Prop. Inside (U.9), there is an isomorphism of p-DGAs
ENDY(E™ = NHn® A

where A =k {(&) I ReNY .
The nilHecke part has an alfemative description:

NHn = END synn { ki, Xa12n)  where
9(Zn) = % ((=N)XiZn



As o leff p-DG modue over Symn, kix,~xn1Zn hos a
0- Stoble basis:
faf. X1 20| 02 1e < n-R}

= Kot~ 0120 = ymn® KX A0 20), where

k </XI1‘| O(g"Zn> = ! )f' (xz



Thus  kex,~ xn12a is agydic whenever nzp.

= NHn, ond thus ENDu(E") is an agyelic p-DGA.

Thus the nilpotenay of €" follows _from

Thm (Q.) _I)C (:(A.0a)—(B.os) IS Q Quasi-isomorphism
of p-DGA, then

Px
DA. ) DB, %)
o

are mutually inverse equivalences of triangulated  categories.



Louda's ﬁcmn'zaﬁon of idempotents , in general, s
not unigue .

However, in the presence of o dagrammatially local
differentiol (ot necessarily the differential we defed
here , but any O compatible with the local relations g°
U), we hae, up To conjugation by diagrammatic
outomorphisms



® The d[ﬁrelenﬁhl we defined here is the unique djfferentiol
such that the (U,d)-modules EFLy (Azo) admit
flrations whose subguotients are  isomorphic o FEL,
Lpfi-ay, . Aar-y

® Louda's factorization of ~idempotents s the unique
choice that is compatible with the differential.

( Fantastic  Filtration )




r Towards tensor products ot prime roots cgf unity

An importont ingredient in 3d- WRT theory 5 the fusion ring of certain
" tilting* modules, which we would like to categorify.

A more modest goal -

(ategonify tensor product of Weyl modules for
Ugtelay at @ a p-th root of unity.




For 2lx, the Weyl modules of highest weight €  have a natural geometmic
realization

E E E E
VR S i al S as
4 F -n b2 F lh F fohy €2 F 2



Let Qckr:= She, Grek, ), defire functors

N;/Gﬂk-l‘h'e)\?, E:=mm*: Ucky — Yek-n
Gk, G oy F=mm Uba— Uk

Then the data of {Uk). k=08, €, F} define a (weak) categorical ba
action, categorifying \e.

Algebraically, we can describe  Shy(iek.£) 03 dg-modales over HY(Grtk,0)) = He
thus giving us an agebmic way o desoibe this aitegonification.



The geometric and olgebraic constructions both admit vast generalizations via
Nehgjima quiver vaneties and qyclotomic KLR algebras. Let us descibe the
lotter in this context for the talk.

Srce Ue is o highest weight categorification”, QUck) is erived) Monit
equivalent  to F*or. Nows on the Sfinctor . we have endomonphisms
¢ F ¢ FF-F

g1 ¢ | we| X |



eatigfljng the nilHecke relations
e KR
KA X

and the qyclotomic relation

X

The (Louda, Rouguier). Bico NHE -gmod aategonfies the Ugtals)-modle Ve
Moreover, NHE is Morita euivnlent to its center, which is isomorphic to H.



let Aw.k=t.--. £, be a f&mng cf symmetnic Frobenius algebras. and Mk
be a ﬁm!ﬂ Qf right Ar-modules . Set Br:= Endas(Mr). Then we have
natwel odjoint pairs

J ks Ae-mod —> Be-mod N +— Me® N

Sh= Br-mod — Ar-mod L —> Home.(Me, L)

Further, assume there are functors
Eg : /‘]j~mod —Ai-mod, Nr— Eij ®;5N



st EijeLr=Eir. vij.h We have a diagram

Ai -mod &, /h—mod -§5->Ag mod

e

Bi-mod s B-mod - H-Be-mod

Dggne 55'==Ji°Ej-°SJ. For EjoEjnz Ein.vik, ir's natwnal to impose
the condition that SieJi = Tda-mod, Vi,

= Ai=SiiJi(A) = Si(Mi®aAi) = SilMi) = Enda: (M)

= Need the double centralizer property

BI EndA. (Mi) /4« Ends. (M)




Thm (Curtis- Reiner) Let A be o Frobenus algebra, and M
a foithful A-module. Then A and B=Enda(M) Satisfy
the double centrvlizer property on M.
Furthermore, M is projective-injective over B. so
that
S =Home (M, -): B -mod — A-mod
is exact and fully- faithful on projective B-modules

(Generglized Soe@el funcz‘or)



We will sketth a proof of this usefil resuft. WO.LG we
assume that A is basic .

Proof of Thm.

First we show that M is fathfil = M=A®N. Indeed. if
A=@®P., ond pick o#xiesocPy, o that SoctP)=Axi. Since
M is foithful, amiro st %mizo => 3 embadding of A
soc(Pi) — P
N M‘/e‘

since Pi is dlso injective. Do this Jor all i.



L

1%

(EndA(A), Homa(A. N) )

Homa(N.,A), Enda(N)

.BC xe Ends(M), X Commutes with ea=(89) and es=(o ).
and thus x acts componentwise on A@®N. Hene 3 Q. St

X(Q,0)=(QC, 0)
Further , vne N

0 n 0.n
. m=(1. o)( — (0. %n) = X(0, n)=xc|,0)( )
0 o on 00

= (a"'o)(o D)=to.aom

=  X&.N)=(QQ. QN )= Qo(G.N)



®
Now, M=Homa(A.M) € HmaMM)=B —=> M is projective.

