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1. Gauged linear sigma models (GLSMs)

The input data of a gauged linear sigma model (GLSM) is a
5-tuple (V,G,Cx, W,w)
(1) (linear space) V = SpecC[xi, ..., xm] ~C™
(2) (gauge group) G c GL(V) ~ GL,(C) linear reductive
(3) (R symmetries) Cp c GL(V), Cx =C*.
G,C} commute, GnCpg = (J) = pr
Ck acts on V by weights ¢1,...,cm € Z, R charges q; = 2—?
(4) (superpotential) W e C[xq, ..., Xm]
o G-invariant: W(g-x)=W(x)Vge G o W eC[x,...,xm]°®
e quasi-homogeneous: W (t-x) =t"W(x)VteCy
(5) (stability condition) w € Hom(G,C*) <> G-linearization on V
assumption: V& (w) = VE&(w)
X, =[V&(w)/G] smooth DM stack
!
C;, ~ Xy = V& (w)/G = V/[,G GIT quotient
:=CR/(J) | projective  w(t-[x])=tw([x]),teC}, [x]eX,
Xo = Spec(C[x1, ..., xm]°) Zc



A GLSM is abelian if the gauge group G is abelian
In most of this talk, G = (C*)".
We have a short exact sequence of abelian groups (let n=m - k)

(D1,--;Dnik)
—

1-G T=(C)M* — T~(CH)" -1

Mmaximal torus
GLn+H(©)
where Dj e Hom(G,C*) =LY ~ Z". Then
e X, is a smooth toric DM stack (Borisov-Chen-Smith)
e X, =V]/,G is a semiprojective simplicial toric variety
o X, =[p Y (w)/Gr] where Gg = U(1)* c G = (C*)*, and
p:V=C"" > Lie(Gr) ~ Ly := LY ®2 R ~ R" is the moment
map of Hamiltonian Gg-action on C™*.

e welLy ~R" > secondary fan



Example 1: quintic
V =C%=SpecC[xy,...,xs5,p], G=C*, weR-{0}

gauge charges G acts by weights (1,...,1,-5) GnCh= {1}
R charges Ck acts by weights (0,...,0,1) R™

superpotential W = p(x; + -+ + xg) = pWs(x)
@ w > 0: Calabi-Yau (CY)/geometric phase

X, =((C>-{0})xC)/G = Kps
Crit(w) = {Ws(x) = p=0} = Xs Fermat quintic
c{p=0}=P*
GLSM invariants = Gromov-Witten (GW) invariants of Xs
@ w < 0: Landau-Ginzburg (LG) phase
X, =[(C°x(C~{0}))/C"] = [C°/ps]
Crit(w)req = [0/ps] = Bus
GLSM invariants = Fan-Jarvis-Ruan-Witten (FJRW)
invariants of (Ws, us)



Chiodo-Ruan (2008) LG/CY correspondence for quintic 3-folds:
GW invariants of X5 «— FJRW invariants of (Ws, us)
(1) (e-wall-crossing) Givental style mirror theorems
o CY phase (Givental, Lian-Liu-Yau 1996-7):

Jy = I% under the mirror map
+

-
o LG phase (Chiodo-Ruan 2008): J_ = 7 under the mirror map

I, J, are functions of 1 variable
take values in a 4-dimensional complex symplectic space

1 1
H(z). = zH ® H ® ~H} & — H?
V4 V4

(2) (w-wall-crossing) I, and I are related by analytic continuation
and a C-linear symplectic isomorphism

¢:H(z)y > H(z)- € Sps(C)



Example 2: mirror quintic

V= (C106 = SpeCC[Xl, ey X5, P1, .. .,p101], G = ((C*)lol, W € le
1 - Gy~ G- G/Gy=SpecClpi,...,p1p] =1
Go = {(Xl, e 7X5) € (M5)5 P X100 Xp = 1} ~ (M5)4
1 1
G /Gy acts by weights (=s51,...,-S35,0,...,0,-1,0,...,0)
57 57 —
pa
1<a<101,s,;€{0,1,2,3}, 551+ +5,5=5, s101 = (1,1,1,1,1)

