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These notes are written for a ten week graduate class on symplectic geometry. Most of the material
here is included in Michele Audin’s book Torus actions on symplectic manifolds, which I used heavily
in preparing these notes. There are a few topics that we cover that are not in Audin’s book, such
as polygon spaces, cohomology of flag manifolds, and CS/GKM theory. More significant, however,
are the omissions; Audin’s book contains too much material for a course of this length, and I have

included just enough to accomplish my main goals, which are as follows:

e Introduce interesting classes of examples of symplectic manifolds, including partial flag man-

ifolds, polygon spaces, and toric varieties.

e Prove Delzant’s theorem, which says that the constructive definition of a toric variety (start

with a polyhedron and build a space out of it) is equivalent to the abstract definition.

e Use Hamiltonian torus actions to understand Betti numbers (via Morse theory) and coho-

mology rings (via various equivariant tricks) of symplectic manifolds.

I have also been strongly influenced by Ana Cannas da Silva’s Lectures on symplectic geometry

[CdS| and by conversations with Allen Knutson, from whom I learned the subject.
What is all of this about?

A symplectic form on a manifold X is a closed, nondegenerate 2-form. A nondegenerate 2-form is
a smoothly varying perfect pairing on the tangent spaces of X that is skew-symmetric (I'll remind
you what “closed” means in a little while). For example, let X := S? = {p € R? | |p| = 1}. Then
forallp € X, T,X = {g € R® | p- ¢ = 0}. The 2-form w given by the formula wy(q,7) =p- (g X 1)
is symplectic. (Since X is a 2-manifold, all 2-forms are automatically closed.) If you are looking
down at the sphere at the point p, this means that any unit tangent vector at p pairs to 1 with the
vector obtained by rotating the original vector 90 degrees counter-clockwise, but it pairs trivially
with itself (this is always the case, by skew-symmetry).

It is interesting to compare this symplectic form to the usual Riemannian metric. A Riemannian
metric is a smoothly varying perfect pairing on the tangent spaces of X that is symmetric. In the
case of the standard Riemannian metric on S?, any unit tangent vector pairs to 1 with itself, but
pairs trivially with vectors that differ from it by a 90 degree rotation.

One interesting thing that one can do with a Riemannian metric is define the gradient of a
function. Given a smooth function f : X — R, its derivative df is a 1-form. That means that, for

any p € X, we obtain a linear function on 7}, X taking a tangent vector v to dfy(v), the directional



derivative of f at p along v. This linear function must be given by pairing with some vector, and
that vector is called the gradient of f at p. For example, if f is the height function on S2, then
its gradient always points in the direction of the north pole. At the equator it has norm 1, and it
shrinks as the latitude gets higher or lower, vanishing at the two poles.

One can also define the symplectic gradient of f, using the symplectic form rather than the
Riemannian metric. That is, the symplectic gradient vy is characterized by the condition that
wp(v(p),v) = dfp(v) for all v € T, X. (It was important for me to write it out to specify the order,
which is something I didn’t have to worry about in the Riemannian case!) The symplectic gradient
is obtained from the Riemannian gradient by rotating 90 degrees clockwise.

When you have a vector field on X, you can consider the family of diffeomorphisms of X given
by flowing along that vector field. In our example, flowing along the Riemannian gradient may be
described as “reverse oozing”. On the other hand, flowing along the symplectic gradient is spinning
(counter-clockwise if you are looking down at the north pole). This is a nicer flow in many respects.
For example, it preserves level sets of the function, and it does not “deform” the sphere. These
two phenomena are general facts about symplectic gradients, as we shall later see. Another nice
property is that the flow is periodic; this does not hold in general, but it happens a lot, and we
will be particularly interested in functions whose symplectic gradients induce periodic flows. Such
functions are called U (1) moment maps.

One of the main goals of the class will be to use U (1) moment maps to study the cohomology of
X. For example, we will prove that a U(1) moment map is always a “perfect Morse-Bott function”,
which means that the Betti numbers of X can be read off from the critical sets of the function along
with the behavior of the flow near those critical points. (In the case of S2, the south pole contributes
to H%(S?) because the flow is clockwise around the south pole, while the north pole contributes to
H?(S?) because the flow is counter-clockwise.) We will then use equivariant cohomology to show
that products of cohomology classes can also be computed in terms of local data at the fixed points,
and use this to understand the cohomology ring of X.

The previous two paragraphs are about U(1) symmetries of symplectic manifolds, but there is
no need to stop there. The more symmetries that we have, the more we can say about the topology
of our manifold. Throughout the text, the two main sets of examples on which we will focus
are flag manifolds and toric varieties. These are, in two different senses, the “most symmetric”
symplectic manifolds: a flag manifolds is a homogeneous space for the unitary group U(n), while
toric varieties have the largest possible abelian symmetry group for their dimension. These two
classes of symplectic manifolds also provide strong connections to other fields of mathematics. The
geometry of the flag manifold is central to the study of representation theory of U(n), while toric
varieties interact richly with with the combinatorics of polytopes. We will see how Stanely used
toric varieties to prove half of the McMullen conjecture on f-vectors of polytopes. If we have time,
we will also use the Kirwan-Ness theorem to translate a problem about tensor product multiplicities

of U(n) representations into symplectic geometry.
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1 Differential topology

We’ll begin with a quick review of some basic definitions in differential topology and Lie theory.

1.1 Manifolds

I’ll start by listing a few things that I will not review, because you know them so well already.

e The definition of a manifold and of a smooth map between two manifolds.

e If X is a manifold and p € X, then we have a real vector space T),X, called the tangent
space to X at p.

e If X is a manifold, then we have a manifold TX, equipped with a smooth map TX — X,
such that the preimage of p is canonically identified with 7}, X. The manifold T'X is called
the tangent bundle of X.

o If f: X — Y isasmooth map and p € X, there is an induced linear map dfy, : T, X — Ty, Y.
These linear maps fit together into a smooth map df : TX — TY.

o If f: X — Y is a smooth map, a point ¢ € Y is called a regular value if df, : T, X — T,Y
is surjective for all p € f~1(q). In this case, f~!(q) is a manifold, and T,,f~!(q) = ker df,.

1.2 Differential forms

Let X be a manifold.

Definition 1.1. A vector field on X is a smooth section of the map T'X — X. Intuitively, this
means that it is a smoothly varying choice of tangent vector at every point. Thus, if v is a vector
field on X and p € X, then v(p) € T,X C T'X. We will sometimes write v, instead of v(p).

We will denote the set of vector fields on X by VF(X). Note that VF(X) is a module over

C°(X) via pointwise multiplication.

Definition 1.2. For any natural number k, a k-form is a smooth section of the vector bundle
AFT*X . Concretely, this means that a k-form w consists of, for every point p € X, a multilinear

function
wp : (T, X)F - R

satisfying the following two properties:
e permuting the k inputs changes the output by the sign of the permutation

e if vy,..., vy are vector fields, then p — w, (1)1 (p),... ,vk(p)) is a smooth function on X.

We will denote the set of k-forms on X by Q¥(X); this is also a module over C*°(X) via pointwise
multiplication. Furthermore, we have Q°(X) = C*(X). We write

Q°(X) =) OFX).

k>0
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Note that, if dim X < k, then /\kT; X =0 for all p € X, so all k-forms are identically zero.

Definition 1.3. If w € QF(X) and § € QY(X), then w A 6 € QFY(X) is the (k + £)-form whose

value at p is wp A 0),. For example, if k = ¢ = 1, we have
(wA0)(v1,v2) = w(v1)0(v2) — w(vg)ﬁ(vl)ﬂ

More generally, we start by taking the multilinear map given by plugging the first k& vector fields
into w and the last ¢ into 0, and then multiplying the resulting functions. This is not alternating,

so we make it alternating by antisymmetrizing.
Proposition 1.4. The above product makes Q°*(X) into a graded-commutative C*°(X)-algebra.

The next piece of structure to introduce is the exterior derivative of a differential form. Rather
than actually constructing it in coordinates, I will simply assert everything that you need to know

about it.

Proposition 1.5. There is a unique R-linear map d : Q*(X) — Q*(X) with the following proper-

ties:
o d raises degree by 1
e d>=0
o ifw is a k-form and 0 is a form of any degree, then d(w A 6) = dw A 0 + (—1)*w A db
o if f€C®(X)=Q%X), then df € Q(X) is what you think it is.

In fancier (but equivalent) language, there is a unique way to extend the differential on functions

to all forms in such a way as to make (Q°*(X),d) into a differential graded algebra.

Differential forms can be pulled back along smooth maps, and the pullback enjoys all of the
functoriality properties that you want it to. Make sure that you understand all the properties about

pullbacks that are being asserted with the following statement.

Proposition 1.6. The assignment X — (Q°(X), d) gives a contravariant functor from the category

of manifolds to the category of differential graded algebras.

Definition 1.7. A differential form w is called closed if dw = 0. For example, a function is closed

if and only if it is locally constant; if dim X = n, then all n-forms are closed.

There are two natural ways to combine a vector field with a differential form and obtain a new
differential form. The first is to plug the vector field into the form, which lowers degree by 1. The
second is to take the derivative of the form along the vector field (generalizing the notion of the
directional derivative of a function), which preserves degree. We’ll unpack these two operations

below.

!There are two conventions here, one of which involves dividing by 2 in this equation.



Definition 1.8. If v € VF(X) and w € QF(X), then i,w € Q¥71(X) is defined by the formula
(ipw) (v, ..., v) = w(v,v1,...,0L).

Definition 1.9. If v € VF(X) and w € Q¥(X), then the Lie derivative L,w € QF(X) is defined
by the formula

L,w := i,dw + di,w.

Note that, if f € C°(X), then i,f = 0, so we have L,f = i,df, which is simply the directional
derivative of f along v.

The motivation for this definition is as follows. For t € R, let ¢, : X — X be the automorphism
defined by “flowing along v” for time t. Basic results in the theory of differential equations say
that ¢, is well defined when ¢ is sufficiently close to zero. (If X is compact, then it is well defined
for all t € R.) Then we have

Yw—w
Lyw = lim L
t—0 t

This fact is known as Cartan’s magic formula.
Exercise 1.10. Prove Cartan’s magic formula (all you need is Proposition .

Suppose now that X is an n-manifold. A non-vanishing element of Q"(X) is called a volume
form. An orientation of X is a choice of volume form up to an equivalence relation, where w ~ 6
if and only if they differ by multiplication by a positive function. Thus, if X is orientable with r
connected components, then it has exactly 2" different orientations.

If X is compact and oriented, then we have a linear map

/X "(X) - R

I will not spell out the full definition here; it involves locally identifying X with R™ and patching
together the resulting integrals on Euclidean space. The integral of a volume form on a non-empty

compact manifold is always positive.

1.3 Lie groups and Lie algebras

Definition 1.11. A Lie group is a manifold endowed with a group structure such that the

multiplication and inversion maps are both smooth.

Example 1.12. The group U(1) of unit complex numbers is a Lie group. The underlying manifold

is just a circle.

Example 1.13. For any natural number n, let 7" := U(1)". This is called the n-torus, and will
be the most common example of a Lie group in these notes. Any compact, connected, abelian, Lie

group is isomorphic to T for some n.



Example 1.14. For any natural number n, let U(n) be the group of unitary nxn complex matrices.
That is, the set of matrices M such that M*M = Id, where M* is the complex conjugate transpose
of M. You should convince yourself that U(n) is a submanifold of (Cn2, that it is closed under

matrix multiplication and inversion, and that both of these operations are smooth.

We say that H C G is a Lie subgroup if it is simultaneously a subgroup and a closed sub-
manifold. For example, the diagonal elements of U(n) form a Lie subgroup that is isomorphic to
the n-torus T™. A theorem of Cartan states that any closed subgroup is a Lie subgroup; that is,

the condition of being a submanifold automatic.

Definition 1.15. A Lie algebra is a vector space g along with an antisymmetric, bilinear operation
[—.-]:axg—g
satisfying the Jacobi identity: [[a,b], c] + [[b, c],a] + [[¢c,a],b] = 0 for all a,b,c € g.

The definition of a Lie algebra is motivated by the following construction. Let G be a Lie group,
and let g = Lie(G) := T.G, where e € G is the identity element. For each g € G, we have the

map ¥, : G — G given by U (h) := ghg~L.

Differentiating at the identity gives us a linear map
Ady :=dV, : g — g. The assignment g — Ad, is a smooth map from G to End(g), the vector
space of linear transformations from g to itself.

Now take our smooth map G — End(g) and differentiate this at the identity; we get a linear
map

g = T.G — T1q End(g) = End(g).
For any a € g, let ad, € End(g) denote its image. Now, for a,b € g, define [a, b] := ad,(b).

Proposition 1.16. The bracket defined above makes g into a Lie algebra. Furthermore, every

finite dimensional Lie algebra comes from a Lie group in this way.

Exercise 1.17. Prove the first half of Proposition[1.16, That is, prove that the bracket we have

defined is antisymmetric and satisfies the Jacobi identity.

Example 1.18. The Lie algebra t" of T is pretty boring; the bracket is identically zero! This is

because T" is commutative, so the adjoint map defined above is constant.

Example 1.19. Let us now compute the Lie algebra u(n) of U(n) along with its bracket. I will do
this calculation in somewhat informal terms, which I hope will illuminate the important ideas. If
you have never studied Lie algebras before, you should work carefully through this example!
Roughly speaking, the space u(n) := TiqU(n) is the set of n x n matrices A such that, for a
small real number €, the matrix Id +eA “almost” lies in U(n). That is, A lies in u(n) if and only if
(Id +€A)*(Id +eA) — Id has order €? or smaller. This is equivalent to the condition that A* +A = 0,

i.e. that A is skew-Hermitian.



We can compute the bracket in a similar manner. For M € U(n) and B € u(n), we have
M(Id+eB)M~' =1d+eMBM ™!, so our smooth map U(n) — End (u(n)) takes the unitary matrix
M to the endomorphism of u(n) given by conjugation by M. This means that we have

(Id +€A)B(Id +€A)™1 = Id +€[A, B] + O(€%).

When ¢ is small enough, Id +eA is invertible, with inverse Id —eA 4+ O(e?). This tells us that
[A,B] = AB — BA.

1.4 Lie group actions on vector spaces

Let V' be a real vector space and G a Lie group.

Definition 1.20. A linear action of G on V is a smooth homomorphism G — GL(V'). Equiva-
lently, it is a smooth map G x V. — V', (g,v) — g - v, satisfying the conditions that e - v = v and
g-(h-v) = (gh)-v, along with the extra condition that ¢g-v depends linearly on v. If V' is equipped

with a linear action of G, we call V' a representation of G.

Example 1.21. The group U(n) acts on C™ (which we may regard as a real vector space) via the
inclusion U(n) — GL(C"). That is, for all M € U(n) and v € C"*, M - v = M.

Example 1.22. Any Lie group G acts on g via the adjoint representation. That is, for all g € G
and a € g, g-a = Adgy(a). If G =T", then Ady(a) = a. If G = U(n), then we’ve shown that u(n)
can be identified with the space of n x n skew-Hermitian matrices, and we have Ady;(A) = MAM 1

(Example [1.19)).

Let V be a representation of G. We define the dual action of G on V* by the formula

<g'0',’l)> = <0-7gil ‘U)
forallg e G,veV,and o € V*.

Exercise 1.23. Show that this is a linear action. In so doing, convince yourself that the inverse

needs to be there!

Proposition 1.24. Suppose that V and W are representations of G, and that there exists a perfect
bilinear pairing (—,—) : V. x W — R such that (g -v,g-w) = (v,w) for allv €V, w € W, and
g € G. Then W 1is isomorphic to the dual of V.

Proof. The map w +— (—,w) is a linear isomorphism from W to V*; we only need to check that it

is G-equivariant. Indeed, we have g-w +— (—, g-w) = (g7 - — w) = g (—, w). O

Suppose that V is a representation of G. Differentiating the map G — GL(V') at the identity,
we obtain a linear map g — TqGL(V) = End(V). For all a« € g and v € V, we write a - v for
the vector obtained by hitting v with the image of a. We have already discussed this map when



V = g is the adjoint representation. In this case, we defined [a,b] := ad,(b) := a - b. We will also
wish to consider the coadjoint representation g*. In this case, we define Adj({) := g - ¢ and
ad; (&) :=a-Eforallge G,a€g, and £ € g*.

Exercise 1.25. Let V' be a representation of G. Show that, for all a € g,v € V,0 € V*, we have
(a-o,v) =—(0,a-v).

(The minus sign is related to the inverse in the definition of the dual action.) In particular, if V

1s the adjoint representation, we have

<ad2 67 b> = _<£7 [a'> b]>

Let’s consider the coadjoint representation of u(n).

*

Proposition 1.26. The coadjoint action of U(n) on u(n)* is isomorphic to the conjugation action

on the space of n x n Hermitian matrices (that is, the set of A such that A = A*). With this
identification, we have ad’y(X) = [A, X] for any skew-Hermitian A and Hermitian 3.

Proof. To prove the first statement, we need to find a perfect pairing
{n x n Hermitian matrices} x {n x n skew-Hermitian matrices} — R

that is invariant under conjugating both inputs by an element of U(n). Such a pairing is given by
(2, A) := —tr(iZA)P| For the second statement, we need to check that [A,Y] is Hermitian, and
that —tr(:[A, X]|B) = tr(iX[A, B]). O

Exercise 1.27. Fill in the details of the proof of Proposition . That is, show that —tr(iXA) is

real-valued, conjugation invariant, and non-degenerate, and show that — tr(i[A, X]|B) = tr(iX[A, B)).

Exercise 1.28. Consider the group SO(3) of 3 x 3 real matrices M such that M'M = Id and
det M = 1. Show that both the adjoint and coadjoint representation of SO(3) are isomorphic to the

standard representation R3.

1.5 Lie group actions on manifolds

Let X be a manifold and G a Lie group.

Definition 1.29. An action of G on X is a smooth map G x X — X, (g,z) — ¢ - x, satisfying
the conditions that e-z =z and g - (h-x) = (gh) - z.

Definition 1.30. For any p € X, the stabilizer of p is the subgroup G, :=={g € G |g-p=p}. If
Gp = {e} for all p € X, we say that the action of G on X is free. If G, is discrete for all p € X,

we say that the action of G on X is locally free.

?We include the minus sign so that, when n = 1, we get the obvious pairing between R and iR.



Example 1.31. Consider the rotation action of 7" on S2. If we think of S? as the unit sphere in
R3 = C x R, then the action is given by the formula t - (2,7) = (tz,7). Each of the two poles has

stabilizer T', and T acts freely away from the poles.

Example 1.32. Next, consider the Hopf action of 7! on S3. If we think of S? as the unit sphere

in C2, then the action is given by the formula ¢ - (z,w) = (tz,tw). This action is free.

Example 1.33. Finally, consider the action of T on S® by the formula ¢ - (z,w) = (tz, t?w). The
stabilizer of (z,w) is trivial if z # 0 and it is {£1} if z = 0. Thus the action is locally free, and it
is free away from the submanifold S' C S2 defined by the vanishing of z.

For any p € X and g € Gy, g defines an automorphism of X that takes p to itself, and therefore

(by differentiating) a linear automorphism of 7, X. In particular, if
peXCi={pe X |G, =G},

we obtain a linear action of G on T, X.
Proposition 1.34. If G is compact, then the fized point set X¢ C X is a closed submanifold.

Proof. Choosing a Riemannian metric on X, we can find a local diffeomorphism from 7, X to X
taking 0 to p. Since G is compact, we can use an averaging trick to make our metric (and therefore
our local diffeomorphism) G-equivariant. Thus, in a neighborhood of p, the inclusion of X< into
X looks like the inclusion of (7, X )“ into T,X. Since this is just an inclusion of vector spaces, it is

a closed embedding. O

If G acts on X, then every element of g induces a vector field on X as follows. Differentiating
the action map at (e, p), we obtain a map TGxTX — TX. Wehave g=T.G C TG and X C TX,
therefore we may restrict to a map g x X — TX. For any a € g, the restriction

a: X 2{a}x X ->TX

is a vector field. More intuitively, for each p € X, consider the smooth map G — X taking g to
g - p. Differentiating at the identity gives a linear map g — 7}, X. For each a € g, a, is equal to the

image of a along this map.

Exercise 1.35. Check that, if G acts linearly on V, then for all a € g and v € V, we have

Ay = a - 0.
Remark 1.36. The space VF(X) may be identified with the Lie algebra of the infinite-dimensional
Lie group Diff(X). The action map defines a group homomorphism G — Diff(X), and the map
g — VF(X) is its derivative. Justin Hilburn points out that the Lie bracket on VF(X) induced
by the observation that it is the Lie algebra of Diff(X) is the opposite of the usual Lie bracket;
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this will be important in the proof of Proposition [2.18 The point is that we think of the group as
acting on the space but we think of the vector field as acting on functions; when we go from spaces

to functions, we pick up a minus sign.
The following proposition can be deduced as a corollary of the “slice theorem” [Aul 1.2.1].

