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Chapter 3

POINT SPREAD FUNCTION ANALYSIS

In the clilssic optical imagin‘g Fheory of a lens [3.1, 3.2], discussions on imaging
performance o.t a lens are u'suully' limited to thin objects because conventional optical mi-
CrOSCoOpy I""’V"d?S_ a lwo-dn.nensnonal (2-D) image of a thin sample. However, confocal
microscopy exhibits an optical sectioning property [3.3] which allows one to perform
three-dimensional (3-D) imaging of a sample with depth structures. The 3-D imaging
property, or the 3-D light distribution near the focus, of an objective lens is also impor-
want in laser trapping technology [3.4]. All of these new developments require a better
understanding of the performance of a lens along the axial direction. This chapter is to
study diffraction properties of a single lens in the focal region under the paraxial ap-
proximation introduced in Section 2.4. A discussion on the same topic without this ap-
proximation can be found in Chapter 6. There are two ways for analysing the imaging
performance of a lens, the point spread function method and the transfer function
method. The former, relatively simple in terms of the mathematical skills involved, is
based on the image of a single point object and is the topic of the current chapter, while a
detailed discussion based on the transfer function method will be given in the next chap-
ter. :

This chapter is arranged as follows. An expression for the transmittance of a §1ngle
lens is derived in Section 3.1. With this expression, the Fresnel diffraction formula in Eq.
(2.4.5) is employed in Section 3.2 to study 3-D diffraction patterns b)" various lens_es. I.n
Section 3.3, the point spread function (PSF) for a leng for F:oherent 1.mage fgrrpatxop is
given for a thin object. This method is generalized to 1maging an object of finite thick-
ness in Section 3.4. after the 3-D space invariant PSF for a lens is derived. Finally, inco-

herent image formation of a lens is presented In Section 3.5.

3.1 Transmittance of a Single Lens
h an optical lens formed by two

3.1.1, two physical changes occur to the light field im-
i ,the phase change of the field due to the change in
de change of the field due to the Fresnel re-

When a light wave of wavelength A passes throug

spherical surface as shown in Fig.
Pinging on the lens. The first change is th
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) and Ua(x2 .,

where U1(x1, Y s sho

behind the lens, respectively,

as

i \‘) = P(_X', _\-’)exp["‘i(l)(x’ y)] . (312)

Here P(x, v) and ¢(x, y) are the two functions respopsible for the ampliFude and phgse
chanes in the incident light, respectively. The function P(x, y) is sometimes calleg the
pupiffunction of the lens and confined to the aperture of a lens. ) |

If a lens is optically thin and has the uniform refractive index 7, the displacemen
of the beam caused by the refraction of the lens surfaces can be neglected, i.e. the coor
dinates on the front and back surfaces of the lens are the same:

X =X, =X,
(3.13)
y] = )’2 =y
Oy
Fig. 31
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3 Transm!

If the front and back surfaces forming the lens are spherical surf: i ii
Lurvature, R, and -Ra, where the negative sign represents that the twods,clfrsf;c/:shfradntf?f
opposite directions, and the geometrical thickness of the Jens on the optical axisaizeﬁ X
the geometrical thlckr.lefss at any PQim on the lens, D (x, y), can be derived accordin tg
he geometrical conditions given in Fig. 3.1.1. Under the paraxial approximation fsee
Section 2:4), D (x, v) can be expressed as

S Q. i+ i (L
D(x.v) = D, > R &) (3.1.4)

Multiplying Eq. (3.1.4) by the wave number k leads to the phase delay caused by the re-
fraction of the lens. Finally, the phase delay from the front surface of the lens to the back

surface of the lens becomes

0(x,y) = kiD(x,y)/ n+k[Dy— D(x, y)], (3.1.5)

where k = 271/ is the wave number of the incident light in the immersion medium (re-

fractive index n) of the lens.
Substituting Egs. (3.1.5) into Eq. (3.1.1), we can obtain

