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Let A, be the quotient of the path algebra of

1<>§ '”n—'1<>;7

by the relations

> (1J2]1) =0,

> (ili+1]i)y=(ili=1]i) fori=1,...,n—1,

> (ili+1li+2)=0=((+2li+1|i)fori=1,...,n—2.
Note that A,-gmod = QL= (g[ ).
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The projective modules are A(i) for i=1,...,n.
It is easy to check that:

> Enda(A(1)) 2k,

> Enda(A(i)) = k[x]/(x?), for i =2,...,n,
» Homa(A(7),A()) =k, if |i —j| =1,
» Homa(A(7),A(j)) =0, if |[i —j| > 1.

i
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For i =2,...,n, there are complexes of (A, A)-bimodules

Ti= Al)®()A-2=A

T = A—5 A(i)® (A
A1) = (i—1])@(i|i—1)+(i+1]|)@(i]i+1)+(ii+1]))@(i)+(i)@(i|i+1]i)

Theorem (Khovanov-Seidel, Rouquier-Zimmermann)
As functors on KP(A-gmod), T;, T/ satisfy

> T,T/ =TT,

> T, T, = T;T; if|i — j| > 1,

> T T TTT if|i—j| = 1.



Proof of first isomorphism: T; @ T/ =

ToT =(A)®(NA—=A)@(A—sA(i) ® (i)A))

AN @ (NA——=A® A(M) @ (DA @ (I)A——= A(i) ® (i) A
A(i) ® (I)A——= A® (A(i) ® (I)A)P2 — A(i) ® (i)A

1
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I

A
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Some remarks:

» Khovanov-Seidel proved that this action is faithful.

» Using an extension of this braid group action to
Db(Ok"=K)(gl.)), Stroppel constructed a link invariant

which recovers Khovanov homology.
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Let A= Al be the quotient of the path algebra of

1<>§ ...n_,1<>;7

by the relations

> (1J2]1) =0,

> (ili+1|i)=(ili=1]i) fori=1,...,n—1.
Note that A!-gmod = Oq,n-1)(8l,)-
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The A! -projective modules don't satisfy the Hom properties that

the projective A,-modules do.
Instead we consider the simple A!-modules.

Let L; = kv; where (i)v,- = V.
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Fori=1,...,n—1, the module L; has a projective resolution

A(i — 1)(1)

(il y w
\%\ W

A(i +1)(1)
L, has a projective resolution
A(n—1)0)"12 4
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It is easy to check that:

» Exta(L,) =2k,

> Exta(L;) 2 Kk[x]/(x?), fori=1,...,n—1,
> Exta(Li, L) =k, if |i —j| = 1,
(L;

> Exta(Li, L) =0, if |i—j| > 1.
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Fori=1,...,n—1, there are complexes of (A, A)-bimodules

Ti=A"+>Li®l

T,-/: L;®,‘L*>L A

Theorem
As functors on DP(A! -gmod), T;, T/ satisfy

> TT! 2 1d=T!T,
> TS TT i —j] > 1
> TTT X TTT if|i—j| = 1.
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Deformed Webster algebra

The algebra A! has a graphical presentation.
Elements of algebra have n red strands and 1 black strand with:
» Red strands can't cross.
Black strands carry dots.

>
» Black strand on left of diagram is zero.
>

X-X X=X
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Deformed Webster algebra

The isomorphism between the two algebras is given by:

o || | ]

(i 4+ 1]i) —
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Deformed Webster algebra

This algebra has a deformation W = W(n, 1) where now red

strands also carry dots and we have extra (and deformed) relations

>< = >< and reflection

and reflection

Omitting the cyclotomic relation yields an algebra W = W(n, 1)

which describes a category of singular Soergel bimodules.
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Deformed Webster algebra

Now we introduce some (W, W)-bimodules W; for
i=1,...,n—1.

