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Intro



| will explain the following statement:

The Langlands dual Hecke category is equivalent (as a triangu-
lated monoidal category) to the derived category of bimodules
in the Hecke category over a Koszul complex.

This is
e a reinterpretation/extension of the monoidal Koszul duality for
the Hecke category (Achar—-M-Riche-Willliamson)
via
e (curved) Koszul duality (Lefevre-Hasegawa, Positselski, Burke),

e box tensor product of type DA A, bimodules
(Lipshitz—Ozsvath—Thurston).



Background



Hecke algebra

(W,S) Coxeter system

Def: Hecke algebra
H=H(W) =Z[v,v (s : s € S) modulo

quadratic rel: (s + v)(6s —v 1) =0 forseS

braid rel: 0s0:0s--- = 04050 --- fors,t €S
—— N——
mst terms mgt terms
Two bases: standard basis KL basis
H= @ Zlv,v o, = @ Zlv,v by
weW weW

e.g.
big = diq = 1, bs = s + v (SES)



Topology

GDBDT conn red. (or Kac—-Moody) gp/C, Borel, max torus
k field of char p # 2
w Weyl gp




Topology

GDBDT conn red. (or Kac—-Moody) gp/C, Borel, max torus

k field of char p # 2
w Weyl gp

DP(U\G/B,k) B-constr derived cat of sheaves of k-vec sp on G/B
D®(B\G/B,k) B-eqvt...

{1} cohom shift

* convolution

(D*(B\G/B,k), %)

For

DP(U\G/B, k) /



Additive Hecke category

e parity cx (Parity(B\G/B,k),*, {1}) c D™*(B\G/B,k)
categorifies H, p-KL basis := class of indec. parity £,. (In
char 0, parity = semisimple cx, &, = 1C,,.)

e (equivalent to Soergel bim (SBim, ®g, (1)) if they behave
well, R = Sym*(k ®z X*(T)) = Hg(pt))

e ‘“Left quotient” Parity(U\G/B,k) C D™*(U\G/B,k)
(equivt to Soergel mod k ®g SBim if they behave well)

(Parity(B\G/B, k), )
For

/ *
Parity(U\G/B, k) /



Triangulated Hecke category

Defn: mixed modular derived category [Achar—Riche]

D™*(B\ G /B, k) := K Parity(B\G/B, k),
D™X(U\G/B, k) := K Parity(U\G/B, k),

two shifts {1} (from Parity) and [1], Tate twist [1]{—1}

contains standard, costandard objects A,,, V,, categorifying 6,

e.g.
As = (& 2 Eq{1}), Vo= (&a{-1} B &), ses,
(D™X(B\G/B, k), %)

For

D™*(U\G/B, k) /



A ring involution

v H-H: ds06s (s€S), v —v!

fixes std basis d,,, sends KL basis b,, to another basis t,,: e.g.

1

(i) = Gkal = 1 te=0s—v i=bs—v—v! forseS§.



A ring involution

vH=H: d—d0s (s€S), vis —vi

fixes std basis d,,, sends KL basis b,, to another basis t,: e.g.
tia = 0iq = 1, ts=0s—v i=b—v—v1l forses.

Question

3 monoidal autoequiv of Parity(B\G/B) categorifying +?

No because ¢(v) = —v~! has minus sign
Question’

3 triang. monoidal autoequiv > of D™*(B\ G/B) categorifying 1?

e Expect o {1} = [1]{—1} o 5, remniscent of Koszul duality
e No such because no indecomp cx categorifying ts. Instead:



Modular Koszul duality

GY D BY D> TY connred (or KM) gp/C Langlands dual to G

Thm B [Achar-M-Riche-Williamson 2]
3 triangulated equiv
#: D™X(U\G/B,k) = D™*(BY\G"/U", k),
Ay, =AY, V= Ve Ew— T, (= indec tilting perv),
satisfying ko {1} 2 [1|{-1} o k.
~> rep theory appl.: DmiX(U\G/B,k)

G finite type, k=C ...~ .___GIOOP gp, k=TFp

ca
modular rep thry
of reductive gp

.
BGG category O

e Koszul self-duality of BGG O [Beilinson—Ginzburg—Soergel]
e Riche-Williamson conjecture (tilting char via p-KL poly) 7