Ga _ GO/(e271'\/7_1s‘-,,,1/57 o e27r\/7_15375/5> ~ (/1/5)3-

R charges  Cj acts by weights (0,...,0,1)
5 101

superpotential W = ansa’ >
i=1a=1



o we G =(Ry)' LG phase
X, =[(C°x(C-{0})™") /6] =[C%/Go]
Crit(w),ed = [O/Go] = BG(), Go = (/L5)4
GLSM invariants = FJRW invariants of (Ws, Gp)
@ w € (i1 geometric orbifold phase
X, =[(C°x(C-{0})'*xC)/G]=[Kp:/G1o1]
Crit(w) = [X5/C_;101] Cc []P4/C_-;101:| C [K]P"‘/G_lOl]
mirror quintic Gio1 & (/15)3
GLSM invariants = orbifold GW invariants of [Xs/Gio1]
@ we G, 1<a<100 (nonstandard) hybrid phases
[((C3>< Kp[2,3])/61:|, 1<a<20;
[(CZ X KP[1,1’3])/C_';21] s 21<ax< 50,
[((C2 X K]p[l,zvz])/c_gl] s 51 <a<80;
[(Cx Kpp1,1,1,2])/Ge1], 81<1<100.

X, =

@ many other phases



Priddis-Shoemaker (2013) LG/CY correspondence for the mirror quintic:

orbifold GW invariants of [Xs/Gio1] < FJRW invariants of (Ws, Go)

(1) (e-wall-crossing) Givental style mirror theorems: under the
mirror map

o CY phase (Lee-Shoemaker 2012): J, = 7
b

-
o LG phase (Priddis-Shoemaker): J_ = 7

I, J. are functions of 101 variables
take values in a 204-dimensional complex symplectic space

1 1
H(z): = ZHS ® Hi ®-Hl'e —2H£ where H? = H} = C!0!
z z

(2) (w-wall-crossing) I, and I are related by analytic continuation
and a C-linear symplectic isomorphism
¢: H(z)+ = H(2)- € Sp204(C)

Lee-Shoemaker I+‘CHcH2 C?%_valued function in 1 variable
+

Questions: LG/CY correspondence in 101 variables
wall-crossing to other phases

Iritani-Milanov-Ruan-Shen: LG/CY correspondence for Fermat CY
hypersurface in P[wy, ..., wp2]/Gw at all genera



2. Higgs branch

o Fan-Jarvis-Ruan, “A mathematical theory of the gauged linear
sigma model” 2015, 2018, 2020

@ Favero-Kim, “General GLSM invariants and their
cohomological field theories,” 2020

e Polischuk-Vaintrob: affine LG models
o Ciocan-Fontanine-Favero-Guéré-Kim-Shoemaker: convex
hybrid models

symplectic approach: Tian-Xu



Let (V,G,Ck, W,w) be the input data of a general GLSM, and
let ' c GL(V') be the subgroup generated by G and Cj
=[/G=Cg/(J)=C;,.

GLSM invariants are virtual counts of LG quasimaps, which are
birational maps from genus-g ¢-pointed orbicurves (C, z1,...,2z)
to [V (w)/I'] which extends to a morphism f:C - [V/I'] +
stability conditions; enumerative geometry of Crit(w) c A,

[V/r] P—fov PxrV

/ l/ jprincipal I-bundle U\a
C C

¢ Br=Ter]

N

BC;,



If G = (C*)" then
Ckr

.

11— G=(C*)" ——=T=(C*)"* —=C}, —>1

Hy([V/T];Q) = Ha(Bl;Q) =g @ Q >deg f = (3,28 -2+ 1)
P><r \/I@ﬁ,’, degﬁ;:(D;,f8)+%(2g—2+€).
i=1

(Note that % = % is the weight of the C;, -action on x;.)

X,= |J A&, where A" is the set of minimal anticones,
e Amin
Ic{l,....n+k}, |I|=r, I:={1,...;n+ K} NI,

X = [(CTx(C)')/6]=[C"/Gi1] > pr = [{0}/G] = BG,

effective classes for (g,¢) = (0,1): K“= |J K', where
le Amin

K'={BeLg:degLl;=(D;,B) - qi/2 € Lo Viel}.



D. Cheong, I. Ciocan-Fontanine, and B. Kim, “Orbifold Quasimap
Theory": e-stable quasimaps to &, = [VZ(w)/G], € € Q0.

Je
e»y \<+oo
/ J

quasimap wall-crossing (e-wall-crossing)
= Givental style mirror theorems
= mirror theorem for smooth toric DM stacks
(Coates-Corti-lIritani-Tseng)
Y. Zhou: quasimap wall-crossing in orbifold quasimap theory
in all genera in full generality
It is expected that Y. Zhou's proof is generalizable to GLSM
= Givental style mirror theorems for all GLSM in all phases
Clader-Janda-Ruan, “Higher-genus wall-crossing in the gauged
linear sigma model”, with an appendix by Y. Zhou:
GLSM for complete intersections in weighted projective spaces



In orbifold quasimap theory, /-function is obtained by torus
localization on stacky loop space (orbifold version of Givental's
toric map spaces). We will consider the GLSM version.