Proposition 1.37. Suppose that G is a compact Lie group acting freely on a manifold X. Then
the quotient space X/G is a manifold, and the projection w : X — X /G is smooth. Furthermore,

for all p € X, we have a short exact sequence
0—=g—>T,X = T X/G =0,

where the first map takes a to a, and the second map is dmp.
Example 1.38. For the free action of Example the quotient space is diffeomorphic to S2.

Example 1.39. Suppose that G is a Lie group and H C G is a Lie subgroup. Then H acts freely
on G by (inverse) right multiplication, so the coset space G/H is a manifold. The exact sequence
of Proposition at the point e e Gis 0 —h —g—g/h — 0.

Note that G acts on G/H by left multiplication. The stabilizer of a point gH is equal to the
subgroup gHg ! C G.

Remark 1.40. If the action is only locally free, then X/G will be an orbifold rather than a

manifold.
Definition 1.41. An action of G on X is called transitive if it consists of a single orbit.

The action of G on G/H from Example is clearly transitive. In fact, the following propo-

sition says that all transitive actions are of this form.

Proposition 1.42. Suppose that a Lie group G acts transitively on X. Then for any p € X, X 1is
G-equivariantly diffeomorphic to G/G,.

Proof. Consider the map from G/G, to X sending gG, to g - p; this is clearly an equivariant,

smooth, bijection. We leave it as an exercise to show that the inverse is smooth. O

Example 1.43. Let
X = {(Ll,...,Ln) dim L; = 14, L; L L; Vi ;éj}

be the manifold of orthogonal frames in C™ with respect to the Hermitian inner product, and let
G = U(n). The action is clearly transitive, and the stabilizer of the standard frame is 7", thus
Proposition says that X is G-equivariantly diffeomorphic to U(n)/T™. Note that X is also
diffeomorphic to the manifold of flags in C™:

Xg{(Flw--an) dimFi:iVi, FiCFi_H VZ}
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Definition 1.44. The Lie algebra stabilizer of p is the Lie sub-algebra g, := {a € g | a, = 0}.

Proposition 1.45. For all p € X, g, = Lie(G)). In particular, the action of G is locally free if
and only if gp = 0 for allp € X.

Proof. Consider the map from G to X taking g to g - p; by definition, g, is the kernel of the

derivative of this map. We can factor this map as follows:
G—-G/G,=G pCX,
where the isomorphism G/G) = G - p follows from Proposition Differentiating, we get
g — g/ Lie(G,) = T,G -p C T, X.

The kernel of this composition is clearly Lie(G)), and the proposition follows. O

Proposition 1.46. Suppose that a Lie group G acts transitively on X. For all p € X, we have a

canonical isomorphism of vector spaces T, X = g/gp.

Proof. By transitivity, the map g — 7, X taking a to a, is surjective, and its kernel is g,. (Alter-
natively, it follows from Example Proposition and Proposition [1.45]) O

2 Symplectic manifolds

This section will contain the definition, basic properties, and first examples of symplectic manifolds.
We will also prove Darboux’s Theorem, which says that symplectic manifolds (like manifolds but

unlike Riemannian manifolds) have no local invariants other than dimension.

2.1 Definition and basic properties

Definition 2.1. A 2-form w € Q?(X) is symplectic if it is is closed and non-degenerate. This
second condition means that, for all p € X, the function v — wy(v, —) should be an isomorphism

from T, X to T;X. A symplectic manifold is a pair (X,w), where w is a symplectic form.

It is interesting to compare this definition to the definition of a Riemannian manifold. A
Riemannian metric on X is a way to pair two tangent vectors at a point and get a number, such
that the pairing at every point is non-degenerate and symmetric. A symplectic form is the same
except that it is antisymmetric, plus there is this extra condition that the form should be closed.
The relevance of these differences becomes clear when we think about the symplectic gradient. (See
Remark for a different philosophical discussion of the closedness condition.)

Definition 2.2. Let (X,w) be a symplectic manifold, and let f € C°°(X) be a smooth function.
Then the non-degeneracy of w implies that there is a unique vector field vy with the property that
iyyw = df. The vector field vy is called the symplectic gradient of f. Note that the analogous
construction with a Riemannian metric would give the usual gradient.
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Proposition 2.3. Flowing along the vector field vy preserves both w and f.
Proof. Recall that the Lie derivative (Definition measures the infinitesimal change of a differ-

ential form along a vector field, so we only need to show that L,,w =0 and L,, f = 0. By Cartan’s

magic formula, va = ivfd + divf, SO
Lyw =iy dw + diyyw = 0+ ddf =0

and
Ly f = i df + diy, f = inyipw + 0 = w(vy,vp) = 0.

(Note that the first calculation uses closedness, and the second uses antisymmetry!) O

Example 2.4. Let X = S? be the unit sphere in R3. For any p € S?, we have
7,5% ={g€R*[p-q=0}.

Consider the 2-form w defined by the equation wy(q,7) = p- (¢ x r). This is clearly smooth,
antisymmetric, and non-degenerate. Since dim X = 2, all 2-forms are closed, so w is symplectic.
Let f be the height function: f(p) := p,. This is the restriction of a linear function on R3, so its
derivative is the restriction of the same linear function. That is, for any r € T, X, dfy(r) = r,.
Then vf(p) is the unique vector such that p- (v¢(p) x ) = r,. I claim that the following vector does
the trick: vf(p) = (—py Pz 0).

Draw the picture. Compare to the usual gradient, which is Vy(p) = (=p.p. —p2py 1 — p?).

Let’s give a few necessary conditions for a manifold to admit a symplectic form.
Proposition 2.5. If X is a non-empty symplectic n-manifold, then n is even.

Proof. By elementary linear algebra, any finite-dimensional vector space with a non-degenerate
antisymmetric bilinear form admits a basis e1, f1,...,eg, fr such that (e;,e;) = 0 = (f;, f;) and

(€i, fj) = 0i;. In particular, it must be even-dimensional. O

Proposition 2.6. Suppose that X is a non-empty 2n-manifold. A closed 2-form w € Q?(X)
is symplectic if and only if N*w is a volume form. In particular, every symplectic manifold is

orientable.

Proof. This is a purely local statement: we are saying that an antisymmetric bilinear form w, on
a 2k-dimensional vector space V is non-degenerate if and only if its n'" wedge power is non-zero.
Indeed, if we choose a basis for V' and write the bilinear form as a matrix, then its n** wedge power

will equal the determinant of the matrix times the generator of A2*(V). O

We can do even better than this if X is compact.

Proposition 2.7. Suppose that X is a compact, nonempty, 2n-manifold and w € Q*(X) is sym-
plectic. Let [w] € H?(X;R) be the de Rham class of w. Then [w]™® # 0. In particular, if n > 0,
then H?(X;R) # 0.
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Proof. Suppose [w]™ = 0; this means that w™ = df for some § € Q**~1(X). Then [, w" = [, df =0

by Stokes’” Theorem. This contradicts the fact that w™ is a volume form. O

Example 2.8. S* does not admit a symplectic form, despite being even-dimensional and orientable.

2.2 Examples

In the previous section we saw one example of a symplectic manifold (the 2-sphere) and lots of non-
examples (anything odd-dimensional, non-orientable, or compact with trivial second Betti number).

Now let’s write down some more examples.

Example 2.9. Let X = R?", and let w = dzy Ady; +. .. +dx, Ady,. For every p € X, T,X = R2",
and w, is the bilinear form discussed in the proof of Proposition Note that H?(R?*";R) = 0,
but that’s okay because R?” is non-compact. Sometimes it will be convenient to identify R*" with
C™, in which case w becomes %(dzl ANdzZy + ...+ dzy A dén).

Example 2.10. By Proposition [2.6] any volume form on an orientable surface is symplectic.

Example 2.11. The 2n-torus 72" can be made symplectic, either by choosing a volume form on
T? and writing T?" = (T?)", or by noting that 7?" = R?"/7?" and the action of Z?" on R?*"
preserves the symplectic form from Example

Example 2.12. Let Y be any manifold, and let X := T*Y be its cotangent bundle, and let
m: X — Y be the projection. We will denote an element of X by a pair (g, p), where ¢ € Y and
p € T,Y. With this notation, (g, p) = ¢. The canonical 1-form a € Q'(X) is defined by the

formula
A(qp) (V) = p(dﬂ(q,p) (”)>
Proposition 2.13. The 2-form do s symplecticﬂ

Proof. Being symplectic is a local condition, so we may assume that Y = R, in which case we can
identify X with R?". Let y1,...,y, be the coordinate functions on Y, and 1, ..., z, the coordinate
functions on the fibers. Then a = x1dy; + ... xndyn,, and da = dxy Adyy + . .. + dxy A dyy, which

we know is symplectic. O

There is something very confusing about Proposition 2.13] First of all, you are probably more
used to thinking about tangent bundles than about cotangent bundles. What does the cotangent
bundle of Y look like? Well, you can always choose a Riemannian metric on Y (even if its dimension
is odd!), and you can use that metric to identify 7Y with 7, for every ¢. In particular, this
means that T*Y is diffeomorphic to TY.

Why then, you might ask, didn’t we state the proposition about tangent bundles? The answer

is that the symplectic structure on T*Y is canonical, while the identification of T*Y with TY is

3Note that da is exact, so its cohomology class is trivial. This doesn’t contradict Propositionbecause cotangent
bundles are non-compact.
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not (it involves the choice of a Riemannian metric). Here is an important practical implication:
suppose that a Lie group G acts on Y. There is an induced action of G on both TY and T*Y.
The induced action on T™Y will preserve the symplectic form; that is, if g € G and p, is the

corresponding automorphism of Y, then pyda = da. The corresponding statement is false for T'Y.

Exercise 2.14. Prove that the action of G preserves the symplectic form on T*Y . Hint: Show that

it preserves the canonical 1-form.

Exercise 2.15. Consider the example of R* acting on R by scalar multiplication. Show explicitly
that the induced cotangent action on R? preserves the symplectic form dx A dy, while the induced

tangent action does not.

Another confusing point is that the proof of Proposition [2.13] was entirely local. If we immedi-
ately reduced to the case where Y = R", it seems as if the distinction between the tangent bundle
and the cotangent bundle is completely irrelevant, as both can be canonically identified with R?".
The answer to this objection is that there is no way to write down a 1-form on T'Y such that, given
any local diffeomorphism from R” to Y, the induced 1-form on R?" is z1dy; + ... 2ndy,. You can
only do this on a cotangent bundle.

Finally, a fact that’s important in my own work is that TY and T*Y are not necessarily
isomorphic if you are working in a category other than the category of smooth manifolds. For
example, everything that we have written above would make sense in the category of smooth
algebraic varieties over an arbitrary algebraically closed field. In this category, T*Y is always

symplectic, while TY is not.

Example 2.16. Our goal in this example will be to define a symplectic form on an arbitrary
coadjoint orbit O C g*ﬂ For any £ € g*, consider the skew-symmetric bilinear form on g given by

the formula
we(a, ) := (¢, [a, b]).
We define the kernel of w¢ to be the set of a € g such that we¢(a,b) =0 for all b € g.
Lemma 2.17. The kernel of we is equal to the Lie algebra stabilizer g¢ for the coadjoint action.

Proof. Recall that g¢ is defined as the kernel of the map g — T¢g* = g* taking a to a¢;. By Exercise
ag = a-§ = ad}(£). That means that, for all b € g,

(ag,b) = (ad;(£),b) = —(&,ada(b)) = —(&, [a,b]) = —we(a, b).
The lemma follows. O

Let O = G- & C g be the coadjoint orbit containing £&. By Proposition the map a — ag

induces an isomorphism

TeO = g/ge = g/ ker we.

4If we choose a G-invariant inner product on g, we can G-equivariantly identify g with g*. However, our con-
struction will naturally make sense only for the coadjoint action. If you find this confusing, you should reread the
discussion of tangent and cotangent bundles.
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It follows that w¢ descends to a non-degenerate skew-symmetric bilinear form on 7 O. Considering

all £ at once, we obtain a non-degenerate 2-form w.
Proposition 2.18. The 2-form w on O is closed, thus (O,w) is symplectic.

Proof. Since the map a + a¢ is a surjection from g to 7¢O, it is enough to show that
dw§(d€, bg, ég) =0

for all a,b,c € g. I didn’t actually write down the definition of the exterior derivative of a 2-form,
but if you look it up (for example, on the Wikipedia page), you’ll find that if u,v,w are vector
fields, then

dw(u,v,w) = dw(v,w))(w) - dw(u,w)) ) + d(wu,v))(w)

—w([u,v],w) + w([u, w],v) — w([v,w], u).

Here the brackets are Lie brackets of vector fields, but remember that the map a — a is an
antihomomorphism of Lie algebras (Remark [1.36) so [a,b] = —[a,b]. Also, note that we(be,é) =

(&, [b, c]) is linear in &, so

dw(i)? é)ﬁ(&ﬁ) = <d57 [b7 C]> = <ad2(§)7 [b7 C]> = _<§7 ada([b7 C])> = _<§7 [CL, [bv CH>

Putting it all together, we have

dwg(ig, be, ) = —(& [a,[b,el]) + (& b, a,€]]) — (& [, [a, b]])
+(& lla, 0], ) = (&; [la, ], 0]) + (€, [[b; ], al).

Both lines vanish by the Jacobi identity, thus dw = 0. O

Remark 2.19. For a long time, I thought that the map from g to VF(X) was a homomorphism
rather than an antihomomorphism of Lie algebras, which would have the effect of changing the
signs in the second line of our expression for dwe(ae, Z)g, ¢¢). In this case the two lines would cancel
each other out, and the Jacobi identity would not have been necessary! I thank Justin Hilburn for

returning the Jacobi identity to its rightful place at the center of this argument.

Example 2.20. Consider the group U(n) of n x n unitary matrices. By Proposition we
know that coadjoint orbits for U(n) are the same as conjugacy classes of Hermitian matrices.
Furthermore, you know from your extensive linear algebra training that every Hermitian matrix is

diagonalizable, and that the diagonalization of a Hermitian matrix is unique up to permuting the
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diagonal entries. That is, we have a bijection

{QA, ) M= 2 eRP «— {U(n)—orbits in u(n)*}
A —  Hy:=U(n) - diag())
Spectrum(¥) <«+— U(n)-X.

By Proposition Hy is a symplectic manifold for every A. So let’s think about what this
manifold H) is.

Proposition 2.21. Suppose that \1 > ... > X\, are distinct. Then Hy is diffeomorphic to the

manifold of orthogonal frames in C", or equivalently the manifold of flags in C".

Proof. A Hermitian matrix with spectrum A is completely determined by its eigenspaces, which are

pairwise orthogonal. O

More generally, by letting some of the eigenvalues coincide, we can get any partial flag manifold.

An important special case is when n — 1 of the eigenvalues coincide.
Proposition 2.22. Suppose that \i > Xo = ... = \,. Then H, is diffeomorphic to CP" !,
Proof. A Hermitian matrix with spectrum A is completely determined by its Ai-eigenspace. O

Note that the symplectic form on H) depends non-trivially on A, even when the multiplicities
do not change. In particular, we’ve just defined an infinite family of symplectic forms on CP", one

for every A satisfying the condition of Proposition [2.22

The next proposition will provide us with a huge wealth of new examples. Recall that an
almost complex structure J on a manifold X is an automorphism J, of T, X for every p € X
(smoothly varying, of course) such that Jg = —1. If an almost complex structure can be induced
by local diffeomorphisms with C™, we call it a complex structure. (Not every almost complex
structure is complex.)

Suppose that J is an almost complex structure and w is a symplectic form. We say that w and

J are compatible if, for all p € X, the following two conditions hold:
e for all u,v € T, X, we have wy(Jpu, Jpv) = wp(u, v)
e for all v € T, X, wy(u, Ju) > 0.
Note that, if w and J are compatible, then g(—, —) := w(—, J—) is a Riemannian metric on X.

Proposition 2.23. Suppose that (X,w) is symplectic, that X is equipped with an almost complex
structure J, and that J and w are compatible in the sense that wy(Jpu, Jpv) = wp(u,v) for any
p € X and u,v € T,X. Suppose that Z C X is an almost complex submanifold. Then (Z,w|z) is

symplectic.
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Proof. When we restrict to Z, the Riemannian metric g remains nondegenerate (this is true for

any positive-definite bilinear form), thus so does w. O]

Remark 2.24. A compatible triple (X,w,J) is called an almost K&hler manifold. If J is a
complex structure, then it is called a Kédhler manifold. An important fact that we will need in
the section on Morse theory is that every symplectic manifold admits a compatible almost complex
structure (though not necessarily a compatible complex structure) [Aul, I1.2.5]. Furthermore, if a
compact Lie group G is acting symplectically on X, then we can take this almost complex structure

to be compatible with the G-action.

Example 2.25. If we take X to be C", it is not hard to show that the symplectic form of Ex-
ample is compatible with the complex structure. In particular, this means that every complex
submanifold of C™ has a canonical symplectic form. Similarly, the symplectic form on H, = CP"~!
from Proposition [2.22]is compatible with the complex structure, so every complex projective variety
(closed complex submanifold of CP"~1) is symplectic. More generally, any complex submanifold of

C™ x CP™ is symplectic.

Exercise 2.26. Prove that the symplectic forms on C" and CP"~! are compatible with the complex

structures.
Proposition and Remark have the following important corollary.

Corollary 2.27. Suppose that G is a compact group acting symplectically on (X,w). Then (X%, w|yc)

1s symplectic.

Proof. Choose a G-equivariant compatible almost complex structure. The submanifold X¢ ¢ X

will be almost complex, and therefore symplectic by Proposition [2.23 O

2.3 Darboux’s theorem

A manifold has no local invariants other than dimension: every n-manifold is locally diffeomorphic
to R™. (This is not a theorem, it is the definition of a manifold!) Riemannian manifiolds behave very
differently: they have curvature. In particular, it is not true that every Riemannian n-manifold is
locally isometric to R™ with the Euclidean metric. (Such a Reimannian manifold is called flat, and
flat Riemannian manifolds are very unusual!) Darboux’s theorem says that symplectic manifolds

are like manifolds, or like flat Riemannian manifolds.

Theorem 2.28. Let (X,w) be a symplectic manifold of dimension 2n. For every p € X, we can
find a neighborhood U of p in X, a neighborhood V of 0 in R?", and a diffeomorphism ¢ :V — U
such that ¢*w = dx1 Adyy + ... + dzy, A dyy,.

Remark 2.29. Theorem [2.28| would fail if we dropped the condition that dw = 0 in the definition
of a symplectic form. (This is clear, because closedness is local, and the form on V' is closed.) Thus

you can think of the condition dw = 0 as a symplectic version of “flatness”.
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To prove Darboux’s theorem, we begin with the following analytical lemma, known as “the
Moser trick”; for the proof, I am completely following [Aul II.1.9], with just a little bit of added

commentary.

Lemma 2.30. Suppose that wy and wi are two symplectic forms on X that agree at the point p.
Then we can find a neighborhood U of p and a map ¢ : U = X fizing p such that ¥*w1 = wy.

Proof. For all t € [0,1], let wy = wo + t(wi — wp). This form is nondegenerate at p, and therefore
in a neighborhood of p. By compactness of [0, 1], we can find a neighborhood U of p such that w;
is nondegenerate on U for all ¢ (see Exercise . We may assume that U is contractible. Since
wo —wy is closed and U is contractible, there exists a 1-form n € Q1 (U) such that dn = wy —w;. We
may also choose 1 such that 7, = 0. (If n, # 0, pick a closed 1-form 7’ with n, = 7,, and subtract
7' from 7.) Since w; is symplectic, there is a unique vector field vy € VF(U) such that i,,w; = n;
note that we must have v(p) = 0.

We regard v; as a time-dependent vector field on U, and let ¢; denote the map from U to X
obtained by flowing along this time dependent vector field from time 0 to time ¢. Okay, it may not
actually be defined on all of U, because some points may rush off to infinity in finite time. But
since v(p) = 0 for all ¢, everything is moving very slowly near ¢, which means that we can shrink

U so that ¢, is defined on U for all ¢ € [0,1] (again, we are using compactness of [0, 1]). Then

i [(f)*wt] = lim Prentiih — Pivr
; -

dt h—0 h
— lm ¢I+hwt — Pjwr 4 lim ¢I+hwt+h - ¢f{+hwt
h—0 h h—0 h
dwt
dt
dwt

— ¢ |L, — 1.
¢t|: twt+ dt:|

= ¢:Lvtwt + ¢>tk

We have % = w1 —wp and Ly,w; = diy,wi+ iy, dwy = dn = wp—wi, so two terms cancel and we have
d
dt
and we are done. O

[qb;‘wt] = 0. This means that ¢;w; does not depend on ¢. In particular, we have ¢pjwi = ¢pgwo = wo,

Exercise 2.31. Fill in the details justifying the existence of the neighborhood U in the proof of
Lemma|2.50. Hint: For all t € [0,1], show that there is a neighborhood U; x Wy be a neighborhood
of (p,t) in X x [0,1] such that ws is nondegenerate on U; for all s € Wi. Now use compactness.