Monoidal Koszul duality

e Proof first establishes (additive) monoidal Koszul duality:

(Parity(B\G/B), )
For

/
D™*(U\G/B) / )

(Parity(BY\G"Y /BY), %) K2

For

* X\
D ERYCRP



Monoidal Koszul duality

e Proof first establishes (additive) monoidal Koszul duality:
want monoidal category (?77,%) completing following diagram:

(Parity(B\G/B), %)

= For

*)
/
/
/
/

(Parity(BY\G" /BY), %) K2 -

For o
= -,

*\\) Ty
Dmix(BV\G\//UV) M =

e categorifies bijection of twisting and shuffling functors in

symplectic duality



Koszul duality

Thm A [Achar—-M-Riche-Williamson 1]

3 category D™*(U\ G /U, k) of free-monodromic cx and full
additive monoidal subcategory (Tilt(U\G /J U, k), *) of
free-mon tilting sheaves, completing prev diagram:

(Tﬂt(U\G/U),;)\ /(Parity(B\G/B),*)
For

ot ;x D™X(U\G/B) / v |2

(Parity(BY\GY /BY), %) w2 (Tilt(UV\GY JUY),%)

For

« \\meswcwuw)//;

completing prev diagram, satisfying ® o {1} = [1]{—1} o ®

“Algebraic analogue” of char 0 construction by Bezrukavnikov—Yun
10



Free-monodromic cx

R =Xk[x1,...,x] symm alg of k @z X*(T)
AN=A[#1,...,6,] exterior alg of k ®z X*(T)

K=A®R Koszul resol'n of triv R-mod, dx(6;) = x;
RY =K[y1,...,y;] symm alg of k®z X.(T), y; dual to x;
Defn: free-mon cx

A free-monodromic cx (F,§) € D™X(U\ G/ U) consists of

e a Z-graded seq of parity cx F = (F')jez,
e an “enhanced differential” § € K ®g End(F) ®x RV,

satisfying “curvature condition”

dK((S)—I—(SO(S: Zl@(id]:~x;)®y;.
i=1

11



Free-mon cx: examples

Simple refl s:

Ea{l} Qeﬁys@gm@(yg
gid{l} Qefo@@id@asv B —as®id®1 FST
5

T Ts = &

1@ns®@ay
Es

1®ns®@a)

A, =

0—as@id®ay

TIST
0—as®idga &a{-1} D(’

free-mon std free-mon indec tilting

e Philosophy: Hecke category Parity(B\G/B,k) "knows" its
Langlands dual Parity(BY\GY /B, k) = Tilt(U\G JJ U, k).

12



Free-mon cx: examples

Simple refl s:

Ea{l} Qeﬁys@gm@(yg

i —as®id®1
~ Ga{1} Qeiaswd@ﬂ! ~ e FST 10ms@a
Ay = T Ts = &
1@ns®@ay
Es TIST 0—as®iday
6—as;®idoay Ea{-1} De
free-mon std free-mon indec tilting

e Philosophy: Hecke category Parity(B\G/B,k) "knows" its
Langlands dual Parity(BY\GY /B, k) = Tilt(U\G JJ U, k).
e Hardest part of Thm A (~50pp) is exchange law:
(hxk)o(fxg)=(hof)x(kog).

e Subtlety: Tilt(U\G /U, k) = HOTilt48(U\G J U, k),

exchange law only holds up to homotopy
12



Summary so far

D™>(U\G/B) := K’Parity(U\G/B), (D™*(B\G/B),*) := K Parity(B\G/B)

o free-mon cx (F,J) € D™X(U\G JU) R =Kk[x,...,x] symm alg (H%(pt))
seq of parity cx F = (F)iez A=ANb1,...,0/] exterior alg
“differential” § € K ®g End(F) @, RY K =A®y R Koszul cx, dk(6;) = xi
dx(8) +606=3"11®(dr -x)®y; RY =Kk[y,...,y:] symm alg, y; dual to x;

e free-mon tilting (Tilt(U\G /U),*) C D™*(U\G /J U)

e (additive) monoidal Koszul duality:

(Tilt(U\ G J U), %) (Parity(B\G/B), )
\ For
ot ?\ D™X(U\G/B) / oV |2
(Parity(BY\G /BY), %) ok (Tilt(UV\GY JUY), %)