The domain is (P[a,1],00 =[1,0]) where a€ Zo, (g,¢) = (0,1).
M. Shoemaker “Towards a mirror theorem for GLSMs” (g, /) = (0,2).
For p=0,1, a€Zsy, meZ,

HP (P, 0(m/a)) := HP(Pla, 1], Oppa1y(m))

Given an effective class 8 € K¥,

n+kK 0 1 n+kK 1 1

Vs = @ H(P',O((D;, 8)-ai/2)), W5 =D H'(P',0((D;, 8)-ai/2))
i=1 i=1

degree /3 stacky loop space Xj, = [V§°(w)/G]

degree (3 obstruction bundle Obg = [(Vﬂss(w) x Wﬁ)/G]

Cg rotates P!, T and Cg act linearly on Vg, Wj.

T x Cj acts on the smooth toric DM stack Xp,.

Obg is a T x Cg-equivariant vector bundle over Xp,.

Caution: the superpotential W is not invariant under the T-action



Following Okounkov, X3 = [Vg/G] c Xp = [V5*(w)/G] is the
open substack such that the evaluation at oo is defined:
Voo : X —> Xov(p)
where X, () is a connected component of the inertia stack
1= U Xow, Xy =[VEWV)EV/G]
veBox
tau(®) T = (X30)™0 = Xiou(p)-
Using the 4-tuple (V/, G, Ck,w) and action of the diagonal torus
T c GL(V), we define
T-equivariant /-function I=(y,z):= Y Iz (v,2)1,
veBox

where IT,v(y’z) takes values in H%(Xw,v)-

/T”/(y’ Z) = e(zazl log yaiy pa)/ Z yﬁ(bﬁ—’V(B))*(—,v Nvir )
[g;ﬂ)(“’ eTx(C;( 3 )

where j, : X, , = &, pa € H%(Xw)r /VE“ = N}/fi;/xg’w'



Given B e Cohz(X,,), [B] € K¥(&.,), define
T-equivariant central charge

Zz([B]) = (7. Tehz([B])) = 3 Zx(
e Amin
where ffchf([B]) € ? HZ=(Xo,v) ®r- RT((Z_I))v

Ry =HZ(®) = C[A1,..., Ans].
Explicit formula for Z%([B]) = contribution from p; = BG,.

Using the 5-tuple (V, G,C, W, w), define

GLSM /-function Iy (y,z)= Y, lwu(y,2)1,

veBox

where I, ,(y, z) takes values in H,, , = H* (X, v, Re(ijw,) > 0).
Given B e MF(X,,w), [B] € K(MF(X,,w)), define

GLSM central charge  Z,([B]) = (lv, ﬁWChW([B]))

where [, ch,, € P Hwv®c (C((zfl)).

veBox



K(MF(X,,w)) is a module over the ring K(X,,), and there is a
morphism of K(X,,)-modules

v K(MF(X,,w)) > K(X,)

whose image is an ideal.
Any G character t € " = Hom(G,C*) defines a line bundle £; on

[V/G]. Let £] be the T-equivariant line bundle over [V/G] with
the total space [(V x C)/G], where G acts on C by the character
t and T acts trivially on C.

QZ):K(Xw)_)K:f(Xw)) [’tHLtf

If G c SL(V) (Calabi-Yau) and there is a LG phase (e.g. Fermat
Calabi-Yau hypersurfaces in finite quotients of weighted projective
spaces) then

Zu([B]) = Z7(¢ o 9([B]))

Aj=0



3. Coulomb branch

(motivated by arXiv:1308.2438 by K. Hori and M. Romo)
Consider an abelian gauged linear sigma model (V,G,Cg, W,w)
where G ~ (C*)" c SL(V') (Calabi-Yau)

0 = w+2m/~1B € L. complexified/stringy Kihler class

w = (extended) Kahler class, B = B-field

a=(a1,...,an) ER™® delg, (Dj,6)+a;>0for1<i<n+k
Given Be MF([V/G],w), define the

(a-perturbed) hemisphere/disk partition function

Zpe([B]) = m f6 . doT(o)ch[B](0)el

n+K

where (o) = q r((D;,o) + «;), and

ch[B](o) = ¥ ™) ify([B]) = 3 clee K([V/G)).

telLv telLV



e Zp2([B]) is a multidimensional inverse Mellin transform of
I(o)ch[B](o).
a;—>0: without superpotential

@ (R-wall-crossin
( e {a,- — @g;/2: with superpotential

Proposition
There is an open subset U c Ly, such that

Zpo (L) = doT ()elf+2mV=1to)

Nevlh
(2nV/-1)% Jo+V-1Lg
is an analytic function in 6 on

{#=w+2rV-1B|welyg,B+teU}.