U,(x,y)=U,(x, y)P(x, y)exp(=ikiiD, / n)

n x2+y2(l 1) 3.1.6
expl ikl ——1|———| ——-—1|} (3.1.6)
p\:l(n ) 2 Rl Rz

from which we can introduce
L E
f \n R, - R,

Here fis called the focal length of the lens in geome
of the lens is given by

] (3.1.7)

trical optics. Thus the transmittance

B ik(x>+y) 3.1.8)
Hx,y) = P(x,y)exp(—ikiiDy / ”)eXp[—T} (

tant phase term contributed by a beam

s a cons i .
ent y, the complex transmuttance of a thin

The firg¢ factor exp(-ikn D o/n) repres
d. Finall

a .
long the axis, so that it can be neglecte
lens ig
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k(x> +37)

f(.l', _V) - P(,\', \’)exp{ 2f

ase change caused by a leng shows a quadratic depeﬂdenc
mmetric lens, the quadratic phase change represents i € o
ent wave if f is positive or a divergent wave if A the
which are called the positive and negative lenses, re§pect1vely.

For a positive lens, a plane wave, afFer Passmg through the lens, CONVerge .
point at a distance f behind the lens. This Pf)mt 18 Cfi”ed the f(?cu§ of the lens ip gﬂOmetra
cal optics. However, according to diffraction of light, the distribution of the light fie]lh
near the focal region is the superposition of the wavelets from the wavefrong behing thd
lens and therefore the light field distributes within a region near the focus, Details of the
distribution of the field in the focal region of a lens will be discussed by using th .
fraction formula in the next section. g the dif

It is seen that the ph
v and v. Fora circularly sy

lens causcs either @ CONVETE Fis Negatiye
b

3.2 Diffraction by a Lens

. lfﬂ:n\;?ebfisr:tg:{sxzr\iﬁl C‘?HSIdt?r th§ detail of the light field near the focal region of
Siliose Pt 0efhght fleld in the-focal plane, ie. at 7 = f (see Fig. 3.2.1).
plane immediately before i lampl.uude U is incident upon a lens. Thus the field in the

€lens s Uy(x), y;) = Uop. The lens is a diffraction screen of a

complex transmittance v
i, g given by Eq. (3.1.9), Therefore, the fielq in the plane immediately

Ua(%y, y5) Us(x vy)

U1 (X'1’ y1 )
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2 [)iffraction by a Lens
3,
-k J (3.2.1)

K 2
— (x5 +y,)
Uj(xz,yz):UOP(xz’yZ)exp!jzf( 2 2

e focal plane can be derived from the Fresnel diffraction f.ormulla grven
5o the field msubﬂmmg Eq. (3.2.1) into Eq. (2.4.5), we can express the light field in a

- 2.4.5). ;
inEq.( ation placed at the focus, i.e. at z =/, as

plane of observ

iU . = ko,
U, (X5 '\-}):—/-L—fo—exp(vlkf)]‘ J._m P(x,, yz)exp{zf (x; + ¥, )j,
(3.2.2)
ik,

k ik
fm{— TAcl s )}exp{- zl—f(xi +5, )} exr{?(xsx * J’3J’)dezd)’2-

Here the nonlinear phase term in Eq. (2.4.5) has been expanded into three terms in the
second line of Eq. (3.2.2). Clearly, the quadratic phase caused by the lens is cancelled out
by the quadratic phase resulting from the Fresnel diffraction process, which leads to

- .
Us(x;,y,) = %fexp(—ikf )exp{—zik]:(xgz +y; )J

(3.2.3)

”m p ik ‘ |
B (xz,yZ)exp 7(x3x2 +3),) dx,dy,.

n by a cir-
a and the resulting diffraction

MCUlar 4 .
: the Fraunhofer d; :
form o Perture. It shoyig be pointed oyt er diffraction p
0 at ¢ . Yy the
dlensjsthe taunhofer g ut th.]lt ‘d]lh(?ugh Us(x3,
> 1he Fresnel e i function, the diffrac;

" let us (g o clion rather that the Fraunhofer diffraction d by
K Ne is placeq .O the study on the diffraction pattern b
) ¢d at a defocyg osit ] Y a thin leng if th
Fop . <) The istance b Position. Assume the defocus ¢ € oObser
ifor €tween the observation . Stance to be A,
On plane and th (see