It is spanned by red "background” diagrams

along with an "interfering” black strand.
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Deformed Webster algebra

Diagrams satisfy W-relations along with:
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Deformed Webster algebra

- x
AR
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Deformed Webster algebra

There are bimodule homomorphisms

e W, — W
}_)
L;ZW—)VV,'
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Deformed Webster algebra

Let
T =W, - W T =W-—=W,

Theorem (Khovanov-S)

As functors on K®(W-gmod), T;, T/ satisfy
> T2 TIT,
> T TT i — > 1,
> T T TTT i - = 1.
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Deformed Webster algebra

Some remarks:

» The algebra W(n, 1) could be generalized to W(d, k) where
d=(d1,...,ds). There is a braid group action on the
homotopy category of W(d, k)-modules
(Khovanov-Lauda-S-Yonezawa).

» W(d, k) is a deformation of an algebra categorifying tensor
products of slp-modules. These algebras have sl,;-analogues.

Webster proved a braid group action in this more general

context.
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In order to categorify WRT invariants, we first want to find a
monoidal category whose Grothendieck group is isomorphic to
Op =Zlq,q7 /(g + -+ +1).

> Let k be a field of characteristic p.

» Let H, = k[d]/dP be a graded algebra where the degree of d
is 1.

» Hp, has a unique simple module (up to isomorphism and grade
shift).

> Let L be the 1-dimensional module concentrated in degree 0.
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This implies that Ko(Hp-gmod) = Z[q, g~] where [L(r)] — q".
As a module over itself, H, has a filtration with subquotients
L L(1),...,L{p—1).

Thus in the Grothendieck group [Hp] = qP~ 1 + - + 1.

In order to categorify O, we need a category where H, = 0.
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Let H,-gmod be the stable category of H,-modules.
Objects: same as H,-gmod.

Morphisms:

Hompy,-gmod (M, N) = Homp,-gmoa (M, N)/1(M, N)

where /(M, N) is the subspace of maps which factor through Hp.
Since the identity map of H, is in the subspace we get the

following result due to Bernstein-Khovanov.

Lemma
Ko(Hp-gmod) = O,.
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p-DG theory

Since the representation theory of the small quantum group is
defined over O, it is important to categorify modules over this

ring. Khovanov outlined a procedure to do this.

> Let A be a Z-graded algebra over k with a derivation d of
degree 1 such that dP = 0.

» A is then called a p-DG algebra.
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> Let N be a p-DG module over A. This means N has a

derivation which is compatible with the derivation on A.
» Let M € H,-gmod and N € A-pdgmod.

Then M ® N € A-pdgmod.
a € A acts on the second factor and d actsby d® 1+ 1®d.

This gives a functor

Hp-gmod x A-pdgmod — A-pdgmod.
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Let N/, N € A-pdgmod.
foN — N

is said to be nullhomotopic if there exists a map H: N — N” such

that

N
L

f=> dHdP 1

i

Il
o

Let A-pdgmod be the homotopy category of A-pdgmod where we

quotient out by nullhomotopic maps.
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Khovanov proved that there's a functor

Hp-gmod x A-pdgmod — A-pdgmod.

This endows Kp(A-pdgmod) with the structure of a module over
Ko(Hp-gmod) = O,,.
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Let f: N — N’ be a morphism in A-pdgmod.

f is said to be a quasi-isomorphism if it restricts to an isomorphism
in Hp-gmod.

Then we may form the derived category D(A).

Khovanov proved that there's a functor
Hp-gmod x D(A) — D(A)

which then endows Ko(D(A)) with the structure of an Op-module.
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In naturally occurring examples, we will actually have derivations 0
of degree 2 on Z-graded algebras A.
This then makes Ko(D(A)) a module over

0 = Z[q)/®p(?).
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A has a p-DG structure determined by

a()=0 A(i+1]i))=0  a(ili+1) = (i|i +1]i|i + 1)

Lemma
As a module over Op, Ko(D(A})) has rank n.
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> Let L; be the 1-dimensional left simple module where all

elements of A} act by zero except (/).

» Let ;L be the corresponding right module.
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Ignoring the p-DG structure, L; has a projective resolution given by:

AL(i — 1)(1)

! .

<(
AL A

\Q (i+1}i

AL(i +1)(1)

-~
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Proposition

L; has a cofibrant replacement (for p = 2) given by:

An(i = 1)(-1)
(,’|V \Q
A (1) (=2) (i=1ii+1)  AL(i)

AL(i 4+ 1)(-1)

In general, the middle term gets copied p — 1 times.
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Let Ui =L;® ;L.