Proof of Theorem By picking a Riemannian metric, we can find a local diffeomorphism
from T, X to X taking 0 to p. Transporting the constant form w, on 7, X along this local diffeo-
morphism, we obtain a symplectic form w’ in a neighborhood W of p such that w;, = w, and (W, w’)
is locally diffeomorphic to (7, X, wp). As we saw in the proof of Proposition any vector space
with a constant symplectic form is symplectomorphic to (R??,dz1 A dyy + ...+ dx, A dy,). Now
apply Lemma to the symplectic forms w and w’ on the manifold . O
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Remark 2.32. Suppose that G is a compact group acting symplectically on X and p € X©.
We have just shown that (X,w) is locally symplectomorphic to (7,X,w,). In fact, this local

symplectomorphism can be made G-equivariant; we will need this later.

3 Hamiltonian actions

In this section we define moment maps, which will be crucial to the section on Morse theory. We
also use moment maps (and the related theory of symplectic reduction) to introduce lots of new

examples of symplectic manifolds, including toric varieties, polygon spaces, and quiver varieties.

3.1 Hamiltonian vector fields

Let (X,w) be a symplectic manifold. We say that a vector field v on X is symplectic if L,w = 0;
that is, if w is preserved by flowing along v. We have already seen a nice set of examples of
symplectic vector fields. Recall that, for f € C*°(X), the symplectic gradient of f is defined
to be the unique vector field vy such that i,,w = df (Definition . If v = vy for some f, we say
that v is Hamiltonian and that f is a Hamiltonian function for v. Proposition says that
all Hamiltonian vector fields are symplectic.

It is then natural to wonder whether or not all symplectic vector fields are Hamiltonian. By
Cartan’s magic formula, a vector field v is symplectic if and only if the 1-form i,w is closed. On
the other hand, v is Hamiltonian if and only if i,w is exact. Thus a symplectic vector field has a

cohomological obstruction to being Hamiltonian, namely the class [i,w] € H!(X;R).

Example 3.1. Let X = 7?2 = S! x S, and let w be a translation invariant volume form. Let v
be the vector field corresponding to rotation in the first S'; then v is clearly symplectic. However,

[i,w] evaluates to 1 on the homology class [{1} x S!] € H1(X;R), so v is not Hamiltonian.

Remark 3.2. If you feel a little bit shaky with this dose of de Rham cohomology, don’t worry
about it. The only thing that you need to retain from this section is the definition of what it
means for f to be a Hamiltonian function for v, and the fact that a given vector field, even if it is

symplectic, may or may not admit a Hamiltonian function.

3.2 Moment maps

Let (X, w) be a symplectic manifold, and let G be a Lie group acting on X and preserving w. (That
is, if ¢4 is the automorphism of X corresponding to g € G, then ¢ w = w.) For every a € g, we get

a symplectic vector field a on X.
Definition 3.3. A moment map for this action is a smooth function p : X — g* such that
e 1 is G-equivariant (for allp € X and g € G, u(g-p) = g-(p), where G acts on g* coadjointly)

e for all a € g, ju, is a Hamiltonian function for a, where p,(p) := (u(p), a).
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If a moment map exists, we say that the action is Hamiltonian.
Let’s go over the most important examples.

Example 3.4. Let X = C, let w = %dz A dZ be the standard symplectic form on C, and let
G = U(1) act by complex scalar multiplication. We have

g = {skew-Hermitian 1 x 1 matrices} = iR

and

¢g" = {Hermitian 1 x 1 matrices} = R,

with the pairing between them being (£,a) = —ia for £ € R and a € iR. This may seem a little
bit stilted, but it’s actually very convenient to be able to think of g and g* as different vector
spaces, rather than calling them both R. Also, the statement that g = /R should conform to your

geometric intuition about the tangent space at 1 to the unit complex numbers.
Proposition 3.5. This action is Hamiltonian with moment map pu(z) = —3|z|2.

Proof. Equivariance (or invariance, since the coadjoint action is trivial) is clear. To check the
second condition, we start by computing a, € T,C = C for a € iR and z € C. By definition, a, is
the image of a under the derivative at 1 of the map U(1) — C taking ¢ to tz, thus a, = az.

Next, for any z € C and u,v € T,C = C, we have w,(u,v) = %

v e€T,C=C, we have

(uv — wv). Thus for any

(igw)-(v) = w:(az,v) = = (az0 — azv) = g(zv + zv)
Here we have used the fact that a € iR, so a = —a.
On the other hand, we have p14(2) = —iu(z)a = L[z = %2z, so du, = %(zdz + zdz).

Evaluating at v, we have .
ia
(dpg)-(v) = 5 (zv + 20).

This completes the proof. ]

Remark 3.6. Note that the moment map in Proposition [3.5| is not unique. The condition that
characterizes a moment map depends only on equivariance and the derivative, hence —%|z|2 +cis

also a moment map for any ¢ € R.

Example 3.7. Let U(1) act on S? by rotation, where S? has the symplectic form that we defined
in Example That is, wy(q,7) :=p- (¢ x r). If we write

52:{(2,7“)6C><]R\ ]2\24-7”2:1},

then the action takes the form ¢ - (z,r) := (tz,7).

Proposition 3.8. This action is Hamiltonian with moment map u(z,r) =r.
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Proof. As in the previous example, equivariance (invariance) is clear. For any point (z,7) € S? and

any element a € iR, we have

a(za"’) = (az, 0) € T(z’r)sa C C @ R
Taking a =4 and switching back to real coordinates, we have

ip = (—py Pz 0).

Also in real coordinates, we have p;(p) = —ip(p)i = pu(p) = p.. We showed in Example that
the symplectic gradient of the height function was (—p, p, 0) so the moment map equation checks

with a = i. All other values of a follow by R-linearity. O

Remark 3.9. The proof of Proposition [3.8|illustrates an important point. By definition, a moment
map is a choice of a U(1)-invariant Hamiltonian function for a for every a € u(1), with the extra
condition that these functions depend linearly on a. This means that it really just involves choosing
a U(1)-invariant Hamiltonian function for a single value of a, and then extending by linearity.
More generally, a moment map for a G-action can be specified by choosing a basis for g and
picking a Hamiltonian function for the vector field induced by each basis element. (However, when

G is nonabelian, the equivariance condition becomes much harder to state in terms of a basis.)

Remark 3.10. Archimedes observed that the lateral projection from the cylinder S* x (—1,1) to
S? is area-preserving (think of what this means for Greenland). More precisely, the pullback of w
along this projection is equal to df A dr, where df is the (inexact, and therefore poorly named)
rotation-invariant 1-form that takes the value 1 on the tangent vector (0 1 0) € T{; o ) (Sl x (=1, 1))

This makes it clear why r is a moment map for the rotation action.
Exercise 3.11. Prove Archimedes’ theorem.

Example 3.12. Consider the action of U(1) on T? by rotating the first factor. This action is
symplectic (if we choose a rotation invariant volume form on 72), but we saw in Example that

the vector field 7 is not Hamiltonian, so there is no moment map.

Example 3.13. Consider the canonical action of U(n) on C", where C™ has its standard symplectic
form w = %(dzl ANdzZy + ... +dz, A d%n). The following Proposition generalizes Proposition

Proposition 3.14. This action is Hamiltonian with moment map p : C* — u(n)* taking the

column vector z to the n x n Hermitian matrix —%zz*.

Proof. First, we should convince ourselves that zz* is Hermitian; indeed, (zz*)* = (2*)*2* = zz*.

Next, let’s check equivariance: for all M € U(n),

1 1 1
u(Mz) = —i(Mz)(Mz)* = —§Mzz*M* = —§Mzz*M_1 =M - u(z).
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Now we move on to the moment map condition. First, for all A € u(n) and z € C", we have
pa(z) = 2tr(ip(z)A) = 3 tr(izz* A), so

1 1
(dpa),(v) = B tr(ivz"A) + 3 tr(izv™A)

by the product rule. For all u,v € T.C" = C", w.(u,v) = $(v*u — u*v). For any A € u(n), it is

easy to check that A, = A-z = Az (the first of the two equalities is Exercise , thus we have
(iAw)Z(v) =w,(Az,v) = % (vV*Az — 2" A%).

We now use the facts that A* = —A, that a 1 x 1 matrix is equal to its own trace, and that
tr(AB) = tr(BA). We get

% (vV*Az — 2" A%) = % (vV*Az + 2" Av) = %tr (v*Az) + %tr (z*Av) = %tr (zv*A) + %tr (vz*A).
This is equal to (dpa),(v), so we are done. O

Here’s an easy one.

Proposition 3.15. Let O C g* be a coadjoint orbit. Then the inclusion of O into g* is a moment

map for the action of G.

Proof. Equivariance is tautological; we only need to check the moment map equation. For any
a,beg, and £ € O,

(dpta)e(be) = (be, @) = (adj(§), a) = —(€,ads(a)) = —(&, [b,al) = (&, [a, b]) = we(ag, be)-
Since every element of 7¢O has the form Bg for some b € g, this proves that du, = t4w. O

Example 3.16. Let Y be a smooth manifold with an action of G. Recall that the cotangent
bundle T*Y is equipped with a canonical 1-form o € Q'(T*Y) (Example and that w := do is
symplectic (Proposition . You already showed that the induced action of G on T*Y preserves
the symplectic form (Exercise . The following proposition says that it is in fact Hamiltonian.

Proposition 3.17. Consider the map p : T*Y — g* given by the formula p,(a) == —ap(ay) for all
p €T*Y and a € g. This is a moment map for the induced action of G on T*Y .

Proof. We leave equivariance as an exercise. For the moment map condition, we fix an element
a € g, and we have

dug = —diga = —Laa + igda = izdw,
where the vanishing of Lia follows from the fact that the action of G on T*Y preserves a. O

Exercise 3.18. Show that the map defined in Proposition |3.17 is equivariant.
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Let’s now develop a few simple techniques to generate new Hamiltonian actions out of old ones.

The first two are completely trivial (but usefull), so I won’t dignify them with proofs.

Proposition 3.19. Let G act on X and let Z C X be a G-equivariant symplectic submanifold.

Then the restriction of a moment map for the action on X is a moment map for the action on Z.

Proposition 3.20. Let Gx act on X with moment map ux and Gy act on'Y with moment map

wy. Then Gx X Gy acts on X XY with moment map px X py -

Proposition 3.21. Suppose that G acts on X with moment map pc : X — g* and that j : H - G

is a homomorphism of Lie groups. The action of H on X is Hamiltonian with moment map

i = o pg : X = b,

Proof. For any h € H and p € X,

pr(h-p) = 35" o ug(j(h) -p) = " (Adjy) nc(p)) = Adj o 5% o ug(p) = Ady o um (p)-

For any a € b, we have

(bi)a = (" © pa, a) = (pe, j(a)) = (1) j(a);

—

80 ({4m)q is @ Hamiltonian function for the vector field j(/(;). But j(a) = a, so we are done. O

Corollary 3.22. Suppose that G acts on X with moment map px and on'Y with moment map py .
Then the diagonal action of G on X XY is Hamiltonian with moment map p(p,q) = ux (p)+ py (q).

Proof. This follows from Proposition and Proposition applied to the diagonal embedding
G—GxG. O

Exercise 3.23. We can find a moment map for the action of T™ on C™ in two different ways:
via Propositions and or via Example and Proposition [3.21. Check that these two

procedures give the same moment map.

Example 3.24. Let U(1) act on C" by the formula ¢ - (21,...,2,) = (t*'21,...,t°"2,). Then
Exercise and Proposition tell us that this action is Hamiltonian with moment map

1
pu(z) = -5 (61]z1|2 +...+ en|zn\2) .

We’ll conclude this section with a theorem that will be important to keep in mind when we
introduce toric varieties. We have seen that we have a Hamiltonian action of 7™ on C", and
of course the dimension of 1™ is half of the dimension of C". We’ve also seen that we have a
Hamiltonian action of U(1) on S?, and again, the dimension of U(1) is half of the dimension of S2.

The theorem says that this is the best we can do.
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Theorem 3.25. Let (X,w) be a nonempty, connected, symplectic manifold of dimension 2n, and
suppose that T* acts eﬁectivelzﬁ and Hamiltonianly on X. Then n > k.

Proof. The condition that T% acts effectively can be rephrased as saying that the intersection of

all of the stabilizer subgroups of T* is trivial:
() Ty ={e}.
peTk

We will need to use a stronger statement, namely that there exists a point p € X such that

T[i“ = {e}. For arbitrary Lie groups, this would not be true (for example, think about the action of

SO(3) on S?%). However, it is true for a torus; the set of such p is open and dense by [Aul I.2.5]E|
Fix a point p with T = {e}. Let L := {a, | a € t*} C T,X. Since T} = {e},

ker(t" — L) = tf =0,
so t* = L. For any a,b € t*, we have
wplips by) = (iaw),, (by) = (dpra), (by) = 0
by T*-invariance of . Thus wp restricts to zero on L. Since w), is nondegenerate, we have
2n = dim T, X = dim L + dim L.

Since L ¢ L*, dim L + dim L* > 2k, so n > k. O

Remark 3.26. A toric variety is a connected symplectic manifold with an effective Hamiltonian
torus action that attains this bound, along with the extra requirements that the moment map
should be proper and H*(X) should be finite dimensional.

3.3 Symplectic reduction

Let G act on (X, w) with moment map p : X — g*. Since p is equivariant and 0 € g* is fixed by the
coadjoint action, the action of G on X preserves the level set 1 ~!(0). The symplectic quotient
of X by G is

X/)G = u(0)/G.

If 0 is a regular value of y, then p~1(0) is a manifold (Proposition [1.37). If moreover G acts freely

on p~1(0), then the quotient is a manifold. The following results say that these two contingencies

>This means that there is no element of T% that acts trivially on X. The theorem would obviously fail without
this assumption.

5The point is that X can be nicely partitioned by the conjugacy class of the stabilizer subgroup. In particular,
there is always a subgroup H C G such that the stabilizer subgroup of every point contains a conjugate of H, and
on a dense open set it is equal to a conjugate of H. If G is abelian, that means that H is contained in the stabilizer
of every point. For the action of SO(3) on S?, all points have stabilizer conjugate to SO(2) C SO(3), however the
actual stabilizer varies enough so that the intersection of all of the stabilizers is trivial.
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are related.
Lemma 3.27. For allp € X, g, (a subspace of g) is naturally dual to coker dp, (a quotient of g*).

Proof. We need to show that the image of du, is exactly the perp space to g,. For all a € g, we

have
a Lim(duy) < (dpp(v),a) =0 forallv e T,X
& (dpa)p(v) =0 for all v e T, X
& wy(ap,v) =0 forallveT,X
& ap,=0
< a < gp,
where the penultimate equivalence comes from nondegeneracy of wy,. O

Corollary 3.28. The point 0 € g* is a regular value for u if and only if the action of G on p~*(0)
is locally free. In particular, if the action on u=1(0) is free, then X /|G is a manifold of dimension
dim X — 2dim G.

Proof. By Lemma dp, is surjective for all p € p~1(0) if and only if g, = 0 for allp € p~1(0). O

Example 3.29. Consider the diagonal action of U(1) on C" with moment map

1
(|z1\2 ot |zn|2) +c.

pn(z) = 5

Then £~1(0) is the sphere of radius v/2c. If ¢ > 0, then U(1) acts freely, and the quotient is CP" 1,
which is a manifold of dimension 2n — 2. If ¢ < 0, then ~1(0) is empty; in particular, U(1) acts
freely, and the quotient is a manifold of dimension 2n — 2 (the empty set). If ¢ = 0, then everything

goes wrong.

Example 3.30. Recall from Exercise that the coadjoint action of SO(3) is isomorphic to the
standard representation R?; in particular, the coadjoint orbits are the spheres of various radii. (Even
if you didn’t do this exercise, it’s easy to convince yourself that the statement is true. How many

ways can you think of to fill up a 3-dimensional vector space with surfaces that admit transitive

SO(3)-actions?) Let S? be the sphere of radius r. Fix positive numbers r1,...,r,, and consider
the diagonal action of SO(3) on STQ1 X .. X an. By Proposition and Corollary this action
is Hamiltonian with moment map p(vi,...,v,) =v1 + ... + v, € R3 = 50(3)*. Let

Pol(r1,...,7n) == S2 x ... x S2 /SO(3) = {(v1,...,vn) | [vi| =7 and v +...+ v, =0}.

We call this a polygon space because it parameterizes polygons in R? with edge lengths 71, ..., 7y,

up to translation and rotation.
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Proposition 3.31. Suppose that there does not exist any subset S C {1,...,n} with the property
that 3 icgmi =D ;¢g1i- Then Pol(ry,... . ry) is a compact manifold of dimension 2(n — 3).

Proof. The only way in which SO(3) can fail to act freely on u~1(0) is if there exists a colinear

n-tuple (v1,...,v,) with |v;| = r; for all ¢ and v1 + ... + v, = 0. O

Our next goal is to show that, assuming that G acts freely on ;1 ~1(0), the manifold X /G inherits
a natural symplectic form from X. Before formally stating the theorem, let’s think about how this
is going to work. Let 7 : u~1(0) — X /G be the quotient map. Then for all p € u~1(0), T (X G)
is naturally a subquotient of T, X. If we can show that the sub is exactly the perp space (via wp)
to the stuff that we are dividing by, then w, will descend to a nondegenerate bilinear form on the
subquotient.

Consider the diagram '

X < H0) S X/G.

Theorem 3.32. Suppose that G acts freely on p=1(0), so that X//G is smooth. There erists a

unique 2-form wreq € Q*(X//G) such that T*weq = i*w. Furthermore, wyeq is symplectic.

Proof. First note that 7 is a submersion (Proposition [1.37)), which means that the map on tangent
spaces at every point is surjective. This means that the pullback map on forms (of any degree) is

injective. In particular, if wy..q exists, then it is unique. Furthermore, we would have
T dwreq = AT Wreq = di*w = 1"dw = 170 = 0,

which would imply that dw,.q = 0. Thus we only need to show that w,eq exists and is nondegenerate.

For all p € u~1(0), we have
Tﬂ'(p) (X//G) = Tpﬂ_l(o)/g7

where the inclusion of g < T,u~1(0) C T,X is given by the map a + a, (Proposition [1.37). We
need to show the subspace g C T, X is the perp space to T,u~1(0). We know that

dim g + dim T,p~*(0) = dim g* + dim ker dy,, = dim 7T, X,

so it is enough to show that every element of g is perpendicular to every element of ker du,. Choose

any a € g and v € ker du,. Then

wp(lp, v) = (1aw)p(v) = (dpa)p(v) = (dpup(v), a) = (0,a) = 0.
This proves existence and nondegeneracy of wyeq. O

Remark 3.33. This is probably the simplest way to think about a symplectic form on CP"~!.

Note that we get one for every ¢ > 0.

We end this section with a proposition that will be very important for the construction of toric

varieties in the next section. Suppose that G acts on X with moment map p: X — g*. Let H C G
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be a i : H — G be a normal subgroup, so that ¢* o p: X — b* is a moment map for H. Consider
the reduction X/ H = pu~!(keri*)/H; assume that H acts freely on keri*, so that X/ H is smooth
and symplectic. The action of G on X descends to an action of G/H on X/ H, and the moment
map p descends to a map

g:X)H — keri* = (g/h)".

Proposition 3.34. The map i is a moment map for the action of G/H on X|/H.
Exercise 3.35. Prove Proposition[3.34

3.4 Toric varieties

Toric varieties can be introduced in two different ways: abstractly or constructively. Let’s start

with some definitions.

Definition 3.36. A rational polyhedron is a subset of R? defined by finitely many linear in-
equalities of the form
a- &<,

where a € Z% and r € R. (The fact that I am using the letter ¢ should give you the hint that I
will eventually want R™ to be the dual of a Lie algebra.) A rational polyhedron P C R? is called
Delzant if dim P = d and P “looks locally like Rio”. That is, for all £ € P, there should exist a
point 2 € R? and a matrix M € GL(n;Z) that takega neighborhood of 0 in P—¢ to a neighborhood
of 0 in R‘éo — z. It is called a polytope if it is bounded.