=S+ Az

» the fielq immediately behing th '
e
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as Eq. (3.2.1). Therefore, in terms of the Fresne] &
) 1s the same a . (C
lens Ux(xz, v2) 18

Ar . lffracﬁ()n
he field Us(x3, y3) on the observation plane at z =f+Azis given by

' the 11€ A3, Y

formula (2.4.5),

' h —(x, +y
Uy(x v)=1(—J—a°exp(—sz)”_wp(“”’yz)exl)[zf( ’ Z)J
KRS R -

k 2 —y,) |rdx, dy, .
exp{—;—i[(.\';, '—Xz) +(_V3 yZ) ]}( 2 yZ

T frA—
Fig.322 Diffraction by a thin lens ip a defocus plane.

' » & practical Jepg
1S pupi] functiop

s , . 1§ case.

_ S usually circularly symmetric. In thlswhere

(et 2 S 0nly a funcgion of the radjy] Coordinate, i.e. P(x, y) = P(g)’ ribed
— X+ yhy sing a polay coordinate sygiem ; thod des

i ; Min Eq. (3.2.3) and the me

"0 Appendix B,y have 4 9 ( )

i

Us(ra) T X (~jkf - 1'71'1”32 " 207, (3'2'5)
Ap XP=ikf exp pra JO P(ry)J, 7}73 27trydr, ,
Where » - -
ero :e(f:l?"i il?jllgn d y, =(I Herti Jois a Besse] function of the first kind of ©
; ; : n = (x2 + 2312
_ fP(ry i 4 unifory, ci;c U
tion ds

3ty -
: i . | fun
ular Aperture wjgp radius g, ope cap express its pupi
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I, rsa

b= (3.2.6)
)=

0 , otherwise.

‘ne the Hankel transtorm in Appendix B, we can reduce Eq. (3.2.5) to
By using

[ 27rya i
il/’l'(i2 by p f”’ilz 2‘]](»‘)?‘—_J (3 2 7)
Uir) = T exp(—ikf Jexp| — A —@]— : ke
Af |

where Ji is a Bessel function of the first kind of order unity.

In order to simplify Eq. (3.2.7), we introduce three important parameters.
a)  Numerical aperture of the lens, NA:

NA=n sina=n§ . (3.2.8)

The significance of the NA of an objective lens can be found from Fig. 3.2.3; a higher
numerical-aperture objective corresponds to a larger maximum angle of convergence, «.
For a given maximum angle of convergence, increasing the refractive index of the im-
mersion medium of a lens yields a high numerical aperture of an objective.

Fig. 35 o
8323 Description of the numerical aperture of a lens.
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y, the larger the numerical aperture of a lens th
e Sm:
d”er

r a given value of
dinate in the focal region.

Therefore fo
dial coor

the value of the real ra
Fresnel number N:

c)
v
A
£ (3-2.10)
In terms of Egs. (3.2.8) - (3.2.10), one can rewrite Egs. (3.2.5) and (3.2.7
e .2.7) as
U,(v)=2iN exp(—ikf ) ex (_ﬂil"l
P P(p)J o (vp)pd
4N o\VP/Pap
and k ' (3-2.11)
U,(v)= iNexp(—ikf)exp(__ L‘i)[w}
4A] 0 Al
‘ (3212

respectively, where
. ' p=rlais ‘
P(p) is the pupil function wvith the normalized radial coordin:
the normalized radius of u it Inate over the lens aperture
) nity and is give '
n by

L. psy

(3.2.13)

for a ?if(?rm circular pupil
clings aking the modulug 'squared of
Eq. 3.2.12) results in the intensity i ]
I(v):(n!v)z[&ﬁ(ll]2 ensity in the focd

v

(3.2.14
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8.2 D

(2) (b)

Fic. 3.2.4  Intensity distribution of a single circular lens in the focal plane (a) and in the axial plane in-
C[l]dillg the optical axis near the focus (b). The plot range is within 0 and 0.1 of the intensity normalized
by the peak intensity. vx and vy are the two orthogonal directions in the transverse plane.
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I;‘g,'3.2.5 Intensity distributions, normalized by the maximum intensity, along the radial direction in
the focal plane (a) and along the optical axis (b) for a circular lens and an annular lens (£=0.5).