For
. \\,y)niX(BV\GV/Uka)//;

13



Motivating dream

(joint with Matthew Hogancamp)




Left-monodromic complexes

Let K be image of K under R-dggmod — D™*(B\G/B,k), alg in
D™*(B\G/B, k).
Ex (G = GLQ, R = k[Xl,XQ])Z

1R
2R

&a{-2}

K= R R K= (Eq{—4
(01602R — - R), (Ea{—4} — El_2) —

&ia)

14



Left-monodromic complexes

Let K be image of K under R-dggmod — D™*(B\G/B,k), alg in
D™*(B\G/B, k).
Ex (G = GLg, R = k[xy, x2]):

01R &a{—2}
0> R &ia{ -2} -

Defn: left-monodromic cx (coincides with [AMRW1])

K = (0162R — —R), K= (&af{-4} - &ia)

D™*(U\ G /B, k) := H*(K-mod®™*(D™*(B\G/B,k))),

category of extended twisted left K-modules, i.e. pairs
(K % F,§) consisting of:

e F € D™X(B\G/B,k) (can be taken to have zero differential),

e a K-linear endomorphism ¢ of K x F,

satisfying d(d) + d 0 0 = 0. 14



Motivating dream

ek : K = k implies D™*(U\G/B,k) = D™*(U\G/B,Kk):

D™>(B\G/B) := KPParity(B\G/B)
(KxF,0)—F lFor

D™X(U\G/B) = D™X(U\G/B) := KPParity(U\G/B)

~

ii5)



Motivating dream

ek : K = k implies D™*(U\G/B,k) = D™*(U\G/B,Kk):

D™>(B\G/B) := KPParity(B\G/B)
(K% F ,0)~F lFor

D™X(U\G/B) = D™X(U\G/B) := KPParity(U\G/B)

~

Dream
D™(U\G /] U) = (derived cat of K-bim in D™*(B\G/B)).

e dg models, but not monoidal dg:
1. (“free” K-bim, *k, resoln of K): dg bifunctorial, homotopy
unital
2. (Ax bim, A (= derived) tensor prod, K), e.g. type DA bim
and box tensor prod [Lipshitz—Ozsvath—Thurston]: dg unital,
homotopy bifunctorial

ii5)



Free-mon vs. derived bims

D™*(U\ G /] U) resembles derived K-bimodules:

e RV appears naturally: K admits resol'n K @ (RV)* @k K +
some differential (Cartan’s “small construction™)

o D™X(U\\ G/ U) expresses right action using
(RY ®k R, yi ®x;), vs. bar construction of K for A,
bimodules

e (RY®k R, ¥i®x) and K are (curved) Koszul dual over
R, i.e. (curved) coalg R-linear dual to (RY ®x R, >, yi ® x;) is
“weakly equivalent” to (curved reduced) bar constr of K.

16



Curved Koszul duality
(after Keller, Lefévre-Hasegawa,

Positselski, Burke)




Koszul duality framework of Keller and Lefévre-Hasegawa

e Classically, Koszul duality relates two graded algebras A and A'

Ex (Beilinson—Gelfand—Gelfand): finite-dim vec sp V over field k,
3 triang equiv D’ (Sym®(V[1])-gmod) = D’(A®*(V[—1])-gmod)

17



Koszul duality framework of Keller and Lefévre-Hasegawa

e Classically, Koszul duality relates two graded algebras A and A'

Ex (Beilinson—Gelfand—Gelfand): finite-dim vec sp V over field k,
3 triang equiv D’ (Sym®(V[1])-gmod) = D’(A®*(V[—1])-gmod)

o Keller, Lefevre-Hasegawa: replace A' by coalgebra
Input is triple (A, C,7):
A dg k-alg, augmented v: A — k
C dg k-coalg, conilpotent coaugm w : k — C
7:C — A twisting cochain satisfying voTow =0, i.e.
degr=1landdpoT+70dc+ pao(T®7)0oAc =0

17



Koszul duality framework of Keller and Lefévre-Hasegawa

e Classically, Koszul duality relates two graded algebras A and A'