Proposition

The bimodules U; satisfy Temperley-Lieb relations:
> For|i—j| > 1, U@ U= Uiy Ui
> Uoa Ui=UaU

> FOF|I'—j|:]_, Ui®,4\57 UJ®A:7 U,'%Ui

This is proved using the cofibrant replacement for L; and ;L.
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Theorem (Qi-S)
Ko(D(A})) = VE"{—n+ 2}. The functors T;, T| satisfy braid

group relations:

> TiT/=Id > T!T,
> For|i—j|>1, T;,T;= T;T;.
> Forli—jl=1 T,T;T; = T;T;T;.
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p-DG deformed Webster algebra

Yonezawa equipped W with a p-DG structure (W, Q) determined
by
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p-DG deformed Webster algebra

It is easy to see that the bimodule homomorphism
e: Wi — W

is a p-DG map.
However the map
v W — W;

is not a p-DG map.
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p-DG deformed Webster algebra

Using an idea of Khovanov-Rozansky, define a new p-DG bimodule
W™ which is the same (W, W)-bimodule as W; but the p-DG

structure is twisted on a generator by
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p-DG deformed Webster algebra

Ti=W,=...=W, = W T,'/:W—>VVI-_61:"‘:VVI-_61

Theorem (Qi-S-Yonezawa)

As functors on Ka(W-gmod), T;, T satisfy
> T2 Id=TIT,,
> T, T, =T;T; if|i —j| > 1,
> T T TTT i — ] = 1.
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p-DG deformed Webster algebra

In order to prove this theorem will need another type of bimodule

Wi i+1 where three red strands merge into the thick red strand.
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p-DG deformed Webster algebra

We impose W-relations, symmetric dot sliding relations, and

relations of the form:

/4\/ -

\

/

Y/

/\\ ~
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p-DG deformed Webster algebra

Proposition
There is a short exact sequence of p-DG W-bimodules which splits

when ignoring the p-DG structure

0= Wijip1 = Wi@Winao W, - W —0.

In order to prove this proposition, we find bases for these

bimodules.
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p-DG deformed Webster algebra

For example, part of the basis of W; consists of elements:

b
aj aj+1 aj aj+1

where a;,a;11,b € Z and ¢ € {0,1}.
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p-DG deformed Webster algebra

In order to prove the braid relations, tensor out the complex
TiTipa T

Wi W —— W

>N

WiWi 1 W, Wipg1 — W
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p-DG deformed Webster algebra

Using the proposition, we could show that T; T;41 T; is isomorphic
in the relative homotopy category to something symmetric in i and
I+ 1.

,+1W — W,

N >< e

WiWii1 —— Wi
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p-DG enhanced zigzag algebra

(Work in progress with Cooper and Qi.)
» In the algebra A,, we have (A,)x = 0 if kK > 2. Thus this

algebra is too small to have a non-trivial p-DG structure.
» Take a p-DG Koszul of A'.
» Need cofibrant replacements of all the simple A!,,—modules.
» We saw replacements for Ly, ..., L, 1.

» The replacement for L, is more complicated and we only

know it for p = 2 or for general p but need n = 3.
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p-DG enhanced zigzag algebra

For p = 2, the simple module L, has a cofibrant replacement:
Ap(n—2) —=A,(n— 1) —= A, (n)

N>~

e A= 3) —— Al(n - 2)

Using this and earlier resolutions, we could compute

End(L;1®---® L)
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p-DG enhanced zigzag algebra

For simplicity we'll consider

Z,=End(Ly & - & Ly_1)

One could compute that Z, is the quotient of the path algebra

i<>2 mn—Qn—l

along with degree 0 loops h; at each node.
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p-DG enhanced zigzag algebra

We impose the relations

> h? = h;,

> (ili+1li+2)=0=(i+2[i+1|i)fori=1,...,n-3,
> hi(ili +1) =0,

> (ili + 1)hip1 = (ili +1),

> (i +1[i)hj = hiy1(i + 1[i).
On all generators the derivation 0 is zero except:
a(hi) = (ili = 1|i) + (i|i + 1]7).

One could check

where Z,, is the zigzag algebra.



p-DG enhanced zigzag algebra

Z, is not formal since

ms((i|i + 1), (i + 1]i), (i|i — 1)) = h;(i|i — 1) # 0.
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