; .Eq- (3.2.14) is called the Airy pattern of a lens [3.2] and is shown in Fig. 3.2 4a.
tios ‘mte”SftY di&.stribution, normalized by the maximum inten§ity, along th(? radlal. direc-
A ‘”, deplct;d in Fig, 3,2 83 Approximately 80% of the incident energy is confined to
1 f;”il‘al bright spot. The position at which the intensity drops to. zero is approximately
Pr(: '8,3- Recalling Eq. (3.2.9), we can conclude that the central spot size is inversely

Portiona] to the numerical aperture and directly proportional to the incident wave-

€n ) . .
8h. These Properties are important in determining image resolution; the smaller the

Ceﬂlra , :
L'spot the higher image resolution,
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i i focus plane by a circular
o e eordinates, y Idi lens, Sub
d use polar coordinates, yielding ‘

and the diffract

rst '
To unde o Eq. (3.2.4) an

stitute Eq. (3.2.6)

' iy ]
U (r‘):f}éexp(ﬂ'kz)exp ayr

|
9 5T :
. i/f'_'z‘_(i—lﬂfo(zzzjj2”r261rz’ By
Jy Poe S 77 ¢

here the incident amplitude Up has been assumed to be unity without losing gener
whne :
To simplify it, we let

ality,

kr} (11
=t S 7t (32,14

which is called the defocused
written as

pupil function for a lens. Therefore Eq. (3.2.15) can be re-

J ;g 2
U= iexp(—ikz)eXp(hi@_]

w 27
[ P(rz,Z)JO( );2'3 )2nr2dr2. 3210

2 Radia (transverse) Optica] a0 Optical oordinates can be introduced h
2 e C . e
definition of NOW becomeg Oordinae y Because 5 defocus plane is considered, !
V= _2_Z-f 2

2n
u\\/‘t\“z(l.~i . 2r a2
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Using v and u in Eq. (3.2.17) anqg eXpressin ici i
) sing Uj as an ] -
sl explicit function of the defo
. ( u) N exp( ka)ex iv? J-IP fbtpz
v’ ) = 4 - e
. PL™ 2w PP exp 5 ]Jo(vp)pdp, (3.2.20)
whel'e p = }’2/(1.
For a lens of a uniform circular aperture, Eq. (3.2.20) reduces to
. _ ivi e (iup?
Uy(v,u) = 2iN exp(—ikf ) exp T foexp 5~ [o(vp)odp. (3:221)

This is an expression giving the 3-D distribution
of the focal plane. In general, Us(v, u) can be e
ated by numerical integration [3.1]. Whenu =0
focus, the in-focus intensity is given by
sity along the axial direction becomes

of the diffraction pattern near the region
xpressed by Lommel functions or evaly-
, 1.e. when the observation plane is at the
Eq. (3.2.14), as expected. When v = 0 , the inten-

2 2| sin(u/ 4) ?

Iv=0,u)=|U,(v=0,u)" =(N)}| 2L | (3.2.22)
: ul4

which is plotted in Fig. 3.2.5b, after it is normalized by the maximum intensity. The in-
tensity distribution I(v, u) in a meridional plane of the optical axis is shown in Fig.
324b. Ag may be expected, the intensity is symmetric with respect to the focal plane at z
= f. Another property from Fig. 3.2.4 is that the axial size of the diffraction spot is ap-
Proximately three times as large as the transverse size.

3.2.2 Annular Lens

An annular lens means that a circular opaque disk is co-axially placed in the aper-
tre of 5 lens, so that the pupil function for an annular lens is given by

1, e<p<y,

P(p) = (3.2.23)

0 , otherwise,

Where & s 1he radius of the central obstruction normalized by the radius of the lens aper-
"€ a. Using Eq. (3.2.23) in Eq. (3.2.20) yields