Ex (Beilinson—Gelfand-Gelfand): finite-dim vec sp V over field k,
3 triang equiv D’ (Sym®(V[1])-gmod) = D’(A®*(V[—1])-gmod)

o Keller, Lefevre-Hasegawa: replace A' by coalgebra
Input is triple (A, C,7):
A dg k-alg, augmented v: A — k
C dg k-coalg, conilpotent coaugm w : k — C
7:C — A twisting cochain satisfying voTow =0, i.e.
degr=1landdpoT+70dc+ pao(T®7)0oAc =0

e twisted tensor prod — ®, — pairs dg A-mod & dg C-comod

e dg adjunction
A®; —: C-dgcomod 77— A-dgmod : C @, —

e 7 is acyclic if induces adjunction of (co)derived categories 17



Koszul duality framework of Keller and Lefévre-Hasegawa

A dg k-alg, augm v: A — k
Ay = A/ker(v) augm ideal
T*(AL[1)) tensor coalg (under deconcatenation)

e (reduced) bar constr Bar,(A) is T*(AL[1]) equipped with
bar differential

Bar,(A) 1= (--- — (A,)®3 L2, (4 yo2 B4 O k),
e universal twisting cochain 74, : Bar, A — A
e For any conilp coaugm dg coalg C and tw cochain 7: C — A,
Bar, A
g3 N4
c—"3A
s.t. 7 is acyclic iff dg coalg hom ¢ : C — Bar, A is weak

equivalence (induces quasi-isom QC — Q Bar, A)
18



Curved Koszul duality: Positselski, Burke

e Positselski: compensate for lack of augm on A by allowing
curvature on C, i.e. cdg (curved dg) coalg and curved
(reduced) bar constr Bar,(A)

e Burke: generalize to comm base ring

Ex (“Cartan triple” for GL;) cdg (co)alg over R = k[xi, x2]

K=A®kR Koszul cx (as before)

v:K—=R splitting of unit (not closed!)

[ =T[y1,7] ® R divided powers coalg, dual to RV ® R
h:T =R curvature, dual to >, yi ® x; € RY ® R

Then 3 acyclic twisting cochain 7 : (I', h) — K.

(Burke: more generally, acyclic “generalized BGG twisting cochain”
for Koszul cx of any linear map V — k, generalizing Sym <> A.)

19



Cartan triple

Ex ctd: Cartan triple (K, (I, h), T), twisting cochain 7:

)
Y1 R
R
r= n7R 2 N R
2
¥R
s Y—)X;
K= 0 010,R —— R g
0> R

Induced weak equiv (I', h) — Bar,(K) identifies I with symmetric

tensors in T*(K[1]):
(K)
-

Bar,

(r7

20



New perspective

(joint with Matthew Hogancamp)




New perspective

View Cartan triple (K, (I, h),7) in R-dggmod as triple (K, T, 7) in

D™*(B\G/B,k), as before.

Defn: free-mon [Hogancamp—M (Curved Hecke, 1)]
D™X(U\G JJ U) := H*(K-mod™"-I'(D™>(B\G/B)))

(extended) cdg (K, I')-mod-comod.

This reinterprets [AMRW1].

Defn: bar free-mon [Hogancamp—M (Curved Hecke, I1)]

(D™X(U\G V), ®) := (H*(K-mod"A-K(D™™(B\G/B))), ®)
< H°(K-mod®™®- Bar, (K)(D™>*(B\G/B))),
(strictly unital left-bounded) type DA K-bim, box tensor
prod. Monoidal triangulated.

21



New perspective

(D™(UNG ] V), B) := HO(K-modP*-K)
® |
DlniX(Ux(;iU) :: HO(K—mOdeXt-r) (D"‘iX(B\G/B)7 *) — KbParity(B\G/B)

QU —

D™*(U\G/B) := H*(K-mod®*) —~— D™X(U\G/B) := KPParity(U\G/B)

Thm 2 [Hogancamp—M (Curved Hecke, Il)]
3 triang equiv
D™X(UN\G JJU) = D™X(U\G J V).

Proof sketch: functor is pullback via ' — Bar, (K)

e fully faithful: acyclicity of Cartan triple,
e essentially surjective: free-mon standards A, generate

DU\ G fJ U). N



Free-monodromic convolution

What about the product * on D™*(U\ G/ U) from [AMRW1]?

e twisted tensor prod — %, — pairs cdg K-module and
l-comodule, e.g.