Example 3.37. All rational polyhedra in R have the form [a, b], where a is allowed to be —oo and
b is allowed to be co. They are all Delzant unless a = b. Draw some pictures to indicate what can

go wrong in R? or R3.

e Toric varieties, abstract approach: A toric variety of dimension 2d is defined to be a
connected symplectic 2d-manifold with an effective Hamiltonian action of 7% such that the
moment map is proper and H*(X) is finite dimensional. (Note that we already saw this

definition in Remark )

e Toric varieties, constructive approach: To any Delzant polyhedron P C R? we will
associate a symplectic 2d-manifold X (P). This manifold will come equipped with an effective
Hamiltonian action of 7¢. The moment map X (P) — (t9)* = R? will be proper, and the
image will be P.

It is a theorem that these two approaches are the same. More precisely, we have the following

statement.

Theorem 3.38. Let X be a connected symplectic 2d-manifold with an effective Hamiltonian action
of T such that the moment map is proper and H*(X) is finite dimensional. Let P C R? be the im-
age of the moment map. Then P is a Delzant polytope, and X is T*-equivariantly symplectomorphic
over P to X(P).
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This thoerem is proven for compact X by Delzant [De, 2.1]. I have no idea where to find a
proof for arbitrary X, nor have I even seen it stated before for arbitrary X, but I know in my heart
that it is true. Furthermore, I think it would not be so hard to generalize Delzant’s proof, but it
would be a little bit messy because it would involve generalizing the Atiyah-Guillemin-Sternberg
theorem to the non-compact setting. We will (mostly) prove Theorem for compact X in the

next sectionm

Remark 3.39. By assuming that X is compact, we (and Delzant) don’t have to worry about
properness of the moment map or finite dimensionality of H*(X). However, let me explain why
those two properties have to be part of the statement of the theorem. Without properness, the
image of the moment map can be the shape of a (life sized, three dimensional) elephant. Without

finite dimensionality of H*(X), it can be the convex hull of the integer points on a parabola.

This section will be devoted to the construction and basic properties of X (P). We will assume
for now that P has at least one vertex; for example, we won’t allow P to be the upper half-plane in
R2. At the end we will return to the general case and do away with this assumption. (Note that, if
you only care about compact toric varieties, then you need P to be a polytope, in which case this
assumption is superfluous.)

Let Fi,..., F, be the facets (codimension 1 faces) of a rational polyhedron P (we won’t assume
that P is Delzant until Proposition , and let a1, ...,a, € Z be the primitive outward normal
vectors. This means that a; is not an integer multiple of any other element of Z¢, and there exist

real numbers rq,...,r, such that
P={¢eR|a;- & <r; forall i}.

Furthermore, this is the minimal number of inequalities needed to define P.
Note that each vector a; is a d-tuple of integers; these form the columns of an n X d integer
matrix A. This matrix A defines a Lie group homomorphism 7 : 7% — T'% in the only way you can

possibly imagine; rather than writing the general formula, let’s just do an example.
Example 3.40. If P is a triangle in R?, we get a homomorphism 7% — T2,

Let K := ker(m) C T™. We now have a lot of groups floating around, and it will be helpful to

write down some short exact sequences that record how they relate to each other. We have
i n A d
1 — K —T"——T"—1.
Differentiating at the identity, we get

0t A¢d o,

"We will show that X is equivariantly homeomorphic over P to X (P), and that the homeomorphism is a symplec-
tomorphism over the interior of P. All that we will be missing is the statement that the homeomorphism is smooth
over the boundary of P.
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where the second map is again given by the matrix A. Dualizing, we have
x 17 nye A d\*
0+— & +— (") «— ()" «—0.

If we identify (t")* with R” and (t¢)* with R? via the dot product, then the second map is just
given by the transpose of A.

Our plan is to take a symplectic quotient of C™ by K, where the action of K on C” is induced
by the standard action of T™. However, we need to specify a moment map for this action, which
requires a choice of n real numbers. This is good, because we have n real numbers that we haven’t

used yet! Consider the smooth function i : C* — R™ given by the formula
~ 1 1 n ~ N\ *
21,y 2n) = —§]z1|+r1,...,—§]zn|+rn e R" = (t")".

By Remark [3.6] and Corollary fi is a moment map for the action of 7. By Proposition

1" o i is a moment map for the action of K.
Definition 3.41. X (P) :=C"/K.
Example 3.42. CP?, CP! x C, weighted CP2.

Note that X (P) inherits an action of 7" /K = T and a map
p: X(P) =i '(keri*)/K — keri*.

Furthermore, we may identify keri* with R? via the isomorphism A? : R — ker i*.

Theorem 3.43. If P is Delzant, then X(P) is smooth, and therefore symplectic. The map pu :
X (P) — R? is a proper moment map with image P.

Proof. Properness of i follows immediately from properness of ji (whether or not X (P) is smooth).

Furthermore, we have

impg = imp N kerd™
= {¢cR| A eimp)
= {£eRY| (A%); <r Vi)
= {¢eR¥a;- €< Vi)
= P

It’s easy to see from this argument that, for (21,...,2,) € i~ !(keri*), we have ji(z1,...,2,) € F}
if and only if z; = 0.
To prove smoothness, we need to show that K acts freely on u~1(0). Let (t1,...,t,) € K CT"

be an element of K that fixes an element (z1,...,2z,) of £~1(0); we will show that we must have
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t; = 1 for all . What is clear is that we must have either t; = 1 or z; = 0 for all i. Let
S:={i|lz=0}cC{l,...,n};

then we must have t; = 1 for all i ¢ S. We know that fi(z1,...,2,) € F; for all i € S; in particular,
MNics Fi cannot be empty. Since P is Delzant, {a; | i € S} is contained in a basis for Z%. This
means that the restriction of the map A : T — T to the coordinate subtorus T'° C T™ is injective.
Since (t1,...,t,) € T¥ Nker A, we must have t; = 1 for all 4.

The fact that p is a moment map follows immediately from Proposition [3.34] O

Let’s expand some of the ideas that we used in the proof of Theorem [3.43]in order to understand
better the fibers of the map from X (P) to P. For each 4, let T; C T? be the image of the *®

coordinate circle in T™. That is, it is the subtorus defined by the vector a;.

Definition 3.44. For any § € P, let Ty C T? be the subtorus generated by T for all 4 such that
&€ F.

Example 3.45. Write down the five subtori for CP?.
Proposition 3.46. For any & € P, T? acts transitively on p~'(€). For any p € u=1(€), T;l =1;.

Proof. The statement that T acts transitively on the fibers of p follows from the statement that
T™ acts transitively on the fibers of i, which is clear. If p € X(P) is the image of a point
(21...,2n) € i '(keri*), then the stabilizer in T¢ of p is the image of the stabilizer in T™ of
(21...,2,). This is the coordinate torus T, where S = {i | z; = 0} = {i | u(p) € F;}, and its
image in T¢ is Tp)- O

Corollary 3.47. For any rational polyhedron P (Delzant or not), X(P) is homeomorphic to
Y(P) := (P x TY) /~, where (&,t) ~ (¢,t) if and only if £ = & and t and ' differ by an el-
ement of Tg.

Proof. First we will construct a continuous bijection from f : Y(P) — X(P). To do this, it is
sufficient to find a section o : P — X(P) of u, and then let f[¢,t] = t - o(). That section
can be obtained by asking each z; to be a positive real number. More explicitly, we have A%¢ =
(x1,...,2,) € R", with z; < r; for all 7. That means that the point

<\/2(r1 — 1),y 2(rn — zn)) eC"

is sent to A'¢ by fi. Let o(£) be the image of this point in X (P).
It is clear that f is a continuous bijection. If P is a polytope, then Y (P) is compact, so f must
be a homeomorphism. More generally, we need to show that the inverse is continuous. This is easy

and unenlightening; see [Pr], §2.1]. O

Example 3.48. CP!, C, C?, C2. More generally, chopping a corner induces a symplectic blow up.

31



Remark 3.49. Corollary implies that X (P) is connected, that the action of 7% on X (P) is
effective, and that the moment map p : X (P) — R? is proper. Combining this with Theorem

we see that it satisfies the definition of an abstract toric variety.

Remark 3.50. In the statement of Corollary I wrote “homeomorphic” rather than “diffeo-
morphic” or “symplectomorphic” because it is not so easy to directly define a smooth structure on
Y (P). However, Y (P) has a dense open set

Y(P):= P xT?c (t)* x T4 = T*T9,

which has a natural symplectic form (Proposition [2.13)). It is not too hard to show that the

restriction to Y(P) of our homeomorphism is a symplectomorphism onto its image (Exercise below).

Exercise 3.51. Show that the restriction to Y (P) of the homeomorphism f : Y (P) — X(P) is a
symplectomorphism onto its image. Hint: Show that the symplectic form that we defined on Y(P)

1s the unique symplectic form for which the projection to P is a moment map for the T%-action.

Finally, we need to explain the construction of X (P) when P has no vertices. Let’s start with
the most basic example of such a polyhedron, namely R C R. We want Corollary [3.47] to hold,
so X(R) had better be homeomorphic R x T!. Furthermore, we want the projection to R to be
a moment map for the rotation action by T'; this means that we should endow X (R) with the
symplectic form df A d€, where 6 is the coordinate on 7! and ¢ is the coordinate on R.

More generally, let P C R? be a rational polyhedron. Changing coordinates, we may write
P=Q xR™c R¥™ x R™ = R,
where Q C R?™™ is a rational polyhedron with at least one vertex. Then we define
X(P):=X(Q)xR"™ xT™.

Note that if P is Delzant, then so is @), and therefore X (P) has a natural symplectic form. The
projection to P is a moment map for the action of T% = T% ™ x T™, and Proposition Corol-

lary and Remark all hold for X (P).

The following proposition will be very useful in the next section. Let £ € P be a vertex. By
Proposition p~ (&) is a single point in X (P), and that point is fixed by T¢. Call that point
p, and consider the action of 7% on T, X (P). Let ny,...,nq4 € Z¢ = Hom(T%,U(1)) be the additive

inverses of the primitive integer vectors along the d edges emanating from &.

Proposition 3.52. The space T, X (P) is T -equivariantly isomorphic to Cp@...eC,,, where

T acts on C,, via the associated homomorphism to U(1).

Proof. Let p1,...,pa € Z% be the weights for the T%action on T, X (P), so that

T,X(P)=C, @...®C,,.



We want to show that {p1,...,pa} = {m,...,n4}-

By Theorem and Remark X (P) is locally symplectomorphic near p to T, X (P). By
Proposition [3.46] the image under  of a neighborhood of p in X (P) is a neighborhood of ¢ in P (the
point is that the fibers of u are connected). Thus, if we compute the moment map for the action
of T% on T, X (P) and apply it to a neighborhood of 0 in 7, X (P), we should get a neighborhood of
&in P.

By Proposition U(1) acts on C with moment map z — —%|z|2 + c¢. By Proposition
T acts on C,, with moment map z —%|z|2pi + &, where & € R%. By Corollary T4 acts on

T, X with moment map
1 1
z - —§!Z1|2p1 +& == §|Zd!2pd +&a-

If we want the moment map to take 0 to & = u(p), then we must have & + ...+ &z = £. The image

of this moment map is equal to

§—Rxop1 — ... — R>opq.

The only way that this can look like P near & is if p; is a positive multiple of n; for all ¢ (up to
permutation). Thus it remains only to show that each p; is primitive.

If this were not the case, then p1,. .., pg would not span Z%. This in turn would imply that the
exists an element of 7% which acts trivially on T, X (P), and therefore on a neighborhood of p in

X (P). But this cannot happen, since we know that T acts freely over P. O

Remark 3.53. Since Proposition [3.52]is a purely local statement, one can also prove it by assuming
that P = Rio. This gets a little bit confusing because the negative edge vectors coincide with the
perp vectors to the facets; to clarify this, one just needs to think about the fact that these vectors
naturally live in dual vector spaces, and the negative edge vectors are the ones that transform
correctly. There is also some subtlety with signs, but it all works out, and it’s helpful to think

about this confusingly trivial example.

It will also be nice to have a generalization of Proposition [3.52] in which a vertex is replaced by
a face of arbitrary dimension. Let F be a face of P, and let X (P)r = pu~Y(F) C X(P). If F is a
vertex, then X (P)p is the single point that appears in Proposition [3.52]

Proposition 3.54. For any Delzant polyhedron P and any face F', X(P)g is a T-submanifold of
X(P), and it is T-equivariantly isomorphic to X (F).

Before proving Proposition let’s try to make sense of the statement. Choose an element
¢ e F , and consider the torus T C T @, This subtorus does not depend on the choice of &, so we
might as well call it Tr. We have dim Ty = codim F'. Furthermore, it’s easy to convince yourself
that Lie(T?/Tr)*, which is a subspace of (t¥)* whose dimension is equal to that of F, is equal to the
linear span of F' — &. Since F is a Delzant polyhedron inside of this linear span, X (F') is naturally
a toric variety for the torus 7¢/Tp. In particular, T¢ acts on X (F) with kernel Tr, just as T acts
on X (P)r with kernel Tr. So the statement of the proposition makes sense!

Exercise 3.55. Prove Proposition [3.57)
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Example 3.56. Think about all of the toric subvarieties of CP?, and of C? blown up at a point.

Now Proposition admits a relatively straightforward generalization. Let £ € FF C P be a
vertex contained in a face of P. (Note that £ is now a vertex of F', not an element of the relative
interior of F.) On the level of spaces, this gives us a T-fixed point p € X (F) C X(P). Consider
the normal space

N,(X(P), X (F)) i= T,X (P)/TyX (F).

Let 01, ...,mx € Z¢ = Hom(T%,U(1)) be the additive inverses of the primitive integer vectors along

the d edges emanating from £ that do not lie in F' (here k is the codimension of F' in P).
Proposition 3.57. The space N,(X(P), X (F)) is T%-equivariantly isomorphic to Cy, &...® C,, .

Proof. This follows from two applications of Proposition one for X(P) and the other for
X(F). O

4 Morse theory

In this section we apply Morse theory (or its generalization, Morse-Bott theory) to U(1) moment
maps and use it to compute Poincaré polynomials of lots of symplectic manifolds, including arbitrary
toric varieties and flag manifolds. We also use these techniques to prove the Atiyah-Guillemin-
Sternberg theorem (Theorem, which characterizes the image of a moment map for an arbitrary
torus action, and Delzant’s theorem (Theorem , which asserts that all abstract toric varieties

arise via the construction studied in the previous section.

4.1 Morse theory oversimplified

Let X be an n-manifold, and let f € C°°(X) be a smooth function. Recall that a point p € X is
called a critical point if df, = 0. The function f is called a Morse function if, near any critical

point p, we can choose coordinates x1,...,x, such that

f@1,.an) =—21 — ... —2p +Thq + ...+ 2o+ f(D)

for some k. The number k is called the Morse index of p.
Remark 4.1. Now for a few apologies.

e The “official” definition of a Morse function is that, near every critical point, there exists a
coordinate chart such that the Hessian (the matrix of second derivatives) is nonsingular. It
is an important theorem, called the Morse Lemma, that we can always find coordinates for

which f has this simple form.

e It is also a theorem that the index k is independent of the choice of chart, but this much

easier than the Morse Lemma. Without choosing coordinates, the Hessian may be regarded
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as a symmetric bilinear form on 7, X, and k is the dimension of the largest subspace of 1), X

on which this form is negative definite.

e After the Morse Lemma, the next big theorem in Morse theory is that Morse functions are
generic; that is, the set of Morse functions is dense and open in C*°(X) (with respect to some

natural topology). We won’t need this fact.

Example 4.2. Draw a few 2-dimensional examples, including 72 (everybody’s favorite), S? with a
weird function on it (so that there are more than two critical points), and at least one non-compact

surface.

Our main example of Morse functions will be moment maps. Suppose that U(1) acts on a
symplectic manifold X with moment map p : X — R, and that the fixed point set XUM) ig
discrete. Choose a U(1)-equivariant almost complex structure on X that is compatible with the
symplectic form. For any fixed point p € XV, T,X is a complex representation of U(1), thus

there exist integers ey, ..., e, such that
nL,X=C,®...0C,,,

where U(1) acts on Ce, by the formula ¢ - z = t®z. Since the fixed point set is discrete and X looks
locally like T, X near p, we must have e; # 0 for all 7. We define the equivariant index of p to

)

be the number of ¢ such that e; > 0. Our overuse of the word “index” is justified by the following

proposition.

Proposition 4.3. With the above hypotheses, the moment map p is a Morse function, the critical
points are equal to the fixed points, and the Morse index of a fixed point is equal to 2 times the

equivariant indez.

Proof. By Example U(1) acts on the symplectic vector space 1, X with moment map

1
2y (61\z1|2 +...4 en|zn|2) +ec.

By the equivariant Darboux theorem (Theorem and Remark , X is U(1)-equivariantly

symplectomorphic near p to T, X, so p may be written in the above form near p. This means that

we have real coordinates x1,¥y1,...,Tn, Yn, and
1
pley) = =5 (@ +9D) + o+ ealad +42)) + ).
Scaling x; and y; by |ei|_%, we obtain the desired result. O

Remark 4.4. Note that we never needed the Morse lemma, because the equivariant Darboux

theorem gave us a nice chart.
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Remark 4.5. It’s interesting to think about where periodicity was used. That is, every smooth
function on a compact symplectic manifold is a moment map for an action of R, namely the flow
along the symplectic gradient. But we’'ve already seen that it’s not the case that every Morse
function on a compact symplectic manifold has even indices. What makes U(1) actions different
from R actions? The answer is that we can always choose our almost complex structures to be

U(1) equivariant because U(1) is compact, but the same is not true for R.

Given a function f € C*°(X) and a real number a € R, let X, := f~!(—0c0,a]. The following
theorem, which might be called the fundamental theorem of Morse theory, describes the change in

topology of X, as a increases. We will not give a proof; see Remark [4.7] for references.
Theorem 4.6. Suppose that f : X — R is proper and Morse.
e Ifa<b and f has no critical values in [a,b], then X, is a deformation retract of Xp.
o If f has no critical values in [a,00), then X, is a deformation retract of X.

e Suppose that a < b < ¢, that p1,...,p, are critical points of f with f(p;) = b for all i, and
that f has no other critical values in the interval [a,c|. Let m; be the Morse index of p;. Then

there exist disjoint embeddings g; - S™ ' < 0X, such that X, is homotopy equivalent to

X, U (Dmlu...qur).
gly'“yg’l‘

Remark 4.7. If we added the assumption that there is only one critical point for each critical value
(which I do not want to do), then a proof of this theorem could be found in any reference on Morse
theory; the standard one is Milnor’s book [Mil, 3.1 & 3.2]. The only reference that I found allowing
multiple critical points at a single level is a paper of Palais [Pa], where he proves a much stronger
theorem. First of all, he gets diffeomorphisms of handlebodies rather than homotopy equivalences.
Second, he works in infinite dimensions! Since we will not need either of these improvements and

since it would take some effort to state them precisely, I am sticking with the weaker statement.

Remark 4.8. I did not give the definition of g; as part of the statement of the theorem because
I wanted to keep it succinct, but actually it is fairly easy to do. If € = b — a is sufficiently small,

then g; is the inclusion of

2 2

{(z1,...,2p) 2T+ ...+, =€ and 2; =0 for all j > m;} = ™!

into the coordinate neighborhood of p.
Example 4.9. Revisit the examples from Example

When all of the Morse indices are even, as is the case for U(1) moment maps, Theorem

allows us to give a very simple description of the Poincaré polynomial of X.
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Corollary 4.10. Suppose that f : X — R is proper, bounded below, and Morse. Suppose further

that there are only finitely many critical points and that all Morse indices m(p) are even. Then

Poinx (t) = Z TR
peCrit(f)

Proof. Since f is bounded below, X, is empty for a < 0. By the second item in Theorem [£.6] X is
homotopy equivalent to X, for a > 0. By the first item in Theorem the topology of X, only
changes when a crosses over a critical value. Thus we only need to study such changes, which are
covered by the third item in Theorem

In the notation of Theorem [4.6] we will consider the long exact sequence in cohomology asso-
ciated to the pair (X, X,):

H*Y(X,) —» H*(X,, X,) —» H*(X,) - H*(X,) - H**(X,, X,) - H**1(X.) - H*T(X,).

We may assume inductively that H°%4(X,) = 0. By Theorem we have H*(X., X,) = Z,

with degrees given by the Morse indices my,...,m,. Since these indices are all even, we have
H°d(X,. X,) = 0. This implies that H°d(X,) = 0, and that H*(X,.) & H*(X,) ® Z", which is
what we want. O

Theorem has another important corollary when all Morse indices are even.

