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g Bockground - cateqorifieztion ar roots of unity
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Subject to coherence axioms.



* In dimension 3, Chem-Simons- Witlen, Jones
Reshetikhin - Turaev. Turaeu - Viro

Kuperbery, Henning . Kauffiran etc.

® In dimension 4. Donaldson - Floer, Seiberg- Witten ete.



Donaldson - Flper &—— A 4D TOFT 1

H " Categori ication

Kuperberg: Uguly-invavant  «——  WRT- 3D TQFT
of 3- manifdlds associated with Ugedz)

#4: a prmitie n-th root of unity



* Khouanou homology and generalizations.
= A functorial (ink invariant at a gerenic q value.

o Heegaard - Floer homologg of Oesuath-Sanbo.
— A combinatonial  construction gf Seiberg—wiﬁen theory.

— Ctegorical  inuariants for links and  3-manifolds.
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D{greSSfon: Homological Al\qebm
Bosic features of homologieal algebm  (over o field)
©) Kom(k): choin complexes (K',d) : d=o = HIK’)

a) KL € Kom(k) = Kol ¢ Komfk)
dk.€) = (dky. diey)
@ KL €Kmik) = K'®L e Komfk)
d(Red) = ool + R Redd)
@ K L€ Kom(k) = HOM(K' L") e Kom(lk)
dificky:= dfiky) - - fedden

@ Trianguloted structure : L1, COnes, 8. wdt.
(TRI-TR4) etc.



® A biosed repson:

Com(k):= Kom(lk)/~ — X,z
Uariant gCom(Ik) — > Z[g9™

— XK



feoiures ()-(3) are rather reminiscent gf
representation theory of Hopf algebras.

Def. A k-dgebra H is called a Hopf algebra f there is
are alpebra, homomaphisns A: H — HeH (¢ comultiplication)
€ H—lk coounit), S:H—H® st
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@ YheH , write Athy = 2 ho ®hew,
2 h(n S(hm) = €ch) = > ho Sthe) .



(H, A€ 8): Hog(\ 089’3'&

M. K LEH-mod = K&L eH-mod
h-(r,¢) = (hk, h?)

@. K, LéE H-md = K®L € H-mod
h'(b@@) = Y hok®hm?

@. K, L€ H-mod = HOM(K,L)¢ H-mod
(h'f)(b) = 2 h(zaf(S-l(hm)b)



. H=kG , group algebra
Ag)=geq, €=, S@=g"

. G: compact Lie goup . HG. k) is a Hopf superalgebm.
(g G=Um, HUm, Kk & Ald,~.dn . degici=2i-1.

Aldn=di®)+1edi, €di=o, Sdir=-di. )

®. g Lie dgebra, Uip:=Teop/  xey-yex-txq) is a
Hopf algebra: Yxegy, Aw)=xe1+18x, €X)=0. So=-x.



Homologica!  algebra
" =" Representtion theory of the graded
Hopf superalgebra.  ked/ea’ = HYS\ k)
Are there other ﬁafums of homological algebre

present for H-modules ?

(ohomology for H-mmod ? Triangulbtted Structure ?



Any chain complex (K',d) decomposes :

(K d)=(0—k—0""D (0—k-trk—0

(. J

Ht-) Eills these

(0 —k-k—0):
° pmjecﬂue graded kid3/i"- modules

* They are diso injective !



i When are projective H-modules also injective ?
@. J PoHi=Inj(H), how do we “Rill" them 7
Thm (Larson - Sweedler ) H: Hopf algebra/k. Then H is
Frobenius iff H is finite-dlim.

In particular, for finite-clim Hopf" algebras . projective
H-modules coincide with injective H-modules



* The stoble category andhopfological - algebra
H: jfnh‘e dim'l HOEf a!gebm.

Def. The Stable category H-mod has the same objects
os H-mod, whie for any K. L€H-med

HomH(K,L)
HoMpmed (K L) = —— .
H {K\p/’l—’ P=ij}




Thm (Heller) H: Frobenius => H-mod is friangulated.
Froof  sketch:

¢ Sh'ﬁ fuanOV‘Sr MéeH-mod, choase an injective embedding
ond Q projective covering
0_3ML)IM , PMLM—>O,

ond define  Mri1:= cokers, Mea:= kerg.

° Disﬁnguished friangles - f f: K— L is a map
of H-modules



dedé) Ki’L—’Cf—H(m

a sfandard dt.



How do we compute morphism spaces explicitly ?

Def An element /\eH is aalled a deft) integral if vheH,
h-A= eh) .

Thm. (Larson -Sweedler) H: finite dim( =>
dim {AI A leff integral } = 1.



M. H=kG. G: fintte group. /\=%3.
. H=kid/d) (groded Hopf superalpebra) A= d.

@. H=kidl/(5") (graded Hopf algebma if chark=p>0)



Thm. (Q) v K.L e H-mod

_ _HOM®K.L)"
Fomyenat (KL= =000

Froof - reduces to the following lemmas.

Lem i HOM®K.L)" = Homalic,L),
pf: QQ": fé HO")H(KL) —
th-i-) = hey F(SThayi1) = hen Sthen fi -1 = ech fer.

c" fe HMK, L=
f(h‘(-)) = G(hm\ﬁhm’(")) ) (ha)f)(hm = h(s)\f(s.l(hm)hm(‘))
= G(ha))h(z);f(ﬂ = hf(-)



Lem2. feHomulK.L) factors through @ projective H-module iff
f factors os

K —3
d

L
N, i
KeH

@f: Suffiees 1o show for L projective, or even L=H.

K ——>H

n
Idk‘x’/\l 4, ‘ Tdw®A

\

.

K oH 2%, LeH

H injective => 3 Spliting § => = ge(feld)o (Iixen). o



Lem3. feHoma(,L) factors through as

K s L
. /f
K ®H

iff f=A@. where peHM®K L).

Pf =" fgz’uen, dq‘Fne o= Fleek Then

(/\'ﬂo)(h)‘—‘/\m(P(S—f/\m)h) =/\(2)f( StAwk®1) = f(/\m(S-'(/\m]hm)
= FiAm StAm ReA®) = FrethamR ®Am) = fiken)

" Exercise. O



1) KkG: semisimle < k is projective rinjective)
(= Homu(M,-)= Homn (k&M. )= Homs (k , HM(M.~1) )
& HoMponad (k. [K1=0

But Homk k)® Ik

Homk-ned (k, k1= A-HOMkl) — |GI-K

Thus kG semisimple <= 1Gle K (Maschke's Thm)