—%7— : D™X(UN\G JU)x D™X(U\G JU) — D™X(U\G J V),

closely related to
e Cartan triple (K, I, 7) is cohom idempotent:

o Kx, M+, Kx, I 5 K« I homotopy equiv in K-mod-I;
e equivalently, dg adjunction

Kx, —: F-mod 7—— K-mod : [ x, —
induces idempotent adjunction on homology categories.

23



Monoidal category of convolutive free-mon cx

Defn [Hogancamp—M (Curved Hecke, 1)]
Full subcategory of convolutive obj

Conv(U\G /J U, k) := H(K-mod®™-I') ¢ H°(K-mod-T),

intersection of images of Kx, I x- — and — x, K%, I'. It contains
Tilt(U\ G /] U, k).

Thm 1 [Hogancamp—M (Curved Hecke, 1)]
Conv(U\\G /] U,k) is monoidal (in fact for any Elias-Williamson
diagrammatic Hecke category).

Extends and generalizes main result of [AMRW1]. True for any
cohomologically idempotent triple in any cdg monoidal category.

24



Monoidal triangulated Koszul duality

Thm 3 [Hogancamp—M (Curved Hecke, I1)]

3 monoidal triangulated equiv

(D™X(BV\GY/BY,k),*) = (D™*(U\G JJ U, k), ®).

Proof idea: combine additive monoidal Koszul duality of [AMRW2]
with Thm 2
This is a Langlands reconstruction:

Triangulated Hecke category D™(B\G/B) “knows" its
Langlands dual D™(BV\G"/B"): the Langlands dual is
the derived category of K-bimodules in D™*(B\G/B).

25



e Cartan triple (K,I,7):
K Koszul resolution of trivial R-mod, viewed as dg alg
r curved divided powers coalg

7:K —=T twisting cochain
~~ twisted tensor product — x, — pairs cdg K-module and '-comodule

Cohom idempotent: e.g. Kx, I % K% T S Kx, T homotopy equiv in K-mod-I'

e curved Koszul duality:

v:K—1 splitting of unit

Bar, (K)
Bar, (K) curved (reduced) bar constr of K, v "
TK,v universal twisting cochain (‘15*3)1\ '
(¢,a) : T — Bar,(K) induced cdg coalg hom r—= 5K

Cartan triple is acyclic: e.g. Kx I' x- K — K is homotopy equiv in K-mod or mod-K
e extended cdg (bi)(co)modules in D™*(B\G/B) (or KPSBim):
(D™X(U\G fJ U), ®) := H°(K-modP#-K)
lz
D™X(U\ G JU) := H*(K-mod®**-T) (D™*(B\G/B), *) := K Parity(B\G/B)
0 ]

D™*(U\G/B) := H*(K-mod®*) —~— D™X(U\G/B) := KPParity(U\G/B)
26



Some definitions




cdg algebra

dg monoidal cat € = (€, ®, 1)
Defn
cdg (curved dg) algebra in € is

o dgAD

degree 2,

satisfying unit axiom and Stasheff identities (0-3 inputs), e.g.

b§-d

27



cdg module

left C-module M = (M, %), i.e. dg bifunctor — % —: € x M — M

Defn
cdg A-module in M is

X=(x, B, /).
degree 1, 0,

satisfying unit axiom and Stasheff identities (1-3 inputs), e.g.
e (6, - — :
+ = .

Extended if of form (Ax X, 0, ua *idx)
28



cdg module-comodule

cdg algebra A in €, cdg coalgebra C in €, C-bimodule M
Defn
cdg (A, C)-module-comodule in M is

X:(Xa ) /a /)a
degree 1, 0, O,

s.t. action and coaction commute, satisfying (co)unit axioms and
Stasheff identities (1-3 inputs), e.g.

? ?
dne (O E— -
Bl + 5 o= g

29



twisted tensor product

twisting cochain 7: C — A, X € mod-A(C), Y € C-mod(C)

Defn: twisted tensor product

XY =(X®Y, + +

~ dg bifunctor

— ®; —: A-mod-C(€) x A-mod-C(€C) — A-mod-C(C)

30
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