@). H=kodi/d K L'e H-gmod.

IR L | dof = nfod)
{f=dh=deh-c"hed }

Homu-gmad (K" L") =

= Homcom”k) (K.. L.) .

@), H=kro1/toh . «chartki=p>0), K" L€ H-gmod.

1y o AfK L | def= fodl
HOV”H'QM(K !_ )= {f=aP-‘lh= goa,'ohoap-n-ij




Def. H=kiour (chordo=p>o)

m The category of p-complexes := H-gmod.
2 The hometopy category of p-complexes := H-gmod .

Lemma. (Bemstain- Khouanou) H-gmed is  ®- triangulated. ond
Hgmod —% @,

e ® +=—) + X

m y = -1 a



pmof Sketth.  ® cescends o H-gmod :  I®M and MeI are
injective if I is.

0 M® ([—Ix =Kol )= MK — M®Ix —» MKL]
= (M®K)[1 E(MeK)0].

£,
£

T
@) M® - le — MeK MM@L — M®C3: — MOKD]

remaing a dt

«“— He—RK

’5

) ==K



Grothendieck gowp  Ko(H-gmod) is thus a ring. with
[K1L[L]1:= [K®L]
(k1=  Ckiih=¢f

Ko(H-gmad) generated by ki, subject to. the onl
relation
CHIST = Q')+ Q%+ 0P") = 0

209.93
— Ko(H-gmod) = (oamy = Op.



H-gmod CQTQQOPIZ‘OI Op.

) How do we aateqorifyy modkles over Op ?
@. How do we cotegorifyy algebras over @y teg. Lh® . &°=n?

@. How do we categonify (s modules and their fensor products”



V C amgmﬁcaﬁon gC Us(zl2) at root @‘" 1

In usual homologiml a/gebm, modules over Z arise as
Ko(A-mod ) Ke(Sh(X)) etc. TThese categories A-mod and

Sh(X) cn be described b\g clfferential graded algebras
(DGA):

A= @iz A On: A— A" st Va.beA
da) = o,
chrab) = dacrb+ -n%'adacb).



Def. A p-DG algebra (A, 3w &8 Q graded algebra over a
field of char p>o , equipped with @ degree-one endomonphism
Oa, st Va.beA,
hi) =0,
aa(ab) =0ata)b + 0. 0ah) .

A p-DG modue (M.ow) ower a p-DG algebra. (A, o)
i a groded A-module M with a degree-one encomorphism
oM, st. VaeA. meM,
Mmm =0,
oM (GM) = Gatym + Q Qmm).



. [kexa: polynomial ring over k. chork=p>o0. Define
a p-differential by setting Bx):= x* and extend it o kix3
by the Leibniz rde. Then (lkcxa, d) is & p-DGA.

» Consider A=Mn(k), and J a (direct sum gf) Jordan
matrix of Size(s) 2p. QDg‘fne 91(X):=LJ, XJ. Then (A 33
iS a p-DGEA.

3. ngn:=lkfx.,-~,xn38", where 9(xi)=x, is Q p-DGA.



abelian

triangulated

triangulated

A: DGA:

DG modules /A

A: p-DGA:

U tmod nullhomatopy)

p-DG modules /A

C(A.d) : homotopy category

U tmod nullhomatopy)

U (invert qis )

C(A.d) : homotopy category

D(A.d): derived oategory

U (invert qis )

D(A.9) : derived category

Generglization - Hopfological Algebra (Khovanou, Q)




Thm. (Khowrou- ) The derived Category IXA.9) gf p-DG
modules over A admits o categorical action by H-gmed :

H-gmod x DA —— TFA

H M

Op % KolAd) ——— KiA.3)




® Rashetikhin- Turaev - Witten
Ugeth) is the quantized gauge group of 3d Chem-Simons theory.
(QN=1)

® Crane- Frenkel -
Categorjfy 3d Chemn-Simons o o 4d-TGFT.
Uatl) : quantized  2-gauge group ?



We are interested in the idempotented verson of Usctla).

gererated over  Z19.9"1 by pictures g” the J%r*m
A2 ¢ A A-2 A (A€ )
E F

with the o!gebm structure

It is

(ete)



Modulo relations cat a 2k-th root of wnity . k odd)

——T—‘% = —L—+2 LAl A Az2o0)

—— = 4 A aszo)

F E E F
S = 0 = = A (Nipotercy relatin)
;V_/ L_.v_/

R- many b-mang



To categonify quantum groups, we want introduce an - extra
dimension (“time”) to study “evolution” of Guantum states:

ST S S S C I
E F F E

F E
_%_%'\_ ® [A] A
Is 722

_T_ I A

E F




The rocgh igep,

® I-D pictures (horizontal slices ) = (isomorphism classes of )
projective modules gh.