Theorem 1 (Aleshkin-L)

Let C be a phase of the GLSM (i.e. C is the interior of a k-dim’l
cone in the secondary fan in Ly ~ R*), and let wp € C.

= C= () <4;cLy where 2;={> a;D;|aje(0,+c)}.

e Amin iel
Then there is an open subset Uc = () U, c Lg where
Je Amin
wo

U= {E a;iD; | aj € (N,',+OO)} (N, > O) = shifted «,

iel

such that if w e Uc then Zpo(Le) = > Z'(L:), where

IGA[L““
1
Z(ﬁ)_m Z Hr( D,,O’m +a/)H( ) 9+27r\/_tam
E(Z>0)I [_el iel
~ > (mi +a;)D;}" where {D;': i} is a basis of Lg dual to

iel
the basis {D;: i€} of }L(V@.
The infinite series Z/ (L) converges absolutely and uniformally on
{0=w+2rV-1B:weU;,Bely}.



Moreover, we have the following Higgs-Coulomb correspondence

Zp:([B]) |0:— Yi1(logya)€a, a,-:%+% ) ZT( [B])

where {{1,...,&} is an integral basis of LY and 1 <i<n+k.
Knapp-Romo-Scheidegger, “D-brane central charges and
Landau-Ginzburg orbifolds,” 2020.

Proof by careful manipulation of x-dimensional cycles and
convergence checks of integrals [ and series 3.

ZDz(Et):fW(“‘):Z 3 [51an-1(“'):"'

Al mGZZ()

) % me(zzw f(SIWR“‘E(M) o ; me(%ow &:

r-dimensional residue

o Ay,...  A. = Afjoi” are finite sets.
e Up to translation, R*~¢ c /-1Lg.
@ Use the Calabi-Yau condition.



4. Wall-Crossing
abelian GLSMs without superpotentials:

@ Borisov-Horja “Mellin-Barnes integrals as Fourier-Mukai transforms”

@ Coates-Iritani-Jiang “The Crepant Transformation Conjecture for
Toric Complete Intersections.”

Let C;, C- be two adjacent chambers in Ly = space of stability
conditions. Then C, are m—dimensignal cones in the secondary fan,
and the (x — 1)-dimensional cone C, n C_ is contained in the
hyperplane (h*)g := {w € Ly | (w, h) = 0} for some primitive h e L.
Let wy € Ci, Xy = AX,,. Then
Ci _ m Zy, Amiin :Aessu Anoness
leApin N * —
: Aginn Agin
I
{1,...;n+k} =1L ul_uly, where - ={i|(D;,h)
I =

ASS = {({iYud|iel, Je Ay, Jedog=Jcly|J|=r-1.

>
<

0}



Theorem 2 (Aleshkin-L)
In the setting above, if t € LY satisfies the Grade Restriction Rule

where 17 =3¢/ (Dj, h) = ¥ i) (Di,—h). Then there exists an open
subset U c Uc, such that for w e U

ZD2(£1:):!: = Z sts(ﬁt) + Z Z[(Et)
JeAy e Anoness

o Z5%(L;) is an explicit series of integrals over (S!)*1 x R.

e Z;(L:) converges uniformly and absolutely on for
W € U/ ) U(_"i.



The Grade Restriction Rule (GRR) (B +t, h) € (—g,g)

defines equivalences

DE(X,)  — DX

DR(X.)  —  DB(X.)

ph(x,)  —  Db(x)
D(MF(X.,w)) —> D(MF(X_,w))

GR:

o Kawamata FM : DP(X,) — D®(X_) (Fourier-Mukai)
o Coates-Iritani-Jiang-Segal GR = FM : D2(x,) = D2(x.)
(Grade Restriction Rule = Fourier-Mukai)
Halpern-Leistner, Ballard-Favero-Katzarkov
@ Baranovsky-Pecharich, ...

Theorem 2 = Zp2([B])+ and Zp2(GR[B])- are related by
analytic continuation. GR — symplectic transform