Corollary 4.11. Suppose that X is connected, f: X — R is proper and Morse, and there are no
critical points of index 1 or n — 1F| Then

e all level sets of f are connected

e cvery local minimum/mazimum of f is a global minimum/mazimum, and there is at most

one global minimum/maximum.

The proof of Corollary that I want to give is kind of intuitive and hand-wavy. For a
more careful cohomological proof (with the extra assumption that X is compact), see [Aul, IV.3.1].

(Audin actually proves the generalized version of this statement that we will encounter two sections

later in Corollary )

Proof. To prove connectedness of the level sets of f, it is sufficient to consider only regular values.
Suppose that f~!(a) is disconnected. The only way to connect it by “going up” is by encountering
a critical point of index 1. The only way to connect it by “going down” is by encountering a critical
point for —f of index 1, which is the same as a critical point for f of index n — 1.

Suppose that p is a local minimum; this is the same as a critical point of index 0. Let b = f(b),
and choose a < b < ¢ such that b is the only critical value in [a, b]. By Theorem 4.6, X, is homotopic
to the disjoint union of X, and a point (and possibly some more stuff attached to X, if there are

other critical points at level b). The only way for this to happen without introducing disconnected

81n particular, this holds when n is even and all indices are even.
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level sets is if X, = (), which means that b is a global minimum of f. The existence of more than
one critical point of index 0 at level b would also contradict connectedness of X.. For maxima, we

can apply the same argument to —f. O

4.2 Poincaré polynomials of symplectic manifolds

Proposition|4.3land Corollary give us a recipe for computing Poincaré polynomials of symplectic
manifolds whenever we have a U(1) action with finitely many fixed points and a moment map that

is proper and bounded below. To summarize, we have the following theorem.

Theorem 4.12. Suppose that U(1) acts on X with finitely many fized points, and that we have a
moment map p: X — R that is proper and bounded belOwﬂ Then

Poinx (t) = Z ter,

peXU)
where e(p) is the equivariant indez of p.

Example 4.13. Let P C R? be the standard simplex and let X = X (P) = CP2. Choose an integer
vector a € Z2 = Hom(U (1), T) that is not perpendicular to any of the three edges. By Proposition
this implies that the induced action of U(1) on X does not fix any points that lie over the
edges, thus XU = X7 which consists only of three isolated points. By Proposition g 1S &
moment map for the action of U(1) on X.

By Proposition for all p € X7, we have T,X = C,, ®C,,, where 11 and 1o are the negative
edge vectors at p. This gives T, X as a representation of T'. As a representation of U(1), we have
T,X =2 C., ®C,,, where ¢; = a-n;. Apply Theorem and we see that

Px(t) =1+ t* +th.

The technique of Example generalizes immediately to arbitrary toric varieties. Let P C R?
be a Delzant polyhedron, and let a € Z% be a vector that is not perpendicular to any edge, with
the additional property that the dot product with a is bounded below on P.

Proposition 4.14. The action of U(1) on X(P) induced by a has isolated fived points indexed by
the vertices of P. The moment map g is proper and bounded below, and the equivariant index of
the fixed point corresponding to a vertex & is equal to the number e¢ of edge vectors at & whose dot

product with a is negative. Thus we have
Poinx(p)(t) = Zt265,
3

where £ runs over the vertices of P.

9Note that if X is compact, x is automatically proper and bounded below.
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Example 4.15. Compute some more Poincaré polynomials.

Proposition[£.14]allows us to prove the following awesome theorem, which gives a general formula
for the Poincaré polynomial of a toric variety. Let f(P) be the number of k-dimensional faces of
P (so fo(P) is the number of vertices, and fz(P) = 1).

Theorem 4.16. Let P be a Delzant polyhedron with at least one verter. Then

d

Poiny(p)(t) = Y _ fu(P)(1 — £3)F¢2(H).
k=0

Remark 4.17. If you want to compute the Poincaré polynomial of a particular toric variety, it
will be much faster to use Proposition directly. The cool thing about Theorem is that
we don’t have to break symmetry by choosing a vector a € t. Also see Remark [1.1§] for a nice

application

Proof. Let a € Z% be a vector that is not perpendicular to any edge, with the additional property
that the dot product with a is bounded below on P. By definition of a, every face of P has a unique
“lowest” vertex (where we measure height by dot product with a). At the vertex &, the edges that
point up from § span a simplicial cone of dimension d — e¢. That means that the number of k-faces

that obtain their minimum at £ is equal to (d;ef ) We therefore have
d—e
£

It is surprisingly tricky to complete the proof from here. We will do it by messing around with
the expression t2¢ Poin X(P) (t_l)m We have

t2d POinx(p) (t_l) = Z t2(d_e§)
3
3
d—eg

0By Poincaré duality, this is the Poincaré polynomial for compactly supported cohomology. If you are philosoph-
ically inclined, you might take this argument as evidence that compactly supported cohomology is sometimes more
natural than ordinary cohomology.
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Multiplying through by t=2¢, we get

d d
Poiny p)(t™") = > fu(P)(#* = DM =3 " fi(P)(* = 1)" ¢,
k=1 k=1
Finally, inverting ¢, we get
d d
Poiny(p)(t) = Y fu(P)(t% = )" =~ fr(P)(1 - £2)kg2d=k),
k=1 k=1

and we are done. O
Remark 4.18. For a long time, it was an unsolved problem to determine which vectors ( fo, ..., fq4)

could arise as face vectors of Delzant polytopesﬂ McMullen had conjectured a certain set of
necessary and sufficient conditions, but he had not proved either direction. Then Stanley [St]
(building off of the work of Danilov [Dal) proved Theorem and observed that this puts certain
restrictions on the numbers fo(P),. .., fa(P). Specifically:

e The Poincaré polynomial of X (P) has non-negative coefficients.

e By Poincaré duality, the Poincaré polynomial of X (P) is symmetric.

e By the Lefschetz theorem, the Betti numbers satisfy bg < by < ... < bLgJ H
2

e The cohomology ring of X (P) is generated in degree 2 (we will prove this in the next section),

therefore the Betti numbers can’t grow too quickly.

These conditions turn out to translate precisely into McMullen’s linear inequalities, thus Stanley
had proven the necessity half of McMullen’s conjecture. Sufficiency was proven by Billera and Lee

[BL] around the same time.

We have now used Theorem to compute Poincaré polynomials of toric varieties in general.
Next, we will use it to compute Poincaré polynomials of flag manifolds. Let A = (A1,...,\,) be
a decreasing sequence real numbers, and let ) be the space of n x n Hermitian matrices with
spectrum A. By Example H, is a coadjoint orbit for U(n); this action is Hamiltonian by
Proposition [3.15} By Proposition ‘H ) is diffeomorphic to the manifold of orthogonal frames in
C™, or (equivalently) to the manifold of flags in C". Consider the subgroup 7" C U(n) of diagonal

matrices, which also acts on Hy.

Exercise 4.19. Show that the fized point set 7—[; consists of diagonal matrices whose entries are

given by a permutation of \. We will call these matrices {A, | 0 € Sy }.

11 Actually, the problem was phrased in terms of simple rational polytopes, which means that we require P to look
like a simplicial cone near each vertex, but not necessarily like an orthant. This means working with symplectic toric
orbifolds, rather than manifolds.

12This uses the fact that X (P) admits the structure of a complex projective variety, which we haven’t proven.
One can prove it using the Kirwan-Ness theorem, which roughly says that symplectic quotients are the same as GIT
quotients.
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Consider the inclusion of U(1) into 7™ taking ¢ to the diagonal matrix with entries ¢, 2, ... ¢";
its fixed point set is the same as the T-fixed point set. To compute the Poincaré polynomial of H,

we need to compute the equivariant index of each A,.

Exercise 4.20. For eachi < j, we have a natural subgroup U(2);; C U(n). Consider the projective
line
CP}., :=U(2)ij - A,

iJ,0

1

ij,07

Show that the action of T™ on Hy restricts to an action on CP and that T™ acts on the tangent

1
iJ,0

space Ty CP;; . = C via the formula t-z = tUit;jlz. Use this to draw the following conclusions:

o Foralloe Sy, Ta,Hy = @Kj TAoCP}j,U‘

e U(1) acts on Ta,CP}.  with weight o; — ;.

1J,0
o The equivariant index of Ay is dy := |{(4,7) | 0s > 0j}| (the “length” of o).

e Poiny, (t) = Z 2o
O—ES’VL

Example 4.21. Taking n = 3, this tells us that Poingjagcs) =1+ 2t2 4 2t4 4- 16,

Remark 4.22. The computation in Exercise |4.20|generalizes to generic coadjoint orbits of arbitrary
compact Lie groups, with T" replaced by a maximal torus and .S, replaced by the Weyl group.
That is, the cohomology of G/T" (a generic coadjoint orbit of G) has total dimension |W|, with

each element w € W contributing one dimension’s worth of cohomology in degree 2¢(w).

4.3 Morse-Bott theory

You may have noticed that we have not yet used Corollary In fact, we will never use it in
its current form; we will need a stronger version. The issue is that we would like to be able to
apply this corollary to arbitrary U(1) moment maps, even when the fixed point set has positive
dimension. We can indeed do this, but to make it work we need to introduce a generalization of
Morse theory, called Morse-Bott theory.

Let X be an n-manifold and f € C°°(X) a smooth function. We say that f is Morse-Bott if,

near any critical point p, we can choose coordinates x1,...,x, such that
2 2 2 2
fler, ... an) = —af — ... —xp+xp g +.. .+ xi g+ f(D)

for some k,f. The number k is called the Morse-Bott index of p. Note that this implies that
the set of critical points of f is a submanifold of X, and that the dimension of the component
containing p is n — k — £. Furthermore, it implies that the Morse-Bott index is a locally constant

function on Crit(f). Thus, we may talk about the Morse-Bott index of a critical component.

Example 4.23. Any Morse function is Morse-Bott. The constant function is Morse-Bott. The

height function on a doughnut resting normally is Morse-Bott.
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Once again, our main examples will come from U (1) moment maps. Suppose that U(1) acts on
a symplectic manifold X with moment map p: X — R. Choose a U(1)-equivariant almost complex
structure on X that is compatible with the symplectic form. For any fixed point p € XV, T,X

is a complex representation of U (1), thus there exist integers eq, ..., e, such that
I, X=C,a®...0C,,

where U(1) acts on Cg, by the formula ¢ -z = t“2. We again define the equivariant index of p to
be the number of ¢ such that e; > 0. This number is locally constant on the fixed point set, so we

may talk about the equivariant index of a fixed component.

Proposition 4.24. The moment map p is a Morse-Bott function, the critical points are equal to
the fized points, and the Morse-Bott index of a fized point (or a fized component) is equal to 2 times

the equivariant indez.
Proof. The proof is identical to the proof of Proposition By Example U(1) acts on the

symplectic vector space T, X with moment map

1
Z —5 (el\zl|2 4+ ...+ en|zn\2) +c.

By the equivariant Darboux theorem, X is U(1)-equivariantly symplectomorphic near p to 7,X, so x

may be written in the above form near p. This means that we have real coordinates x1,y1, ..., Tn, Yn,
and )

pley) = =5 (@ +yD) + .+ ealad +42)) + o).
Scaling x; and y; by |ei|_% whenever e; # 0, we obtain the desired result. O

Example 4.25. Look at an action of U(1) on CP? whose fixed point set is the union of a point

and a line.

We now explain how the fundamental theorem (Theorem [4.6]) generalizes to Morse-Bott theory.
The first two statements are identical, and the third is only a slight modification. A sketch of the
proof can be found in [Aul IV.2.5].

Theorem 4.26. Suppose that f : X — R is proper and Morse-Bott.
e Ifa <b and f has no critical values in [a,b], then X, is a deformation retract of Xp.
o If f has no critical values in [a,00), then X, is a deformation retract of X.

e Suppose that a < b < ¢, that Y1,...,Y, are critical components of f with f(Y;) = b for all i,
and that f has no other critical values in the interval [a,c|. Let m; be the Morse-Bott index
of Yi. Then there exist disjoint closed submanifolds S; C 0X, such that S; is diffeomorphic to
the boundary of a D™i-bundle over Y;, and X. is homotopy equivalent to the space obtained

by gluing in the full disk bundles.
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Remark 4.27. The actual definition of the disk bundle and the inclusion of its boundary into X,
is a straightforward generalization of Remark

The proof of Corollary is identical to the proof of Corollary

Corollary 4.28. Suppose that X is connected, f : X — R is proper and Morse-Bott, and there are

no critical points of index 1 or n — 1. Then
o all level sets of f are connected

e cvery local minimum/mazximum of f is a global minimum/mazimum, and the set of global

minima/mazxima is connected.

Note that, by Proposition Corollary applies to any proper U(1) moment map on a

connected symplectic manifold.

Exercise 4.29. Prove the following Morse-Bott analogue of Corollary |4.10 Suppose that U(1)
acts on X with a moment map p: X — R that is proper and bounded below. Then

Poiny (t) = Z %Y Poiny (1),
YexUt@)

where Y ranges over the critical components and ey is the equivariant index of Y.

4.4 The Atiyah-Guillemin-Sternberg theorem

The following important result, sometimes called the Atiyah lemma, is the main step in the proof

of the Atiyah-Guillemin-Sternberg theorem.

Lemma 4.30. Let T be a torus acting on a connected symplectic manifold X with proper moment

map p: X — t*. The fibers of u are connected.

Sketch of proof: This is a messy proof whose guts I don’t want to go through, either in class or
in these notes. I will just sketch the argument; full details can be found on pages 115-6 of [Aul,
§IV.4]. It’s enough to show that the zero fiber is connected, since the fiber over £ of u is the same
as the fiber over 0 of p — £, which is also a moment map.

We proceed by induction on the dimension of T. When dim T = 1, this follows from Corollary
For arbitrary 7', let H C T be a codimension 1 subtorus, and let pg : X — bh* be the H-
moment map obtained by composing p with the projection t* — h*. Let Y := X/H = ,u;ll (0)/H.
Our inductive hypothesis implies that Y is connected. As Audin explains, we may reduce to the
case where 0 is a regular value of py, which is equivalent to saying that H acts locally freely on
,u;ll (0). To simplify the argument, I will assume further that H acts freely on u;ll (0), so that Y is
a symplectic manifold (see Remark .

Since p is T-invariant, it is also H-invariant, thus the restriction of y to ul_{l (0) descends to a
map

g:Y — ker(t* — b*) = Lie(T/H)".
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By Proposition @ is a moment map for the action of T'/H = U(1) on Y, thus its fibers are
connected. But we have 1=1(0) = p~1(0)/H, so p~(0) must also be connected. O

Remark 4.31. If we don’t assume that H acts freely on ul_f (0), then we need to do Morse-Bott
theory on the smooth manifold M;II(O) or on the symplectic orbifold X/ H. Since we have already
developed a lot of machinery for Morse-Bott theory on symplectic manifolds, it’s very helpful to

assume that this action is free.
We can now use the Atiyah lemma to prove the Atiyah-Guillemin-Sternberg theorem.

Theorem 4.32. Let T be a torus acting on a compact connected symplectic manifold X with
moment map pn: X — t*. Then u is a locally constant function on XT', and the image of i is equal

to the convex hull of i(X™). This image is called the moment polytope of X.
Before proving Theorem let’s look at a few examples.

Example 4.33. If X = X(P) is the toric variety associated to a polytope P, then u(X) = P, and
the theorem follows from Proposition . In general, XT need not map to vertices of the moment
polytope. For example, if T' = U(1), then the moment polytope has only two vertices, but there
might be lots of critical points of the moment map. We can see this explicitly for X = CP?.

Example 4.34. Let A = (A1,...,\,) be a weakly decreasing n-tuple of real numbers, and let H
be the space of Hermitian matrices with spectrum \. By Proposition the inclusion of H) into
the space u(n)* of nxn Hermitian matrices is a moment map for the U(n)-action. We are interested

in torus actions, so let 7™ C U(n) be the diagonal subtorus, and consider the composition
Hy Cu(n)* -t = R",

which is a moment map for the action of T" by Proposition [3.21

Exercise 4.35. Show that the projection u(n)* — (")* = R" takes a Hermitian matrix to its

diagonal.

By Exercises and the image of 7-[{ is equal to the set of permutations of A. Applying

Theorem we obtain the following classical result, known as the Schur-Horn theorem.

Theorem 4.36. A vector v € R™ appears as the diagonal of a Hermitian matrixz with spectrum X

if and only if v lies in the convex hull of the set of permutations of .

Proof of Theorem For any p € X7, we know that the cokernel of du, is dual to the
stabilizer Lie algebra t, = t, thus du, = 0. Since this holds at every fixed point, p is locally
constant on X7

Next we will show that the image of p is convex. If not, then there exists an affine line L C t*
such that pu(X) N L is disconnected. We may assume that L is rational, so that there exists a

codimension 1 subtorus H C T such that b is perp to L. The moment map ppy : X — h* is given
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by composing p with the projection along L. Thus py has a disconnected fiber, which contradicts
the Atiyah lemma.

Since the image of u is convex, it contains the convex hull of u(X7). To prove equality, we
need to show that every isolated maximum of a linear function on u(X) is equal to u(p) for some
pe X1,

Let 0 # a € t be given, and suppose that £ € p(X) is the unique maximum of the function
given by dot product with a. That means that p~'(¢) C X is the maximum of the function
ta : X — R. By Proposition [3.:21] this function is a moment map for the action of R on 7' given by
the homomorphism R — T whose derivative takes 1 € R = Lie(R) to a € t. Thus u~1(£) is fixed by
this action of R. Perturbing a slightly, we may assume a is as irrational as possible, which means
that the image of this homomorphism is dense in 7. It follows that p~1(¢) is fixed by all of T. [

4.5 Proof of Delzant’s theorem

We are now ready to prove the compact case of Delzant’s theorem (Theorem |3.38)), which says
that every compact abstract toric variety is the symplectic manifold associated to some Delzant

polytope. Out strategy for proving the theorem breaks into two steps:
e Use Lemma, and Theorem to show that P is a Delzant polytope.
e Show that, for all £ € P, T? acts transitively on p~!(€) with stabilizer T¢ (Definition [3.44)).

Once we establish these two items, we can choose any section ¢ : P — X, and define a map
f:Y(P) — X by putting f[¢,t] = t-o(§) (just like the map Y (P) — X (P) from the proof
of Corollary . This is clearly a continuous bijection, and therefore a homeomorphism. By
the same argument outlined in the hint for Exercise [3.51] it is a symplectomorphism over the
interior of P. That means that we have homeomorphisms X (P) < Y (P) — X, both of which are
symplectomorphisms on a dense open set. The only thing that will remain to show, which we will
not prove, is that the composition X (P) — X is smooth over the boundary of P.

We will first show that the image P of the moment map, which is a polytope by Theorem [4.32
is in fact Delzant. Fix an element p € XT. The tangent space T, X is a linear representation of T,
and is therefore isomorphic to

Cpo...0C,

for some weights 71,...,17q € Z¢ = Hom(Td,U(l))E By Darboux’s theorem (Theorem [2.28)),
there is a neighborhood of p in X that is symplectomorphic to a neighborhood of 0 in 7, X, where
T,X is equipped with the constant symplectic form w,. By Remark we can choose this

symplectomorphism to be T%equivariant.

Lemma 4.37. The elements n1,...,nq € Z* form a basis for 7.

13 At this point we should stop and go over what we already do or don’t know. If P is Delzant and X = X(P),
then we know by Proposition that 71,...,nq are the negative edge vectors at the vertex p(p) € P. However, we
do not yet know that X = X (P), or that P is Delzant. We don’t even know yet that p(p) is a vertex of P.
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Proof. First we will show that they form a basis for R%. If not, then there exists a primitive nonzero
vector a € Z% Cc R? = ¢? that is perpenducular to every 7;. Consider the subgroup U(1) ¢ T¢
defined by the element a € Z? = Hom(U(1),T¢). This subgroup acts trivially on C,, & ... ® Cy,,
and therefore it acts trivially in a neighborhood of p. But this contradicts the fact that the set of
points with trivial stabilizer is dense (see the proof of Theorem .

Next we will show the stronger statement that they form a basis for ZZ. If not, then there exists
a nonzero primitive vector a € Z% and an integer k > 1 such that a - n; is a multiple of k for all i.
That means that the k'™ roots of unity in U(1) C T¢ act trivially in a neighborhood of p, and we

obtain the same contradiction. O

Let us now describe the moment map p near p. By the above discussion, it is sufficient to
understand the moment map for the action of 7% on Cp @...®C,,. As we saw in the proof of
Proposition T acts on T, X with moment map

1 1
z —5\21|2?71 +& - - ledlznd +&a.

By the equivariant Darboux theorem, this means that we can choose equivariant coordinates

z1,...,2q for X near p such that, in these coordinates, we have

1 1
(21500, 20) = —5121|2771 - §!Zd!277d + p(p).

