1. Evaluate the following series exactly if they converge, or explain why they diverge

o0 57L

@ > o5

n=0
50 i2 So the limit is

592 —

j j =5 _5 j —
Geometric series. r = 55 = g < 1 so it converges. a = 3%

— 5
)2
n=0
Geometric series. v = 2 so diverges. (WARNING: Don't forget to make sure that r < 1

before blindly using the formula *-.)

1
Zlnn2 n((n+1)2)

Telescoping sum.
1
nh_)II;O In(n?) =0

and therefore the sum converges to

(d) Zln n((n +1)%)

Telescoping sum.
li_)rn In(n?) = oo

and therefore the sum diverges.
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(e)4+12+7+7+7+
This is ) ) .
R T s i)
with x = 3 plugged in. Thus it is 4e3.
7?onor
n7-_ 4+
@7 2+3 4+
This is
2?2 xd a2t
:L'—?—F?—Z—l-...

with x = 7 plugged in. You might be fooled and say it is In(14-7) = In(8). Unfortunately,
7 is not in the interval of convergence of this power series... it diverges, by the ratio test.

92n+1
(2n+1)!

(8 > (- + (="
n=0

The first sum is cos(13) and the second sum is sin(9), thus the combo is cos(13) +sin(9).

2. Lety = > 7, ant" be a power series centered at 0.

(a) Write down power series centered at 0 for ¢/, y”, and y"’.

[o.¢] o
y' = Znant"_l = Z(n + Dap1t".
n=1 n=0

(Note: either one is ok, both answer the question. But the latter will be more useful later
on.)

oo

o
= Zn n—1)a,t"? = Z(n +2)(n + 1)ap4ot™.
n=2 n=0



y" = Zn(n —1)(n— 2)antn_3 — Z(n +3)(n+2)(n+ 1)ap4+3t".
n=3 n=0

(b) Suppose that y(0) = 2, ¥/(0) = 1, and y”(0) = 6. What does that say about the
coefficients a,,?

aozy(0)22,a1 :y/(o)zlgnd(w:%:&

(c) Suppose that y solves the differential equation vy’ — 2y” + ¢/ — 2y = 0 with the
initial conditions given above. Find a,, for n < 4.

(We add together the power series in the latter form above, so that they easily give us the
coefficient of t™.)

y" =2y +y -2y = Z (n+3)(n+2)(n+1)ant3—2(n+2) (n+1)ans2+(n+1)ans1—2a, ) t" =0

n=0
So each coefficient is zero. Solving for a,3 we get

. 2(n+2)(n+ a2 — (n+ Daps1 + 2a,
ks (n+3)(n+2)(n+1)

Plugging in n = 0 we get

C22)(L)as — (D)ag +2a9  12—1+4 15
“= 3)2)(1) T 6 6

Plugging in n = 1 we get

~ (23)(2)az — (Qag +2a;  12-F -6+2 26
= D(3)(2) - 24 Y




3. Lety = >"77 jan(t — 6)" be a power series centered at 6.

(a) Write down power series centered at 6 for ¢’ and (¢ + 2)y.

Y =Y nap(t—6)""" =Y (n+ ansi(t —6)"
n=1 n=0

(t+2)y = ((t—6) +8)y = (t — 6)y + 8y = ian(t — 6"t 4 i&zn(t —6)"
n=0

n=0

= an_1(t—6)"+ Y 8an(t—6)" =8ag+ Y _ (8an + an_1)(t —6)"
n=1 n=0

n=1

(Remember, the steps here are: recenter the polynomial (t + 2) at 6, i.e. in the form
(t — 6) + 8. Then find each term individually. Then, to add them together, reindex so
the coefficient of (t — 6)™ is obvious. Then, when you add, keep track of small values of n
separately; here, n = 0 is special, because it is not in the first sum.)

(b) Suppose that y solves the differential equation ' — (¢ + 2)y = 15. Write down a
recursive formula for the coefficients a,,.

Y — (t+2)y = (a1 — 8ag — 15)(t — 6)° + Z ((n+1)ans1 —8an — an—1)(t—6)" =0

n=1

Each coefficient is zero. So our recursive formula is special at the start:

a1 = 8ag + 15,
and then for n > 1 is:
8an'+'an—l
R e T

(Note: You will make fewer mistakes if you keep track of for which n the formula is valid.
This formula right here is valid only for n > 1, not for n = 0, where you have to use the
formula a; = 8ag + 15 instead.)



(c) Find the first three non-zero terms of the general solution centered at 6.

For the general solution, we just let agy be an independent variable, and solve everything
in terms of it.

a1 = 8ap + 15
8 64 120 65
a2: CL12+CL0: aO+C2LO+ :7a0+60

(Warning: It is not good enough to leave it at ay = 5439 You have to solve in terms
of ap. The point is that ag determines the initial conditions, from which everything else
should be determined.)

So the first three terms are ag + (8ag + 15)(t — 6) + (Lag + 60)(t — 6)*.

4. Suppose that y solves the differential equation y” + ty’ + y = 0 with initial conditions
y(0) =1 and 3/(0) = 0.

(a) Suppose thaty = > a,t"™. Find a recursive formula for the coefficients a,.

o
y'=> (n+2)(n+ Danot"
n=0
o o
ty = Z(n + 1)an+1t"+1 = Znant"
n=0 n=1

Yty +y = (2D)az +ao)t’ + Y ((n+2)(n+ Dansa + nan + an)t"

n=1
S0
ay = —
D)
and
—(n+1ay, —an

Tt l) nt2



forn > 1.

(Secretly, though, this formula also holds for n = 0. After all, looking at ty/, it is the case
that Y00 | na,t™ = > o7 na,t™. But there are cases where trying to simplify like this
will just screw you up or confuse you unless you're a careful person...)

Find the values of a,, for n < 8.

ap =y(0) = land a; = y'(0) = 0.
agz%andagzo

_ —azx __ 1 _
a4 = — —2.4617161&5—0.
_ —as _ —1 _
ag = 6 —2_4,6anda7—0.
_ 1
a8 = 53163

(The pattern is clear if you needed to find a,, for all n.)

Approximate the value of y(0.1) to within 107%. Justify your answer.
By the above, we have that y(t) is approximately equal to

1 1 1 1
1— ¢ th— t 5 —
2 +2-4 2-4-6 2-4-6-8
Plugging in t = 0.1 = 10!, we get an alternating series. Since 52105 < 1076 while
#7107 > 1075, we see that the fourth term is the first one which is smaller than 105
So we should stop after the third term, which gives the approximation

64

1

1074
2.4

1
y(0.1) ~1— 510—2 +