Further
M = MOZA* = (MR AY)™
= Hom (M&A", |y
= Homa(M, A)”

But Homa (M. A) 2 B is a projective nght B-module. Thus
its vector-space dual is injective. The resutt follws O



Cor. The centers of A and B are equal.
Ff . Exercise.

USin3 the thm. we aan eosly deduce

Thm (Khouanov- Q - Sussen) In the categorical action Setting
cbove, if all Ai's are Frobenius and Mi's are faithful . then
the categorical representation of Ejj's on @ Ai-mod extends
o a categorical representation bg Ej{ ‘s on @Bi-mod.



The ﬁmvrs & 3 ‘s would rarely send projectives fo projectives.
Instead. we simplify the situation by considering
M = Home, (M. Bi),
on (A B -bimodue. Then
Ti:=Homa: (M{', -1 Ai-mod — Bi-mod
is right adjoint To Si.

Lem . M = Homa (Mi, A) & MT'
?f . Exercise.



(Je then diso have (Bi.A) Satisfies the double centralizer

property on M. Define
Eg = Ii°€5°SJ- . Vij

Thn(KOS) If {&;Y preserve the additive envelope of
®Mi in ®Ai-mod, then the ﬁmcrors { 8 § extends
the categoricol action of  {€j§ on & Ai- mod to an
action on - @Bi-mod. Furthermore,  Ei send  projective
Bj-moolules o projective Bi-modules .



Usmg the aboue generality, we ane interested  in \ﬁnohn\q
a collection of modules over NHE  k=o0,-.4, that are
preserved under the functors € and F.

The modules are provided through variations of  Hu-
Mathas

Def. Fix €eiN. A nilHecke partition A of weight & is a
decomposition of k ino £ parts by Is and Os. such that
the number of Is is eual o k.



The collection of nilHecke portitions of weight £ is denoted  $¥.

k=|
(1.0, 0), (0.1,~.0), e~ (0.0, 1)

[

(d.¢-.¢), (6.0, -~ . (p¢-0)

If Ae ¥ has boes (1s) in positions (o, jr). Set
g)\ = ’Jl . {)k



ng (Hu-Mathos) Fix ZeN. the guiver Schur algebra is
the endomorphism  algebra

St = Endng (@ret YNHE ).

(When k=1, NH'z kap/h. y comesponds to g@i when A has a
sige | in ith position. = YHE= g%,

Sf = k{ S T N / a2 =o

Glisli)=Gli-116), (2 2, ¢4



Lem(Hu-Mathas) Dx YPNHE s a Saithful, self~dual madule
over NHE,

(onsequently. we have

Thm(QS). The functors £, F preserve the additive envelopes of
St PNHR. The induced finctors {E/, F'} on @i Sh categonsy
the quartum 2a- representation (€%

Rmk: Geometrically. S% describes Shey (Grek 2. The geometric finctors are
still reglized by 2-step partiol flags.



Previously, the nilHecke algebra has a p- differential given by
o(¢)=$ a( X )=-X -2
It descends to NHR Sice O preserves the cyclotomic relation
a(+‘... )= 24 |

The p-DG uteqories B (NHE, 9) “categorifies” the Wy
module Ve at a pime root of unity.



Thn (KQS). If {&j} we p-D& finctors preserving the Sfirered p-D& envelope

o OM in ®A,)-md, then the functors {Ej= Tie ;- extends the
the aotegorical action 9‘ 1€ on ®(Ai.9)-mod to on action on & (B:,3)-mod
Furthermore, Ej sends cofibrant (B}, 9)-modules to cofibrant (B, 9)-modules .

Thm (QS). The functors €, F and their divided powers preserve the filtered
p-DG emebpe of @YK Therefore, there is a categoniaal action of E, ¥
on @Sk a)-mod. On passing o derived camgones, the action categoryfies
the quantum 2k action on Vi®  at a pime rot of unity.



The quiver algebra An inherits the  p-differential

a(—>)=—)© 3(4—-—)=0

Then KolAn,3) = V™re-21

There is a Categoricol baid group action on D(An.9), oteorifying the
Burau representation of 2l at o prime rot of unity.



Thm. (QS). The quiver Schur dlgebra is  isomorphic
an idempotent fruncation of the Webster algebra.

It is (p-DG) Morita equivalent to the (p-DG)
Webster algebra.

Webster algebm



The above construction lead 1o some natural generalizations on categorifyjing
Vi @@ V.

Let £=3ri. Defe the set of partitions ©f by

(¢--$0-0| ¢-¢0-0] -~ |¢-$0-0)

%—l
h 1Y ra

For each Ae B4, thee is a natual tuncated p-D& module @Y'NHY



Conjecture (KOS ). The datn { S%+= Bndudt (803G, €. F § categorify
the d-fold tensor product representation Ve @ Vn®--@ Vra at a piime root

of unity.
Rmk: S8 dasoribes Shepwy (Grek, 1),

Fuidence It holds for d=1,2 (KGS) or when all ri=i (previous section)



Thank You !