Lemma 4.38. For any p € XT, u(p) is a vertex of P.

Proof. Choose an element a € ¢ 22 R% such that a-7; > 0 for all i. In a neighborhood of p, we have

1 1
fa(215 5 2a) = *§|21|2a-m - §!Zd!2a'nd+a-u(p),

S0 U has an isolated local maximum at p. By Corollary this is a global maximum. That
means that p(p) is an isolated global maximum of the linear function on P given by dot product

with a, thus u(p) is a vertex of P. O

For all p € X7 let
Cp = —Rsom — ... = Reong + u(p) C R%.
This is an orthant with vertex p(p), and it is Delzant by Lemma [4.37]

Lemma 4.39. For anyp € XT, P looks locally like C, near pu(p).

Proof. Let U be an equivariant Darboux neighborhood of p in X. For any £ € u(U), I claim that
p~1(€) C U. This is because u~1(£)NU is a closed subset of X, therefore a clopen subset of u~1().

By Lemma it must be all of u=1(&).
This tells us that u(U) is a neighborhood of p(p) in P. But our formula for x in the coordinates

21, ..., 2y demonstrates that (U) is a neighborhood of u(p) in Cp, so we are done. O
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Corollary 4.40. The polytope P is Delzant.

Proof. 1t is enough to check the Delzant condition at each vertex, and Lemma [£.39 does that. [
Next we will prove that, for all £ € P, T acts transitively on =1 (¢) with stabilizer Te.

Lemma 4.41. For all £ € P and p € p~1(€), T is equal to the identity component of T;l.

Proof. Let K = T;l. First we will show that Ty C K. Since T is connected, it is enough to show
that t¢ C tg = ¢t. By Lemma this is equivalent to showing that the image of du, is perp to
te. This is clear from the definition of t;: any direction in the image of du, must stay in P, and
therefore in every facet containing &.

To finish the proof, we will show that the dimension of K is less than or equal to the dimension
of T, which is the codimension of the smallest face containing {. Let Z C X be the component
of X¥ containing p. By Corollary Z is a symplectic submanifold of X. By Proposition
the action of 79 on Z is Hamiltonian. This descends to an effective Hamiltonian action of T%/K
on Z. By Theorem dim Z > 2(d — dim K). Consider the vector space

(T,2)* := {v € T,X | wp(v,w) =0 for all w € T,Z}.
This is a linear representation of K, so we may write
(T,2)t~Cp@...0C,,

where 71, ...,n, € Hom(K,U(1)) = Z4™ K The inequality dim Z > 2(d — dim K) translates to the
inequality r < dim K.

I claim that 7y, . ..,n, form a basis for Z4™ X If this were not true, then by our inequality, they
could not span Z4™ X This means that there exists a nontrivial element k € K that acts trivially
on (T,Z )+, and therefore on all of T,X. Since T, X is locally K-equivariantly diffeomorphic to X,
this means that k acts trivially in a neighborhood of p. But this contradicts the fact that the set
of points in X with trivial stabilizer is dense.

Let ai,...,a, € RUmK =~ ¢ — {¢ be the dual basis. We know that ltq; has a critical point at
p, and the fact that a; - n; > 0 for all j implies that it is a local maximum, and therefore a global
maximum by Corollary This in turn implies that £ lies on the face of P determined by the
linear function a;. Since a1, ...,a, are linearly independent, the codimension of the smallest face

containing § is at least r. Thus dim7T¢ > r = dim K. This proves the lemma. O

Corollary 4.42. An element £ € P is a regular value for p if and only if £ € P.

Proof. This is Lemmas and along with the fact that t¢ = 0 if and only if £ € P. O
Now we are ready to prove the desired statement for £ € P.

Proposition 4.43. If £ € P, then T® acts freely and transitively on p(6).
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Proof. We first show that the action is free. Since the map u‘l(ﬁ) — P is proper and all values
are regular (by Corollary , it is a T%equivariant fiber bundle. Since P is contractible, this
fiber bundle is can be trivialized, therefore every point has the same stabilizer. Since we know that
some point has a trivial stabilizer, all points must have a trivial stabilizer.

Now we show that the action of T¢ on p~'(¢) is tramsitive. Since £ is a regular value of u,
p~1(€) has dimension d, and is therefore a union of finitely many T%orbits. By connectedness, it

is a single T%-orbit. O
Let F' C P be a face. The following lemma and proposition are the analogues in the abstract
setting of Proposition which we already proved (or at least stated) for concrete toric varieties.
Lemma 4.44. The vector subspace —& + SpanF' C R? = (t9)* is canonically isomorphic to
Lie(T9/T¢)*.
Proof. We have Lie(T9/T) = t¢/t, and its dual is isomorphic to the subspace of (t?)* consisting
of vectors that are perpendicular to t¢. By definition, this is —§ + Span(F). O
Proposition 4.45. Let F be any face of P, and let Xp := Y (F) C X. Let £ € F.

1. T¢ acts trivially on Xp.
2. Xr is a symplectic submanifold on X.
3. The action of T¢/T; on X is effective.

4. The map
4+ p: Xp— —€+ F C —€+ Span F = Lie(T%/T;)*

is a moment map for the action of Td/Tg on Xp.

These statements imply that X g is a toric variety for the torus Td/Tg, and F' is its moment polytope.

Proof. Lemma implies that every element of X is fixed by T¢. Furthermore, it implies that
elements of X near X are not fixed by T, therefore X is a connected component of X Te . This
proves parts (1) and (2).

By choosing Darboux coordinates for X near a T-fixed point, we can show that stabilizers of
elements of X near fixed points are connected. In conjunction with Lemma this means that
there is some point of X with T-stabilizer exactly equal to T¢. Thus its T, ¢g-stabilizer is trivial.
This proves part (3). Proposition tells us that px, is a moment map for the action of T'; part

(4) is an easy extension of this statement. O

Exercise 4.46. Fill in the details of the proofs of parts (2)—(4) above.

By Propositions and the action of 7% on p~1(€) is transitive with stabilizer T¢ for any
& € P. Thus the compact case of Theorem (modulo smoothness of the symplectomorphism
over the boundary of P) is proved.

Exercise 4.47. Show that every compact toric variety of dimension 2d has at least d + 1 fixed

points. Show that this assertion fails without compactness.
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5 Equivariant cohomology

In this section we study equivariant cohomology rings of symplectic manifolds with Hamiltonian

group actions.

5.1 The Borel space

Let G be a Lie group. Let EG be a contractible space on which G acts freely, and let BG := EG/G.
Such a space always exists, but since we will mostly be interested in torus actions, I will only give
a construction when G is a torus.

First, let’s consider the case where G = U(1). For every positive integer n, U(1) acts freely
on §%"tl ¢ C"*t!. The sphere S?"*! is not contractible, but it gets closer and closer to being
contractible as n increases. In the limit, we have a free action of U(1) on §2*°t! c C**1 and
52°0t1 is contractible. More precisely, S?*°*1 may be defined as the direct limit of S?"*1, thus
k(5?1 is the direct limit of 7, (S?"t1). Since 7, (S?"*1) = {0} for n > k/2, this direct limit
is trivial. Since all of the homotopy groups of $2°°*! vanish, it is contractible. We then have
BU(1) = CP*, which you may think of as the direct limit of $?"*!/U(1) = CP". If G is a torus
of dimension d, then G = U(1)¢, so we may take EG = (S2°°+1)d and BG = ((CIP’OO)d.

Now let X be a space with an action of G, and let
Xo = (X X EG)/G.

This is called the Borel space for the action of G on X. Observe that Xq is a fiber bundle over
BG with fiber X. If the action is trivial, then it’s the trivial bundle. One should think of the

interestingness of the bundle as precisely reflecting the interestingness of the action.

Remark 5.1. If G acts freely on X, then X is also a fiber bundle over X/G with fiber EG, and
is therefore homotopy equivalent to X/G. One way to think about the Borel space is that we just
want to take a quotient, but that’s only a good idea when the action is free. Thus we first “correct”
X by replacing it with a homotopy equivalent space on which the action is free, and then we take

a quotient.

Remark 5.2. At this point you should be a little bit nervous about how much the construction of
X depends on the choice of EG. The answer is that it doesn’t, at least up to homotopy. That is,

let E and E’ be two different contractible spaces on which G acts freely. Then we have
Xe¢ = (XXE)/G +— (XXExE)/G — (XxE)/G = Xg.

The left arrow is a fiber bundle with fiber £’ and the right arrow is a fiber bundle with fiber E, so

they are both homotopy equivalences.

Definition 5.3. For any G-space X, H}(X) := H*(Xq).

49



Note that, since X¢ is a fiber bundle over BG with fiber X, we have maps
H*(BG) — HH(X) —» H*(X).

The following theorem is straightforward.

Theorem 5.4. Equivariant cohomology is a contravariant functor from the category of G-spaces

(with G-equivariant maps) to the category of algebras over H*(BG).

Proof. A G-equivariant map X — Y (over a point) induces a map Xg — Y (over BG). Now take
cohomology. O

On a few occasions, we will need to make use of the Leray-Serre spectral sequence associated
to the fiber bundle Xg — BG, so we might as well give a quick review of this gadget now. The
following theorem can be found in [McCl, §5].

Theorem 5.5. Let F — E — B be a fiber bundle, and assume that the base B is simply-connected.

Then there exists a spectral sequence with

E}Y=HP(B;Q)® HY(F;Q)  and P ERI = H"(E;Q).
p+g=n

The last isomorphism is non-canonical, but it is compatible with the maps from H™(B;Q) and to
H"(F;Q).

If B is not simply-connected, then we instead have EY? = HP(B; {HY(F;Q)}), where {HY(F;Q)}
is the local system on B whose fibers over a given point is the ¢ cohomology of the preimage of

that point.

Example 5.6. Illustrate Theorem for U(1) < $?"*! - CP" and also for S' — K — S!.

5.2 Thinking about (equivariant) cohomology classes

I want to digress for a few minutes about how to think about cohomology classes, both ordinary and
equivariant. This material ought to be covered in a first graduate topology class, but (unfortunately)
is often isn’t.

Let’s start with homology. Let X be any manifold, and let Y be a compact oriented submanifold
of dimension k. Then we get a class [Y] € Hi(X). One way to think of this is that we choose
a triangulation of Y, and this gives us a closed singular k-chain on X. Another (completely
equivalent) perspective is that the orientation of Y determines an element of Hy(Y"), and the class
[Y] is the pushforward of this element along the inclusion map from Y to X. If Y is the boundary
of a compact oriented submanifold-with-boundary, then [Y] = 0. It is not necessarily the case that
all homology classes on X are spanned by classes of this form, but it’s true for most of the spaces
that I encounter in my daily life, and it’s close enough to being true that this is how I think of a

homology class.
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How about cohomology classes? If X happens to be compact and oriented, then we have
Poincaré duality, which tells us that H k(X ) & Hgim x—k(X), thus we can think of cohomology
classes as being represented by closed oriented submanifolds of codimension k. Intuitively, a coho-
mology class of degree k is something that pairs with a homology class of degree k£ and produces a
number. The pairing between closed oriented submanifolds of dimension k£ and closed oriented sub-
manifolds of codimension k is given by wiggling them until they are transverse and then counting
intersection points with signs determined by the orientations.

What happens if X is still oriented but not compact? In this case, a cohomology class of
degree k should still be something that we can combine with a homology class of degree k to get
a number. A compact oriented submanifold of codimension k provides such a thing, but so does a
closed oriented submanifold of codimension k (since closed intersected with compact is compact).
Thus, for any closed oriented submanifold Z of codimension k, we get a class [Z] € HF(X). Tt is
zero if Z is the boundary of a closed oriented submanifold.

The pairing between cohomology and homology (cap product) is given by transverse intersection,
and the multiplication on cohomology (cup product) is also given by transverse intersection. For
a more rigorous treatment of this material, read about “Borel-Moore homology”. A good place to
start is [CGl §2.6].

Example 5.7. Consider the case of X = C \ {0}. We have
Ho(X)=2Z-[{1}], Hi(X)=2-[S"], and  Hy(X)=0.
We also have
H'X)=72-1=7-[X], H(X)=7Z-[Ry], and H?*X)=0.

Note that we have a class [S1] € H'(X), but it is zero because S! is the boundary of a closed
submanifold. (Alternatively, it is zero because it intersects trivially with all 1-dimensional compact
submanifolds.) Similarly, we have a class [{1}] € H?(X), because it is zero because {1} is the
boundary of a closed submanifold. (Or because it intersects trivially with all 2-dimensional compact
submanifolds, of which there are none.)

More generally, we always have a map from Hgim, x—(X) to H*(X) taking [Y] to [Y], but if X
is not compact, this map need not be either surjective or injective. Surjectivity fails because not
all closed submanifolds of dimension dim X — k are compact, and injectivity fails because not all

closed submanifolds-with-boundary of dimension dim X — k + 1 are compact.

Remark 5.8. I didn’t say anything about what happens when X is not oriented. This is not so
relevant for these notes, since symplectic manifolds are always oriented. However, the answer is
that a cohomology class on X is represented by a closed cooriented submanifold Z C X, which
means that, for every p € Z, we have an oriention of the normal space N,Z = T,X/T,Z. If X is
already oriented, then a coorientation of Y induces an orientation of Y, and vice versa. In general a

coorientation is exactly what you need to be able to intersect transversely with a compact oriented
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submanifold of complementary dimension and get a well-defined number.

Example 5.9. A good illustration of this perspective is the definition of the Euler class of a vector
bundle. Let X be a manifold (not necessarily oriented), and let V' — X be an oriented vector
bundle (meaning that all of the fibers are oriented) of rank k. The orientation of the bundle is
exactly the data of a coorientation of the zero section X C V. By definition, the Euler class
of the bundle is the element [X] € H*(V) = H*(X). The isomorphism from H*(V) to H*(X)
is given by taking a submanifold of V', wiggling it so that it’s transverse to the zero section, and
then intersecting it with the zero section. If you wiggle the submanifold X C V', you get a generic
section of the bundle. Then when you intersect with the zero section, you get the vanishing set
of the generic section. Thus the Euler class is also equal to the class of the zero set of a generic

section, interpreted as a cooriented codimension k submanifold of X.

Remark 5.10. This perspective provides a good framework to think about the pushforward in
cohomology. If f : Z — X is a proper map and k = dim X —dim Z, then we get a pushforward map
fe: H*(Z) — H*T#(X). If f is a closed inclusion, then we have f,[Y]z = [Y]x forany Y € Z C X.
(In particular [Z]x = f«[Z]z = f«lz.) More generally, we have f.[Y]z = [f(Y)]x. The set f(Y)
may not be smooth, but it will be “smooth enough” to define a cohomology class. When f is a

fiber bundle, this pushforward is also known as “integration along the fibers”.

Example 5.11. Suppose that f: Z — X is a closed inclusion of codimension k, and consider the
class f*filyz = f*[Z]x € H¥(Z). Intuitively, this is the class on Z obtained by intersecting Z with
itself (after some wiggling for transversity) inside of X. Since all of this happens “near Z”, we may
as well replace X with the normal bundle N to Z in X. Thus we have f*f.1; = e(N).

Everything described above generalizes to equivariant cohomology, provided that we only use
equivariant maps. That is, if Z C X is a closed, cooriented G-submanifold of codimension k, then
we get a class [Z]g € HE(X). (One way to see this is to note that it induces a codimension k
inclusion of Zg into Xg.) A proper G-equivariant map Z — X of oriented G-manifolds{f‘] induces
a pushforward on equivariant cohomology. If the map is a closed inclusion, then [Z]g is the
pushforward of 1 € Hg(Z ). If V.— X is a G-equivariant vector bundle of rank k, then the class
[X]g € HE(V) = HE(X) is called the equivariant Euler class.

The last important observation is that, if Z C X is a closed, cooriented G-submanifold of
codimension k, then the map HE(X) — H¥(X) takes [Z]g to [Z]. This can be seen by noting
that this map is given by restricting along the inclusion X C X, and the submanifolds X and Zg
intersect transversely at Z. For example, this implies that the image of the equivariant Euler class

of an equivariant vector bundle is equal to the ordinary Euler class.

141 don’t feel like trying to define a cooriented map, so I'll just assume that X and Z are oriented.
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5.3 Torus equivariant cohomology of a point

We have already observed that BU(1) = CP, therefore

0 (%) = H*(CP%) = Z[ul,
where x is an element of degree 2. Similarly, we have

Hpn (%) 2 Zlu, ..., up).

However, I want us to understand these isomorphisms more geometrically and more functorially.
We'll start with U(1).

For every integer e, let C. be the 1-dimensional complex representation of U(1) given by the
formula ¢ - z = t¢z. The Borel space of C, is a bundle over BU(1) with fiber C., and is therefore

homotopy equivalent to BU(1). Thus, we have H};,,(C.) = H{,(l)(*). Consider the class

u(1)

Proposition 5.12. For any e € Z, a. = e - u, where u € H?(CP™) is the canonical generator.
That is, u is the element that restricts to the class of a point in H?(CP') = H?(CP>).

Proof. As noted in the statement of the proposition, we have H?(CP>) = H?(CP'). Thus, while

we are interested in the class of the codimension 2 submanifold
{0}o) = ({0} x S2H1) /U(1) € (C. x 1) JU(1) = (C)o,
we might as well consider the submanifold
({0} x S*)/U(1) C (Ce x S*)/U(1).

This is, by definition, the Euler class of the line bundle over CP' with fiber C,, which is usually
denoted O(e). Thus the proposition is saying that the Euler class of O(e) is equal to e times the

class of a point in H?(CP'). This “well-known” argument is relegated to the following exercise. [

Exercise 5.13. If you haven’t seen the bundle O(e) before, show that the Euler class of O(1) is
equal to the class of a point. You can do this by finding an algebraic section that meets the zero
section transversely in exactly one point. It’s not so hard to generalize the argument to all positive
e. To deal with negative e, you should convince yourself that O(—e) is dual to O(e), and that dual

line bundles have opposite Euler classes.

This gives a very satisfying description of H 12](1)(*), in the sense that we have figured out how
to represent every class as a submanifold (not a submanifold of a point, but a submanifold of a
complex line with a certain U(1)-action). Next we would like to do something similar for a higher

dimensional torus.
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Let n € Z™ = Hom(T™,U(1)) be given, and consider the 1-dimensional representation C, of T".
Let

The following proposition is a direct generalization of Proposition [5.12
Proposition 5.14. We have o, = mu + ... npuy, € H?(CP* x ... x CP*).

Remark 5.15. The coordinate-free statement is that, for any torus T, there is a canonical isomor-
phism from the character lattice Hom(7T, U (1)) to H#%(x) taking n to [0]7 € HA(C,)) = H2(x).

Finally, given a arbitrary linear representations W C V of T, we would like to be able to
compute the class [W]r € H;. (V) = Hj(x). We know that any linear representation of a torus is
isomorphic to a sum of one-dimensional representations, so we may write V/W =2 C,, @ ... ®C,,
for some collection of chartacters n,...,n € Hom(T,U (1))E

Proposition 5.16. We have [W]r =y - ... n, € HA*(x).

Proof. Consider the projection m; : V- — V/W — C,,. Since 7 is transverse to 0 € C,,, we have
(77 10)]r = 7*[0]r € HZ(V) = H2(%), so [r; *(0)] = n;. The statement then follows from the fact
that W C V is the transverse intersection of 7; *(0) for all 4. O

5.4 Other groups

Throughout these notes, the two types of groups on which we’ve focused have been tori and U(n).
The purpose of this section will be to understand U(n)-equivariant cohomology in terms of T"-

equivariant cohomology. First, it turns out, we need to address the case of finite groups.
Lemma 5.17. Suppose that W is a finite group acting on a space X. Then Hyy(X) = H*(X)W.

Proof. Consider the Leray-Serre spectral sequence associated to the fiber bundle Xy — BW
(Theorem . The group E5? is equal to the ' cohomology of BW with coefficients in the local
system whose fibers are H7(X; Q).

Since W is discrete, the category of local systems on BW is equivalent to the category of
representations of W, and this equivalence takes the global sections functor to the functor which
takes the W-invariant space of a representation. Since W is finite, the invariants functor is exact.
Thus we may conclude that EY? = 0 if p > 0, and Eg’q = HY(Y)W. The spectral sequence

degenerates at the Fy page, and we are done. O

Example 5.18. A good non-example is Z acting on R by translation (Z is discrete but not finite).
In this case, H*(R;Q)Z is trivial, but Hj;(R;Q) = H*(R/Z;Q) is not. The reason is that the
invariants functor is not exact, and the first derived invariants of the trivial representation of Z are

nontrivial.