®)-D pictures (vertical ) = maps (euolution) between modules
comesponding o 1-D slices

*Sum of 1-D pictures = gymbol of direct sum of modules

° Equahfy Q)C (-D pictures = isomorphisms 9‘ moolules.



Below we present Louda's diagrammatic calculus for Ugetla)
® Maps just among E's (or Frs).

Generated. by i X

subject o nilHecke  relations :

PR =T 1=K 02X

Q-



°h Caiégorlbal@ connect E and F's, Lauda introduces
cups and Cops

C’E)\ i 2)\
E F F 5
F E E F
T T

Together with the nilHecke olgebra. generators. cups and caps
safisfy Certan relations



() Biadjointness  Eg: @ = @

(i) Bubble postivity - degrees of
dm = @ ‘C)Am:z @ must be 20 .

R=mM+l-A 20 = mu i 20

iy Reduction to bubbles

o-&te  O-zef



(). Idenﬁfy dlecomposition

R
QR



Thm. (Louda) This graphical caleulus . denoted U, is
non-degerenate ord categonfies Ugethy at o genertc
q-value.

Rk Louda's  calculus is a 2-0lim' idempotented algebra,
ie. it has two compatible multiplication Structures ( vertical and
horizontal ). Such idempotented algebras are also known as

Qa eQ-mTegorgu.



To illustrate the proof cf Louda’s thm, let us consider how

N . ) \ N
—+—= evoles  into — @
E E F E
Aa‘ordirlq fo the previous phi/osophg;
4; IA ‘u )\
E r f— _1;_%:_
A




In generdl, 1o show that there is an isomorphism of
A-moddes M= KL < 3 A-module maps

St IM=Wlht\alla , UV=Ide, UVe=Id, UVa=lViz0
=> Vilth, Valla are orthogonal idempotents in EndaM),






These elements  {uat . fun} sar@@

Vili = Id:
v;uJ- = 0 (i*J’)
> UiV = Id&?.ﬂ.x

which  follows fmm the identity  decomposation - relation .

Consequenry {u.-u.'[i=o,---,)\k jbrm an orthogona[ Set gf
idempotents in  Endar( EF )

( Factonization 90 idlempotents )



@ef let (U.0) be Lada's 2-dimensional olgebra equipped
with the differential 9-action on generators

Ae)= 3 X)-T 12K
oAe)- 3 a(X)-| |2

a(d) = /.\'\/ - /A\@ a(u) =-M"g_/ )\

o) =\ e ¢ )=am Y



Lemma. The above O preserves all relations of U, and it
is p-nilpotertt over a fleld of characteristic p>o.

Proof is a good eervise practicing with refations.

Thm. (Khowanou-Q.. Elias - Q) The denved mockule  category
DU, 3) Ca@orﬁes Ut at a p-th primitive rect of 1

KD(CZ/{, a) "—\é UQ_(dz)



In the ream gP triongulated ~ categonies . direct sum

decompositions are very  rore.

Instead . a short exact sequence of p-DG U -modules
gies rise to a ditinguished triangle in D(U.9).
in (U, 9)-mod

0 — K —\-’-aM—‘f—»[__—»o

/

KM 5 A in D(U.9)

l

[M1=[K1+[L] in  KolU.3)



More genemlly, a filtered p-DG modue (M.F") presents M
as a conuolution (Postnikoy tower) of grF”

O—)Flc—,FZC_)... e —— Fn=M

NN NS

F7F! F/F FUR™

= [Ml= S [FYF™1 in Ko(U.9).



pmp. LET {wi, v [ie I} be ﬁcrbrizaﬁon gc /‘dempoTerrts in Q
p-DG algebra A. I there is a total ordenng on I such that

{ Vi dlui =0
Udn=0 (mod Zja Ay )

Then f €=Yieculi, then the p-DG module A& admits
a filtration F* whose subguotients are isomorphic 0 Auui's

Cor. In the situation of the Prop. [A€l = Ziex [Aviuil.



pro9C gf Prop.
Dg‘fne F'= ZjaAUﬁﬁ. Then FYF™ 2 Auivi.
0. Inductvely, F'is 9-closed, ie. duvie F':
AMUVi) = dtuinVi + Uidew) = QUNVitiVi+ Uidwi € Auivi+F™ = F.
@, Avitli is O- closed:
Clear, since  vitti= Idi
@ . There is a p-DG module isomorphism:

Ui
(Auviz) F/F™ C Auili
Vi
(ex). =



Cor. Under the djfferential dq(fned eorlier on U, there is
a fltration on  EF1)

‘u
un:= X
/A‘ \
U U
H 6)9 — 1 @ - - @Q"A A
N\ \ pd

/ﬂ: Vo

ST
[




