction rate equal to 90% of the speciation rate, and both extant and extinct
lineages were kept. Geographic coordinates were either simulated with a constant diffusivity (i.e., zero slope, a and d), a linearly increasing
diffusivity (b and e) or a linearly decreasing diffusivity (c and f). Examples in the bottom row consider a roughly 10-fold higher diffusivity than
in the top row. The diffusivity is measured in units of r2/�, where r is the sphere radius and � is the average temporal scale of the independent
contrasts. Dashed lines show maximum likelihood fitted diffusivities, shaded areas show 50% and 95% confidence intervals, and the solid lines
show the true diffusivities. For analogous simulations using trees with 1000 tips, see Figure 4 in the main article.

Appendix Figure 7. Comparison of computation times to other planar-BM software. Computation times (T) needed for fitting planar BM
models with constant diffusivity to phylogenies of varying sizes (S), using castor and other R packages. Circles show mean computation times
and vertical error bars extend one standard deviation above and below the mean, calculated based on 100 independent repeats. Numerical labels
next to package names indicate fitted power-law exponents (T ∝Sp).
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