15Unlike in the statement of Proposition each 7; is now being used to denote a character of T, rather than
one coordinate of a single character 7. Sorry for the inconsistent notation!
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Now let G be a compact Lie group acting on X. Let T' C G be a maximal torus, let N C G be
the normalizer of T', and let W = N/T be the Weyl group. For example, we can take G = U(n) and
T =T", in which case N is the group spanned by 7" and the permutation matrices, and W = 5,,.

Theorem 5.19. The Weyl group W acts on H}(X;Q), and there is a canonical isomorphism
HE(X;Q) =2 Hi(X; Q).

Example 5.20. We have H;}(n)(*; Q) = Hin(x; Q)*®», which is the ring of symmetric polynomials

in n variables.
Before proving Theorem [5.19, we will need an important lemma.
Lemma 5.21. We have H*(G/N;Q) = Q.

Proof. First, observe that G/N = (G/T)/W, and that the action of W on G/T is free. For example,
if T'= U(n), then G/T is isomorphic to the space of orthogonal frames in C", and S,, permutes
the lines in a frame. We have shown that the cohomology of G/T all lies in even degree, with total
dimension |W| (Remark . Since W acts freely on G/T', we have x(G/N) = ﬁx(G/T) =1
By Lemma

H*(G/N;Q) = H*((G/T)/W:;Q) = Hyy (G/T; Q) = H*(G/T;Q)",

so H*(G/N;Q) is also concentrated in even degree. This means that dim H*(G/N;Q) = 1, and we

are done. O

Proof of Theorem Let E be a contractible space on which G acts freely. Since N and T
are subgroups of G, they both act freely on E, as well. Thus we may take

Xo=(XxE)/G, Xy=(XxE)/N, and Xr=(XxE)/T.

This means that Xy is a fiber bundle over X with fiber G/N, and X7 is a fiber bundle over Xy
with fiber N/T = W.

Applying Lemma to the Leray-Serre spectral sequence of the first fiber bundle, we see that
H*(X¢;Q) =2 H*(Xn; Q). Applying Lemma to the second fiber bundle, we see that

H*(Xn; Q) = H'(X7/W;Q) = Hiy(Xr;Q) = H* (X1; Q)"
Putting these isomorphisms together, we see that Hy(X;Q) & HA(X; Q). O

5.5 The equivariant cohomology of the 2-sphere

In this section we will attempt to understand H[*](l)(Sz) as an algebra over H ;}(1)(*) = Zlu).

Proposition 5.22. We have an isomorphism of graded rings Hg,(l)(SQ) = Zlx,y|/{xy), where

and y have degree 2. This is an algebra over Z[u] via the map u — x — y.
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Proof. Let n,s € S? be the north and south poles, and consider the map

[ Zw,y)/(wy) — Hiy(S?)

taking = to [n]y(1) and y to [s]y(1). This is well-defined because n and s are disjoint, thus the
product [n]1) - [s]y) = 0. We need to show that f is both injective and surjective. It is obviously
injective and surjective in degree zero, so we can restrict our attention to positive degrees.

Let U := 8?2~ {s} and V := S2~ {s}. We will apply the Mayer-Vietoris sequence in equivariant
cohomology to the open cover S? = U U V. (Note that this is simply the Mayer-Vietoris sequence
in ordinary cohomology applied to the open cover 512](1) = Uyay U Vya).) We get a long exact

sequence of the form
oo H S (UNV) = Hiy ) (S%) = Hiy ) (U) @ Hyyy (V) = Hiy (UNV) = ...

The action of U(1) on U NV is free, so we have Hg(l)(U NV)=HUNV/U(1)) = H*(x). In

particular, this means that
H(l}u)(SQ) = Hg(l)(U) ® H[kJ(l)(V)

when k£ > 1. It’s easy to see that it’s also an isomorphism when & = 1 (because the map to

H 8(1)(U N V) is surjective). Thus, we have reduced our problem to showing that the composition
Zlz,y)/(zy) — Hikf(l)(SQ) — Hyoy(U) @ Hyqy (V)

is an isomorphism in positive degrees.

Since U and V are contractible, we have
oy (U) ® Hiyqy (V) = Hiyqy () @ Hyyq) (%) = Zlu] @ Zlu].

Where do x and y go under our composition? The element z maps first to [n]y;(1). When we restrict
to U, the element n € U looks like 0 € Cq, so it’s equivariant cohomology class is equal to u by
Proposition On the other hand, n is disjoint from V', so the restriction of [n]y; (1) to V' is zero.
Thus x — (u,0). Similarly, y — (0, —u). This gives us an isomorphism in positive degree.

Finally, we need to compute the image of u € H?](l)(*) in
Z{z,y} = H(2J(1)<52) = H%(l)(U) © H%(l)(v)'

The image in the latter group is obviously (u,u), thus the image in Z{x, y} is the unique class that

maps to (u,u), namely x — y. O
Here are two important points to take away from Proposition

e The algebra Z[x,y]/(zy) is a free module over Z[u| with basis 1 and x. Thus, as a module

56



over Z[u], we have an isomorphism
Zlu) ® H*(S%) = Hyp)(S%)

taking [n] to [n]y(1). This isomorphism is not canonical! I also could have chosen the basis
1 and y, and I would have gotten a different isomorphism taking [s] to [s]y(1). It is also not
an isomorphism of rings. The best statement is that HZ}(U(SQ) is a free module over Z[u]
(with no natural choice of basis), and that the quotient ring H[*](D(SZ) /{u) is canonically
isomorphic to H*(S?).

e The restriction map
Hl*](l)(s2> - Hé(l)(U) ® HE(1)<V) = HE(l)(”) & H;}(U(S) = Zu] ® Z[u]

is injective, and it is an isomorphism in high degree (in this case, in positive degree). In

general, we will study the map given by restriction to the fixed point set.

5.6 Equivariant formality

Let X be a G-space, and consider the forgetful map Hf(X) — H*(X) associated to the inclusion
of X into Xg. We say that X is G-equivariantly formal if this map is surjectiveﬁ When this
holds, we can say a lot about the structure of Hf(X) using the Leray-Hirsch theorem [Hal, 4D.1].

Theorem 5.23. Let F — E — B be a fiber bundle such that the cohomology of F 1is finitely
generated in each degree and the cohomology of E surjects onto the cohomology of F. Then there
is a (noncanonical) isomorphism H*(E) = H*(B) @ H*(F') of graded modules over H*(B). More
precisely, any set of classes in H*(E) that descend to a Z-basis for H*(F') form a H*(B)-basis
for H*(E). We also have a canonical ring isomorphism H*(F) =2 H*(E)/J, where J C H*(E) is
generated by the image of H>°(B).

Remark 5.24. The last sentence is usually not included in the statement of the Leray-Hirsch
theorem, but it follows easily from the previous statement, and we will want to have it is part of

our corollary.

Corollary 5.25. Suppose that X is G-equivariantly formal. Then there is a (noncanonical) iso-
morphism HE(X) = HE(x) @ H*(X) of graded modules over HE (x). Furthermore, we have a

canonical graded ring isomorphism
H*(X) = Hg(X)/J,

where J C HY(X) is the ideal generated by the image of HZ"(x).

1676 be safe, we’ll work with rational coefficients throughout this section.
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The following theorem of Kirwan is proved by applying “Morse theory” to the norm squared of
the moment map [Ki, §5]. (The quotes are there because |u|? is not Morse, nor even Morse-Bott;

it is something weaker called Morse-Bott-Kirwan.)

Theorem 5.26. Suppose that X is a compact symplectic manifold equipped with a Hamiltonian

action of a compact Lie group G. Then X is G-equivariantly formal.

We will not prove this theorem, but we will prove another theorem which will cover the case of

toric varieties (even non-compact ones!) and flag manifolds, which serve as our main examples.

Theorem 5.27. Suppose that G is a compact, connected Lie group, X is a G-space, and H*(X) =0
for all odd k. Then X is G-equivariantly formal.

Example 5.28. If P is a Delzant polyhedron with at least one vertex, then X (P) satisfies the
hypotheses of Theorem (Note that if P has no vertices, then the Corollary fails! Just think
about P = R.) The flag manifold Flag(C"™) also satisfies the hypotheses, as does any coadjoint

orbit of a compact Lie group G.

Proof of Theorem Since H°Y(BG) = HY(BT)V = 0 and H°(X) = 0 vanishes,
there can be no nontrivial differentials in the Leray-Serre spectral sequence. Thus E., = Es, and

equivariant formality is clear. O

Using Theorem we can derive a beautiful presentation for the (ordinary) cohomology ring

of the flag manifold.

Theorem 5.29. We have a natural isomorphism H*(Flag(C"); Q) = Qluy, ..., uy]/J, where J is

the ideal generated by symmetric polynomials of positive degree.

Proof. We first compute the equivariant cohomology ring H;}(n) (Flag(C™); Q). This turns out to
be very easy with a little trickery. We have

Hiy(y (Flag(C"); Q) = Hiy(y (U (1) /T"; Q) = Hy () on (U (n); Q) = Hpn (U (1) /U (n); Q) = Hepn (%, Q),
which is isomorphic to Q[uy, ..., uy]. By Corollary we have
H*(Flag(C"); Q) = Hy,,)(Flag(C"); Q)/J,

where J is the ideal generated by positive degree elements of H;}(n)(*;(@). Theorem tells us
that H [*](n)(*; Q) C Hjyw(*;Q) is isomorphic to the ring of symmetric polynomials; this completes
the proof. O

5.7 (Equivariant) cohomology of toric varieties

Let P C R¢ be a Delzant polyhedron with facets Fi,..., F,, and let T = T¢. Consider the ring
homomorphism
¢ Zuy, ... ,up) —» Hp (X (P); Z)
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taking u; to [X (F})]r € H3(X(P);Z). Our goal will be to prove that ¢ is surjective and compute
its kernel. We’ll start by computing the kernel.
For any S C {1,...,n}, let

ug = l_IuZ and Fg .= m F;.

€S €S
Let
I:= (us ’ Fg = @> C Z[ul,...,un].
Proposition 5.30. kerp = 1.

Proof. The fact that I is contained in the kernel of ¢ is clear: if Fg = (), then (;cg X (F;) = 0, so
[Lics ¢(u;) = 0. Thus we must show that, for all f & I, o(f) # 0.

Let £ € P be a vertex, and let F;,..., F;, be the facets that contain . For any polynomial
f € Zuy, ... uyl, let fe € Zu;,, ..., u;,| be the polynomial obtained from f by setting all of the

other variables to zero. It is straightforward to see that
I={f| fe =0 for all vertices {}.

Suppose that f ¢ I, and choose & such that f¢ # 0. For simplicity, we will assume that { €
Fi,... Fy.
Let p € X(P) be the fixed point corresponding to &, and consider the composition

Zlu,. .. un) —— H} (X (P);Z) — Hyp(p; Z).

What does this map do to w;? If i > d, then £ ¢ F;, so p ¢ X(F;), so u; — 0. In particular, this
means that f and fs map to the same place.
If ¢ < d, then
ui = [T,X (Fy)|r € H7 (T,X(P); Z) = H}(p; Z).

By Proposition this is equal to the weight of the 1-dimensional complex T-representation
T,X(P)/T,X (F;), which is an element of Hom(7,U(1)) & H2(x). By Proposition m this is
equal to the inverse of the unique edge vector at £ that is not contained in F'. This tells us that
Z[uy, - . ., uq) maps isomorphically to H}(p; Z). In particular, since f¢ # 0, f¢ does not map to zero,
thus neither does f. So f cannot be in the kernel of ¢. O

Before proving surjectivity, let us make explicit the interaction between the map ¢ and the
Hy.(x)-algebra structure on H3 (X (P);Z). We have

Z{uq, ..., up}y = Hom(T™,U(1)) D Hom(T,U(1)) = HA(x).

This defines a graded H7(x)-algebra structure on Zfu, ..., uy)].

Proposition 5.31. The map ¢ is a homomorphism of H7(x)-algebras.
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Proof. Let ® : C" — £ be the moment map that we used to build X (P) := C"/K. The map ¢

can be interpreted geometrically as the restriction map
Zlur, .. un) = Hpo (C52) — B (9710 2) 2 Hi(@71(0)/ K3 2) = Hi(X(P); 2).

This is because u; € H}..(C™; Z) is represented by the submanifold {z; = 0}, and this submanifold
restricts and descends to the submanifold X (F;) C X(P). Thus ¢ is a map of H}, (*)-algebras,
and in particular of H7.(x)-algebras. O

Proposition 5.32. The map ¢ is surjective.

Proof. By the exercise that follows, the classes [X (F;)] € H*(X(P);Z) form a spanning set. By
Theorem this implies that the classes [X (F;)|r € Hj (X (P);Z) span over H}(*)E Since ¢ is

an H7 (*)-algebra homomorphism whose image contains [X (F})]|r for all 4, it must be surjective. [

Exercise 5.33. Show that the classes [X(F;)] € H*(X(P);Z) form a spanning set. Hint: Use
Morse theory.

Putting it all together, we obtain the following result.

Corollary 5.34. We have
HF(X(P);Z) = Zluy, . .. ,up) /1 and HF(X(P);Z) = Zluy, ... up) /1 + J,
where J s spanned by
H2(x) = Hom(T,U(1)) € Hom(T™, U(1)) = H2. (%) = Z{uy, . .., upn}.
Example 5.35. Do a few examples, starting with S? and including a couple of toric surfaces.

5.8 The localization theorem

In the previous section, we got a lot of milage out of the restriction map
Hi(X) — HA(XT) = H*(XT) @ Hp(%).

In this section, we will study this map in more detail. First, however, I need to review a little bit
of commutative algebra. Most of the material here is drawn from [AB §3]
Consider the ring
Qlui, ..., up] = Hp(*;Q) = Sym t* = Fun(t).

For any element f € Q[uy,...,u,|, we have a set

V(f):={aect] f(a) =0}

m cheating here, since I claimed only to state Theorem with rational coefficients. I'm sure there is a fix,
but I'm feeling lazy right now.

1717
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For any ideal I C Q[uy,...,uy], we have

V() =(V(f)={act| fla)=0forall feTI}.

ferl

Let M be a module over Q[uy, ..., u,|. We define the annihilator
Ann M :={f € Qluy,...,up] | f-m=0for allme M}

and the support
Supp M :=V(Ann M) C t.

Example 5.36. If M is a free module, then Ann M = {0} and Supp M = t. The converse is false.
For example, if n = 2 and M consists of polynomials with no constant term, then M is not free,

but its annihilator is still trivial.
Exercise 5.37. If M1 — Ms — M3 is an exact sequence of modules, show that

Supp My C Supp M7 U Supp Ms.
Lemma 5.38. Suppose that M and M’ are algebras (not just modules) over Q[uq, ..., u,|, and
©: M — M’ is a map of algebras[™¥| Then Ann M C Ann M’, and therefore Supp M’ C Supp M.
Proof. If f € Ann M, then f-15; = 0. This implies that f-1y7 = f-@(1a7) = ©(f-1m) = ¢(0) = 0.
Then for any m' € M, f-m/ = f-(Qp-m') = (f-1pp)-m'=0-m’ =0. O

We define the localization of M to be the tensor product
Loc M := M ®qu,,...un) Qut, - ., un),

which is a vector space over the field Q(uy, ..., u,) of rational functions in n variables.

Example 5.39. If M is a free module, then Loc M is a vector space of dimension equal to the
rank of M.

Example 5.40. If Supp M # t, then Loc M = 0. This is because there exists a nonzero polynomial
f such that f-m =0 for all m € M, thus

m@1=(f-m)a1/f)=0® (1/f) =0.

In this situation, we say that M is a torsion module.

Let’s think about how these definitions apply to equivariant cohomology rings. That is, let X
be a T-space, and let M = H}.(X). Theorem tells us that, if X is compact symplectic and
the T-action is Hamiltonian, then M is free and Supp M = t. The following results of Atiyah and
Bott covers the opposite extreme [AB] 3.4].

8For example, if we have a map of T-spaces, we get a pullback map of equivariant cohomology rings.
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Theorem 5.41. If Y is a compact T-space with YT = (), then H%(Y) is torsion.

Before proving Theorem we will deduce the following corollary, which is the main point
of the theorem [AB| 3.5].

Corollary 5.42. Let X be a compact T-manifold. Then the kernel and cokernel of the restriction
map H3(X) — Hix(XT) are both torsion. Equivalently, the localized restriction map Loc H3(X) —
Loc Hx(XT) is an isomorphismﬁ

Proof. The proof of Corollary is closely related to the argument in the proof of Proposition
Let U := X ~ X7 and let V be a small equivariant neighborhood of X7, so that U and V
cover X, and H%(V) = H3(XT). Then we have the Mayer-Vietoris sequence

s HENUNV) = HY(X) = HREU) @ HE(V) — HREUNV) — ...

Since UNV C U = X ~ XTI, Theorem tells us that H}(U) = H7 (X \V) and H;,(UNV) =
HX (V) are torsion. Thus, after localizing, we get

Loc HA(X) —» Loc Hi(V) 2 Loc H(XT),

which is what we needed. O

Using Corollary we derive a result that we already saw “by hand” for toric varieties.

Corollary 5.43. Suppose that X s a compact symplectic manifold equipped with a Hamiltonian
T-action. Then the restriction map Hi(X) — Hx(XT) is injective.

Proof. Corollary says that the kernel is torsion. But Theorem says that H}.(X) is free,

and therefore has no nonzero torsion submodules. Thus the kernel is zero. O

Remark 5.44. We're going to ignore Corollary for a while, and just focus on applications of
localization for arbitrary (rather than symplectic) manifolds. However, we will come back to it in
Section

We now turn our attention to proving Theorem We begin with the following lemmas [AB],
3.3].
Lemma 5.45. Let K C T be a closed subgroup. Then Supp H}(T/K) =t C t.
Proof. We have H}.(T/K) =2 H}., (T) =2 Hy,(T/T) = Hj;(*) = Sym€* = Fun(¢). The map from
H(*) = Fun(t) to H7(T/K) = Fun(t) is just the restriction map, so a function acts trivially if

and only if it vanishes on €. ]

Remark 5.46. I've finessed a technical point here, which is that Hj(*) = Sym £* even if K is not
connected. This follows from the fact that K is always isomorphic to a torus times a finite group,

and the rational equivariant cohomology of a point for a finite group is trivial.

9This is equivalent because Q(u1,...,u,) is a flat Q[us, . .., un]-module, thus localization is an exact functor.
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Lemma extends trivially to neighborhoods of orbits as follows.

Corollary 5.47. Let X be any T-space, and let p € X be a point with stabilizer K C T. Let U
be a small T-equivariant neighborhood of the orbit T - p that retracts equivariantly onto the orbit.
Then Supp H;.(U) = ¢.

Proof. We have H}.(U) = H3(T - p) = Hj(T/K). O

Proof of Theorem For each p € Y, let U, C Y be a small T-equivariant neighborhood of
the orbit through p. By compactness, we may choose points p1,...,p, such that Y = U, U...UU,, .
Let Y}, = Up, U...UU,,, so that Y1 = U,, and Y, = U,,. We will use induction to prove that
H7(Y}) is torsion for all &.
When k = 1, this follows from Corollary Now assume that it holds for k, and consider the
exact sequence
H (YN Up,,.,) = Hi (Vi) - Hi(Yi) ® Hi(U,.).

k+1>

The right-hand term is torsion by our inductive hypothesis and Corollary while the left-hand
side is torsion by Lemma [5.38 Thus H7(Y}) is torsion by Exercise O

5.9 The localization formula

Let X be a compact T-manifold. In Corollary we learned that, modulo torsion, all of the data
of H7(X) is “stored” at the fixed points. In this section we will put this result to work, allowing
ourselves to compute intersection numbers in terms of local data.

Let i : X7 — X be the inclusion. Corollary states that the localized restriction map

i*: Loc Hjp(X) — Loc Hjp(X1) = H*(XT) @9 Q(u1, . . ., upn)

is an isomorphism. It will be convenient to find a formula for its inverse. The first natural map to
look at is the pushforward
iy : Loc H5(XT) — Loc HA(X).

This is not quite the inverse to ¢*, but Example tells us exactly how it fails. That is, we have

i*i4+1 = e, where e is the equivariant Euler class of the normal bundle to X Tin X.
Lemma 5.48. More generally, for any o € H}(XT), we have i*i,a =e€ - q.

Proof. We may replace X with the normal bundle to X” in X, and thereby assume that o = i*3 for
some € H7(X). Then the lemma follows from the adjunction formula, which says that, for any
proper f: Z — X, the pushforward f, : H*(Z) — H***(X) is an H*(X)-module homomorphism.
That is, for all § € H*(Z) and v € H*(X), we have f.(0 - f*y) = f.0 - 7.

In our case, this tells us that *i.a = i*i,(1-i*8) = * (is1- ) =", 1 - "B =€ - a. O

Proposition 5.49. The image of e in Loc H}(XT) is tnvertible. Thus the inverse of i* is given
by first dividing by e and then applying i,.
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Proof. For simplicity, we will focus on the case where X7 is finite, and leave the general case as an

exercise. We have

Loc HA(XT) = @ Loc HEm X (p) = @ Qugy ...y up),

peXT peXT

so we only need to show that each component is nonzero.

The normal bundle to p in X is simply the vector space T, X, endowed with an action of 7'
Its equivariant Euler class is the element [0y € HE™X(T,X) = HE™X(p), which is equal to the
product of the weights for the action of 7" on T}, X by Proposition Since each p is an isolated

fixed point, these weights are all nonzero. ]

Exercise 5.50. Repeat this proof in the more general case where XT can have any dimension.

(For example, the action of T on X could be trivial!)

Corollary 5.51. For any o € H}(X), we have

» 3k

(1
Loca:z*<

O‘) € Loc Hi(X).

e

Let m : X — % be the map to a point. Since X is compact, and therefore 7 is proper, we have
a map
. *+dim X *
Ty o HT (X) — Hrp(x).

This map is often called equivariant integration, since the nonequivariant version
Tt HX(X:R) — HO(x;R) @ R

is given by integration of top-degree forms over all of X, or equivalently by capping with the

homology class [X] € Hgim x (X). Thus we often write [y a := m.a.
Lemma 5.52. Equivariant integration kills all torsion. That is, if Loca = 0, then fX a=0.

Proof. If Loca = 0, then there exists some nonzero f € Quq,...,uy] such that f-a = 0. Then
[ mea=m(f-a)=m0=0. But Hy(x) has no torsion, so this implies that [, @ = m,a =0. O

Combining Corollary and Lemma [5.52] we obtain the localization formula.

Theorem 5.53. For any o € H}(X), we have

o
o = .
X XT €

Proof. Let p be the map from X7 to a point, so that [ 1 = P« Then the theorem follows from

applying m, to both sides of Corollary and noting that p = m o1, SO px = Ty 01x. Lemma[5.52

implies that there is no difference between integrating o and Loc a. O
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Remark 5.54. It can be confusing to think about disconnected manifolds, so Theorem [5.53] is

often written as a sum over connected components of X T,
-3k
)
e
X rexr/EOF

where ip is the inclusion of F' into X, and e is the equivariant Euler class of its normal bundle.

Remark 5.55. The element ?—Fa lives in Loc H}.(F); if we do not localize, then we cannot invert ep.

That means that | P ?Ta lives in Q(uy, ..., uy); indeed, it might not be a polynomial! The amazing
thing is that, when we sum over all F, the denominators cancel and we get [ v € Qu, ... uyl

(We will see this in some explicit examples.)

Remark 5.56. Equivariant and nonequivariant integration are compatible in the following way:
if « € HImX(X) and & € HE™X(X) is a lift of o, we have

/ &EH%(*) ~Q and / aEHO(*) =~ (Q,
X X

and they are equal. Thus, a good method for integrating a nonequivariant class is to lift it to an

equivariant class and apply the localization formula. We will see this in the example below!
Example 5.57. For P a trapezoid, compute all intersection numbers of toric divisors on X (P).

Example 5.58. Next, we’ll use Theorem[5.53]to answer the first interesting question in enumerative
geometry: Given four lines in R3 in generic position, how many lines intersect all four of them?

Let’s start by reformulating the question. First of all, it’s always cleaner to work over C rather
than over R. If our four complex lines are complexifications of real lines, then all of the lines that
intersect all four of them will also be real. Second of all,it will be convenient to include “lines
at infinity”; that is, we want to work in CP3 rather than C?. Equivalently, we can work in C*,
and consider planes through the origin. Then we want to fix four planes in general position, and
ask how many planes intersect the four fixed ones positive-dimensionally. If our original lines are
generic enough, then this won’t make a difference, since there won’t be any lines at infinity meeting
all four lines. Thus we will still be answering the question as stated.

Let Gra(C?) be the set of all planes (through the origin) in C*. We have already seen that this
is a compact, orientedm manifold: it is a coadjoint orbit of U(4). More precisely, it is the set of
all matrices obtained by conjugating the matrix diag(1,1,0,0) by an element of U(4). We have
dim Gro(C*) = 8, which is easiest to see back in the setting of real lines in R® (4 = 3+ 3 — 2,
8 =4x%2).

For a fixed plane P, let X(P) C Gra(C*) be the locus of planes whose intersection with P has
positive dimension. We have dim X (P) = 6, which is again easiest to see in R? (3 = 1+2, 6 = 3x2).

20Even better, it is symplectic, though this will not be relevant here.
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We are then asking the following question: What is the cardinality of the set
X(Pl) N X(PQ) N X(P3) N X(P4)7

But this is of course a cohomological question, namely to compute the number
/ (X (P)]- [X(P2)] - [X(Ps)] - [X(Pa)].
Gra2(C*%)

The first observation that I want to make is that [X (FP;)] = [X(P;})], so we might as well just
integrate [X(P)]*. We can take P = P(1,2) to be the sum of the first two coordinate lines, which
is preserved by the natural T#-action on Gra(C*). This action has isolated fixed points (the six
coordinate planes P(i, ), so it should be pretty easy to apply the localization formula. However,
there is a slight problem with this: X (P) is not actually a submanifold! It is singular at the point
P. It is a subvariety, which makes it good enough to define a cohomology class, but not good

enough to use the localization formula. However, X := X (P(1,2)) N X (P(3,4)) is a submanifold

2

representing the cohomology class [X (P)]*, so we can use the localization formula to compute

Jc
Gra(C%)

As stated above, we have six fixed points, four of which lie in X: P(1,3), P(1,4), P(2,3), P(2,4).
For each of these four points, we need to understand the T*-representation T P(i.j) Gra(C*) along
with the subrepresentation Tp(; jyX. Then we may apply the localization formula.

Let Y (4,7,k) C Gra(C*) be the submanifold of planes formed by taking the direct sum of the
ith coordinate line and some line in P(j, k). This is clearly a copy of CP' connecting the points
P(i,j) and P(i, k).

Exercise 5.59. Verify the following three statements.
o Tp(13) Gra(C*) =Tpa15)Y (1,3,4) ® Tp1,3Y(1,3,2) ® Tpa3Y(3,1,2) & Tpa 5Y (3,1,4).
o Trr5X = TpasY(1,3,4) ® TpugY(3,1,2).
° Tp(173)Y(1,3,4) = C(0,0,1,-1) as a representation of C?.

Note that all three statements obviously still hold when the numbers are permuted. Thus
Tp(1,3) Gra(C*) = Co01,-1) @ Co,-1,1,0) ® Cr1,-1,0,0) @ Cr1,0,0,-1)

and

Tpa3X = Coo,1,-1) ® C1,-1,0,0);
and similarly for (1,4), (2,3), and (2,4).
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Using Exercise [5.59] we can finish the computation! By the localization formula, we have

/ XP? = Z.j;’(l,:a)[XP +i}(1,4)[X]2 +i*P(2,3)[X]2 +i*P(2,4)[X]2
Gra(C4) €pP(1,3) €P(1,4) €pP(2,3) €pP(2,4)
(0,-1,1,0) - (1,0,0,-1) (0,—1,0,1) - (1,0,-1,0)
(070717_1) ’ (1a_170?0) (0 0,-1 1) ( ,—L0 0)
(-1,0,1,0)-(0,1,0,—-1) (-1,0,0,1)-(0,1,—1,0)
_|_
(0,0,1,-1) - (—=1,1,0,0) (0,0,—1,1) - (— 1,1,0 ())

(Note that I got the first summand from Exercise and the other three by permuting the

numbers in the first.) This translates to

(—ug + U3)(U1 — U4) (—U2 + U4)(u1 — U3) (—U1 + U3)(u2 — U4) (—u1 + U4)(u2 — U3)
(uz — ug)(u1 — ug) (—us + ug)(ur — ug) (ug — ug)(—u1 + ug) (—u3 + ug)(—u1 + ug) '

Combining the fractions and simplifying, we obtain the number 2.

5.10 CS/GKM theory

We saw in Corollary that the (unlocalized) restriction to the fixed points is injective in equivari-
ant cohomology for a Hamiltonian group action on a compact symplectic manifold. In this section

we will describe the image in the case where our group is a torus 7. Let
Xp:={pe X |dimt, >dimt -k} C X.

Thus we have
XT=XyCc X, C...C Xgimr = X.

We will call X, the k-skeleton of X.
Example 5.60. The k-skeleton of X (P) is the preimage of the union of the k-faces of P.

Example 5.61. Let’s describe the skeleta of the manifold X := Flag(C?) with its natural action
of T3. Remember that there are two other nice ways to describe X. First, we can describe it as
the set of triples {(L1, Lo, L3)} of pairwise orthogonal lines in C3. Equivalently, we can describe it
as the conjugacy class of the Hermitian matrix diag(3,1,0). (Here I could have picked any three
distinct real numbers; I just chose three particular ones for concreteness.)

The diagonal copy of U(1) in T® acts trivially, thus every point of X has a stabilizer of dimension
at least 1. In other words, we have Xo = X3 = X. By definition, X is the set of points that are
fixed by all of T3, which we know to be the set of 6 coordinate flags. (Equivalently, it is the set of
permutations of the standard orthogonal frame, or the set of diagonal matrices with entries 3, 1,
and 0.) The interesting problem is therefore to compute X;.

It is not hard to check that there are only three different 2-dimensional stabilizer groups that

can arise, which we will call T}, T», and T3. The group T} is defined to be the subgroup of T°
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generated by U(1) x {1} x {1} and the diagonal copy of U(1); T, and T3 are defined similarly. So
we have X; = XTru X2 y X715,

To compute the set X1, let’s start by thinking of X in terms of triples of orthogonal frames. A
triple (L1, Lo, L3) is fixed by U(1) x {1} x {1} if and only if one of the three lines is equal to the first
coordinate line. Thus X 7! has three connected components, each of which is isomorphic to CP!.
The same is true for X72 and X73. Now let’s think about it in terms of Hermitian matrices. In
this picture X' is the subset of X consisting of matrices for which the first coordinate line is one
of the three eigenspaces. In other words, it is the set of block diagonal matrices of block type (1, 2).
Again, this set has three connected components indexed by the eigenvalue of the first coordinate
line.

Finally, let’s see what happens to the 1-skeleton under the moment map. We know that the
image of the moment map is the convex hull in R? of the set of permutations of the vector (3, 1,0).
This is a 2-dimensional polytope, which we will project onto the first two coordinates (the third
is then 4 minus the sum of the first two). We can see the images of the nine copies of CP' in our

picture.

Example 5.62. More generally, the codimension 1 stabilizer groups for 7" acting on Flag(C")
will be indexed by pairs ¢ < j. The subgroup T;; C T™ will be the stuff generated by all of the
coordinate copies of U(1) except for the i*h one and the j*® one, plus the diagonal copy. (Thus,
what I previously called T} is now being called Tb3.) The set Flag(C")%i will be a disjoint union of
lots of copies of CP!. If p, € Flag(C™)T" is the fixed point corresponding to the element o € T7,
then there will be a copy of CP' connecting p, with Psijo-

Given a class in H:(X7), we would like to know whether or not it is the restriction of a class
in H;.(X). Of course, if it is the restriction of a class a € H}.(X), then it is also the restriction of
a class a|x, € H}(X}) for every k. The following amazing theorem of Chang and Skjelbred [CS]
says that it’s enough to extend it just to the 1-skeleton!

Theorem 5.63. If a class in H3x(X7T) extends to H3(X1), then it extends all the way to Hx(X).

Goresky, Kottwitz, and MacPherson use the Chang-Skjelbred theorem to give an explicit de-
scription of H7(X) when dim Xy = 0 and dim X; = 2. (In particular, this includes toric varieties

and Flag(C"), as we have seen above.) Such a space is called a GKM space. To be explicit, write
Xi=ChU...UG,,

where each C; is a compact connected 2-manifold. Let K; C T be the stabilizer of a generic point
on C;, and let T; = T'/K;. By definition of X7, T; is 1-dimensional, and it acts effectively on C;.
Furthermore, C; is a connected component of X% and is therefore a symplectic submanifold. Let
@ X — t* be the moment map. Then the restriction of pu to C; is a moment map for the action
of T on C;. Since T; acts effectively, Delzant’s theorem tells us that C; =2 S%, and that u(C;) is an
interval parallel to the line tf C t*. Furthermore, each C; contains two fixed points, which we will

call p; and g;.
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Lemma 5.64. Suppose we are given an element o = (f,g) € Symt* & Symt* = H7.({p;,q:}). Then
a extends to H7(C;) if and only if f — g € t}.

Proof. We imitate the proof of Proposition which dealt with the case of U(1) acting on S2.
Let U =C; ~{¢} and V = C; ~ {p;}, and consider the exact sequence

.= HYC) — HEU)® HYW(V) = HEUNV) — ...

Since U and V retract onto p; and ¢;, the lemma may be interpreted as a statement about the
image of the first map. By exactness, this is equal to the kernel of the second map. Since K; acts

trivially, we have
Hp(UNV) = Hg (x) @ Hp, (UNV) = Hi (%) = Sym £},

and the map is given by taking the difference and projecting from t; to €. Thus the kernel consists

of pairs (f,g) whose difference lies in the kernel of this projection, which is equal to t}. O

Exercise 5.65. Show that an element of H%(XT) extends to Hx(X1) if and only if it extends

individually over each C;.

The following theorem, which is an immediate consequence of Theorem Lemma [5.64] and
Exercise is known as the GKM theorem [GKM] 1.2.2].

Theorem 5.66. Let X be a GKM space. Then the image of the restriction map

H;j(X) = Hy(X") = ) Sym¢t"
peXT

is equal to the subring consisting of classes (fp)pexr such that, for alli € {1,...,r}, fp, — f4 € 4.
Example 5.67. Do CP? as a toric variety. Show the three guys whose product is zero.

Example 5.68. Do Flag(C?), and more generally Flag(C"). We find that

Hju( Flag(C™); Q) = {(fa) | fo — foryo is a multiple of u; — uj} c P Qlurs- ., un)-

gESy

5.11 Cohomology of polygon spaces

This section was added as an afterthought to fill the last lecture. It doesn’t use too much of the
technology that we have been developing, but the answer is very pretty. I will be loosey-goosey
throughout.

Recall that, given an n-tuple of positive real numbers (r1,...,r,), we define

Pol(ry,...,rm) == S* x ... x S2/SO(3),
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where the moment map
peS?x ... x 8% = s50(3)F =R

is given by adding n vectors of length (r1,...,7,). It is smooth (and therefore symplectic) if and

Zri# er

icS jese

only if

for every subset S C {1,...,n}; we will assume this to be the case throughout the section.
To understand the cohomology ring of Pol(ry,...,r,), we will use a the following awesome

theorem, known as Kirwan surjectivity [Ki].

Theorem 5.69. Suppose that a compact connected Lie group G acts on a compact symplectic
manifold X with moment map p : X — g*, and that G acts freely on p=(0). Then the natural
map

HE(X) = HE(p™1(0) = H (u™1(0)/G) = H* (X G)

18 surjective.

Let’s apply this in our situation. By Theorem [5.19] we have
Ho() (% x ... x §%) 22 Hiy iy (S x ... x §%)/%F,
We know that
Hf](1)n(s2 X... X SZ) = Q[$17y17 v 7$n7yn]/<x’iyi ‘ 1 S 1 S n>7

and that the map from Q[uy, . .., uy,| takes u; to x;—y;. If we wanted to pass to ordinary cohomology,
we would set each u; equal to zero. We want to do something a little less extreme, namely to pass
to equivariant cohomology for the diagonal subgroup. This means that instead of setting each wu;

equal to zero, we should set them all equal to each other. Thus we have

Gy (8% X x S%) 2 QL yny s @y yn) /@iy, (21— y1) — (25— yi) | < ).

How does Z/27Z act? Well, it should take u to —u, so it’s not hard to guess that it should swap
x; and y; for all 4. That means the invariant subring is generated by z1 + y1,...,Zn + yn. Let

¢; = x; + ;. Note that we have
c? = (i +y)? = (z; — yi)? = u? (because z;y; = 0),

thus we have

Ho5)(S” x ... x S 2 Qer, .., el /(G — & 4,5 < ).

By Theorem the cohomology ring H*(Pol(ry,...,r,)) is a quotient of this ring by some more

relations.
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Let’s try to guess where in H?(Pol(ry,...,7,)) the classes ci,...,c, go. Degree 2 cohomology
classes arise as Euler classes of line bundles, so it is reasonable to look for n natural line bundles
on Pol(ry,...,m).

Fix an index i, and define
Ui := {(v1,...,0,) € R¥™ | |vj| = r; Vj, Zvj =0, and v; points up}.

There is a free action of U(1) on U; given by rotation around the vertical axis, and we have a
canonical diffeomorphism U;/U (1) = Pol(ry,...,r,). Let

L;:= (Ui X C)/U(l);

this is a complex line bundle over Pol(ry, ..., r,).
Proposition 5.70. The Kirwan map takes c¢; to e(L;).
Exercise 5.71. Prove Proposition [5.70,

Though I won’t prove Proposition I will establish that it is plausible by convincing you
that e(L;)? = e(L;)? for all i, j. My strategy is simple: showing that e(L;)*> = e(L;)? is the same as
showing that (e(L;) + e(L;)) - (e(L;) — e(L;)) = 0. Thus I will try to represent both e(L;) + e(L;)
and e(L;) — e(L;) by submanifolds and then show that those submanifolds don’t intersect.

Let’s begin with

e(LZ) - e(Lj) = 6(Lz) + €(L;) = G(LZ & L;) = 6(7‘[077&(.[/]‘, Lz))

To represent this with a submanifold, I want to find a homomorphism from L; to L;, and then
take the vanishing locus (with some multiplicity). I will do this by trying to define a smooth,
U(1)-equivarinant map from U; to U;. This map will fail to be defined over some elements of
Pol(ry,...,m,), and that will be my vanishing locus. The “map” is defined in the most natural way,
that is, by rotating along the shortest path. This is equivariant, and it is well-defined as long as v;

and v; do not point in opposite directions. Thus we have sort of proven the following statement.

Lemma 5.72. The degree 2 cohomology class e(L;) —e(Lj) is some multiple of the class defined by
the codimension 2 submanifold consisting of polygons for which the i and j edges point in opposite

directions.

To do something similar for e(L;) 4+ e(L;), we need the “down” version of our construction.
That is, let

D; = {(v1,...,vn) ERY™ | |vj| = r; V], Zvj =0, and v; points down}

and
MZ‘ = (Dz X C)/U(l)
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Lemma 5.73. The line bundles L; and M; are dual to each other.

Proof. 1t’s enough to find a diffeomorphism ¢; : U; — D; over Pol(ry,...,r,) that is U(1)-anti-
equivariant. That is, we want o;(t - u) = t=1 - ¢;(u) for all u € Uy, t € U(1). Such a map is given

by 180 degree rotation around the z-axis. O
By Lemma [5.73] we have
e(L;) + e(Lj) = e(L; ® Lj) = e(Hom(Mj, L;).
We can try to define a map from D; to U; as above, and we will fail exactly when v; and v; point
in the same direction. Thus we obtain the following analogue of Lemma [5.72

Lemma 5.74. The degree 2 cohomology class e(L;) + e(L;) is some multiple of the class defined
by the codimension 2 submanifold consisting of polygons for which the i and j edges point in the

same direction.

Combining Lemmas and it is clear that
e(Li)? = e(Lj)? = (e(Li) + e(Ly)) - (e(Ls) — e(Ly)) = 0.

Finally, I would like to talk about the kernel of the Kirwan map. That is, we know that the
cohomology ring of Pol(ry,...,r,) is generated by n degree 2 classes ¢y, ..., ¢y, all of which square
to the same thing. But what are the other relations?

We say that a subset S C {1,...,n} is short if Y, g1 <3 ;cgc7j, and long if the opposite
inequality holds. Note that every subset is either short or long. Suppose that S is long, and choose

an element ¢ € S. It is clear from the preceding discussion that the element

H (ci + Cj)

jesS~{i}

is in the kernel of the Kirwan map, since it is impossible to have every vector in a long subset

pointing in the same direction. Amazingly, these are the only extra relations [HKl §7].

Theorem 5.75. The Kernel of the Kirwan map
Qlet, s enl /(e — ¢} 14,5 < n) — H*(Pol(ri, ..., 7))

s generated by expressions of the form

H (c;i + Cj)

jesS~{i}

where S is a long subset and i € S.
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Example 5.76. The cohomology ring of the equilateral pentagon space is
Qlet, ..., es5)/(c2 — c?, (ci +¢j)(ci + c)).
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